EIGENVALUE-EIGENVECTOR METHOD

1 Real Eigenvalues

EXAMPLE 1 Find a general solution of

010
x = 00 1| (1.1)
-2 1 2
The characteristic equations is
- 1 0
0 =X 1 [=X2-N)-2+A=02-)AN\-1).
—2 1 2=
Hence \y = —1, Ay = 1, and A3 = 2 are eigenvalues. For A\; = —1 the eigenvector equation
is (A — (=1)I)v =0, that is,
110 v U1 + vp 0
01 1 (%) = Vo + V3 = 0
-2 1 3 V3 —2U1 + vg + 31)3 0
Since v + v9 = 0, then vy = —wvy and vy + v3 = 0 gives v3 = —wvy. The third equation is

redundant. (This is the same as saying that the last row can be reduced to zeros by Gaussian
elimination). However, as a check against algebra errors we verify that the third equation is
true, that is,

—21]1 + vy + 31)3 = —2<—U2) + vy + 3(—’(]2) = 0.

Hence v; = (—v9,v9, —)T, where vy is any arbitrary nonzero constant. For example, we
can choose v, = —1 so that

1
xr = —1 €7t.
1
For Ay = 1 the eigenvector equation is
-1 1 0 Uy —v1 + V9 0
0 -1 1 vy | = —v9 + U3 =10
-2 1 1 Ok —21]1 “+ vy + (%] 0

Now —v; + vy = 0 gives v; = vy and —vy = v3 = 0 gives v = vy or v = (g, V9, v2)T. The last
equation is redundant but we check it, that is, —2v; + vy + v3 = —2vy + v5 + vo = 0. Since
any nonzero vy will do, we use the convenient value v, = 1. This gives

1



For A3 = 2 the eigenvector equation is

—2 1 0 U1 —2’01 + Vg 0
0 -2 1 (%) = —2U2 + v3 = 0
—2 1 0 (%] —21)1 + Vo 0

Hence vy = 2v; and v3 = 2vy = 2(2v;) = 4v; or v = (vy, 201, 4v;)T, where v; is an nonzero
constant. We take v; = 1 so that
1
z3=| 2 |e*.

4

A general solution is

! t (1.2)

1 1 1
z(t) = | =1 |et+e| 1 |et+es| 2 |
Lot e? c1
et 2e% Co
et 4e* s
There are infinitely many sets of fundamental solutions and hence infinitely many fundamen-
tal matrices and infinitely many general solutions. For example, another set of fundamental
solutions is

-1 % 2
1 |e™, 1 | e*, 2 |é
-1 2 2
Hence a general solution is
~1 5 2
z(t) = dy L let+dy| 1 [eF+ds| 2 | €
-1 2 2

2 Complex Eigenvalues

EXAMPLE 2 Find a real-valued set of fundamental solutions of

o = ( o )x (2.1)

The characteristic equation is A — 4\ + 13 = 0. The characteristic roots are \; = 2 + 3i and
A2 = 2 — 3i. For \; = 2 + 3¢ the eigenvector equation is

—3i 3\ [ v\ [ =3ivy+3n) [0
-3 -3t (%) B —3U1 — 3iU2 o 0 ’



The solution is vy = ivy, where v is any nonzero constant. We take v; = 1 so that v = (1, i)T
is an eigenvector. A complex-valued solution is

Il(t) = (2430t < 1 )

]

= e?(cos 3t + isin 3t) é ) +1i (1) >

1 . 0 . 1 0

_ 2 . .

= ¢e* |cos3t < 0 ) +zcos3t< 1 ) +zsm3t< 0 ) sm3t< 1 )]

g cos 3t n sin 3¢

- ¢ — sin 3t “\ cos3t ||
Two linearly independent real-valued solutions are

2 cos 3t o [ sin 3t
¢ (—sin3t> and e <cos3t>'

The general solution is

oy cos 3t o [ sin 3t
z(t) = cre ( —sin 3t ) + e ( cos 3t

e? cos3t e*sin3t a1 a1
z(t) = ( —e?tsin3t e* cos 3t ) ( co | X(t) co |’

