
This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING 1

Statistical Weight Kinetics Modeling and
Estimation for Silica Nanowire Growth

Catalyzed by Pd Thin Film
Qiang Huang, Member, IEEE, Li Wang, Tirthankar Dasgupta, Li Zhu, Praveen K. Sekhar, Member, IEEE,

Shekhar Bhansali, Member, IEEE, and Yu An

Abstract—This work intends to understand and model the ki-
netic aspect or the change of substrate weight over time in the
selective growth of silica nanowires (NWs) catalyzed through Pd
thin film. Various adsorption-induced, diffusion-induced, or uni-
fied vapor-liquid-solid (VLS) growth models have been developed
to describe the NW length varying with time. Since NW length has
been difficult to be measured, substrate weight change is therefore
used as an alternative in this study to investigate growth kinetics
of NWs. We investigate six different weight kinetics models in pre-
dicting weight changes during growth. Model estimation and com-
parison are conducted using both maximum-likelihood estimation
(MLE) and Bayesian approaches. Owing to the embedded kinetics
information in the nonlinear growth models, the Bayesian hierar-
chical model is shown to be more desirable when process data is
limited.

Note to Practitioners—Nanowires (NWs) have great potentials in
electronic and photonic applications due to their unique properties.
The repeatability of nanowire growth, however, is low and presents
a major challenge for its mass production. Predictive modeling and
control method is essential to the process yield and productivity
improvement. The major difficulty of establishing such models is
limited data and physical understanding of growth process. This
paper provides a modeling approach to describe the overall NWs
growth by modeling the weight changes over time in the growth of
NWs.

Index Terms—Model selection, nanomanufacturing, nanostruc-
ture growth, process modeling.

I. INTRODUCTION

A MONG one-dimensional nanostructures, silica nanowires
(NWs) have been investigated in recent years due to their

photoluminescent properties and excellent biocompatibility.
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Different approaches, such as laser ablation [1], oxide-assisted
growth [2], sol-gel template method [3], carbothermal reduction
[4], and gas-phase growth [5] (i.e., vapor-liquid-solid (VLS),
solid-liquid-solid, vapor-solid growth) have been explored to
synthesize these oxide NWs. The ability to produce stable
NWs at desired locations in a controlled manner on planar
substrates is of critical importance for fabricating NW-based
devices such as nanoFETs, nanotransistors, and microphotonic
nanosytems [6]. Sekhar et al. [7] reported selective growth
of silica nanowires in silicon using Pt thin film as a catalyst.
The mechanism of nanowire growth was established to follow
the VLS model with the PtSi phase acting as the catalyst. The
mechanism was validated by careful selection of Pt thickness,
growth temperatures, and Ar gas flow. They claimed the ad-
vantages of the synthesis approach are: (a) tunable size and
distribution of the parent nanoclusters; (b) its ability to form
metal-dielectric hybrid configurations; and (c) a simple and cost
effective solution for growing large-scale arrayable nanowires.

The objective of this research work is to understand, model,
and estimate the kinetic aspect of the selective growth of
silica NWs using Pd thin film, in particular, the change of
substrate weight over time. Since the VLS mechanism was first
introduced by Wagner and Ellis [8], both adsorption-induced
VLS models [8]–[10] and diffusion-induced VLS models
[10]–[12] have been developed. Ruth and Hirth [11] proposed
a NW growth rate model: ,
if NW length , and

, if , where is diffu-
sion coefficient, is mean lifetime of the adatom on the NW
sidewall, is atomic volume of Si, is impingement flux, is
NW radius, is adatom concentration at the liquid alloy, and

is adatom concentration at the base substrate. Dubrovskii
et al. [10] developed a more complicated model to unify the
two types of VLS models in molecular beam epitaxy. In either
case, the length of NWs exhibits a rapid exponential growth at
the beginning and a linear growth afterwards.

Extending the aforementioned kinetics models to our silica
NW growth process in an open CVD furnace could be chal-
lenging, as it has completely different boundary conditions.
NWs grown in open tube systems tend to curl and bundle which
causes a metrology issue. Therefore, in this study we investigate
the substrate weight change process or weight kinetics during
VLS growth of silica NWs. We focus on identifying the proper
weight kinetics model under uncertainties. The contribution
is to obtain the engineering insight on weight changes during
growth.
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Fig. 1. Open tube furnace with Pd coated Si sample on support Si substrate.

