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The product quality in a machining process can be affected by datum surface imperfections, fixture locator errors, and machine tool
errors. It has been previously observed that these effects can cancel out one another for certain features. The mathematical modeling
and analysis of this phenomenon is currently an open issue. We use the concept of an Equivalent Fixture Error (EFE) embedded into
a modeling methodology to obtain insights into this fundamental phenomenon and achieve an improved process control. Based on
our process fault model we develop a sequential root-cause identification procedure and EFE compensation methodology. A case
study is presented to demonstrate the proposed diagnostic procedure. A simulation study is also performed to illustrate the error
compensation procedure.

1. Introduction

In a machining process, product quality is mainly affected
by fixture, datum, and machine tool errors. A fixture is a
device used to locate, clamp, and support a workpiece dur-
ing machining, assembly, or inspection. A fixture error is
considered to be a significant fixture deviation of a locator
from its specified position. Machining datum are those part
features that are in direct contact with the fixture locators.
Datum error is deemed to be the significant deviation of
datum surfaces and is mainly induced by imperfections in
raw workpieces or faulty operations in previous stages. To-
gether the fixture and datum surfaces provide a reference
system for accurate cutting operations using machine tools.
Machine tool error is modeled in terms of significant tool
path deviations from its intended route. In this paper, we
mainly focus on kinematic aspects of these three error types.

It has been widely noted that fixture, datum, and ma-
chine tool errors may cancel out one another, i.e., their
combined effect will reduce deviations in part features. This
phenomenon may have the drawback that it is possible for
it to conceal the fact that multiple errors have occurred in
the process, however, there is the opportunity for us to pur-
posely use one type of error to counteract or compensate
another error and thereby reduce variation.

To our knowledge, no study has been performed that
models and explores this cancellation effect among different
types of error sources in order to create quality control in
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machining processes. Most research has been focused on
fixture design and machine tool error modeling.

Fixture error is generally considered to be one of the cru-
cial factors in optimal fixture design and analysis. Shawki
and Abdel-Aal (1965) experimentally studied the impact
of fixture wear on the positional accuracy of a workpiece.
Asada and By (1985) performed the kinematic modeling,
analysis, and characterization of adaptable fixturing. Screw
theory was developed as an attempt to estimate locating
accuracy under a rigid body assumption (Ohwovoriole and
Roth, 1981; Ball, 1990). Weill et al. (1991) have developed
several optimization approaches to minimize workpiece po-
sitioning errors. A robust fixture design was proposed by
Cai et al. (1997) that was able to minimize positional errors.
Marin and Ferreira (2003) analyzed the influence of dimen-
sional locator errors on the tolerance allocation problem.
Researchers have also considered the effect of the geometry
of the datum surface on the fixture design. The optimiza-
tion of the locating setup proposed by Weill et al. (1991) was
based on a locally linearized part geometry. Choudhuri and
De Meter (1999) considered the contact geometry between
the locators and workpiece in investigating the impact of
fixture locator tolerance on the geometric error of a feature.

Machine tool errors can be caused by thermal effects, cut-
ting forces, and geometric errors in the machine tool. Vari-
ous approaches have been proposed for machine tool error
modeling and compensation. A volumetric error model of
a three-axis jig boring machine was developed using a vec-
tor chain expression by Schultschik (1977). Ferreira and
Liu (1986) developed a model to study the geometric error
of a three-axis machine using a homogeneous coordinate
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Fig. 1. Fixture locator layout.

transformation. A general methodology for modeling
multi-axis machines was developed by Soons et al. (1992). A
volumetric error model that combined geometric and ther-
mal errors to compensate time-varying errors in real time
was proposed by Chen et al. (1993). Other approaches, in-
cluding empirical, trigonometric, and error matrix methods
are summarized in Ferreira and Liu (1986).

In addition to the above literature, several studies have
focused on modeling error propagation in multistage man-
ufacturing processes (Jin and Shi, 1999; Djurdjanovic and
Ni, 2001; Huang et al., 2003; Zhou, Huang and Shi, 2003).
A homogeneous transformation matrix was used to model
the influence of errors on setup and cutting operations.
Wang et al. (2005) studied the commonly observed phe-
nomenon that the fixture, datum, and machine tool errors
can yield the same feature deviation pattern. The concept of
an Equivalent Fixture Error (EFE) was proposed to model
this phenomenon. An EFE process variation model was
derived by considering the impact of model formulation
on root cause identification and measurement reduction in
multistage machining process.

