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Online Technical Appendix

This Online Appendix accompanies the paper “Inference for VARs Identified with Sign Restrictions”
by H.R. Moon, F. Schorfheide, E. Granziera, and M. Lee. The Appendix has three sections. In
Section A we provide proofs of the lemmas stated in the main text. Section B states and proves
lemmas that are needed to prove Theorems 1 and 2 in the main text. Finally, Section C provides

analytical derivations for the Monte Carlo experiment presented in Section 5 of the main text.

A Proofs of Lemmas stated in the Main Text

Proof of Lemma 1. To simplify the notation in the proof we omit tildes and write Sy(q), Sr(q)
instead of Sp(q), Sgr(q). Convezity: Suppose 6; € ©(¢), i = 1,2, and #; < 6. Then there exist ¢;
with [|¢|| = 1 and p; > 0 such that

So(qi)p —0; =0, Sr(gi)p —p; =0. (A1)

Convexity-Case (i): Suppose that g1 # —ga. We now verify that for any A € [0,1] = \0; + (1 —
A)(62) € O(¢). For 7 € [0,1] define

ot t+(1-1)g - Mo —
q(r) = o+ (=Dl H(7) = Sp(q(7))d — 0.

The linearity of Sp(q) with respect to ¢ and (A.1) imply that

_ 759(q1) ¢ (L-7)Sola)é ., .
) = o a ol T Tratd=ng 01—V
= 761 (1—17)6 A0 — (1— \)6.

_l’_ —
g1+ (1 —7)gall  ll7q1 + (1 — 7)g2|l

Using ||¢;|| = 1 we obtain

HO) = 63—y — (1 =Ny = (62 —601) >0
H(1) = 0, —M;—(1-XNb=—1—=X)(—61) <0

Since H (1) is continuous we deduce that there exists a 7* such that H(7*) = 0. Now consider

. 7*Sr(q1)¢ (1 —71*)Sr(q2)¢
Sed™) = e v - el T a0 el
_— (1~ )

+
I+ (1 =75)gell 7" g1+ (1 = 7)ga]]
0.

v
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The first equality follows from the linearity of Sg(g), the second equality is implied by (A.1), and
the inequality follows from p; > 0. Thus, 6 € O(¢).

Converity-Case (ii): Suppose that ¢ = —go. The linearity of Sy(q) implies that §; = —65. By
assumption there exists a g3 # q1, —q1 with the property that Sr(gs3)¢ > 0. Let 035 = Sp(q3)¢. By
construction, 03 € ©(¢). If 03 = 01 (03 = 62) we simply replace ¢1 (g2) by g3 and follow the steps
outlined for Case (i). If §; < 03 < 62, then the Case (i) argument implies that any 6 in the intervals
[01,03] and [03,05] and thereby any 8 = Ay + (1 — \)f; is included in the identified set. Finally,
if 5 < 6, (02 < 03), we deduce from Case (i) that the interval [f3,02] ([01,03]) is included in the
identified set.

Boundedness: We shall prove a slightly more general result. Let
st={o]awon <cf

For ¢ =0 S? = ©(¢). Suppose that 6 € S¢. We will assume that 6 > 0 and show by contradiction
that S? must have an upper bound. Consider a sequence a,, > 0 with a, 1 co with the property

that a,0 € S? for each n. The unboundedness of ©(¢) guarantees the existence of such a series.

Then

Qand; ¢, 1) =  min_ [Se(q)p — and|* + ||Sr(q)¢ — u?
q=|[1]|, x>0
> min |[Sy(q)¢ — anf]?
q=|11]|

The definition of Sy(q) implies that

1S0(a)]| = \/trl(So © @) SsS,(So @ @) = y/1r[(SaS) = 1.

Since ¢ and 6 are fixed, we deduce that as n —s oo

min [[9(a)¢ = anf|* — oo.
q:

Thus, Q(ané; ¢,I) > c eventually, which contradicts the assumption that anl € S for all n. The
existence of a lower bound can be established by considering a sequence —a,,. Moreover, § < 0 can

be handled by a straightforward modification of the argument. [J

Proof of Lemma 4: In the proof of Lemma 1 we showed that sets of the form

Sl = {9 ‘ QO; 6, 1) < c} (A.2)
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are bounded. The finite-sample confidence sets take the form
0 L3 TR
St = {9 ' Q(6:6.177()) < c@}.