II. EXPERIMENTAL DETAILS AND RESULTS

Prime grade n-type silicon wafers were used as substrates
for subsequent Pd deposition. Pd was sputtered onto Si substrate
with film thickness being 5 nm. High purity Ar was chosen as
carrier gas and was set to 25 SCCM throughout the course of the
experiment. Prior to placing samples, the furnace was flushed
with Ar for 10 min to minimize interference from gaseous im-
purities. Then, the sample was slowly introduced into the fur-
nace along with a Si support wafer (Si Source), and heated up to
1100 C. Once the furnace reached 1100 C, the heating process
was timed. Prior investigation [7] indicates the occurrence of
melting process of Pd-Si during the ramp up to 1100 C. Fig. 1
shows the experimental setup for NW growth.

A high-precision microbalance (Sartorius R200D) was used
to measure the weight of the nanowire sample. The microbal-
ance has a readout accuracy of 0.01 mg with a capacity to weigh
up to 199.9999 g. The microbalance is typically calibrated with
a known calibration standard before the sample measurement.
After calibrating the equipment, the silicon sample is placed
on a Whatman’s filter paper, whose weight is zeroed-out before
loading the sample. The sample is then covered by a plexiglass
chamber to avoid any ambient noise causing spurious data. The
sample is typically left for 10 seconds on the microbalance to
get a stable reading and then the sample weight is recorded. The
initial mass of the Pd coated Si sample was weighted and com-
pared with the mass of the same sample after the NW growth for
the desired time. A set of weight changes were recorded from
0.5 to 210 min with three replicates at each time point. Scanning
Electron Microscopy (SEM, Hitachi S800) was used to image
the sample surface after furnace treatment to observe the struc-
ture and morphology. The weight growth data is presented in
Table I.

Fig. 2 shows the SEM micrograph of silica NWs observed at
15, 20, 60, and 90 min. It is evident that NWs are not straight
with large variations among them. Hence, investigating overall
weight changes make more sense to characterize this particular
growth process. Fig. 3 illustrates the weight changes of Silica
NWs during the growth period for three replicates. It is inter-
esting to notice that the initial growth experienced weight loss.
This might be due to source Si evaporation [13] and/or mea-
surement error. In model fitting, we still retain the data before
15 min.

III. STATISTICAL WEIGHT KINETICS MODELING AND

MAXIMUM-LIKELIHOOD ESTIMATION (MLE)

Let the random variable denote the NW substrate weight
change at time , and let . In this section,

TABLE I
WEIGHT GROWTH DATA(mg)

Fig. 2. SEM micrographs (25 KV, 20 K) illustrating the morphology of the Pd
coated Si wafer heated at 1100 C for (A) 15, (B) 20, (C) 60, and (D) 90 mins.

we shall consider different functional forms of and ex-
amine how well they fit the data , ob-
tained from our experiment. First, we shall consider a set of
models for which the variance of does not change with time.
After identifying the most appropriate functional form
that explains the mean of the response, we will consider more
generalized models with heteroscedasticity, that is, nonconstant
variances.

A. Postulating and Fitting Models With Constant Error
Variance

We now assume the following additive model with constant
error variance:

(1)
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Fig. 3. Weight changes of silica NWs over time for three replicates.

where , and postulate four possible functional
forms for the mean term . The parameters of each model
are estimated using by maximizing the likelihood function of
the parameters (maximum-likelihood estimation or MLE). The
variance of each estimate is obtained from the corresponding di-
agonal element of the inverse of the Fisher information matrix
[14, Ch. 3], which is computed numerically.

Model 1. Exponential model: The curves of weight
changes in Fig. 3 may simply suggest the following expo-
nential model:

(2)

with parameters .
The log-likelihood function for this model is given by

(3)
The estimated parameters are:

, with estimated standard
deviations 0.49, 3.16, and 0.10, respectively. Akaike’s in-
formation criterion, (popularly known as AIC and defined
as , where is the maximized likelihood and

is the number of parameters), is computed as 132.03.
It is evident from Fig. 4 that model 1 fails to capture the
turning point of the growth curve and clearly deviates
from the data at the late stage.
Model 2. Exponential-linear model with unknown change
point and continuity at the first order derivative: Based
on the weight change curves in Fig. 3 and previous grow
rate models [10]–[12], [15], we can postulate the following
exponential-linear model with unknown change point :