This paper uses an EFE model to investigate error can-
cellation in order to obtain a better understanding of the
phenomenon and improved control of machining processes.
Following this Introduction, in Section 2 we review the con-
cepts behind EFE modeling. Then error cancellation is dis-
cussed in terms of EFE concepts. Section 3 analyzes the
theoretical implications of the EFE model from the per-
spective of process monitoring and control, including root-
cause diagnosis and error compensation. In Section 4, the
application of the proposed diagnostic procedure is demon-
strated in a machining experiment and error compensation
is also illustrated in a simulation study. Conclusions are
drawn in Section 5.

2. Error cancellation modeling

Wang et al. (2005) were the first to propose the EFE concept.
The equivalent amount of locator errors that can generate
the same feature deviation as that due to datum or machine
tool errors was defined as being the EFE. Section 2.1 briefly
introduces our notation and also reviews the EFE concept.

Section 2.2 then models error cancellation using the EFE
model.

2.1. Notation and a review of the EFE concept

In a 3-2-1 locating scheme (Fig. 1), a fixture locates the
workpiece through three datum surfaces, which are known
as the primary, secondary, and tertiary datum surfaces, re-
spectively. Let fi = (fixfiyfiz)T be a point on top of locator
i, i =1, . . . , 6. Then the fixture error can be represented by
the deviations of six locators along their axial directions:

�f = (�f1z �f2z �f3z �f4y �f5y �f6x)T . (1)

Each surface Xj is represented by its surface orientation
vj and position pj (Huang et al., 2003), j = 1, 2 . . . M, where
M is the number of part surfaces. Deviations in Xj are com-
posed of deviations in vj and pj, i.e., xj = (�vT

j �pT
j )T =

(�vjx �vjy �vjz �pjx �pjy �pjz)T . The datum error is ex-
pressed as the deviations in the three datum surfaces, xI,
xII ∼ xIII.

Machine tool error is modeled as the deviation in the
cutting tool path (Huang and Shi, 2003), and includes the
displacement error (xm ym zm) and rotational error pitch αm,
roll βm, and yaw γ m. Using the same notation, we represent
machine tool error by δqm = (xm ym zm αm βm γ m)T , which
is invariant for all machined surfaces in an operation.

For a milling example, Fig. 2 shows the concept that the
machine tool, datum, and fixture errors could generate the
same error pattern. A mathematical derivation of the EFE
concept is given in Appendix A.

Following Equation (1), we use �d = (�d1z �d2z �d3z
�d4y �d5y �d6x)T and �m = (�m1z �m2z �m3z �m4y
�m5y �m6x)T to represent the EFEs caused by datum and
machine tool errors, respectively. Using the EFE concept
allows us to transform the error sources in the machining
process into fixture deviations, i.e., �f, �d, and �m. The re-
lationship between the EFE and feature deviation can then
be derived as (see more details in Appendix B)

x = (Γu | Γu | Γu)(�dT | �fT | �mT )T + ε, (2)

where x is the feature deviation vector (e.g., it can
be [xT

1 xT
2 . . . xT

M ]T ). Γu = [ΓT
1 ΓT

2 . . . ΓT
M ]T is the mapping
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Fig. 2. The EFE concept: (a) a machining process with a datum error; (b) a machining process with a machine tool error; and (c) a
machining process with a fixture error.

matrix that relates the EFE to the feature deviation. Matrix
Γj, j = 1, 2, . . . M, is the block matrix that corresponds to
machined surface j. The results in Appendix B show that
the Γj for each type of error is the same and thus the three
block matrices in Equation (2) are identical. This is con-
sistent with the phenomenon that the three error types can
generate the same feature deviation.

2.2. Modeling of error cancellation

The EFE concept can be used to model error cancellation
and the impact of errors on feature deviations. If we group
the errors in Equation (2), we have that:

x = Γu(�d + �f + �m) + ε. (3)

Therefore, the cancellation effect of the three error types can
be modeled as a linear combination of the mean shift in the
EFEs and fixture error. Their impact on feature deviations
can be described by using the mapping matrix Γu in Equa-
tion (3). For the special case where the three error types
completely cancel one another, i.e., E(�d + �f + �m) is
statistically insignificant, the mean of the process output
is within control, where E(·) represents the expectation of
the random variables in the parentheses. It should be noted
that the variances caused by the three error types cannot be
cancelled.

In this paper, �d, �f, and �m are assumed to be inde-
pendent random vectors that follow a multivariate normal
distribution. ε is a random vector that follows a normal dis-
tribution N(0,σ 2

ε I). ε can be considered as the aggregated
effect due to measurement noise and inherent unmodeled
terms in the machining process.