This fundamental matrix X (¢) satisfies X (0) = I. Hence

or

2t 2t 1
At e**cosdt e*sindt
X(t) = e = ( —e?sin3t e*cos3t |-

EXAMPLE 3 Find a real-valued fundamental set of solution of

1 2 0
= -1 -1 0 |z
1 0 -1
The characteristic equation is
1—A 2 0
-1 —-1-X 0 —(A+D(N+1)=0
1 0 —1-A
Hence the eigenvalues are A\ = i, Ay = —i, and A3 = —1. For \; = i the eigenvector equation
is
1—1 2 0 U1 (1—i>U1+2U2 0
-1 —(1—|—’l) 0 (%) = —vU1 — (1+Z)'U2 = 0
1 0 —(1 + Z) Vs (% (1 + i)’U3 0



The solution is v; = —(1 +4)vy and v3 = (1 +4)"'v; = —vy. We choose vy = —1. Thus
vy = (1+14,—1,1)T is an eigenvector. Without further computation we can take vy = v; =

(1 —4,—1,1)T for Ay = —i. For A3 = —1, the eigenvector equation is
2 20 U1 2?]1 + 2’02 0
-1 0 0 vy | = —Uy =10
1 00 V3 V1 0
Hence v; = 0, vy = 0, and v3 is arbitrary. We take vz = 1 so that vz = (0,0,1)7. Since
1+ [ 1 1
-1 |t = —1 |+ 0 || (cost+isint)
1 i 1 0
[ 1 1 1 1
= —1 fcost— | O |[sint| 4+ —1 |sint+ | O |cost
1 0 1 0
cost —sint sint + cost
= —cost + 1 —sint ,
cost sint

then a fundamental set of solution is

cost —sint sint + cost 0
x1(t) = —cost . xa(t) = —sint , x3(t)=1| 0
cost sin t et

If A has more than one complex eigenvalue, the same technique can be applied separately
to each eigenvalue.

EXAMPLE 4 Find a real-valued set of fundamental solutions of

0 1 1 -3
;o 0o 3 0 1
=11 3 o 1 |* (2.2)
0O -1 0 3
The characteristic equation is
A 1 1 -3 3\ 0 1
0 3—X O 1
= =\ 3 =A 1
-1 3 -\ 1 1 0 31
0 -1 0 3—2X
1 1 =3
+ (-1)|3—=X 0 1
-1 0 3—2A\

(BN - A - 1 (- A
= (N+D[B=N2+1]=(A\2+1)(\2 -6+ 10).

The eigenvalues are +¢ and 3 4= 7. For A = i the eigenvector equation is

—1 1 1 -3 U1 —ivl + vy + V3 — 3?)4 0
03—i 0 1 s (3 —i)vs + vy 0
-1 3 —i 1 vs | | —vy+3vy—dvs+vg | | O
0 -1 0 3—1 (1 —Ug + (3 — i)U4 0



A solution is vy = vy = 0, v3 = v;. Hence v = (1,0,4,0)T will do. A solution of (2.2) is

1 1 0 cost sint
0 0 0 0 0
it o .. . o .
L= (cost 4 isint) o | T 1 = _gnt | T cost |- (2.3)
0 0 0 0 0
For A = 3 + ¢ the eigenvector equation is
-3 —1 1 1 -3 U1 —(3 + i)vl + Vo + V3 — 31)4 0
0 —1 0 1 V2 - —iUQ + vy 0
-1 3 -3—7 1 vg | | —vi4+3ue—(3+)vs+uy 0
0 —1 0 —1 V4 —UVgy — Z"U4 0

The solution is vy = ive, v1 = (9 — Ti)ve/(9 4 67), v3 = (74 9i)ve/(9 + 67). An eigenvector
isv=(9—"7i, 9+6i, 7+ 9i, —6 + 9i)T and a solution of (2.2) is

9 —7
e¥(cost +isint) 2 +1 S
—6 9
9cost + 7sint 9sint — 7cost (2.4)
_ B 9cost — 6sint et 9sint + 6cost
7cost —9sint 7sint + 9cost
—6cost —9sint —6sint + 9cost

Given (2.3) and (2.4), we see that a real-valued fundamental set of solution is

cost sint 9cost + 7sint 9sint — 7cost
0 0 3 9cost — 6sint 3¢ 9sint 4 6cost
—gint |’ | cost |’ 7cost —9sint » € 7sint + 9cost
0 0 —6cost —9sint —6sint + 9cost