Recall that )

. ) 0
0: (1)) = S(a)d —
Q@i 0) = min T |s@i-via ;)] .
where
571 = (S(9)AS'(q) 7!
Now let
. 1
Wmin = < 1.
D= e A Aar (@S (@)
By construction W*(q) > Winin(q) > 0 for all q and
QO: 0.7 ()) = Q(8: 6, Wipin() = ————— Q0:6,1).

The statement of the lemma follows from setting ¢ = ¢;Amaz(A)Amaz(S(¢)S(g)') in (A.2). O

Proof of Lemma 5: We need to verify that the confidence set constructed by taking unions of

the identified sets can be represented according to (42). Let
csy= |J e,
peCS¢

where
CS% = {(;5 eP ’ |6 — o3 < c(x?n)}-

(i) Show that CSj; C CSY,. Suppose § € CS;;. Thus, there exists a ¢ € C'S? such that 0 € ().
So, T)|¢ — <ﬁ||?\_1 < ¢(x2,). This implies that there exist a g, with ||g«|| = 1 and a . > 0 such that

S(ge)p =10, 1,]". In turn,

. . 0\ |2
-6 W* — 3 S _
;4 W) a0 ||°(0? <u> W (q)
_ . o\ |2
< [swi- ()
Foe /W= (q.)

= [18@)(é = &)l
= T(¢—¢)S'(SAS)1S(d — &)

< Tl - dll3-0 < clim):
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The third equality uses the definition of W* in (23) and S(q) = V(¢)S(¢). The second inequality
can be obtained as follows. Factorize A = LI’ and define A = L'S" as well as the projection matrix
Py = A(A’A)~1A’. Then,
T(¢—¢)'S'(SAS)'S(@—¢) = T(6—¢) (L) 'L'S'(SLL'S)'SLL™ (6 - 9)
= T(¢—¢) (L)' P4L7H (0~ ¢)
< T(d-o) (L)' L7 (6 - ¢)
= Tlé-¢l} .
Thus, we deduce that 8 € C’Sf].

(ii) Show that C'S¢ C C'Sf;. Suppose to the contrary that there exists a § € C'SY; and 0 ¢ CSy;.
Thus, ¢ € (CSf)° = Nyecss (O(4))°. Hence, for any ¢ such that 6 € ©(¢), it has to be the case
that ¢ & CS?. Define ¥)(u) = [0, 1//]’. Thus,

2 . ) 2 _ & B
() < (o, min  TIG-6l L st 0=S@o-vw)  (A3)

= min (min T|é—¢ll}-, st O—S(Q)¢—¢(u)>

lall=1,n>0 \ ¢€P

Since the matrix V (b) eliminates rows of zeros from S(g), we can rewrite the constraint in (A.3) as

0="V(q)S(q) — V(@) (p) = S(q) — V(@) ().

Conditional on ¢ and p the Lagrangian associated with the minimization over ¢ is given by
L=T|p— oI5 — N(S(@)¢ — V(@)v(n).
The first-order conditions are
0=TA" (¢ — &) — S\, 0= 5(¢s — &)+ Sb— Vip(p).

Solving for ¢, yields
¢y = ¢+ AS'(SAS) 1 (Sh — V).
Thus, using the definition 3(¢q) = S(¢)AS’(¢) we can express the constrained minimization in (A.3)

as
2

win_ 7 |s@i-vi (?) (A.4)

llgll=1, >0 1

510
Thus, min)g=1, x>0 Q(0; ¢, W*) > ¢(x2,), which contradicts the initial assumption that € sy,
O
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B Technical Lemmas Used in the Proofs of the Main Results

Lemma B 1 Suppose that Assumptions 1 to 8 are satisfied. The sample estimate A that enters
W*() in the bounding function Q(q; b, W*()), defined in (28), can be replaced by the population
covariance matriz A:

Qg 0, W*()) — Qg5 6, W*(-))| = 0p(1)

uniformly in (¢, q).