(4)

Fig. 4. Fitted curve of model 1.

with . Let , and
. Assuming that the curve is continuous and

differentiable at , it is easy to see that

(5)

(6)

so that model 2 is essentially a three-parameter model.
The log-likelihood function can be written as

(7)

where and satisfy (5), (6). and , if ,
can be any set; and 0, otherwise.
The estimates of , and are obtained as 15.43, 59.82,
and 200, respectively. In this case, the parameter estima-
tion degenerates to pure exponential estimation, which is
undesirable.
Model 3. Exponential-linear model with unknown change
point and continuity at : This model is the same as
model 2, except for the fact that we do not impose con-
tinuity at the first order derivative, which is deemed as a
much stronger assumption. This is thus a four-parameter
model with and log-likelihood func-
tion as

(8)

where .
The estimates of , , , and are 32.11, 105.65,
0.0092, and 86.37, respectively. The error variance is esti-
mated as and the AIC is computed as 31.62.
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Fig. 5. Fitted curve of model 3.

The standard errors of , , , and are estimated
as 2.65, 5.29, 0.0016, and 2.16, respectively, while the
standard error of is 0.016. We noticed from Fig. 5 that
unlike models 1 and 2, the linear phase is captured and the
resulting fit is much better than either of these models. Yet
the transition between two phases seems not smooth.
Model 4. An exponential-linear model with a smooth tran-
sition function: In order to ensure a smooth transition be-
tween the linear and exponential phases without imposing
the strong restriction of model 2 (that is, continuity at the
first-order derivative or ), we introduce a
transition function (see [16] and [17]) that joins the
two phases

(9)

where , , and
is continuous and smooth functions satisfying conditions
listed in Appendix A.
Model 4 is a smooth approximation of , and the
change point is included in a continuous and dif-
ferentiable function so that it can be
estimated together with other parameters. Based on

suggested in [17], we
developed a transition function that satisfies a slightly
different set of conditions (please refer to Fig. 6 and
Appendix A), given the nature of and in
model 4

(10)

Comparing to the original transition function, our new tran-
sition function makes sure that when approaching 0, the
transition function’s value is approaching 0 and thus makes
sure that there is no transition function caused-bias around
time 0.

Fig. 6. Transition function ���� �� with different ��� � �� ��.

Fig. 7. Fitted curve of model 4.

The likelihood function is

(11)

with , , defined above.
The estimates of , , , and are 31.68, 104.85,
0.0091, and 86.77, respectively. The error variance is
estimated as 0.086, and AIC is 31.71. The standard errors
of , , , and are estimated as 2.57, 5.18, 0.0016,
and 2.20, respectively, while the standard error of is
0.016. The estimated is 0.604 with standard deviation
1.5, and this small assures that the distortion brought to
the fitted curve by the transition function is very small. In
fact, by checking Fig. 7, one can hardly see the smoothing
effect and the fitted curve is very close to model 3’s result.
If we magnify the area around the transition point, as
shown in the Fig. 8, one can see the transition is smooth.
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Fig. 8. Comparison of models 3, 4, and 5 near transition point.

TABLE II
PARAMETER ESTIMATION COMPARISON AMONG FOUR MODELS

Model Comparison: The summary of MLE is given in
Table II (note that Model 2 is degraded to Model 1). To com-
pare models, we fit the first four models again using the first
two replicates as training data and the third one as validation
data. Clearly, models 1 and 2 are different (and much worse) as
compared to models 3 and 4. The mean square errors (MSEs)
are 0.537 for models 1 and 2, 0.0595 for model 3, and 0.0596
for model 4. Quite naturally, the question arises whether the
gain obtained by introducing the complicated model 4 is
substantial. To answer this question, we test the hypothesis

versus using the likelihood ratio test
(LRT). LRT statistics is constructed as , where

and are the log-likelihood given by (8) and (11). (When
, the transition model actually becomes model 3, i.e., the

reduced model.) The likelihood ratio statistic asymptotically
follows a distribution with 1 df. The statistics is computed as
0.12 with a -value of 0.725, which means there is not enough
evidence to reject in favor of . Therefore, model 3 seems
to be adequate to explain the mean part of the curve. Table II
summarizes the MLE results for different models.

