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Abstract

In this paper we study the Gaussian quasi maximum likelihood estimator (QMLE) in
a linear panel regression model with interactive fixed effects for asymptotics where
both the number of time periods and the number of cross-sectional units go to
infinity. Under appropriate assumptions we show that the limiting distribution of
the QMLE for the regression coefficients is independent of the number of interactive
fixed effects used in the estimation, as long as this number does not fall below the
true number of interactive fixed effects present in the data. The important practical
implication of this result is that for inference on the regression coefficients one does
not need to estimate the number of interactive effects consistently, but can simply
rely on any known upper bound of this number to calculate the QMLE.
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1 Introduction

Panel data models typically incorporate individual and time effects to control for hetero-
geneity in cross-section and across time-periods. While often these individual and time
effects enter the model additively, they can also be interacted multiplicatively, thus giving
rise to so called interactive effects, which we also refer to as a factor structure. The multi-
plicative form captures the heterogeneity in the data more flexibly, since it allows for com-
mon time-varying shocks (factors) to affect the cross-sectional units with individual specific
sensitivities (factor loadings). It is this flexibility that motivated the discussion of inter-
active effects in the econometrics literature, e.g. Holtz-Eakin, Newey and Rosen (1988),
Ahn, Lee, Schmidt (2001; 2007), Pesaran (2006), Bai (2009b; 2009a), Zaffaroni (2009),
Moon and Weidner (2010).
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support via SES 0920903.
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Analogous to the analysis of individual specific effects, one can either choose to model
the interactive effects as random (random effects/correlated effects) or as fixed (fixed ef-
fects), with each option having its specific merits and drawbacks, that have to be weighed
in each empirical application separately. In this paper, we consider the interactive fized
effect specification, i.e. we treat the interactive effects as nuisance parameters, which are
estimated jointly with the parameters of interest.! The advantages of the fixed effects
approach are for instance that it is semi-parametric, since no assumption on the distribu-
tion of the interactive effects needs to be made, and that the regressors can be arbitrarily
correlated with the interactive effect parameters.

Let R? be the true number of interactive effects (number of factors) in the data, and
let R be the number of interactive effects used by the econometrician in the data analysis.
A key restriction in the existing literature on interactive fixed effects is that R° is assumed
to be known,? i.e. R = RC. This is true both for the quasi-differencing analysis in
Holtz-Eakin, Newey and Rosen (1988)3 and for the least squares analysis of Bai (2009b).
Assuming R to be known could be quite restrictive, since in many empirical applications
there is no consensus about the exact number of factors in the data or in the relevant
economic model, so that an estimator which is not robust towards some degree of mis-
specification of R should not be used. The goal of the present paper is to overcome this
problem.

For a linear panel regression model with interactive fixed effects we consider the Gaus-
sian quasi maximum likelihood estimator (QMLE),* which jointly minimized the sum
of squared residuals over the regression parameters and the interactive fixed effects pa-
rameters (see Kiefer (1980), Bai (2009b), and Moon and Weinder (2010)). We employ an
asymptotic where both the number of cross-sectional and the number of time-serial dimen-
sions becomes large, while the number of interactive effects R® (and also R) is constant.

The main finding of the paper is that under appropriate assumptions the QMLE of
the regression parameters has the same limiting distribution for all R > R?. Thus, the
QMLE is robust towards inclusion of extra interactive effects in the model, and within the
QMLE framework there is no asymptotic efficiency loss from choosing R larger than RC.
This result is surprising because the conjecture in the literature is that the QMLE with
R > RY might be consistent but could be less efficient than the QMLE with R° (e.g., see
Bai (2009b)).?

The important empirical implication of our result is that as long as a valid upper
bound on the number of factors is known one can use this upper bound to construct the
QMLE, and need not worry about consistent estimation of the number of factors. Since
the limiting distribution of the QMLE with R > RV is identical to the one with R = R the
results of Bai (2009b) and Moon and Weidner (2010) regarding inference on the regression

Note that Ahn, Lee, Schmidt (2001; 2007) take a hybrid approach in that they treat the factors as non-
random, but the factor loadings as random. The common correlated effects estimator of Pesaran (2006) was
introduced in a context, where both the factor loadings and the factors follow certain probability laws, but also
exhibits some properties of a fixed effects estimator. When we refer to interactive fixed effects we mean that
both factors and factor loadings are treated as non-random parameters.

2In the literature, consistent estimation procedures for R? are established only for pure factor models, not
for the model with regressors.

3Holtz-Eakin, Newey and Rosen (1988) assume just one interactive effect, but their approach could easily be
generalized to multiple interactive effects, as long as their number is known

4The QMLE is sometimes called concentrated least squares estimator in the literature.

5For R < R° the QMLE could be inconsistent, since then there are interactive fixed effects in the residuals
of the model which can be correlated with the regressors but are not controlled for in the estimation.



parameters become applicable.

In order to derive the asymptotic theory of the QMLE with R > RY we study the
properties of the profile likelihood function, which is the quasi likelihood function after
integrating out the interactive fixed effect parameters. Concretely, we derive an approx-
imate quadratic expansion of this profile likelihood in the regression parameters. This
expansion is difficult to perform, since integrating out the interactive fixed effects results
in an eigenvalue problem in the formulation of the profile likelihood. For R = R we show
how to overcome this difficulty by performing a joint expansion of the profile likelihood
in the regression parameters and in the idiosyncratic error terms. Using the perturbation
theory of linear operators we prove that the profile quasi likelihood function is analytic
in a neighborhood of the true parameter, and we obtain explicit formulas for the expan-
sion coefficients, in particular analytic expressions for the approximated score and the
approximated Hessian for R = R.6

To generalize the result to R > R? we then show that the difference between the profile
likelihood for R = R° and for R > RY is just a constant term plus a term whose depen-
dence on the regression parameters is sufficiently small to be irrelevant for the asymptotic
distribution of the QMLE. Due to the eigenvalue problem in the likelihood function, the
derivation of this last result requires some very specific knowledge about the eigenvectors
and eigenvalues of the random covariance matrix of the idiosyncratic error matrix. We
provide high-level assumptions under which the results hold, and we show that these high-
level assumptions are satisfied, when the idiosyncratic errors of the model are independent
and identically normally distributed. As we explain in section 4, the justification of our
high-level assumptions for more general distribution of the idiosyncratic errors requires
some further progress in the Random Matrix Theory of real random covariance matrices,
both regarding the properties of their eigenvalues and of their eigenvectors (see Bai (1999)
for a review of this literature).

The paper is organized as follows. In Section 2 we introduce the interactive fixed effect
model, its Gaussian quasi likelihood function, and the corresponding QMLE, and also
discuss consistency of the QMLE. The asymptotic profile likelihood expansion is derived in
Section 3. Section 4 provides a justification for the high-level assumptions that we impose,
and discusses the relation of these assumptions to the random matrix theory literature.
Monte Carlo results which illustrate the validity of our conclusion at finite sample are
presented in Section 5, and the conclusions of the paper are drawn in Section 6.

A few words on notation. The transpose of a matrix A is denoted by A’. For a column
vectors v its Euclidean norm is defined by |lv|| = v/v'v . For the n-th largest eigenvalues
(counting multiple eigenvalues multiple times) of a symmetric matrix B we write u,(B).
For an m x n matrix A the Frobenius or Hilbert Schmidt norm is ||A||gs = /Tr(AA’), and

the operator or spectral norm is ||A|| = maxg£yern %, or equivalently ||A|| = \/p1(A’A).
Furthermore, we use Py = A(A’A)71A’ and My = 1 — A(A’A)~! A’ where 1 is the m x m
identity matrix, and (A’A)~! denotes some generalized inverse if A is not of full column
rank. For square matrices B, C, we use B > C' (or B > () to indicate that B—C' is positive
(semi) definite. We use “wpal” for “with probability approaching one”, and A =4 B to

indicate that the random variables A and B have the same probability distribution.

[43

6The likelihood expansion for R = R? was first presented in Moon and Weidner (2009). We separate and
extend the expansion result from the 2009 working paper and present it in this paper. The remaining application
results of Moon and Weidner (2009) are now in Moon and Weidner (2010).



