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Summary. We propose a new algorithm, DASSO, for fitting the entire coefficient path of the
Dantzig selector with a similar computational cost to the least angle regression algorithm that
is used to compute the lasso. DASSO efficiently constructs a piecewise linear path through
a sequential simplex-like algorithm, which is remarkably similar to the least angle regression
algorithm. Comparison of the two algorithms sheds new light on the question of how the lasso
and Dantzig selector are related. In addition, we provide theoretical conditions on the design
matrix X under which the lasso and Dantzig selector coefficient estimates will be identical for
certain tuning parameters. As a consequence, in many instances, we can extend the powerful
non-asymptotic bounds that have been developed for the Dantzig selector to the lasso. Finally,
through empirical studies of simulated and real world data sets we show that in practice, when
the bounds hold for the Dantzig selector, they almost always also hold for the lasso.
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1. Introduction
Consider the standard linear regression model,
Y=XB+e, )]

where Y is an n-vector of responses, X = (X1,Xp,...,Xp) isan n % p design matrix, 3= (5,...,
ﬁp)T is a p-vector of unknown regression coefficients and ¢ is an n-vector of random errors
with standard deviation o. An interesting problem in this setting is that of variable selection, i.e.
determining which ;= 0. Traditionally, it has generally been assumed that we are dealing with
datawhere p  n in which case several standard approaches, such as ‘best subset selection’, have
been proposed. Recently, situations where p is of similar size to n, or even possibly significantly
larger than n, have become increasingly common. Some important examples include functional
regression where the predictor is itself a function, functional magnetic resonance imaging and
tomography, gene expression studies where there are many genes and few observations, signal
processing and curve smoothing. In such situations classical approaches, such as best subset
selection, will generally fail because they are usually not computationally feasible for large p.
As a result there has been much development of new variable selection methods that work with
large values of p. A few examples include the non-negative garrotte (Breiman, 1995), the lasso
(Tibshirani, 1996; Chen et al., 1998; Donoho, 2006; Donoho et al., 2006; Bickel et al., 2008;
Meinshausen et al., 2007), the adaptive lasso (Zou, 2006), smoothly clipped absolute deviation
(Fan and Li, 2001), the elastic net (Zou and Hastie, 2005), least angle regression (the LARS
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make up the current active set A and together with the current set of non-zero coefficients B
determine the optimal direction that the coefficient path should move in. Along this direction,
the maximal correlations are reduced towards 0 at the same rate. We then compute the exact
distance that can be travelled before there is a change in either A or B. At this point we adjust
the two sets, and continue. Formally, the algorithm consists of the following steps (to simplify
the notation, we omit superscript ‘/” whenever possible).

Step I initialize 3" as the zero vector in R? and set /= 1.

Step 2: let B be the set indexing the non-zero coefficients of 61 .Sete= XT(YS X3, let Abe
the active set indexing the covariances in ¢ that are maximal in absolute value and let s 4 be
the vector containing the signs of those covariances.

Step 3: identify either the index to be added to B or the index to be removed from A. Use
the new A and B to calculate the |B|-dimensional direction vector hg = (XT4X B)°!s4. Leth
be the p-dimensional vector with the components corresponding to 5 given by hi and the
remainder set to 0.

Step 4: compute +, the distance to travel in the direction h until a new covariance enters the
active set or a coefficient path crosses zero. Set 3'* ! B+ handl [+ 1.

Step 5: repeat steps 24 until ¢ = 0.

The details for steps 3 (‘direction’) and 4 (‘distance’) are provided in Appendix A. As can be
seen from the proof of theorem 1 in Section 2.2, the adjustments to .4 and B in step 3 exactly
correspond to the changes in the active set and the set of non-zero coefficients of the estimate.
Below we discuss the one at a time condition, under which |A|=| B|+ 1 after step 2 and, as a
result, |.A| =| B| after step 3. The entire Dantzig selector coefficient path can be constructed by
linearly interpolating 8!, 32, ..., 3%, where L denotes the number of steps that the algorithm
takes. Typically, L is of the same order of magnitude as min(n, p).

Note that both LARS and DASSO start with all the coefficients set to 0 and then add the var-
iable that is most correlated with the residual vector. The only difference between the algorithms
is in step 3. In LARS A and B are kept identical, but DASSO chooses B so that the direction
(X /T4X B)° s 4 produces the greatest reduction in the maximal correlations per unit increase in

3 1. It turns out that A and B are often identical for DASSO as well, for at least the first few
iterations. Hence, the sparsest sections of the lasso and Dantzig selector coefficient paths are
indistinguishable.

To illustrate this point we compared the Dantzig selector and lasso coefficient paths on three
real data sets. The first was the diabetes data that were discussed in Section 1. The second was
a Boston housing data set with p= 13 predictors and n = 506 observations where the aim was
to predict median house value. The final data set, on intelligence quotient 1Q, considered the
more difficult situation where p >n. The IQ data contained n = 74 observations and p= 134
predictors. The response was a measure of IQ for each individual and the predictors measured
various characteristics of the brain as well as gender and race. The coefficient paths for each data
set are plotted in Fig. 2 with full lines for the lasso and broken lines for the Dantzig selector.
All three data sets have identical paths at the sparsest solutions, differ to varying degrees in
the middle stages and then converge again at the end. These plots also show that the Dantzig
selector paths are less smooth than those for the lasso.