Proof of Lemma B 1: Notice that the penalty term in (24) cancels and thus is omitted from the

subsequent calculations. Let

v(d) = argmin ’S(Q)\/T(é —¢) — V(g)Myv );_l(q)
- ) 2
v(A) = arg r51>ll(f)l ’S(q)ﬁ((ﬁ —¢) = V(g)Myv )E_l(q) :
First we show that uniformly in (¢, q)
Q(a:6, W (") — Q(g:6, W*(-)) < 0p(1). (B.1)

To do so, consider the following inequalities: Notice that

Qg 0, W* (")) — Qlg; 6, W*())

_ ggus(q)\/f(é_@_x/(q)mvE1(q —rggHS VT(6—¢) - ()Mw’;l(q)
= ||S@VT(~ ¢) ~ V() Mov(A) )2 - ||s@vT@é -9 - via >Mvv<A>H;1<q>
< [s@vTe -0 - vorew)|, ., - [S@vie-o - varw|, .,
= [$@VT(G - ) - VigMaa)] 22

<SR @R @) — | 2TV [SOVT6 - ) = Vie)Moo()
< [s@vre-o -vamew| [P0 @S ) - |
= [ x I, say.

The first inequality is obtained by replacing the minimizer v(A) with the inferior value v(A). The
third equality follows from writing out the two norms and rearranging the weight matrix differential

»l oyt
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We now bound the terms I and I71. Recall that ¥ = SAS’ and A = LL’'. For term I we obtain

I = min||S@VT(6 - ¢) - Vig)Muw

2
v>0 ‘

271(q)

< [s@rrvre-el_,

= [L7WVT(¢ — @) Prsip[L™VT (¢ — ¢)]
~ 2
< ||LVT6 = 9| A Prsig)

= |zvTe o)
0,(1)

uniformly in (¢, ¢). Here Ppg/(q) is the matrix that projects onto the column space of L'S’(q). The

second term can be bounded as follows:

I = 21/2(61)(2‘1((1)—E‘l(Q))El/2(Q)H
= [[F @0 - £@)5 @52 )|
= [=2 @Sk - HS@ST @S @)= )|

= ||e P @S@L@ L) - LT DES (@) ST @) 57 (@) )|

< 2’1/2(61)5(61)13“ ‘

()t - LflﬁH ‘

L's(ys™(q)||

512(q)2 Y 2(q)|
= IIl X IIQ X IIg X II4, say.

Bounds for the four terms can be obtained as follows. First,

1

17 = s @s@r| =u(Us@ (@IS @) ' S@L) =i <k+n. (B2

Similarly, the second term can be bounded by

~ ~ 2 ~
113 < |18 (a) 572 (g)|| =1(@) <k + 7 (B.3)

Third, since A — A (¢) = o, (1) uniformly in ¢ and A (¢) > Amin > 0, for some positive definite
matrix Amin, we have

I = ‘ L)t - L

=0p (1) (B.4)
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uniformly in (¢, q) . Finally, we obtain
~ 2
113 =[S @S @L) (ES @) (S@Lr's)) ) =2 ()
2
S12(q) (8 (a) D) ('S (a) £ (0) 5V (0)|
~ 2
= [F@ @D s @) =)
|

< (k4 7)? H(ﬁ*lL)HQ by (B.2) and (B.3)

Il
M>

~

< |[E7%(g)(S(q)L)

o) wswns )|

< (k+172)20p(1) (B.5)
where O, (1) is uniform in (¢, q) . From the bounds (B.2),(B.3),(B.4),(B.5), we have
IT = o, (1)

uniformly in (¢, q). The desired result in (B.1) is obtained by combining I and . In a similar

manner it can be shown that
Qg 0, W* () = Qg 0, W*()) < 0p(1). O

The sample estimate A that enters W*( in the bounding function Q(q; ngS, W*()) can be

)
replaced by the population covariance matrix A:
Q(q: 6, W* () = Qg &, W*()) | = 0p(1)

uniformly in (¢, q).

Lemma B 2 Suppose that Assumptions 1 to 8 are satisfied. The sample estimate A that enters
W*() in the objective function G(G, ¢, 0, W*()), defined in (31), can be replaced by the population
covariance matriz A:

G(6.4:0.W*(-)) = G(68,4: 9, W*(-))' = 0p(1)
uniformly in (¢,0,q) for ¢ € P, 6 € ©(¢), and q € Q(0,q).