The modeling approach presented in the Appendices can
be applied to cases in which the datum surfaces are all

planes. When the surface is not planar, we should use the
tangential plane to the surface at each locator point as the
datum surface. Figure 3 shows the setup of a 2-D part with
nonplanar datum surfaces. The datum surfaces are tangen-
tial planes T1, T2, and T3. The corresponding normal vec-
tors are n1, n2, and n3, respectively. If the implicit form
surface equation is represented by fj(xj, yj, zj) = 0, nj and pj
are determined by:

nj =
(

∂fj,
∂xj

∂fj

∂yj

∂fj

∂zj

)T

, fj(pjx, pjy, pjz) = 0,

j = I, II, . . . , VI. (4)

Then we substitute Equation (4) into the following to
compute the EFE (�d and �m).

�diz(or �miz) = −[njx(fix − pjx) + njy(fiy − pjy)]/njz

+ pjz − fiz, i = 1, 2, 3, j = I,
�diy(or �miy) = −[njx(fix − pjx) + njz(fiz − pjz)]/njy

+ pjy − fiy, i = 4, 5, j = II, (5)
�dix(or �mix) = −[njy(fiy − pjy) + njz(fiz − pjz)]/njx

+ pjx − fix, i = 6, j = III,

Fig. 3. Nonplanar datum surfaces.
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where (�vjx �vjy �vjz �pjx �pjy �pjz) are the deviated da-
tum surfaces, and j = I, II, III represent three datum sur-
faces. Equation (5) is determined by the distance between
the two points at which the locators intersect the nominal
datum X0

j = (v0
jx v0

jy v0
jz p0

jx p0
jy p0

jz)
T and the deviated datum

surfaces Xj = (vjx vjy vjz pjx pjy pjz)T .

3. Theoretical implications

The modeling of error cancellation and errors generating
the same feature deviation has many implications for ma-
chining process control. Wang et al. (2005) found that EFE
modeling could potentially lead to a reduction in the num-
ber of measurements in multistage machining processes. In
this paper, we further discuss the implications on three is-
sues: diagnosability analysis, root-cause identification, and
error compensation.

3.1. Diagnosability analysis

This paper studies the diagnosability of a process that is
governed by a general linear fault model that relates the
errors to the feature deviation x using:

x = Γ
(
xT

D �fT δqT
m

)T + ε, (6)
where matrix Γ is determined by the part design. Its rela-
tionship with Γu will be discussed in Proposition 1. xD =
(xT

I xT
II xT

III)
T is the error vector of the three datum surfaces

of the raw workpiece.
If the process is diagnosable, then a Least Squares Esti-

mation (LSE) can be performed, i.e.,(
xT

D �fT δqT
m

)T = (ΓTΓ)−1Γx. (7)
The diagnosability depends on the rank of Γ (Zhou, Ding,
Chen and Shi, 2003). We can see that Equation (7) requires
ΓTΓ to be full rank, or equivalently, all the columns in Γ to
be independent. Proposition 1 addresses the structure of Γ
for a machining process.

Proposition 1. In Equation (6) the block matrices in matrix
Γ that correspond to the three error type are dependent and
matrix ΓTΓ is always not full rank, i.e., the fixture, datum,

and machine tool errors cannot be distinguished by solely
measuring the part features.

Proof. If we use the transformation matrices K1 (Equation
(A.1)) and K2 (Equation (A.2)) to map the datum error xD
to �d and the machine tool error δqm to �m, respectively,
Equation (2) becomes:

x = [ΓuK1 | Γu | ΓuK2]
(
xT

D | �fT | δqT
m

)T + ε. (8)

Comparing Equation (8) with Equation (6), we get that
Γ= [ΓuK1ΓuΓuK2]. However, the columns that correspond
to the fixture and machine tool errors in matrix Γ are lin-
early dependent because the columns of ΓuK1 and ΓuK2
are linear combination of the columns of Γu. Therefore, the
rank of Γ is equal to the rank of Γu. This also implies that
the system is not diagnosable. �

An implication of this proposition is that a LSE can-
not be obtained. However, the fault model of Equation (3)
with the errors grouped eliminates the linearly dependent
columns in matrix Γ. This fact leads to sequential root-
cause identification which is discussed in Section 3.2.

3.2. Sequential root cause identification

Using Equation (3), the grouped errors u can be estimated
as:

û(n) = �d̂(n) + �f̂(n) + �m̂(n) = (
ΓT

u Γu
)−1ΓT

u x(n),

n = 1, 2, . . . , N, (9)

where û(n) is the LSE of u for the nth replicate of the mea-
surement. Each row of Γu corresponds to an output feature
whereas each column of Γu corresponds to a component in
the error vectors. Hence, the number of rows of Γu must be
larger than the number of columns to ensure that sufficient
features are measured for LSE.