2.2. Theoretical justification
We have performed numerous comparisons of the DASSO algorithm with the coefficient path
that is produced by using the Dantzig selector applied to a fine grid of Aps. In all cases the
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Ap are chosen to be the same, the lasso estimate is always a feasible solution to the Dantzig
selector minimization problem, although it may not be an optimal solution. Therefore, when
the corresponding solutions are not identical, the Dantzig selector solution is sparser, in terms
of the Li-norm, than the lasso solution.

These similarities can be made even more striking by noting that the solutions to problems
(2) and (5) are respectively equal to those of

min( 8 1) subject to XTX(Bé ,[:}ls) <m (6)
and
min( 8 1) subject to X(8S Bls) % < @)

for some tp and 11, where [315 is the least squares estimate. From equations (6) and (7) we see that
the Dantzig selector minimizes the L;-norm of 3 subject to lying within a certain diamond that
is centred at BIS, whereas the lasso solution lies within an ellipse with the same centre. Despite
the different shapes, the solutions for the two methods will often be the same. Fig. 3 provides
a graphical illustration in p= 2 dimensions. We have generated six plots corresponding to cor-
relations between the two columns of X ranging from S0.5 to 0.9. For each plot the broken
ellipses represent the lasso constraint, whereas the full diamonds correspond to the Dantzig
selector. The dotted line is the Li-norm that is being minimized. In all six plots, despite the

(d) (e) ®
Fig. 3. Lasso (— — —) and Dantzig selector (¢) solutions in a p =2 dimensional space (------- , L{-norm
that is being minimized): (a) p=—0.5; (b) p=—-0.2; (c) p=0;(d) p=0.2;(e) p=0.5; (f) p=0.9
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Table 1. Simulation results measuring accuracy of coefficient estimation p2, prediction accuracy pred, num-
ber of predictors selected S, false positive rate F* and false negative rate F~ for six different methodst

Method Results for simulation 1 Results for simulation 2

P pred N F* FS P pred N F* FS

Dantzig selector ~ 5.07  0.130 7.08  0.059 0.114 742  0.153 7.13  0.058  0.092

Lasso 5.07  0.130 7.08 0.059 0.114 7.36  0.152 7.11 0.057  0.090

DS CV 3.82  0.099 1447 0220 0.082 473  0.103 13.96  0.206  0.064

LASSO CV 3.81 0.098 13.76 0.204 0.082 4.65 0.101 13.78 0.202 0.064

Double Dantzig ~ 2.24  0.060 465 0.010 0.160 2.85  0.066 508 0.016 0.128

Double lasso 224 0.060 465 0.010 0.160 2.83  0.066 508 0.016 0.128
Results for simulation 3 Results for simulation 4

Dantzig selector ~ 6.77  0.141 6.88  0.057 0.138  23.01 2.345 886  0.026  0.260

Lasso 6.77  0.141 6.89  0.057 0.138 2242 2283 9.01 0.027  0.256
DS Cv 4.57  0.100 1516 0236  0.094 942 0969 28.04 0.122  0.142
LASSO CV 450  0.099 1418  0.215  0.100 882 0913 2497 0.106 0.138
Double Dantzig 298  0.066 479  0.014 0.164 893 0917 1583  0.060  0.164
Double lasso 299  0.066 479 0.014  0.164 9.23  0.947 16.14  0.061 0.168

tEach simulation consisted of 100 different data sets.

response over a large test data set. The next value, S, provides the average number of variables
selected in the final model. The final two statistics, F* and F°, respectively represent the frac-
tion of times that an unrelated predictor is included and the fraction of times that an important
predictor is excluded from the model.

The first three sets of simulations used data that were generated with n = 200 observations
and p= 50 predictors of which only five were related to the response with the true 3-coefficients
generated from a standard normal distribution. The design matrices X in the first simulation
were generated by using independent and identically distributed (IID) standard normal random
variables and the error terms were similarly generated from a standard normal distribution. As a
result of the IID entries, the correlations between columns of X were close to 0 (the standard
deviations of the correlations was approximately 0.07). The results of Section 3 suggest that the
lasso and Dantzig selector should give similar performance in this setting. This is exactly what
we observe with the statistics for simulations with the Dantzig selector, DS CV and double
Dantzig almost identical to their lasso counterparts. The Dantzig selector and lasso results are
the worst in terms of coefficient estimation and prediction accuracy. However, both methods
perform well at identifying the correct coefficients (F* and F° are both low), suggesting over-
shrinkage of the true parameters. The cross-validation versions have lower error rates on the
coefficient estimates and predictions but at the expense of including many irrelevant variables.
The double Dantzig and double lasso methods provide the best performance, both in terms of
the coefficients and prediction accuracy and in terms of a low F* -rate with approximately the
correct number of variables.

The second simulation used data sets with a similar structure to those in the first simulation.
However, we introduced significant correlation structure into the design matrix by dividing the
50 predictors into five groups of 10 variables. Within each group we randomly generated pre-
dictors with common pairwise correlations between 0 and 0.5. Predictors from different groups
were independent. As a result, the standard deviation of the pairwise correlations was twice