2 Model, QMLE and Consistency

A linear panel regression model with cross-sectional dimension N, time-serial dimension
T, and interactive fixed effects of dimension RV, is given by

K
Y =) BX+e, e=X0f" te, (2.1)
k=1

where Y, X}, € and e are N x T matrices, A is a N x R matrix, f° is a 7 x R® matrix, and
the regression parameters ﬁg are scalars — the superscript zero indicates the true value
of the parameters. We write § for the K-vector of regression parameters, and introduce
the notation 8- X = Zle O X3.. All matrices, vectors and scalars in this paper are real
valued. A choice for the number of interactive effects R used in the estimation needs to be
made, and we may have R # R? since the true number of factors R® may not be known
accurately. Given the choice R, the quasi maximum likelihood estimator (QMLE) for the
parameters 3°, \? and f° is given by’

(BR, AR, FR> = argmin HY - 0-X — AF'H;S : (2.2)
{BeRK, AcRNXR FecRTxR}

The square of the Hilbert-Schmidt norm is simply the sum of the squared elements of the
argument matrix, i.e. the QMLE is defined by minimizing the sum of squared residuals,
which is equivalent to minimizing the likelihood function for ¢id normal idiosyncratic errors.
The estimator is the quasi MLE since the idiosyncratic errors need not be iid normal and
since R might not equal R®. The QMLE for 8° can equivalently be defined by minimizing
the profile quasi likelihood function, namely

AR = argmin LF(8) (2.3)
BeERK

where

/
{AE]RNXII?FGRTXR} NT HY B-X —AF HHS

) 1 /
:Fer%l%lxR WTY[(Y—,BX)MF(Y_/BX)]
T

:% Z w[(Y—=3-X)(Y-p3-X)] . (2.4)
t=R+1

Here, we first concentrated out A by use of its own first order condition. The resulting
optimization problem for F' is a principal components problem, so that the the optimal F is
given by the R largest principal components of the T'x T matrix (Y — 8- X)' (Y — 8- X).
At the optimum the projector Mg therefore exactly projects out the R largest eigenvalues
of this matrix, which gives rise to the final formulation of the profile likelihood function as

"The optimal AR and Fg in (2.2) are not unique, since the objective function is invariant under right-
multlphcatlon of A with a non-degenerate R x R matrix S, and simultaneous right-multiplication of F' with
(S71)". However, the column spaces of AR and Fg are uniquely determined.



the sum over its T — R smallest eigenvalues.®

This last formulation of Ef}T(ﬁ) is very convenient since it does not involve any explicit
optimization over nuisance parameters. Numerical calculation of eigenvalues is very fast,
so that the numerical evaluation of EﬁT(ﬁ) is unproblematic for moderately large values
of T. The function EﬁT(ﬂ) is not convex in # and might have multiple local minima,
which have to be accounted for in the numerical calculation of fr. We write LY(8) for
EﬁOT(B), which is the profile likelihood obtain from the true number of factors. In order
to show consistency of ﬁR we impose the following assumptions.

Assumption 1.
(1) | Xkl = Op(VNT), k=1,...,K,
(i) |le]l = Op(\/max(N, T)).

One can justify Assumption 1(7) by use of the norm inequality || Xy|| < || Xk||zs and the
fact that || Xgl|%g = >, X7 = Op(NT), where i = 1,...,N and t = 1,...,T, and the
last step follows e.g. if X kit has a uniformly bounded second moment. Assumption 1(i7)
is a condition on the largest eigenvalue of the random covariance matrix €’e, which is often
studied in the literature on random matrix theory, e.g. Geman (1980), Bai, Silverstein,
Yin (1988), Yin, Bai, and Krishnaiah (1988), Silverstein (1989). The results in Latala
(2005) show that ||e|| = Op(y/max(N,T)) if e has independent entries with mean zero and
uniformly bounded fourth moment. Some weak dependence of the entries e;; across ¢ and
t is also permissible (see, e.g., Moon and Weidner (2010)).

Assumption 2.

(i) A=Te(Xpe) = Op(1), k=1,.. K.

(i) Consider linear combinations X, = Zszl ap X of the regressors Xy, with K -vector

a such that |a| = 1. We assume that there exists a constant b > 0 such that

T

X\ X,
min E Lt (a

{aeRK Jlall=1} ,_ 2=, NT

> >b, wpal.

Assumption 2(7) requires weak exogeneity of the regressors Xj. Assumption 2(ii) is a
generalization of the usual non-collinearity condition on the regressors. It requires X/, X,
to be non-degenerate even after elimination of the largest R + RY eigenvalues (the sum
in the assumption only runs over the smallest T — R — R? eigenvalues of this matrix,
while running over all eigenvalues would give the trace operator, and thus the usual non-
colinearity condition). In particular, this assumption is violated if there exists a linear
combination of the regressors with ||| = 1 and rank(X,) < R+ R, i.e. the assumption
rules out “low-rank regressors” like time invariant regressors or cross-sectionally invariant
regressors. These low-rank regressors require a special treatment in the interactive fixed
effect model (see Bai (2009b) and Moon and Weidner (2010)), and we ignore them in
the present paper. If one is not interested explicitly in their regression coefficients, one

8Since the model is symmetric under N <> T, A < F, Y < Y', X}, <> X, there also exists a dual formulation
of L& ,(8) that involves solving an eigenvalue problem for an N x N matrix.



can always eliminate the low-rank regressors by an appropriate projection of the data,
e.g. subtraction of the time (or cross-sectional) means from the data eliminates all time-
invariant (or cross-sectionally invariant) regressors.

Theorem 2.1. Let Assumption 1 and 2 be satisfied and let R > R°. For N,T — oo we
then have \/min(N,T') (BR — ﬂ(]) = 0,(1).

Remarks.

(i) The Theorem guarantees consistency of Br, B> R, in an arbitrary limit N, T — oo.
In the rest of this paper we consider asymptotics where N and 71" grow at the same
rate, i.e. N/T — k2, for some positive constant x. For these restricted asymptotics
the theorem already guarantees v N (or equivalently v/7T') consistency of BR, which
is a useful intermediate result.

(ii) The y/min(N,T) convergence rate in Theorem 2.1 can be generalized further. If we
generalize Assumption 1(i7) and Assumption 2(i) to Assumption 1(7i*) \/lefTHeH =
Op(&nT), and Assumption 2(i*) 7=Tr(Xge') = Op(Ent), k= 1,..., K, where Eyr —

0, then it is possible to establish that \/&n7 (BR — BO) = O,(1).
The proof of Theorem 2.1 is presented in the appendix. The theorem imposes no

restriction at all on f9 and A°, apart from the condition R > R?. To derive the results in
the rest of the paper we do however make the following strong factor assumption.”

Assumption 3.
(i) 0 < plimy 7o 7 AYA? < 00,
(i) 0 < plimy 7o 7 [0 < 0.

The main result of this paper is that the inclusion of unnecessary factors in the esti-
mation does not change the asymptotic distribution of the QMLE for 5°. Before deriving
this result rigorously, we want to provide an intuitive explanation for it. As already men-
tioned above, the estimator Fg is given by the first R principal components of the matrix
(Y = Br-X)' (Y — Bg - X). We have

Y =B X=X +e—(Br— 8% X. (2.5)

For asymptotics, where N and T grow at the same rate, we find that Assumption 1 and
the result of Theorem 2.1 guarantee that |le — (3 — 8°) - X|| = Op(v/N). The strong
factor assumption implies that the norms of the columns of \° and f° each grow at a rate
of VN (or equivalently v/T), so that the spectral norm of \°f% grows at the rate VNT.
The strong factor assumption therefore guarantees that A’ f% is the dominant component
of Y — Br - X, which implies that the first R principal components of (Y — Br-X ) (Y —
BR - X) are close to fY) i.e. the true factors are correctly picked up by the principal
component estimator. The additional R — R° principal components that are estimated

9The strong factor assumption is regularly imposed in the literature on large N and T factor models, including
Bai and Ng (2002), Stock and Watson (2002) and Bai (2009b). Onatski (2006) discussed an alternative “weak
factor” assumption for the purpose of estimating the number of factors in a pure factor model, and a more
general discussion of strong and weak factors is given in Chudik, Pesaran and Tosetti (2009).



for R > RY cannot pick up anymore true factors and are thus mostly determined by
the remaining term e — (BR — (%) - X. Our results below show that BR is not only VN
consistent, but actually v/NT consistent, so that ||(Gr — 8°) - X|| = Op(1), which makes
the idiosyncratic error matrix e the dominant part of e — (BR —p% - X, ie. the R— R°
additional principal components in Fp are mostly determined by e, and more precisely
are close to the R — R principal components of e’e. This means that they are essentially
random and close to uncorrelated with the regressors Xj. Including unnecessary factors in
the QMLE calculation is therefore analogous to including irrelevant regressors in a linear
regression which are uncorrelated with the relevant regressors Xj;. From the second line
in equation (2.4) we see that these additional random components of Fg project out the
corresponding R — RY dimensional subspace of the T-dimensional space spanned by the
observations over time, thus effectively reducing the number of time dimensions by R— R°.
This usually results in a somewhat increased finite sample variance of the QMLE, but has
no influence asymptotically as T goes to infinity, so that the asymptotic distributions of
B ro and ﬁ r are identical for R > RO.