Proof of Lemma B 2: Notice that the penalty term in (24) cancels and thus is omitted from the

subsequent calculations. By definition

~ A ~ ~ 2
G(0,0:0,W°()) = min | DTV2S(QVT(G - 9) — M|
'UZ*\/TDR w(a,®) (a)
N 2
= min S()VT (¢ — — M,v|| . .
. m(mH (VT (b — ¢) )Z_l(q)
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Moreover, define

v(A) = arg %ﬁq@HS VT($— ¢) — ’E_l(q)
o) = arg  win ,@HS VT($ - ¢) — \E_l(q).

By using similar arguments as in the proof of Lemma B 1, we have

< ]s<q>ﬁ<é o) =M@, - [S@VIG -0 - M|,
= {S@VT(6-9) - M)} 5712()
< {SV2(S Q=2 (q) ~ Tigg } 57Ha) {S@VT(S — 6) — Myv(A) }
< ||st )f T(9—¢)- Mw(A)H; o [E @8 @2 () 1 |
= IxII, say.
Notice that
r= i [S@VTG -0 - Mol
< [s@vre-al,, sincenla.s) =0
< 0

uniformly in (¢,6,q) for ¢ € P, 0 € ©(¢), and ¢ € Q(0,q). The first inequality follows from
u(q, ) > 0. The second inequality can be verified using the same steps as in the proof of Lemma
B 1. Similarly, we can follow the proof of Lemma B 1 to establish that /I = 0,(1) uniformly in
(¢,0,q) for ¢ € P, 0 € ©(¢), and g € Q(0, q). This leads to the required result. The bound

G(8,4;0,W*(-)) — G(0,4;6, W*(-)) < 0p(1)
can be established in a similar fashion and the statement of the lemma follows. [J
Lemma B 3 Suppose Assumption 3 is satisfied. Denote SM0(q) = S(q) and SMF*(q) = MS*SME=1(4)
for k = 1,...,4. Finally, let S(q) = SMA(q)MS®. Suppose that qr is a converging sequence.

Then, there exists a subsequence qr+ and index sets [Jj that are constant over T' such that for all

k=0,1,...,5, (i) HSJM’k (qT/)H > 0 if and only if j € T, and (ii)

gJM’k (gr7)
HSJMk (qr7)

aM k
— [S- ’ }
]7* ]Ejk;’

JE€Tk
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has full row rank.

where {S'M’k}

P Ljed
Proof of Lemma B 3: Part (i): Since the singularity of S™* (¢7) is caused only by zero rows, we
can choose a subsequence of {T'} such that the rank of SM* (¢7) is the same along the subsequence.
Then, we can choose a further subsequence such that the index of the nonzero rows are the same.

We set this subsubsequence as {T”}, and the index set contains nonzero rows along this sequence

as J-

Sk
Part (ii): Along the subsequence chosen in Part (i), % is well defined for all j € Jp,
j T
. g{V[,k(qT//) . . . .
k =0,...,5. Since m C S™, the unit sphere in R™, which is a compact set, we can
i qr
choose a further subsequence, denoted by {7} such that
SM’k / _
; lar) — GME,
Mk A
HSJ' (g77) ‘

For the required result in Part (ii), we show that the row vectors S’%k over j € Jj are linearly
independent for £ = 0,...,5. In what follows we show this required result for the cases k =
0,1,2. The cases of k = 3,4 follow immediately from the case k = 2 because Jo = J3 D J4 and
{Sﬁg 1 j € jQ} = {5”%’3 1 j € jg} D {3%’4 1 j € j4} by the definition of the M3 and M54,
The case of k = 5 follows because M%° deletes only the zero columns.

Before we start the proof, notice that since M>! is a full rank diagonal matrix, M52 is the

quasi-lower triagular structure of M2 with full rank, and both M*! and M*?2 do not depend on
q, we have Jp = J1 = Jo.