Denote �f (n)
i , �d(n)

i , and �m(n)
i as the ith component of

the vectors �f(n), �d(n), and �m(n), respectively. We can de-
velop a strategy for root cause identification that involves
the following steps:

1. Necessary error information is collected first to identify
the existence of error sources using Equation (9). The
process error information can be analyzed by conduct-
ing a hypothesis test on {û(n)}N

n=1. Since the estimated u
is a mixture of noise and errors, a proper test statistic
should be developed to detect the faults due to process
noise. Hypothesis tests on the mean and variance can
then be used to find out if the faults are mean shift or
large variance in nature

2. Additional measurement on the locator deviation (�f (n)
i )

and datum error (�d(n)
i ) of the raw workpiece is con-

ducted (due to Proposition 1) to distinguish between
different types of errors. The mean shift of the errors
can be estimated using the sample mean of �d(n)

i , �f (n)
i ,

and �m(n)
i = u(n)

i − �d(n)
i − �f (n)

i . The variance can then
be estimated by the sample variance for �d(n)

i , �f (n)
i , and

�m(n)
i .

This approach can effectively identify the machine tool er-
rors. The detailed procedures will be given in Section 4.

3.3. Error compensation

We can use the error cancellation effect to compensate for
process errors. With the development of an adjustable fix-
ture whose locator length is changeable, it is feasible to com-
pensate errors by simply changing the length of the locators.
We use the index i to represent the ith adjustment period.
During period i, N part feature deviations {xi(n)}N

n=1 are
measured to determine the amount of locator adjustment.
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Fig. 4. Error compensation for a disturbed process.

Such a compensation is only implemented at the beginning
of a period. Denote ci as the accumulated value of the lo-
cator length adjustments after the ith period but before the
beginning of period i + 1. The compensation procedure is
illustrated in Fig. 4. One can see that a nominal machin-
ing process is disturbed by errors �d, �f, and �m, and the
observation noise ε. Error sources, noise, and the machin-
ing process constitute a disturbed process, as marked in the
dashed line block. Using the feature deviation xi for the ith
period as the input (xi can be estimated as the average of
N measured parts in the period i, i.e., x̂i = 1/N

∑N
n=1 xi(n)),

a controller is introduced to generate signal ci that manip-
ulates adjustable fixture locators so as to counteract the
errors for the (i + 1)th machining period. The amount of
compensation at period i + 1 should be ci−ci−1. The error
compensation model can then be written as:

xi+1 = Si+1 + Γuci and Si+1 = �uui+1 + εi+1, (10)

where Si+1 is the output of the disturbed process for time
i + 1. This term represents the feature deviation measured
without any compensation being made.

In this paper, we focus on static errors because they ac-
count for the majority of machining errors (Zhou, Huang,
and Shi, 2003). A negative value for predicted EFEs means
that they can be used to adjust the locators. Thus, we de-
rive an integral control that can minimize the Mean Square
Error (MSE) of the feature deviation, i.e.,

ci = −(
ΓT

u Γu
)−1ΓT

u

i∑
t=1

xt = −
i∑

t=1

(�d̂t + �f̂t + �m̂t ).

(11)
Equation (11) shows that the accumulated amount of com-
pensation for the next period is equal to the sum of the LSE
of the EFEs of the current and all the previous time periods
of the machining process. The accumulated compensation
ci can be used to evaluate the controller performance in
stability and robustness analyses. The amount of compen-
sation for the (i + 1)th period is ci − ci−1:

ci − ci−1 = −(
ΓT

u Γu
)−1ΓT

u xi. (12)

The compensation accuracy can be estimated by Γu[u −
(ΓT

u Γu)−1ΓT
u xi] =xi − Γu(ΓT

u Γu)−1ΓT
u xi, i.e., the difference

between xi and its LSE. Denote the range space of Γu as
R(Γu) and the null space of ΓT

u as N(ΓT
u ). Spaces R(Γu)

and N(ΓT
u ) are orthogonal and constitute the whole vector

space Rq×1, where q is the number of rows in xi (or Γu). By
the LSE property we know that the estimation error vec-
tor xi −Γu(ΓT

u Γu)−1ΓT
u xi is orthogonal to R(Γu). There-

fore, the compensation accuracy of Equation (12) can be
estimated by the projection of the observation (feature de-
viation) vector xi onto N(ΓT

u ). This conclusion also shows
the components of the observation that can be compen-
sated. The projection of the observation vector xi onto
space R(Γu) can be fully compensated by using Equation
(12) whereas the projection onto N(ΓT

u ) cannot be compen-
sated.

In practice, the accuracy that the adjustable locator can
achieve must be considered. Suppose that the standard de-
viation of a locator’s movement is σf . We can set the stop-
ping region for applying error compensation with a 99.73%
confidence level as:

−3σf ≤ ci − ci−1 ≤ 3σf . (13)

4. Case studies

The discussion in Section 3 has highlighted the application
of the EFE concept to sequential root-cause identification
and error compensation. The diagnostic algorithm for these
effects is proposed in this section and demonstrated by its
application to a machining experiment. EFE compensation
for process control is illustrated by a simulation study.