3 Asymptotic Profile Likelihood Expansion

To derive the asymptotics of B R, we study the asymptotic properties of the profile likelihood
function LﬁT(ﬂ) around °. First we notice that the expression cannot easily be discussed
by analytic means, since there is no explicit formula for the eigenvalues of a matrix. In
particular, a standard Taylor expansion of £3,.(8) around 3% cannot easily be derived.
In Section 3.1 we show how to overcome this problem when the true number of factors is
known, i.e. R = R", and in Section 3.2 we generalize the results to R > RC.

When the true R° is known, the approach we choose is to perform a joint expansion
in the regression parameters and in the idiosyncratic error terms. To perform this joint
expansion we apply the perturbation theory of linear operators (e.g., Kato (1980)). We
thereby obtain an approximate quadratic expansion of E(])VT(E) in 8, which can be used to
derive the first order asymptotic theory of the QMLE [3 RO.

To carry the results for R = RY over to R > R°, we first note that equation (2.4)
implies that

R
LB = Lrh) 5 D ml(V-5-X) (Y -5-X)]. (1)
t=R0+1

The extra term E£R0+l pe [(Y = B-X) (Y — 8- X)] is due to overfitting on the extra
factors. We show that the (-dependence of this term is sufficiently small, so that apart
from a constant the approximate quadratic expansions of L&,(8) and £3,(8) around
(Y are identical. To obtain this result we first strengthen Theorem 2.1 and show that
BR converges to 40 at a rate of at least N3/, so that we only have to discuss the [3-
dependence of the extra term in EﬁT(ﬂ) within an N3/ shrinking neighborhood of 3°.
From the analysis of EﬁT(ﬁ), we can then deduce the main result of the paper, namely

VNT (Br— 8°) = VNT (Bpo = 8°) + 0,(1). (3.2)



This implies that the limiting distributions of BR and BRO are identical, and that over-
estimating the number of factors results in no efficiency loss in terms of the asymptotic
variance of the QMLE.

3.1 When R= R’

We want to expand the profile likelihood E?VT(B) simultaneously in § and in the spectral
norm of e. Let the K + 1 expansion parameters be defined by ¢y = |le||/v/NT and
ex =B — B, k=1,..., K, and define the N x T matrix Xo = (V'NT/|le||)e. With these
definitions we obtain

L(Y—ﬁ-X) _ ;[)\OfOI_F(BO_ﬁ).X_*_e] _ A0 O +i€k Xy (3.3)
VNT VNT VNT &= "VNT

According to equation (2.4) the profile likelihood £3(/3) can be written as the sum over
the T'— R" smallest eigenvalues of the matrix in (3.3) multiplied by its transposed. We con-
sider Zf:o er X1/VNT as a small perturbation of the unperturbed matrix \°f% //NT,
and thus expand £%,(8) in the perturbation parameters € = (e, ..., ex) around € = 0,
namely

1 &
‘CS)VT (/B) = ﬁ Z Z €ky €ky - - - €ky L(g) ()‘Oa f07 Xklv Xk2a cee ang) ’ (34)

where L9 = L(9) ()\0, 1O Xiys Xy - - ,ng) are the expansion coefficients.

The unperturbed matrix A\°f%/ V'NT has rank R, so that the T'— R? smallest eigen-
values of the unperturbed 7' x T matrix fONYAOfY/NT are all zero, i.e. L7 (8) = 0 for
¢ = 0 and thus L(©) ()\0, fo) = 0. Due to Assumption 3 the R" non-zero eigenvalues of the
unperturbed 7' x T matrix fOAYX0fY /NT converge to positive constants as N,T — oo.
This means that the “separating distance” of the T — R" zero-eigenvalues of the unper-
turbed T x T matrix fOAY A0 /NT converges to a positive constant, i.e. the next largest
eigenvalue is well separated. This is exactly the technical condition under which the per-
turbation theory of linear operators guarantees that the above expansion of E?VT in € exists
and is convergent as long as the spectral norm of the perturbation Zszo er Xp/VNT is
smaller than a particular convergence radius r9(\, f°), which is closely related to the
separating distance of the zero-eigenvalues. For details on that see Kato (1980) and Ap-
pendix A.2, where we define ro(A\?, f0) and show that it converges to a positive constant
as N,T — oco. Note that for the expansion (3.4) it is crucial that we have R = RY,
since the perturbation theory of linear operators describes the perturbation of the sum of
all zero-eigenvalues of the unperturbed matrix fOAYX°fY/NT. For R > R° the sum in
EﬁT (B) leaves out the R — R” largest of these perturbed zero-eigenvalues, which results in
a much more complicated mathematical problem, since the structure and ranking among
these perturbed zero-eigenvalues needs to be discussed.

The above expansion of ‘CS]VT () is applicable whenever the operator norm of the pertur-
bation matrix Z{c(:o ex Xi/VNT is smaller than ro(A\°, f9). Since our assumptions guar-
antee that | X;/VNT| = O,(1), for k = 0,..., K, and ¢y = O,(min(N,T)"1/2) = 0,(1),
we have HZ,I::O €k Xk/\/ﬁH = Op(|18 = %) + 0p(1), i.e. the above expansion is always

8



applicable asymptotically within a shrinking neighborhood of B — which is sufficient since
we already know that (3 is consistent for R > R°.

In addition to guaranteeing converge of the series expansion, the perturbation theory of
linear operators also provides explicit formulas for the expansion coefficients L(9), namely
for g = 1,2,3 we have L (A%, f9, X)) = 0, L® (A%, f°, Xkl,XkQ) = Tr(MyoXi, Mp X)),
LB (X0, 0, Xy, Xy, Xiy) = —3[Tr (Mo Xpo, MpX) XNO(AYXO)ZL(FY O =1 f0 X)) ],
where the dots refer to 5 additional terms obtained from the first one by permutation of
k1, ko and ks, so that the expression becomes totally symmetric in these indices. A general
expression for the coefficients for all orders in ¢ is given in Lemma A.1 in the appendix.
One can show that for g > 3 the coefficients L) are bounded as follows

| X, ] 1] Xk || | Xk,
VNT NT VNT '

L9 (X, £ Xi,, Xiyy -, X))

< ant (bnT)? (3.5)

NT‘

where ay7 and byt are functions of \° and f° that converge to finite positive constants
in probability. This bound on the coefficients L) allows us to derive a bound on the
remainder term, when the profile likelihood expansion is truncated at a particular order.
The likelihood expansion can be applied under more general asymptotics, but here we only
consider the limit N, T — oo with N/T — k2, 0 < k < 0o, i.e. N and T grow at the same
rate. Then, the relevant coefficients of the expansion, which are not treated as part of the
remainder term, are

1 & 1
2% Niz @ )\0 1O, Xo,Xo,---aXO)ZWZL(Q)(AOJO,@,&---:‘?) ,
g=2 g=2
1 1
Wklkz ﬁ ( ()‘0 fO Xkla Xk?Q) NT Tr (M/\O Xkl Mfo ng) 3
1 1
oM _ L& (X f°, X, U) = —— Tr(Myo X, Mo €')
p LY (0 X, ) TN (Mo Xi Mo )
= 2 1B (30, 9 X, e, U)

2VNT

1
- Ty (eM oe M;\o X fO (fOIfO)—l ()\0/)\0)—1 )\0/)
VNT !
+ Tr (e/M)\o ero X]/g )\0 ()\O//\O)—l (fO/fD)—l fO/)

+ Tr (€' Myo Xps Myo €' X (AL (Y)Y | (3.6)

In the first line above we used the fact that L9 ()\0, 1o, Xiys Xpogy o - ,ng) is linear in the
arguments Xy, to X, and that ¢gXo = e. The K X K matrix W with elements Wy, is
the approximated Hessian of the profile likelihood function E?VT(ﬂ). The K-vectors C(Y)
and C'® with elements C,E,l) and C’,(f) constitute the approximated score of £%,(3). From
the expansion (3.4) and the bound (3.5) we obtain the following theorem, whose proof is
provided in the appendix.

Theorem 3.1. Let Assumptions 1 and 8 be satisfied. Suppose that N,T — oo with



N/T — k2,0 < k < 0o. Then we have

L37(8) = Lhr(8) = 72z (8= 8°) (CD + C®) + (8= ) W (8- 8°) + LYT"(8),
where the remainder term ﬁ%gém(ﬁ) satisfies for any sequence cyp — 0

o) ( | )
sup =%\ N7 )"
{B:118-8%|<enT} (1 +VNT ||p - ﬁ“l!)2 TANT

Corollary 3.2. Let Assumptions 1, 2, and 3 be satisfied. Furthermore assume that C) =
Op(1). In the limit N,T — oo with N/T — k%, 0 < k < 00, we then have

VNT (BRO - 50) — Wl (C<1> + C<2>) +op(1) = O,(1).