Case k = 0: First notice that the row vectors in {S'j(qT) 1 j € jo} are orthogonal to each other
and so are the row vectors in {5'%’0 1€ jo} . Therefore, the row vectors in {5’%’0 1 j € jo} are

linearly independent.

Case k = 1: Notice that M is a full rank diagonal matrix that does not depend on gr. Therefore,

gjf,‘/ivl = | [M 51 Siw’o]j has full row rank, and we have the required result for the case

k=1.

Case k = 2: Similarly, M>! is a full rank matrix that does not depend on gr, it follows that
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i has full row rank, and we have the required result for the case

g2 | = | (s

Lemma B 4 Suppose Assumption 3 is satisfied. For a converging sequence {qr} such that V(qr)
is constant and the rank of S(qr) equals to 1 for all T, there exists a subsequence {T'} C {T'} such

that the matriz defined as

S1(gq7)
151 (ar)l

Si(grr)
1St (gpr)ll

has full row rank [.

Proof of Lemma B 4: Along the sequence g7, V (¢r) is a constant matrix such that each row of
V (gr) has only one nonzero element, which is one. Choose the subsequence {T"} in Lemma B 3.

Then,

[ Si(qr) } _ S;(qr)
1Si(ar )] =14 ng(qu)

I

J€Ts
where J5 is defined in Lemma B 3. The required result follows by Lemma B 3. [J

Lemma B 5 Suppose Assumptions 1 to 3 are satisfied. For a converging sequence {¢7,07,qr}

that satisfies the rank condition l(qp) =1 for all T, there exists a subsequence {T"} C {T'}

[D~Y2(qr)S(qrn)L(d7n)) — A
Qgr) — A'A,

where A is a full rank matriz.

Proof of Lemma B 5: For notational convenience we denote A(¢r) = Ap and L(¢p) = Lp.
Consider the spectral decomposition Ap = Urdiag(Ai,7, ..., Am,7)Ul. Since Ap > Apyn > 0, the

smallest eigenvalue Ayin,7 > 0 > 0. Then,

Y1 = S(¢r)Urdiag (M1, ..y A1) U}S'(qT)
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and the diagonal elements of X are given by

Dj;(ar) = XjrS;(ar)(UrUz)Si(qr) = XjrllS;(qr)|? > 0 V4, T.

Now we can express

S1(qr)
) | TG
D™ 2(qr)S(ar) Ly = diag (N 1%, 21 %) :
Si(qr)
15i(ar)T

Since )\j—:lr/2 > 0 for all j and S;(qr)/|S;(qr)| exists on the unit hypersphere there exists a subse-
quence {T"} such that

[D™Y2(qr0)S(qr) L($rr)) — A.
According to Lemma B 4, we can construct a further subsequence {T”} along which the matrix

S1(qpr)
151 (a )l

Si(gzn)
[ENC

has full row rank. Since the limit of the matrix diag </\1_1T/2’ ey A;%/2> is full rank, the limit

matrices A and A’A are also full rank. O

Lemma B 6 If CS?Z")I in (32) is a valid 1 — T confidence set, then CS(%) in (38) is a valid 1 — T

confidence set.

Proof of Lemma B 6: The lemma follows since (6, q) € CS’?Z")] if and only if

Mg >0 and G(0,q;0,W*) < ¢(2)(q),
where ||g|| = 1. Thus,

My >0 and - min G0, 6, W) = co)(@)] <0
q:

and therefore 6 € CS(QQ). In turn,
. . . . . G’q
—r <
1—-7 < hmn%f ¢1>r€lch> Gel(gfqb) qe&g,@ P, {(H,q) € 05(2)}

< Timinf . 0 .
< hmn%f ¢1>I€1<fb 961(191&)) Py {9 € 05(2)} O
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Lemma B 7 Suppose Assumptions 1 to 3 are satisfied. Then under Case (i) considered in the
proof of Theorem 2, the contribution of the moment conditions deemed to be monbinding to the

objective function G(GT, qr; qg, W*()) is asymptotically negligible:
G(9T7 qar; (ng W*()> = Gl (9T7 qar; (ng W*()> + Op(l))

Proof of Lemma B 7: Recall the definition

2

Gi(Or,qr; 6, W*()) = min $1.0VT(6 — 1) = M| __,
vriz—vTur 11,7
_ B . 2
_ min | DS Lr L VT (6 = dr) = M|,
V1 ZfﬁD§}1<2Tu1,T 11,T

where Dy 7 = diag(Do,r, Drar). Now define hyr = VI Dz and ¢&r = Ly'VT($ — ¢7).