4.1. Root-cause identification

There are several diagnostic approaches (Ceglarek and Shi,
1996; Apley and Shi, 1998; Rong et al., 2001) that have
achieved considerable success in fixture fault detection. The
approach proposed by Apley and Shi (1998) can effectively
identify multiple fixture faults. By extending this approach,
we use it for sequential root-cause identification:

Step 1. Conduct measurements on the features and da-
tum surfaces of the raw workpiece so as to esti-
mate the error sources û(n) for each replicate us-
ing Equation (9). The grouped error can be esti-
mated by the average of û(n) over N measured work-
pieces, i.e., û = (1/N)

∑N
n=1 û(n), n = 1,2, . . . N. As

mentioned in Section 3.2, the fault vector u con-
tains both error sources and process noise.

Step 2. To detect those faults due to process noise, we can
use the F-test statistic introduced by Apley and Shi
(1998):

Fi = Ŝ2
i[(

ΓT
u Γu

)−1
i,i

]
Ŝ2

ε

, i = 1, 2, . . . , 6, (14)

where Ŝ2
i = (1/N)

∑N
n=1 [û(n)

i ]2, and û(n)
i represents

the ith component of vector û(n). (ΓT
u Γu)−1

i,i is the ith
diagonal entry of matrix (ΓT

u Γu)−1. The estimator
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for the variance of the noise is:

Ŝ2
ε = 1

N(q − 6)

N∑
n=1

ε̂(n)T ε̂(n),

and ε̂(n) = x(n) − Γuû(n) is for the noise term. When
Fi > F1 − α(N, N(q − 6)), we conclude that the ith
fault occurs with a confidence level of 100(1 − α)%.
By investigating {û(n)

i }N
n=1 for mean ui (H0: ui = 0

vs. H1: ui �= 0), and variance σ 2
ui (H0: σ 2

ui ≤ σ 2
0 vs.

H1: σ 2
ui > σ 2

0), one can determine whether the er-
ror pattern of the faults is mean shift or variance
type. σ 2

0 is a small value. In the case study, we
choose σ 2

0 = 0.1 mm2. By the normality assump-
tion of EFEs (�d, �f, and �m), we can use the T
test statistic.

T = ui

/√√√√ 1
N(N − 1)

N∑
n=1

(
u(n)

i − ui
)2

,

and compare it with t1−α/2(n − 1) to test the mean
shift. χ2 = ∑N

n=1 (u(n)
i − ui)2/σ 2

0 is used and com-
pared with χ2

1−α(n − 1) to test the variance. α is the
significance level. If Fi < F1−α(N, N(q − 6)), either
no faults occur at the ith locator, or the faults can-
not be distinguished from process noise.

Step 3. Use additional measurements to distinguish er-
rors whenever faults are identified. The loca-
tor deviation {�f (n)

i }N
n=1 and the datum surfaces

{X(n)
j }N

n=1 are measured. The EFE {�d(n)
i }N

n=1
caused by the datum errors can be calculated using
Equation (A.1). If the errors turn out to be a mean
shift (ui �= 0 for a certain i), the machine tool error
in terms of the EFE is �m̂i = ûi − �di − �fi, where
�di and �fi are the average EFE over all N parts.
The machine tool error δqm is then determined by
the inverse of Equation (A2):

δqm = K−1
2 �m. (15)

Fig. 5. Nominal part, tolerance, and fixture layout (after Wang et al. (2005)).

The variance of grouped error (σ 2
ui) can then be

decomposed as:
σ 2

ui = σ 2
di + σ 2

f i + σ 2
mi. (16)

If σ 2
ui > σ 2

0, the variances caused by the three types
of errors σ 2

di, σ 2
f i, and σ 2

mi can be estimated by
the sample variance of {�d(n)

i }N
n=1, {�f (n)

i }N
n=1, and

{�m̂(n)
i }N

n=1.
The 100(1 − 2α)% Confidence Interval (CI) of

�m is (�m̂ ± L), where z1−α follows the cumulative
standard normal distribution such that:∫ z1−α

−∞

1√
2π

e−u2/2du = 1 − α, and L =∣∣∣∣
(

z1−α

√(
ΓT

u Γu
)−1

1,1σ̂ε . . . z1−α

√(
ΓT

u Γu
)−1

6,6σ̂ε

)T ∣∣∣∣
6×1

.

The corresponding CI vector for δqm is
(K−1

2 �m ± K−1
2 L). The CI for �d and �f can

be obtained by (�di ± Sdit1−α/2(n − 1)/
√

n) and
(�fi ± Sf it1−α/2(n − 1)/

√
n), where Sdi and Sf i are

the sample variance for {�d(n)
i }N

n=1 and {�f (n)
i }N

n=1.