Since the estimator BRO minimizes £(3) it must in particular satisfy E?VT(BRo) <
9\/T (ﬂo—i—W_l (C’ D4 o ) /VN VNT ) The Corollary follows from applying Theorem 3.1 to
this inequality and using the consistency of B ro. Details are given in the appendix. Using
Theorem 3.1, the corollary is also directly obtained from the results in Andrews (1999).
Our assumptions already guarantee C?) = O,(1) and W' = O,(1), so that only C(1) =
Op(1) needs to be assumed explicitly in the Corollary.

Corollary 3.2 allows to replicate the result in Bai (2009b). Furthermore, the assump-
tions in the corollary do not restrict the regressor to be strictly exogenous, and the tech-
niques developed here are applied in Moon and Weidner (2009) to discuss pre-determined
regressors in the linear factor regression model with R = R, in which case the score term
CW contributes an additional incidental parameter bias to the asymptotic distribution of

B

Remark. If we weaken Assumption 1(ii) to |le] = 0,(N?/3), then Theorem 3.1 still
continues to hold. If we assume that C?) = ©,(1), then Corollary 3.2 also holds under
this weaker condition on |[e]|.

3.2 When R > RY

We now extend the likelihood expansion to the case R > R°. Let A(3) and f(8) be the
minimizing parameters in the first line of equation (2.4) for R = R". These are the first R’
principal components of (Y — - X)(Y —3-X) and (Y — 3- X)"(Y — 8- X), respectively.
For the corresponding orthogonal projectors we use the notation M;(8) = M;\(ﬁ) and
M f(ﬁ) =M i) For the residuals after taking out these first R° principal components we
write é(8) =Y — 8- X — A(B).f(B)-

Analogous to the expansion of E?VT(ﬁ) the perturbation theory of linear operators also

provides an expansion for Mj(83), Mf(ﬁ) and é(3) in (8 — %) and |le||, i.e. in addition

to describing the sum of the perturbed eigenvalues £(3) it also describes the structure
of the corresponding perturbed eigenvectors. For example, we have é(3) = MyoeMjo —
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> e (Be— ﬂ,?)M A0 XM po+higher order terms. The details of these expansions are presented
in Lemma A.1 and A.2 in the appendix. These expansions are crucial when generalizing
the likelihood expansion to R > R". Equation (3.1) can equivalently be written as

R—-RO
e (8) = L0 (8) — o O m [¢(B)25)] (37)

Here we used that é¢/(3)é(3) is the residual of (Y — 3-X) (Y — 8- X) after subtracting
the first R" principal components, which implies that the eigenvalues of these two matrices
are the same, except from the R largest ones which are missing in &'(3)é(3). By applying
the expansion of é(/3) to this expression for L&,.(3) one obtains the following.

Theorem 3.3. Under Assumption 1 and 3 and for R > R° we have

R—R°
(i) Lhr(8) = Br(B) — o 3 mlAB)]+ L™ (5),
t=1

where  A(B) = Mo [e — (8 — 8°) - X]" Myo [e — (8 — 8°) - X] Mo,

and for any constant ¢ > 0

‘zﬁ’?m’l(ﬁ)\ o < 1 >
sup = — .
(VN g-p<qs VN +VNT |3 =] " \NT

R—R°
(i) £82(0) = Lr(B) ~ 7 > m [BE) + BO)] + LE(9),
t=1

where
B(B) = 2A(B) — Myoe' MyoeMpoe' P (A XO) 1 (£ fO) =1 f¥
+ Mo [(B— 5% - X — €] MyoefO(F fO) 1AV AY) "IN\ eM fo
+ Mpoe' Myo [(B— 8% - X] £O(F7 fO) 1 AYAY) "IN eM 4o
+ Mpoe' Myoe fOUfY )T AYAN) TN [(B = %) - X Mo
+ B(eeee) + MfOB(rem,l) (B)Pfo + PfOB(rem,2)PfO’
and

B(eeee) — *MfO@lMAoerOEI)\O(AO/)\O)_I(fO,fO)_l()\0,)\0)_1)\0,€Mf0
+ Mfoe/M)\OefO(fO/fO)*l()\OI)\O)*I)\O/efO(fOIfO)fl(AO/)\O)*l)\OlerO
. %MfOeIMAOefO(fOIfU)fl()\OIAO)fl(fO/fO)flfO/e/M)\Oero
+ %Mfoel)\o()\[)/)\o)_l(fOIfO)_lfOIGIMAOGfO(fO/fO)_l(Ao,)\o)_lAO/ero )

Here, B(rem’l)(ﬁ) and BUem2) gre T x T matrices, B™2) s independent of 5 and

11



satisfies || BT™2)|| = 0,(1), and for any constant ¢ > 0

| BremD ()|
sup — 0, (1),
(BFp-pol<ey L+ VNT [B=50)

‘ERreM(ﬁ)‘ ., <1>

NT

sup

(BVN|s—l<cy (1 +VNT |3 = p0)?

Here, the remainder terms L™ (3) and £°™%(3) stem from terms in &'(5)é(0)
whose spectral norm is smaller than O,(1) and o,(1), respectively, within a v/N shrink-
ing neighborhood of # after dividing by VN + VNT || — 8°| and 1+ v/NT |3 - £°,
respectively. Using Weyl’s inequality those terms can be separated from the eigenval-
ues py [€/(B)é(B)]. The expression for B(3) looks complicated, in particular the terms
in B(°°¢¢). Note however, that B(¢*¢) is B-independent and satisfies || B(¢°°®)| = O,(1)
under our assumptions, so that it is relatively easy to deal with these terms. Note fur-
thermore that the structure of B(f3) is closely related to the expansion of £%,(83), since
by definition we have L,(8) = (NT)"'Tr(é'(8)é(8)), which can be approximated by
(NT)~'Tr(B(B) + B'(B)). Plugging the definition of B(3) into (NT)~'Tr(B(8) + B'(3))
one indeed recovers the terms of the approximated Hessian and score provided by The-
orem 3.1, which is a convenient consistency check. We do not give explicit formulas for
Btem ) (8) and Be™2) because those terms enter B(f) projected by Prpo, which makes
them orthogonal to the leading term A(/3), so that they can only have limited influence on
the eigenvalues of B(3)+ B’(8). The bounds on the norms of B*™(3) and Be™2) pro-
vided in the theorem are sufficient for all conclusions on the properties of i, [B(5) + B'()]
below. The proof of the theorem can be found in the appendlx

The first part of Theorem 3.3 is useful to show that ﬂR converges to (Y at a rate of
at least N3/4. The purpose of the second part is to show that ﬁR has the same limiting
distribution as B ro. To actually obtain these two results one requires further conditions
on the -dependence of the largest few eigenvalues of A(3) and B(S3) + B'(5).

Assumption 4. For all constants ¢ > 0

S {AB) e (A0 - e [AB]} "
/ey VN + NOAB— ] + N3 — O log(N) ©

where A(3) = Mo [(6—6°) - X]/M)\O (8- X] M.
Corollary 3.4. Let R > R, let Assumptions 1, 2, 3 and 4 be satisfied and furthermore
assume that M) = O,(1). In the limit N,T — oo with N/T — x2, 0 < & < 0o, we then

have

N3/4 (BR - 50) = 0,(1).

The corollary follows from the inequality £ (BR) < [I]If,T(ﬁO) by applying the first
part of Theorem 3.3, Assumption 4, and our expansion of £L(3). The justfication of
Assumption 4 is discussed in the next section. Knowing that ﬁR converges to 3° at a rate
of at least N3/* is a convenient intermediate result. It implies that we only have to study

12



the properties of ﬁﬁT(ﬁ) within a N3/4 shrinking neighborhood of 8°, which is reflected
in the formulation of the following assumption.

Assumption 5. For all constants ¢ > 0

S 5O+ B - (B B
N/l <e) (1+ VNT| 3 - 3||)? T

Combining the first part of Theorem 3.3, Assumption 5, and Theorem 3.1, we find that
the profile likelihood for R > R° can be written as

LxT(8) = Lir(8%) - \/;—T (8- 8 (€W +C®) 4 (8- 8 W (8- B°) + LF™(3),

with a remainder term that satisfies for all constants ¢ > 0

e o)) ( 1 )
sup —%\nNT)
{B:N3/4||3—p0||<c} (1 +VNT |8 — ﬁ0||)2 M

This result, together with N3/4-consistency of BR; gives rise to the following corollary.

Corollary 3.5. Let R > RV, let Assumptions 1, 2, 3, 4 and 5 be satisfied and furthermore
assume that ) = O,(1). In the limit N,T — oo with N/T — k2, 0 < & < 0o, we then

have

VNT (BR - 50) = Wl (c<1> + c<2>> +o,(1) = O,(1).

The proof of Corollary 3.5 is analogous to that of Corollary 3.2. The combination
of both corollaries shows that our main result in equation (3.2) holds, i.e. the limiting
distributions of Sr and BRO are indeed identical. What is left to do is to justify the
high-level assumptions 4 and 5.