Thus, we can write

2
.7 * . -1/2
Gr(0r,ars&,W* () = min Dy SirLecr — My,
vi>—hy T ’ nr
and define
2
) ~1/2
I/iT = argmin,, > _p, . HDLT S1rLrCr — M, Vl‘ »
11,T

Using the definitions ho 7 = \/TD};}Q/;“M,T and hp = [h1,7, ho 7], we can write
N e Y ~1/2 2
G(0r,qr; ¢, W*(-)) = min HDT StLr{r — Myv ‘

llZ—hT

—1°
QT

The G(-) function can be decomposed as follows:

G(07,q9r;:0,W*()) = Gi1(0r,ar;6,W*())

+ min ‘(D2 1S Lr = Q1000 Dy 4 S1r L) Gr
vo>—ha T ’ ’ ’
2
—(v2 — Q10 p My, v 1) ;
Qe

where Qg.llj = 92277‘ — QQLTQl_llTQlQ’T. Now denote

(r = (D;;mSz,TLT - Q21,T91_117TD1_7;“/251,TLT)§T + QZI,TQ;117TMV1 Z0
For any n > 0 it follows that

P{|G(0r,ar: 6, W*()) = G1(0r,ar: 6. W*())| <0} = PAG = ~har}.
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In the remainder of the proof we will show that liminf; P{(}. > —hor} > 1 — € for any € > 0,

which implies the desired result.

We proceed by showing that uiT is stochastically bounded. Notice that
-1/2 1/2
| Dy 4" SvrLrér|| < |Dyy "SirLr| - ||¢r| = O(1)0p(1) = Oy(1).

Since our subsequence is constructed such that Qp — A’A > 0 and Qr is a sequence of correlation

matrices, we deduce that

vir = O0p(1). (B.6)

In turn, le,TQ;ﬁTMyl ViT = Op(1). Now consider

H( 2_:1/252TLT—Q21TQH TDlT *SirLr) CTH (B.7)
< (Ipzr? 9t 1Py S| ) e

= 0(1)0,(1) = Op(1)
Combining the Op(1) results in B.6 and (B.7), we can deduce that
(r = Op(l)-
Thus, for any € > 0, there exists a constant M > 0 such that
3 3 * _ 22 > — €.
hmuTlf P{(; €[-M, M} >1—¢

Here [—M, M| denotes the Cartesian power of the interval [-M, M]. Since hy 1 — oo there

exists a T™ such that
P{Gh > ~har} > P{Gh € [-M, M@}, forall T >T",

which completes the proof. [

Lemma B 8 Suppose Assumptions 1 to 3 are satisfied. Consider the Case (i) in the proof of
Theorem 2. Along the (¢r,07,qr) sequence, the critical value based on the estimated number of

potentially binding moment conditions is more conservative in the following sense:

1) (1)
k(gr)+721(ar) = Chtrar

in probability approaching one.
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Proof of Lemma B 8: From Section 4.3 recall the definition
Fa1(qr) ZI{QT qr) < /%T} where  &7(qr) = ﬁ;jf(qﬂ\/fuj(%,é)-

Then,

kpéirlar) = _1D]]1}/22(QT)ﬁ,U«j(QTa¢T)

T [Djjlf/%z(qT)Dglj/i%(qT) 1| k71D, (ar) VT (ar, é1)
+RT1D]]1]/%2( )ﬁ[ﬂj(QTa ¢) - /'LJ(QT7 (ZST)]

= I+ 1IxI1+1I1I, say.
Term I: by definition we obtain
I = w7 D (ar)VTps(ar, ér) — 7;
Term II: can be bounded as follows:

‘Djj,R(QT) - ﬁjj,R(qT)(

D3 tp(ar)Dyj rlar) — 1‘ =

Djjr(qr)
|A=Awn)|
< T(A) = Op(l).

The 0,(1) statement follows because ||A — A(¢7)|| = 0 and A(ér) > 0.