To demonstrate the model and the diagnostic procedure,
we intentionally introduced datum and machine tool errors
in the milling of five block workpieces. We used the same
setup, raw workpiece and fixturing scheme as Wang et al.
(2005) (Fig. 5). A xyz coordinate system fixed with a nom-
inal fixture is also introduced to represent the plane. The
top plane X1 and the side plane X2 are to be milled. Eight
vertices are marked as 1–8 and their coordinates in the xyz
coordinate system are measured to help to determine X1
and X2. In this paper, the units are millimeters for length
and radians for angle. For the coordinate system of Fig. 5,
the surface specifications are X1 = (0 0 1 0 0 15.24)T , and
X2 = (0 1 0 0 96.5 0)T . From Equation (3) and Equation
(A8), we get

xi =
(
Γ1

Γ2

)
(�di + �fi + �mi) + εi,
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Table 1. Measured features in units of millimeters

X1 X2

n 1 2 3 4 5 1 2 3 4 5

�vx −0.001 −0.001 0.001 −0.001 0.001 0.001 −0.001 0.001 0.001 0.001
�vy −0.033 −0.034 −0.039 −0.034 −0.035 0.001 0.001 0.001 0.001 0.001
�vz 0.001 −0.001 0.001 0.001 0.001 0.032 0.034 0.032 0.036 0.035
�px 0.001 −0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001
�py −0.145 −0.163 −0.119 −0.185 −0.153 0.347 0.379 0.253 0.307 0.268
�pz −3.877 −2.749 −2.329 −3.509 −2.459 0.579 0.358 0.479 0.539 0.429

where

Γ1 =




0 −0.0263 0.0263 0 0 0
−0.0158 0.0079 0.0079 0 0 0

0 0 0 0 0 0
0 −0.1379 0.1379 1.3368 −1.3368 −1

−0.0828 0.0414 0.0414 −1.5 0.5 0
−1.3033 −0.8483 1.1517 0 0 0




,

Γ2 =




0 0 0 −0.0263 0.0263 0
0 0 0 0 0 0

0.0158 −0.0079 −0.0079 0 0 0
0 0.2632 −0.2632 −1.2026 1.2026 −1

0.158 −0.079 −0.079 −1.5 0.5 0
0.2212 −1.6106 0.3894 0 0 0




.

The number of rows q in Γ is 12. We set fixture error
to be zero (�f = 0). The primary datum plane I is pre-
machined to be XI = (0 0.018 −0.998 0 0.207 −1.486)T

and its corresponding EFE is �d = (1.105 0 0 0 0 0)T mm.
The machine tool error is set to be δqm = (0 0.175 −1.44
0.0175 0 0)T by adjusting the orientation and position
of the tool path. Based on the measured coordinates of
vertices 1–8, the obtained feature deviations are listed in
Table 1.

The EFE faults identified after following Steps 1–3 are
listed in Tables 2 and 3.

Take α to be 0.01. Then the threshold value F0.99(5,5(12 −
6)) = F0.99 (5, 30) = 3.699. In Table 3, we can see that

Table 2. Estimation of u for five replicates in units of millimeters

û(1) û(2) û(3) û(4) û(5) û T χ2

2.937 2.133 1.775 2.697 1.902 2.289 10.119 10.247
0.050 0.090 −0.064 0.057 0.002 0.027 — —
0.002 0.090 −0.0562 0.057 0.020 0.023 — —
0.055 −0.031 0.003 0.039 0.015 0.016 — —
0.047 −0.031 0.004 0.039 0.018 0.015 — —
0.004 0.000 −0.001 0.000 −0.001 0.001 — —

F1 > 3.699, which indicates that a fault occurs at locator 1.
Using the data in the first row of Table 2 to conduct T andχ2

tests for mean and variance, we find that T>t1−0.01/2(5 − 1)
= t0.995(4) = 4.604 and χ2 < χ2

1−0.01 (4) = 13.277. Hence, we
conclude that there is a significant mean shift whereas the
variance is not large. If we make additional measurements,
by Equation (A2), the 98% CI for the detected mean shift of
the machine tool error is δqm = (0.006 0.167 −1.540 0.018
−0.000 0.000)T± (0.008 0.001 0.000 0.000 0.001 0.000)T ,
which is consistent with the pre-introduced errors. The EFE
fault model and diagnostic algorithm is therefore experi-
mentally validated.