4 Justification of Assumptions 4 and 5

We start with the justification of Assumption 4. We have A(8) = A(3°)4+A(8) — Amixed(3),
where Apixed () = Mpoe' Mo [(ﬁ -39 - X] Mo+ the same term transposed. By applying
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Weyl’s inequality'® we thus find

R—RY ~ R—RY
> { e AB) = ne [AB)] = e [AB)| } < 3 e [Aminea (D)
t=1 t=1

<2(R-R)K el 16 - 5| max || Myo Xx Mol (4.1)

For asymptotics with N and T growing at the same rate Assumption 1(ii) guarantees
lell = Op(V'N). Using this and inequality 4.1, we find that | Mo Xy Myol|| = O, (N3/4)
is a sufficient condition for Assumption 4. This condition can be justified by assuming
that X, = T f% + Xk, where I';, is an N x R? matrix and Xk is an N x T matrix with
|X|| = Op(N3%), ie. Xj has an approximate factor structure with the same factors
that enter into the equation for Y and an idiosyncratic component Xj. Analogous to our
discussion of Assumption 1(ii) we can obtain the bound on the norm of X}, by assuming
that its entries X;mt are mean zero, have bounded fourth moment and are only weakly
correlated across ¢ and t.

We have thus provided a way to justify Assumption 4 without imposing any additional
condition on the error matrix e, but by restricting the data generating process for the
regressors Xi. Alternatively, one can derive the statement in the assumption by imposing
weaker restrictions on X, but making further assumptions on the error matrix e. An
example of this is provided by Theorem 4.1 below, where we only assume that X; =
X1, + X, with rank(X}) being bounded, but without assuming that X is generated by
the factors f°.

The discussion of Assumption 5 is more complicated. By Weyl’s inequality we know
that the absolute value of u; [B(8) + B'(8)] — e [B(8°) + B'(8°)] is bounded by the spec-
tral norm of B(G) + B'(8) — B(3°) — B'(8°), which is of order O,(N3/2)|3 — 8°|| +
Op(N?)|3 = B°||>. This bound is obviously too crude to justify the assumption. What we
need here is a bound that not only takes into account the spectral norm of the difference
between B(3) + B'(3) and B(8°) + B'(3"), but also the structure of the eigenvectors of
the various matrices involved.

The assumption only restricts the properties of B(/3) in an N 3/4 shrinking neighborhood
of 3°. In this shrinking neighborhood the dominant term in B(3)+B'(8) is M joe’ Myoe M fo,
since its spectral norm is of order N, while the spectral norm of the remaining terms, e.g.
Amixea(8) above, is at most of order N3/%. Our goal is to show that the largest few eigen-
values of B(3) + B'(3) only differ by 0,(1) from those of the leading term M oe’ Myoe Mo,
within the shrinking neighborhood of 8Y. To do so, we first need to introduce some nota-
tion.

Let w; € RT, t=1,...,T — R, be the normalized eigenvectors of MfoelM)\oero with

the constraint f”w; = 0, and let p;, t = 1,...,7 — R°, be the corresponding eigenvalues.
Let v; € RN, i =1,...,N — R? be the normalized eigenvectors of M)\oeroe/MAo with
the constraint A”v; = 0, and let p;, i = 1,..., N — R", be the corresponding eigenvalues.!!

OWeyl’s inequality says pi, (G + H) < pn(G) + pui(H) for arbitrary symmetric n x n matrices G and H and
1 < m < n. Here, we refer to a generalization of this, which reads Y ;" | (G +H) < Y 1%, pe(G) + >0 pue(H).
These inequalities are standard results in linear algebra and are readily derived from the Courant-Fischer-Weyl

min-max principle.

HUFor T < N the vectors v;, i = T — R*+1,...,N — R, correspond to null-eigenvalues, and if there are
multiple null-eigenvalues those v; are not uniquely defined. In that case we assume that those v; are drawn
randomly from the Haar measure on the unit sphere of the corresponding null-eigenspace. For T' > N we assume

14



We assume that eigenvalues are sorted in decreasing order, i.e. p; > p2 > .... Note that
the eigenvalues p; and p; are identical for ¢t = i. Let

diyy = max o] Xy, dyy = max [vjePyo]| djy = max [wie' Pyo]

divr = N7 max o Xy Ppol |, i = N™* max 0 X Pyl
where i =1...N —R%, t=1,...,T — R% and k = 1... K. Furthermore, define dy7 =
1 2 3 4 5
max (1, dyy, dp, ¥, dyr, dQr).

Theorem 4.1. Let assumptions 1 and 3 hold, let R > R° and consider a limit N,T — oo
with N/T — k%, 0 < k < 0o. Assume that pp_po > a N, wpal, for some constant a > 0.

Furthermore, let there exists a series of integers qyy > R — R° such that

1 I
dyt qnr = 0p(N'/*) | and > =0,(1) .
aNT (S PR-RO — Pt

Then, for all constants ¢ >0 andt=1,..., R — R® we have

sup e (B(B) + B'(8)) — pe| = op(1),
{B:N3/4||3—p0||<c}

which implies that Assumption 5 is satisified.

We can now justify Assumption 5 by showing that the conditions of Theorem 4.1 are
satisfied. The following discussion is largely heuristic. Since v; and w; are the normalized
eigenvalues of Moe' MyoeMpo and MyoeMoe' Myo we expect them to be essentially un-
correlated with Xy and ePjo, and therefore we expect v; Xpws = Op(1), |[vjePpo|| = Op(1),
[whe’ Pyo|| = Op(1). We also expect |[v/ X Ppo| = Op(VT) and |w, X}, Pyo|| = Op(V'N),
which is different to the preceding terms with e, since X}, can be correlated with f° and
A0, In the definition of dy7 the maxima over these terms are taken over ¢ and ¢, so that
we anticipate some weak dependence of dy7 on N (or equivalently 7). Note that we need
dnt = op(N 1/ 4) since otherwise gyt does not exist. The key to making this discussion
rigorous and show that indeed dy7 = 0p(N 1/4) " or smaller, is a good knowledge of the
properties of the eigenvectors v; and wy. If the entries e;; are iid normal, then the matrix
of v;’s and wy’s is Haar-distributed (on the N — R® and 7' — R° dimensional subspaces
spanned by Myo and Myo). In that case the formalization of the above discussion becomes
relatively easy, and the result is summarized in Theorem 4.2 below.

The conjecture in the random matrix theory literature is that the limiting distribution
of the eigenvectors of a random covariance matrix is “distribution free”, i.e. is independent
of the particular distribution of e;; (see, e.g., Silverstein (1990), Bai (1999)). However, we
are not aware of a formulation and corresponding proof of this conjecture that is sufficient
for our purposes.

the same for wy, t = N — R?,..., T — R°. This specification avoids correlation between X} and those v; and w;
being caused by a particular choice of the eigenvectors that correspond to degenerate null-eigenvalues.
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The second condition in Theorem 4.1 is on the eigenvectors p; of the random covari-
ance matrix Myoe’ MyoeM 0. Eigenvalues are studied more intensely than eigenvectors in
the random matrix theory literature, and it is well-known that the properly normalized
empirical distribution of the eigenvalues (the so called empirical spectral distribution) of
an iid sample covariance matrix converges to the Marcenko-Pastur-law (Marc¢enko and
Pastur (1967)) for asymptotics where N and T grow at the same rate. This means that
the sum over the eigenvalues p; in Theorem 4.1 asymptotically becomes an integral over
the Marcenko-Pastur limiting spectral distribution.'? To derive a bound on this sum, one
furthermore needs to know the asymptotic properties of pr_go. For random covariance
matrices from #id normal errors, it is known from Johnstone (2001) and Soshnikov (2002)
that the properly normalized few largest eigenvalues converge to the Tracy-Widom law.!3.

An additional subtlety in the discussion of the eigenvalues and eigenvectors of the ran-
dom covariance matrix Mpoe’ MyoeM o are the projections with Mo and Mo, which stem
from integrating out the true factors and factor loadings of the model. Those projectors are
not normally present in the literature on large dimensional random covariance matrices.
If the idiosyncratic error distribution is éid normal these projections are unproblematic,
since the distribution of e is rotationally invariant in that case, i.e. the projections are
mathematically equivalent to a reduction of the sample size by R° in both directions.

Thus, if the e; are iid normal, then we can show that the conditions of Theorem 4.1
are satisfied, and we can therefore verify that the high-level assumptions of the last section
hold. This result is summarized in the following theorem.

Theorem 4.2. Let R > R°, let Assumption 3 hold and consider a limit N,T — oo with

N/T — k%, 0 < k < 0o. Furthermore, assume that

(i) For allk =1,..., K we can decompose X}, = Xy + Xy, , such that
Xkl = Op(N*), (| Xllgs = Op(VNT), [|Xkll = Op(VNT), rank(Xy) < Qx,

where Qy, is independent of N and T. For the K x K matriz W defined by Wkle =
ﬁTr(XkX,’C) we assume that plimy 7o Wik, > 0. In addition, we assume that
E ‘(M)\oXkao)it{Mﬁ, E |(MyoXy)i|*T and E ’(Xkao)it‘6+€ are bounded uniformly
across i, j, N and T for some € > 0. .