B. Generalizing to Heteroscedastic Model

Having identified model 3 as the best functional form for
, we now try to make the model more realistic by con-

sidering the variance structure. The exponential phase in model
3 usually lasts shorter compared to the linear phase. It is rela-
tively difficult to observe the growth during the initial period,
making the inherent measurement error much larger during that

Fig. 9. Fitted curve of model 5.

period. To check whether the data reflects this, we consider the
following modification of (1).

Model 5. Exponential-linear with unequal variances in
two phases:

(12)

where and , respectively, represent the exponen-
tial and the linear components of in model 3. As in
model 3, we impose the continuity constraint

, so that we have . We assume
and , where .

The log-likelihood function for model 5 is

(13)

The estimated parameters are:
, , with

standard errors
, , . The AIC is computed as

17.11. The fitted model is shown in Fig. 9. By comparing the
estimated transition point from Fig. 8, we can see model 5
has slightly different and more accurate estimation, which is
critical to pinpoint the change point of growth process.

To test our assumption of unequal variances, we conduct LRT
of the hypothesis versus . The LRT
statistic is obtained as , which is very sig-
nificant with respect to a distribution with 1 df. Therefore, it
is reasonable to consider a model with unequal variances during
the two phases.

IV. A BAYESIAN HIERARCHICAL MODEL FOR ESTIMATION

WITH LIMITED OBSERVATIONS

In the previous section, we identified model 5 as the most
appropriate model that accounts for the heteroscedasticity.
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TABLE III
POSTERIOR INFERENCE OF MODEL 6

Fig. 10. Different chains simulated using WinBugs.

Model 5 has a nice and realistic physical interpretation. How-
ever, the frequentist analysis suffers from the limitation that
the standard errors of estimators are obtained by utilizing the
asymptotic normality of the MLE. The accuracy of such an
approximation will be questionable when limited observa-
tions are available (often the case in nanomanufacturing). The
Bayesian hierarchical model considers the structure of multiple
parameters and reflects the dependence among parameters in
a joint probability model [18]. It not only incorporates all the
features of model 5, but also utilizes available prior information
about the parameters to address the concern of the lacking of
data. We thus postulate the following model.

Model 6. A hierarchical exponential-linear model:

(14)

The model at level 2 of the hierarchical framework is
nothing but the model 5 discussed previously.

Fig. 11. Posterior distributions of � , � , �, and � .

Assuming that we do not have any prior information before
the experiment, we choose the following noninformative priors
for estimation: , , ,

, , and .
Markov Chain Monte Carlo (MCMC) simulation [19]

through WinBUGs software [20] was applied to draw from the
posterior distributions of the parameters. We used four chains
whose initial values were widely separated. The length of each
chain is 100 000, but only the last 50 000 simulated values were
used for inference while the first 50 000 observations were
treated as draws during the “burn-in” period. A thinning rate of
100 was adopted to alleviate the auto-correlation. The conver-
gence of different chains was confirmed by the Gelman–Rubin
statistics which is close to 1. The simulation results are
shown in Table III. Plots of different chains and histograms
from the posterior draws of all the parameters shown in Figs. 10
and 11, respectively. Both these figures indicate convergence
of the simulations.

V. CONCLUSION

In this study of the silica nanowire growth catalyzed by Pd
thin film, we postulated six weight kinetics models based on the
data collected under one growth condition. All the models were
embedded with growth kinetics information. Through MLE and
Bayesian hierarchical model estimation, we compared all the
models. The exponential-linear model with unequal variances
in two phases fits the data best.

Since the MLE utilizes the asymptotic normality, Bayesian
hierarchical model is more suitable when data is limited. Par-
ticularly when we obtained confidence in the model structure
from initial experimental study, Bayesian approach was shown
to be more efficient for investigating new nanowire growth con-
ditions. The future work will focus on investigating the effects
of growth variables such as temperature on model parameters.
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APPENDIX

PROOF FOR TRANSITION FUNCTION CHOICE

Given in [17], is continuous and smooth functions sat-
isfying the following conditions:

In our study, we noticed that as time can only be positive, we
should make the third and forth conditions stronger by changing

to 0.
In the following section, and are defined as in (4)

and is defined in (10), then we can verify that:

and it can be shown that partial derivatives are larger than 0 for
all and . All conditions are met with our choice of transition
function.
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