4.2. Error compensation simulation

Using the same machining process as in Section 4.1, we
can simulate error compensation over five adjustment pe-
riods. Five parts are sampled during each period. We set
the fixture error to be �f = (0.276 0 0 0.276 0 0)T mm.
The machine tool error is set to be δqm = (−0.075 −0.023
0.329 −0.0023 0.0075 0)T and its EFE is �m= (0 0 0.286 0
0 0)T mm. We assume that the measurement noise follows
N(0, (0.002 mm)2) for the displacement and N(0, (0.001
rad)2) for the orientation. The compensation values can
be calculated using Equations (11) and (12). In this case
study, the accuracy of the locator movement is assumed to
be σf = 0.01 mm and the criterion for stopping the com-
pensation is −0.03 ≤ ci − ci−1 ≤ 0.03 mm (Equation (13)).
Figure 6 shows the compensation (ci − ci−1) for locators
f1–f4. The values of adjustment periods 2–5 are given by
the solid line in the figure. The dash-dot line represents the
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Table 3. Additional measurement results in units of milimeters

Locators û Fi �f �d �m

1 2.289 19.525 0 1.105 1.184
2 0.027 0.051 0 0 0.027
3 0.023 0.005 0 0 0.023
4 0.016 0.613 0 0 0.016
5 0.015 0.073 0 0 0.015
6 0.001 0.002 0 0 0.003

value of ±3σf . The adjustment for locators f5 and f6 are all
zero and not shown in the figure. One can see that the ef-
fect of compensation in the second period is dominant. The
compensation for the subsequent periods is relatively small
because no significant error sources are introduced in these
periods.

The effect of error compensation can be illustrated with
the quality improvement of two features, the plane distance
along the z axis (lz) and the y axis (ly) as shown in Fig. 5. lz
can be estimated by the mean and standard deviation of the
lengths of edges l15, l26, l37, and l48 and ly can be estimated
by l14, l23, l67, and l58 for each machining period, where lmn
is the distance between the vertices m and n and is estimated
by the edge length of five parts in each period. The milling
of planes X1 and X2 impacts on the plane distance along the
z and y axes. The nominal part should have the same edge
lengths along the z and y directions (15.24 and 96.5 mm,
see the dashed line in Fig. 7), respectively. However, in the
first adjustment period (i = 1) without error compensation,
the standard error of the edge lengths are beyond the speci-
fied tolerance. In periods 2–5 when the compensation algo-
rithm is applied the deviations of lz and ly are significantly
reduced.

Fig. 6. Error compensation for each locator.

Fig. 7. Mean and standard deviation of the two features.

5. Conclusions

This paper has investigated error cancellation among da-
tum, fixture, and machine tool errors as a method to im-
prove quality control in machining processes. Based on the
EFE concept error cancellation was modeled as a linear
combination of EFEs. A process fault model was then de-
rived in terms of grouped EFEs to allow us to conduct a
fault diagnosis and error compensation of a machining pro-
cess. The EFE methodology helped to reveal the structure
of the matrix of the fault model. We mathematically proved
that a machining process with datum, fixture, and machine
tool errors cannot be diagnosed by simply measuring the
part features. To solve this problem, we developed the pro-
cedure of sequential root-cause identification. First, datum
error and machine tool error are grouped with the fixture
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error and the existence and locations of EFEs is detected.
Additional measurements on the process variable (locator
deviation) only need to be implemented if faults are de-
tected. This procedure can detect the mean shift and vari-
ance of process faults from the process noise. A case study of
a milling process of block parts has shown that the proposed
approach can effectively identify the error sources. An er-
ror cancellation study has also suggested that the machine
tool and datum errors can be compensated by adjusting the
length of the fixture locators. An integral control algorithm
for the compensation of static errors has been presented.
The procedure was demonstrated by means of a simulation
study.

A future area of study involves applying the EFE concept
to processes with dynamic disturbances so as to determine
the disturbance model and find out the optimal control rule
to minimize the MSE.
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Appendices

Appendix A: Derivation of the EFE

Assume that all of the three datum surfaces are pla-
nar. By linearizing Equation (5), we can derive the EFE
(�dix�diy�diz) caused by the datum error as:

�diz = −fix�vIx − fiy�vIy − �pIz, i = 1, 2, 3,

�diy = −fix�vIIx − fiz�vIIz − �pIIy, i = 4, 5,

or �d = K1




xI

xII

xIII.


 .

�dix = −fiy�vIIIy − fiz�vIIIz − �pIIIx, i = 6. (A1)

The mapping matrix that relates the datum error to �d
is:

K1 =




G1 0 0
0 G2 0
0 0 G3,


 ,

where

G1 = −




f1x f1y 0 0 0 1
f2x f2x 0 0 0 1
f3x f3x 0 0 0 1


 ,

G2 = −
(

f4x 0 f4z 0 1 0
f5x 0 f5z 0 1 0

)
,

and G3 = −(0 f6y f6z 1 0 0).
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When deriving �m, we use the relationship between Xj
and the machine tool error δqm. Linearization of Equation
(5) then yields:

�m = K2δqm, (A2)

where

K2 =




0 0 −1 −f1y f1x 0
0 0 −1 −f2y f2x 0
0 0 −1 −f3y f3x 0
0 −1 0 f4z 0 −f4x

0 −1 0 f5z 0 −f5x

−1 0 0 0 −f6z f6y




.