(ii) The error matriz e is independent of X0, f°, X, and Xy, k = 1,..., K, and its
elements e;; are distributed as iid N'(0,0?).

Then, the Assumptions 1, 2, 4 and 5 are satisfied and we have CV) = O,(1). By Corol-

lary 3.2 and 3.5 we can therefore conclude / NT(BR — ﬁo) = \/NT(BRO — /80) +0p(1).

The proofs for Theorem 4.1 and Theorem 4.2 are provided in the supplementary mate-
rial to this paper. It seems to be quite challenging to extend Theorem 4.2 to non-iid-normal

12To make this argument mathematically rigorous one needs to know the convergence rate of the empirical
spectral distribution to its limit law, which is a ongoing research subject in the literature, e.g. Bai (1993), Bai,
Miao and Yao (2004), Gotze and Tikhomirov (2010).

13To our knowledge this result is not established for error distributions that are not normal. Soshnikov (2002)
has a result under non-normality but only for asymptotics with N/T — 1.
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N=T=150 N =T=100

e ~ N(0,1) eir ~ t(5) e ~N(0,1) eir ~ t(5)

bias ‘ std bias ‘ std bias ‘ std bias ‘ std
0.42741 | 0.02710 || 0.42788 | 0.02699 || 0.42806 | 0.01890 || 0.42813 | 0.01884
0.29566 | 0.05712 || 0.29633 | 0.05830 || 0.29597 | 0.03725 || 0.29541 | 0.03717
0.00047 | 0.02015 || 0.00175 | 0.02722 || 0.00005 | 0.00974 || 0.00057 | 0.01296
0.00046 | 0.02101 || 0.00139 | 0.02693 || 0.00007 | 0.00993 | 0.00062 | 0.01314
0.00051 | 0.02183 || 0.00140 | 0.02792 || 0.00010 | 0.01012 || 0.00062 | 0.01335
0.00042 | 0.02259 || 0.00137 | 0.02888 || 0.00011 | 0.01028 || 0.00061 | 0.01361

i=vii=viavli=vii=v iy

Il
U W N = O

Table 1: Simulation results for the bias and standard error (std) of the QMLE (g for different value of R,
two different sample sizes N and T, and the two different specifications for e;;. The data generating process is
described in the main text, in particular the true number of factors here is R? = 2. We used 10, 000 repetitions
in the simulation.

eit, given the present status of the literature on eigenvalues and eigenvectors of large di-
mensional random covariance matrices, and we would like to leave this as a future research
topic.

5 Monte Carlo Simulations

Here, we consider a panel model with one regressor (K = 1), two factors (R® = 2) and the
following data generating process (DGP)

2 2
Vi = "Xy + Z Nir ftr + €its Xig =1+ X + Z()\ir + Xir) fers (5.1)
r=1

r=1

where ¢ = 1,...,N and ¢t = 1,...,T. The random variables Xit, Airy ftry, Xir and e
are mutually independent, X;; is distributed as #id N (1,1), and X, fir and x4, are all
distributed as itd N'(1,1). For e; we also assume that it is iid across i and ¢, but we
consider two different specifications for the marginal distribution, namely either N (0, 1)
or a Student’s t-distribution with 5 degrees of freedom. We choose 3° = 1, and use 10, 000
repetitions in our simulation. For each draw of Y and X we compute the QMLE BR
according to equation (2.3) for different values of R.

Table 1 reports the bias and standard error of BR for sample sizes N = T = 50 and
N =T = 100. For R = 0 (OLS estimator) and R = 1 we have R < R’ i.e. less factors
are used in the estimation than are present in the DGP. As a result of this, the QMLE is
heavily biased for these values of R, since the factor structure in the DGP is correlated
with the regressors, but is not controlled for in the estimation. In contrast, for all values
R > RO the bias of the QMLE is negligible compared to its standard error. Furthermore,
the standard error remains almost constant as R increases beyond R = R; concretely
from R = 2 to R = 5 it increases only by about 7% for N = T = 50 and only by 5% for
N =T =100.

Table 2 reports quantiles of the appropriately normalized QMLE for R > R° and
N =T = 100. One finds that the quantiles remain almost constant as R increases. In
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Quantiles of v/ NT(BR - %)
eit ~ 25% | 5% | 10% | 25% | 50% | 75% | 90% | 95% | 97.5%

-1.903 | -1.598 | -1.239 | -0.643 | 0.008 | 0.663 | 1.240 | 1.616 | 1.916
-1.977 | -1.625 | -1.253 | -0.650 | 0.011 | 0.658 | 1.276 | 1.650 | 1.952
-1.998 | -1.664 | -1.275 | -0.666 | 0.016 | 0.682 | 1.296 | 1.694 | 1.992
-2.041 | -1.672 | -1.284 | -0.682 | 0.019 | 0.698 | 1.328 | 1.723 | 2.000

-2.537 | -2.095 | -1.614 | -0.807 | 0.072 | 0.935 | 1.716 | 2.188 | 2.573
-2.550 | -2.116 | -1.642 | -0.817 | 0.071 | 0.946 | 1.757 | 2.206 | 2.626
-2.592 | -2.147 | -1.653 | -0.829 | 0.067 | 0.961 | 1.796 | 2.259 | 2.664
-2.652 | -2.181 | -1.688 | -0.854 | 0.071 | 0.972 | 1.805 | 2.296 | 2.720

N(0,1)

£(5)

v~ li=vibav]| Boibavibavii=y
Il
G o M| Ot i o b

Table 2: Simulation results for the quantiles of vV NT (6r — B°) for N = T = 100, the two different specifications
of ey, different values of R, and the data generating process as described in the main text with R® = 2. We used
10, 000 repetitions in the simulation.

particular, the differences in the quantiles for different values of R are relatively small
compared to the differences between the quantiles, so that the size of a test statistics that
is based on [3 r is essentially independent of the choice of R > R°.

The findings of the Monte Carlo simulations described in the last two paragraph hold
just as well for the specification with normally distributed as for the specification where
e;¢+ has Student’s t-distribution. From this finding one may conjecture that Theorem 4.2
also holds for more general error distributions.

6 Conclusions

In this paper we showed that under certain regularity conditions the limiting distribution
of the QMLE of a linear panel regression with interactive fixed effects does not change when
we include redundant factors in the estimation. The important empirical implication of
this result is that one can use an upper bound of the number of factors in the estimation
without asymptotic efficiency loss. For inference on the regression coefficients one thus
need not worry about consistent estimation of the number of factors in the model. As
regularity conditions we mostly impose high-level assumptions, and we verify that these
hold under #id normal errors. Our simulation results suggest that normality of the error
distribution is not necessary. Along the lines of the arguments presented in Section 4,
we expect that progress in the literature on large dimensional random covariance matrices
will allow verification of our high-level assumptions under more general error distributions.
This is a vital and interesting topic for future research.

A Appendix

A.1 Proof of Consistency

Proof of Theorem 2.1. We first establish a lower bound on £4(3). Consider the last
expression for £3,,.(3) in equation (2.4) and plugin Y = Y, B2 X} + A% +e, then replace
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A0 f% by Af’, and minimize over the N x R? matrix A and the 7' x R" matrix f. This gives

(Z%? = Br) X + e) M (Z(ﬂ% — Br) X + e>

1
L8%7(8) > ~—— min Tr
NT 7 . k

)

02 16— 3 1 / 1
0B =671"+Op ( min(N,T)) +NT Tr (e€') + O, <mm(N,T)> . (A1)

where in the first line we minimize over all T' x (R + R°) matrices F, and to arrive at
the second line we decomposed the expression in the component quadratic in (3 — 3°),
linear in (3 — 4°) and independent of (3 — 3Y) and applied Assumption 1 and 2. Next, we
establish an upper bound on £,(3%). We have

T

LrlB) = sz 30w [0 +¢) (0 +)]
t=R+1
1 ) 1 ) 1
S W TI‘ (6 MAOG) = W Tl" (ee ) + Op (W) . (A2)

Further details regarding the derivation of the bounds (A.1) and (A.2) are presented in
the bupplementary material. Since we could choose 3 = (% in the minimization of 3, the
optimal 3 needs to satisfy £%, (ﬂ) < L37(8%). With the above results we thus find

b||3 = B°I* + Oy 5 +0, (1> <0. (A.3)

min(N,T) min(N,T)
From this it follows that |3 — 8% = O, (min(N,T)~/2), which is what we wanted to
show. [

A.2 Proof of Likelihood Expansion
Definition 1. For the N x R matriz \° and the T x R matriz f° we define