Term I1I: Let S; r(qr) be the j row of Sg(gr). Then, since

D @)V T (s ar, ) — jlar. ér))|

S;rar)L

—L7WT($—¢r)| <
" [T

we have

Combining the results, we deduce that if m; < oo,

k' €irlar) = k' D (ar)ngar, 6) —p . (B.8)

In particular, if 7; = 0, then
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which leads to the desired result:

plimy 791 (gr) = plimp ZI{@ 7r(qr) < KT} Z 1{n; =0} =ry. O
j=1 j=1

Lemma B 9 Suppose Assumptions 1 to 3 are satisfied. Consider the Case (i) in the proof of
Theorem 2. Along the {T'} sequence, 62‘22)(qT) 2, Clag)- The two critical values are defined in (53)

and (54).
Proof of Lemma B 9: The proof proceeds in three steps. First, show

(ér.2ar)) 2 (r, A'4) and Giler) Lo 7

Second, show

2
: A—1/2 > _
p{ o, J0 ensaniizn sl <o)
R R (FE A TR

Third, deduce éfZQ)(qT) LN Cla9)» as required for Part (b).

Proof of Step 1: By the choice of the sequence {T'} and the limit result in (B.8) and A -5 A,
(ér(ar). Qar)) £+ (x, 4'4).

Notice that if 7; = 0, then &r(gr) < s and @;r(ar) = ¢jr(gr) = 0 = w7 with probability one.

On the other hand, if 7; > 0, then @;T(qT) =00 =Tj.
Proof of Step 2: The desired result can be obtained by the same argument used in the proof of

(S1.17) of Andrews and Soares (2010b).

Proof of Step & 1t is immediate from Step 2 and the fact that the distribution of

min_ {][4'Zp, = Myo|[Ey -1 }

v>—7*

is continuous if k¥ > 1, and continuous near the (1 — 7)’'s quantile, where 7 < 1/2, if k = 0. O
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C Derivations for Bivariate VAR(1)

Consider a bivariate (n = 2) VAR(1) of the form y; = ®1y,—1 + u; and focus on the response at
horizon h = 1, which can be constructed from R} = ®3;,. Hence, let ¢ = vec((RY)’). The object of
interest is § = Qyi 441/0¢€1 ¢+, and we impose the sign restriction that both 6 as well as 0ya 41/0¢€1 ¢+

are nonnegative. Let ¢ = [q1, ¢2]". Then

Sold) = [@1 ¢ 0 0]
SR(Q) = [0 0 ¢ qz]-

Notice that in this example S(q) = [S)(q), Sk(q)] is of full row rank for all values of g. Thus, we
can set V(q) = I, replace S(q) by S(q), and write the objective function as

Q(0; 0, W(")) = min G(0,q;6,W ()

lall=1
S(q)¢ - (Z)

An analytical expression for G(G, q; O, W()) can be obtained as follows. Decompose

where
2

G(0,q:0, W () = min

w

W= Wi Wi | |1 Wia Wyt Wit 0 1 0
W W 0 1 0 Wy || Wg'Wa 1|

where

Wit02 = Wit — WiaWy Way.

Thus, we can write

s (1)

Now let

2 P
= Wi1.22(0 — Sp)? + Wao <M - [SR¢ — Wia Wyt (6 — S@ﬁb)}) .

o O,

Spp — WiaWs (6 — Spo)  if Srd — WiaWy' (0 — Spp) > 0

0 otherwise

W

2
a,q) = argmin
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Thus,

G0,q;0,W)

= Wi1.22(0 — Spo)?

0 if Spp — WiaWa' (0 — Spp) >0
+ 2
Was <SR¢ — W12W2_21 (9 - Sg(f))) otherwise

Let A be the bootstrap estimator of the covariance matrix of \/T(QAS — ¢). The weight matrix
Wi is given by W*(q) = T(S(¢)AS’(g))~", and the unit length vector ¢ can be parameterized in
spherical coordinates as q(«) = [cosa, sina]’. Thus the objective function for the construction of
the confidence set is given by

Q(0;0,W*(-)) = min  G(6,q(e); 6, W*(-)).

a€|—m,n]



