Undetermined coefficients special case: ay” + by’ + cy = et

We wish to solve
Lly] = g(t), (1)
where
Lly] = ay” + by + cy,

a,b, and c are real and ¢(t) has a special from to be discussed below. But first
Lemma 1 Let y = ¢ + i be a solution of
Lly] = g = g1 +igo.
Then Lip|] = g1 and L[] = go.
Proof Use linearity. QED
Thus the solution of L[y] = e cos 3t can be obtained by solving L[z] = " and then
y(t) = Re z(t).

So if g in (1) has the form
e cos Bt  or e“sinft

we need only solve L[y] = e”" where 0 = a + if3.
Note the following crucial identity
Lle"] = Z(r)e" (2)
where Z(r) = ar? + br + c is the characteristic polynomial. There are three cases:
1. Z(o) # 0, (o not a root of Z): Motivated by (2) we look for a solution of
Ly =™
in the form y = ce"™. Thus, again using linearity,
Llce™] = cZ(r)e"™ = ¢!

1
ifr=0candc= = . Thus we have the desired solution
Z(o) ao?+bo+c
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ac? +bo+c



2. Z(o) =0, Z'(o0)# 0, (o asimple root of Z):

Here, Z factors, Z(r) = a(r — o)(r — r1),r1 # o. Differentiate (2) with respect to r to

get
Lte"] = Z(r)te"™ + Z'(r)e"™ (5)

and therefore
Licte™] = cZ'(r))e"" = e

provided r = o and ¢ = = , l.e.
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3. Z(o) =Z'(0) =0, Z"(0) = 2a # 0, (0 a double root of Z): Apply o to (5) to get
r

L[t*e™] = Z(r)[STUFF] + Z'(r)[STUFF] + Z"(r)e"

and therefore
L[Ct2€rt] — CZ”(T)GM — eat

1
ifr=0and c= %" Thus we have our solution
a
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