1
dmax(AO fO H OfO/H — \/]\[T Ml(}\O/fOfO/)\O) )

dmin(>\07 fo) = \/M ,U/R()‘O/fof()/)‘o) ) (A4)

i.e. dmax( A0, ) and dmin(\, f0) are the square roots of the mazimal and the minimal
eigenvalue of XY fOfY\0 /NT. Furthermore, the convergence radius mo(A\°, f0) is defined by

Admax (A0, £0) 1 -
2,9 = nax . A.
o) = (EE T ) 49
Lemma A.1. If the following condition is satisfies
K
|ch” ell 0 40
B9 ro(A°, f1), A6
kzl| B et < o) (A.6)

19



then

(i) the profile quasi likelihood function can be written as a power series in the K + 1
parameters g = |le||/VNT and e = 3 — Bk, namely

K
§ : 0 0
. €k1€k2-~-€kgL(g) ()\ 7f7Xk17Xk27-~-7ng)7
9=2 k1=0 ko2=0 kqg=0

where the expansion coefficients are given by

L(g) (A07 f07 ka Xk27 <o 7ng) = E(g) ()‘07 f07 X(klv nga v ,ng))
1

- q! [E’(g) (/\0’ 105 Xy Xy - , Xk, ) + all permutations of ki, .. .,kg} ,

i.e. L9 is obtained by total symmetrization of the last g arguments of ¥
-Z/(g) (AO) f07 Xk17 sz) cee 7ng)

g
= Z (—1)p+1 Z Tr <S(m1) 77?(11/1) g(m2) — g(myp) T(z];p) S(mp“)) ’

g
=1 vi+...+rp=g
mi—+...+mpr1 =p—1
2>v;>1,m; >0

hS]

with

SO = My, g(m) _ [/\O(AO/)\O)fl(fO/fO)fl()\O/AO)fl)\O/]l form > 1,

TV =20 X+ X O TR =Xy, Xp, . forkky ke =0, K,
onﬁe, X = Xg fork=k=1...K.

(ii) the projector M;(B) can be written as a power series in the same parameters ey
(k=0,...,K), namely

00 K K K
Z Z Z Z €k €ko ...ekgM(g) ()\0, fO7 Xklka27-~-7ng) y
g=0 k1=0 ko=0 :

where the expansion coefficients are given by M(O)(AO, %) = Myo, and for g > 1

9 ()\0’ f07 Xklv nga s 7ng) = M(g) ()‘07 f07 X(k17 Xk:z’ v 7ng))

1 ~
= — [M(g) (Xkl, KXigy ooy Xk ) + all permutations of kl,...,k:g} ,
g' !
4Here we use the round bracket notation (ki, kg, . . ., kg) for total symmetrization of these indices.

150ne finds L ()\0, 1O Xuys Xyy-oos ng) = 0, which is why the sum in the power series of L3, starts from
g = 2 instead of g = 1.
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i.e. M9 is obtained by total symmetrization of the last g arguments of

g
= 3 (-t 3 Slm) 1) glma) glme) 7 Ge) glmper)
=1 v1 + +vp =
P mi1 1+ et mpta 3 p
2>v;>21,m; >0

where S, T( ) 7;{:(12,22, and Xy are given above.

(iii) For g > 3 the coefficients L9 in the series expansion of LYr(3) are bounded as
follows

1
~ )L@) (A%, £°, Xpo, Xiy, oo os X, )
Rgdmln()‘oﬁfo) (16 dmaX()‘O fo))g HX/ﬁ” ||Xl€2|| Hng”

- 2 2, (N0, £9) VNT VNT ~~ V/NT
Under the stronger condition
Xkl el dain (A, f9)
— min A7
;|ﬁk B ‘ /7 /7 < 16 dmax(/\o,fo) ) ( )

we therefore have the following bound on the remainder when the series expansion
for L7(B) is truncated at order G > 2:

G K K
1
E?VT(B)_WZ Z Z €k "'EkgL(g) (AO, foa Xk17Xk27"'7X]€g)

R(G—l— ) G+1d2 ()\O’fO)

min

- 2(1 — «)? ’

where

16 dinax (A%, 1) (- B
_ 16 (;0f0)><kz,ﬁk g 1L ||||><1
min ’ =1 V V

(iv) The operator norm of the coefficient M'9) in the series expansion of M5 (8) is bounded
as follows, for g > 1

16 dmax (A%, N | Xk, || | Xk || | Xk, ||
MO (X 0 X0 Xy X ] 9( maxiA 1 ol Ik
H (1% X X W) <3 d2. (0,9 ) VNT VNT =~ /NT

Under the condition (A.7) we therefore have the following bound on operator norm
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of the remainder of the series expansion of Mj (83), for G >0

G K K
HMX B =D > > ey e, MO (N, O Xy, Xy, X)) ‘

< (G +1)afH!
- 2(1-a)?

The proof of the preceding lemma is presented in the supplementary material.

Proof of Theorem 3.1. The R’ non-zero eigenvalues of the matrix AY ffY\°/NT are
identical to the eigenvalues of the R x R? matrix (fOf/T)=1/2(\ONY/N)(fOf%/T)~1/2,
and Assumption 3 guarantees that these eigenvalues, including dpax (A°, f°) and dpin (A°, £°)
converge to positive constants in probability. Therefore, also 7o(A\°, fV) converges to a pos-
itive constant in probability.

Assumptions 1 and 3 furthermore imply that in the limit N, T — oo with N/T — k2,
0 < k < 00, we have

Il _ IOl AN TH) N
oo, oo, H( v ) | = H( 2 | -o.
Xl lel ) (v

o= O Jp = o (V) (&-8)

Thus, for Hﬁ - ﬁOH < ent, enT = 0(1), we have a — 0 as N,T — oo, i.e. the condition
(A.7) in part (iii) of Lemma A.1 is asymptotically satisfied, and by applying the Lemma
we find

1 —r llell \*™ g
ﬁ(ﬁo)g L(g) ()\O,fo,)(kl,...,_Xvkr,)((),...,XV()):(910<<\/W :(’)p (N 2 )7
(A.9)

where we used €y Xy = e and the linearity of L) ()\0, 1O Xy, Xy, ,ng) in the ar-
guments Xj. Truncating the expansion of L%(3) at order G = 3 and applying the
corresponding result in Lemma A.1(iii) we obtain

K
1
LYy7(B) =NT Z err e L (A0, 0, X, Xiy)
k1 ,ka=0
] K
+ ﬁ Z 6k1€k26k3L(3) ()‘07f07Xk1’Xk27Xk3) +Op (a4)
k1,k2,k3=0
=~ () — e (- 8)' (00 1+ C®)
NT NT
+(8-8% W (8- 6% + LYB) (A.10)
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where, using (A.9) we find

K
3
Ly (8) TNT Y emercoLl® (A f0, Xy, Xy, Xo)
k17k2 1
1 K
TNT Yo emeren, LY (N0, O, Xy, Xy, Xy
k1,ko,k3=1

o (Bt di) | o [G)

=0, (118 = I1PN"12) + 0, (18— 8°I1P) + 0, (18 - BN ~*?)
O, (18- B I°PN") + O, (Hﬁ — ﬁOHSN—l/2> +0, (18- 1Y) . (A11)

4
Here O, {(\ﬂ%) } is not just some term of that order, but exactly the term of that order

contained in Op(a?) = O, [(Zfl ‘ﬂk ’ ‘\‘/XLH M) ] This term is not present
0,rem

in Ly7"(3) since it is already contained in £%,(3°).1¢ Equation (A.11) shows that the
remainder satisfies the bound stated in the theorem, which concludes the proof. |

Proof of Corollary 3.2. Using Assumption 2(ii) we find for R = R®

1

W > W min odWao = min — Ty (Mo X MyoX, M
W)= iy {a€RK o =1} NT (Myo X Mo XaMyo)
1 T
> ZR: (X0 Xo) >ba,  wpal, (A.12)

and therefore W~! < 1/by wpal. Using Assumption 1 we find

o<

and therefore v = W~ (C'(l) +CC )/\/NT O,(1/V'NT). Applying Theorem 3.1 to
the inequality E?VT(ﬂ Rro) < L7 (ﬁo + 7) then gives

el Xe ] [A° AT ) Y| = ) (A.13)

<BRO —ﬂo—')/)/W(,éRo—ﬁo—fy) Sﬁ?\}r;m( ) £0rem(ﬁR0)
= 0p <Z\}T> LY rem(ﬂRO) : (A.14)

From this and consistency of (o it follows that vV NT(Bgo — 3°) = O,(1), since otherwise
the inequality is violated asymptotically due to the bound on E?\}?m(ﬁRo). From vVNT
consistency of Bro it now follows that £% rem(ﬁ ro) = 0p(1/NT), and using this the above