Note that if the datum surfaces are not planes then the da-
tum surfaces Xj become tangential planes to each locating
point and there are then six datum surfaces.

Appendix B: Derivation of Γj

Huang and Shi (2003) have modeled the setup and cut-
ting operation using a homogeneous transformation ma-
trix. Feature deviation can then be expressed (Wang et al.,
2005):

xj = (Ajd | Ajf | Ajm)δq + εj, (A3)

where

Ajd(k) = Ajf(k) = −Ajd(k) =


0 0 0 0 −2v0
jz 2v0

jy

0 0 0 2v0
jz 0 −2v0

jx

0 0 0 −2v0
jy 2v0

jx 0

−1 0 0 0 −2p0
jz 2p0

jy

0 −1 0 2p0
jz 0 −2p0

jx

0 0 −1 −2p0
jy 2p0

jx 0




, and rank(Ajd) ≤ 5.

δq = (xd yd zd δe1d δe2d δe3d xf yf zf δe1f δe2f δe3f xm ym zm
δe1m δe2m δe3m)T . (δe1d δe2d δe3d)T , (δe1d δe2d δe3d)T and
(δe1d δe2d δe3d)T are the Euler parameters of the rotation
caused by the three types of errors respectively. Under a
small deviation they are one-half of the Euler angles, i.e.,
δe1 = 0.5α, δe2 = 0.5β, and δe3 = 0.5γ . Parameters (xdydzd
δe1d δe2d δe3d) represent the transformation of surface due
to the faulty setup with datum error, and (xf yf zf δe1f δe2f
δe3f) represent the transformation due to the fixture error. εj
is the noise term that corresponds to the jth feature. Using
the variational approach proposed by Cai et al. (1997), we
can find the relationship between parameters in δq and the
error sources. This approach can be directly applied for the

fixture error, i.e.,

(xf yf zf δe1f δe2f δe3f)T= − J−1ΦE�f, (A4)

where for generic workpiece, the Jacobian matrix J is:

J =


−νIx −νIy −νIz 2(−f1zνIy + f1yνIz) 2(fIzνIx − f1xνIz) 2(−f1yνIx + f1xνIy )

−νIx −νIy −νIz 2(−f2zνIy + f2yνIz) 2(f2zνIx − f2xνIz) 2(−f2yνIx + f2xνIy )

−νIx −ν̄Iy −νIz 2(−f3zνIy + f3yνIz) 2(f3zνIx − f3xνIz) 2(−f3yνIx + f3xνIy )

−νIIx −νIIy −νIIz 2(−f4zνIIy + f4yνIIz) 2(f4zνIIx − f4xνIIz) 2(−f4yνIIx + f4xνIIy )

−νIIx −νIIy −νIIz 2(−f5zνIIy + f5yνIIz) 2(f5zνIIx − f5xνIIz) 2(−f5yνIIx + f5xνIIy )

−νIIIx −νIIIy −νIIIz 2(−f6zνIIIy + f6yνIIIz) 2(f6zνIIIx − f6xνIIIz) 2(−f6yνIIIx + f6xνIIIy )


.

(A5)

vj = (vjxvjyvjz)T is the orientation vector of the datum planes
j = I, II, and III. The Jacobian matrix is definitely full rank
because the workpiece is deterministically located. The in-
verse of the Jacobian matrix therefore exists. Matrix Φ is
diag(vT

I vT
I vT

I vT
IIv

T
IIv

T
III). E is an 18 × 6 matrix, that is, diag

(E1 E1 E1 E2 E2 E3), where E1 = (0 0 1)T , E2 = (0 1 0)T , and
E3 = (1 0 0)T . We can also extend the variational approach
for the EFE due to datum and machine tool errors, �d and
�m, respectively:

(xd yd zd αd βd γd)T = −J−1ΦE∆d, (A6)
(xm ym zm αm βm γm)T = −(−J−1ΦE∆m)

= J−1ΦE∆m. (A7)

Equation (A7) has an additional minus sign due to the
inverse transformation caused by the machine tool error
transforming the workpiece from a nominal position to its
real position. Combining Equations (A5), (A6), and (A9–
A10), we get input matrixΓj corresponding to the machined
surface j:

Γj = −AjdJ−1ΦE. (A8)

We can see that the matricesΓj corresponding to three EFEs
are the same.
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