4
16 Alternatively, we could have truncated the expansion at order G = 4. Then, the term O, [( \J%) ] would

be more explicit, namely it would equal ﬁeéL(‘l) ()\0, 10, X0, Xo, Xo, Xg), which is clearly contained in £3,(3°).
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inequality yields vV NT (ﬁRo — 3% — ) = 0,(1), which proves the corollary. |
Lemma A.2. Under the assumptions of Theorem 3.1 we have

K
e(8) = Myo e Myo + ) + & =37 (8 = 00) (el + €5 ) +m(9) .

k=1

where the N X T matrixz valued expansion coefficients read

&), = Myo Xi Myo
ég?,)k _ _MAOXkaoe/AO(AO/)\O)—l(fO/fO)—lfO/ _ M}\OerOXI/CAO(AO/)\O)—l(fO/fO)—lfO/
_ )\0()\0//\0)71(fOlfO)flf(]/X]/ﬁM)\Oero _ )\0(}\0//\0)71(fO/fO)flf(]/e/MAoXkao
_ MAokaO(fO’fO)_l()\0’)\0)_1)\0’er0 o M/\oefo(fO’fO)_l()\0’)\0)_1)\0’ Xk Mfo ,
égl) — —M)\O erO 6/ )\0 ()\O/AO)*l (fOIfO)*l fO/ _ AO ()\0/)\0)71 (fO/fO)*l fOI 6/ MAO erO
o MAO €f0 (fO/fO)—l ()\0/)\0)—1 AOlerO ’
é((a2) — M>\0€Mf0 e/ \0 ()\O/)\O)fl (fO/fO)flfOI e/ \0 ()\OI)\O)fl (fO/fO)flf[)/
- M)\oero e M/\o €f0 (f()/fO)—l ()\O/)\O)—l (fO/fO)—l fO/
_ M)\OSMfO 8, )\0 ()\0/)\0)—1 (fO/fO)—l ()\0/)\0)—1 )\0/ EMfO
+ MAO e fO (fO ) ()\0/)\0) 1)\0/€Mf0 e/ )\0 ()\O/AO)*l (fO/fO)*lfO/
+ )\0 ()\0//\0) 1 (fOIfO fO/ e, Mkoero e/ )\0 ()\0//\0)—1 (fOIfO)—lfO/
+ ]\4}\0 efO (fO ) 1 ()\0/)\0)—1)\0/ fO (fOlfO)—l ()\0/)\0)—1 )\O/ero
+ )\0 ()\0/)\0) 1 (fO/ 0) 1 fO/ /M/\ ef(] (fO/fO) ()\O/)\O)—l )\Olero
+ )\0 ()\OI)\O) 1 (fO/fO) 1 fO/ 6/ AO ()\O/)\O) (fO/fO)fl fO/ e/ MAOBM]@O
_ )\0 (}\0/)\0) 1 (f()/ O) 1 ()\0/)\0)—1 )\Olero e M)\oero
— Myoe fO(fF) 7T AN T )T Y € MyoeMyo

and the remainder term satisfies for any sequence cyp — 0

o [
(B:118—p0| <enry NIIB = B2 + 13 = B° +N~! p (1)

Proof. The general expansion of Mj (/) is given in Lemma A.1, and the analogous expan-
sion for Mf(ﬂ) is obtained by applying the symmetry N < T, A & f, e — €/, X « X;.
Lemma S.1 in the supplementary material provides a more explicit version of these pro-
jector expansions. For the residuals é(3) we have

é(8) = My(B) (Y — 8- X) Mp(8) = My(8) [e — (8- 8°) - X + A1) M(8), (A.15)

and plugging in the expansions of M;(3) and M f(ﬁ) it is straightforward to derive the
expansion of é(3) from this, including the bound on the remainder. |

Proof of Theorem 3.3. The terms in B(3)+B’((3) in addition to A(3) all have a spectral
norm of order O,(v/N) for v/N| 3 — 3°|| < c. Thus, the first part of the Theorem directly
follows from the second part by applying Weyl’s inequality. What is left to show is that the
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second part holds. Applying the expansion é(3) in Lemma A.2 together with || MyoeM yo|| =
. R . A(1 A(2
O, (VN), 6] = 0,(1), 1P| = Op(N2), e | = Op(N) [|e)[| = Op(VN) and the

bound on ||é™)|| given in the Lemma we obtain

¢(B)e(8) = B(B) + B'(8) + T"™(5) (A.16)
where the terms B(*™1)(3) and Br*™2) in B(f) are given by
B(rem,l)(ﬂ) — Mfo [(ﬁ _ ﬂO . X)]/M)\Oeroel)\O()\O/AO)fl(fO/fO)flfO/
+ Mpoe' Myo[(5 — 87 - X)|Mpoe! Y (N A%) 1 (£ £O) 1 Y
+ Myoe' Myoe Mypo[(B = B )N (AYAY) T (f £9)
+ Myo (Myoe' Myoe® + e0V'e® + e Myoe Myo ) Ppo
BUen2) — Ly (Mo Myoel® + e0V'el + &2 Myoe Mo ) Pro
— fo(f(]/fo)il()\OI)\O)71)\0/€Mf0GIM)\OQMf(Je/)\O()\O/)\O)il(fOIfO)ilfO/, (A].?)
and for v/N||8 — 8°|| < ¢ (which implies ||é(3)|| = Op(V'N)) we have
|ITE(B)] = Op(NT2) + 18 = B Op(N/Z) + (|8 — B2]POp(N>?) . (A.18)
which holds uniformly over . Note also that

Bleeee) 4 pleeee) — ppp, <Mfoe’MAoég2) + e 4 e ppyo e’Mfo) Mp.  (A.19)

Thus, we have |[BEe™2)|| = O,(1), and for V'N||8 — 8% < ¢ we have ||BE™D(3)|| =
Op(1) + |8 — B°||Op(N), and by Weyl’s inequality

e [E (D)D) = [BB) + B'B)] +0p [ (1+ 18- 5°N)°] . (A.20)
again uniformly over (. This proves the Theorem. |

Proof of Corollary 3.4. From Theorem 2.1 we know that v/ N(3z— o) = O,(1), so that
the bounds in Theorem 3.3 and Assumption 4 are applicable. Since BR minimizes EﬁT(ﬁ)
it must in particular satisfy EﬁT(ﬁAR) < EﬁT(ﬁo). Applying Theorem 3.3(i), Theorem 3.1,
and Assumption 4 to this inequality gives

(30 =) W (B = ) = o= (B0 = ) (¢ + )
_RO

< Aj\flT {RZ Hor [A (ﬁR)} + 0O, [VN+N5/4HBR _ﬁOH +N2HBR —ﬁon/lOg(N)} } ‘
t=1
(A.21)

Our assumptions guarantee C'?) = Op(1), and we explicitly assume c) = 0p(1). Fur-
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thermore, Assumption 2 guarantees that

R—RY

(BR - 50>,W (BR - 50) - ﬁ > [121 (BR)} > bo|Br — 8. (A.22)

Thus we obtain

by (N3~ 5°1) < Oy (1) + O (N3~ 1) + 0 {(N3/4|BR - ﬁ°||)2] ,
(A.23)

from which we can conclude that N3/4||Gr — 3°|| = ©,(1), which proves the first part of
the Theorem. |

Proof of Corollary 3.5. Having N%/4|3r — 8°|| = O,(1) the bound in Assumption 5
becomes applicable. We already introduced v = W ! (C(l) + 0(2)) JVNT = 0,(1/V/NT).
Since 3z minimizes LE(B) it must in particular satisfy EﬁT(ﬂAR) <ck. (ﬂo + ’y). Using
Theorem 3.3(7i) and Assumption 5 it follows that

. 1 . 2
Chr(Br) < Ler (0 +9) + 7 00 | (1+ VETIG - 12 (A.21)
The rest of the proof is analogous to the proof of corrollary 3.2. |

The proofs for the results of Section 4 can be found in the supplementary material.
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S Supplementary Material

S.1 Detailed Proof of Consistency

Detailed Proof of Theorem 2.1. We first establish a lower bound on £%,,(8). Con-
sider the the last expression for £%,(3) in equation (2.4) and plug in Y = Y, 80X +
A e, then replace \°f% by Af’, and minimize over the N x R? matrix A\ and the
T x RY matrix f. This gives

T /
L{r(B) > NlTrg]p d o [(Z — Br) Xk+e+)\f> (Z(ﬁg—ﬁk)XwHAf’)]
" t=R+1 k k

T !/
= % > [(Z — B Xk+e> <Z(5g —5k)Xk+€>
+1

t=R+R" k k

(Dﬁﬁ = Br) X + e) M (Z(ﬁ;? — Br) Xk + e>

k k

: (S.1)

= NT min Tr

where in the last line we minimize over all T'x (R+R°) matrices F. We now decompose this
expression into a the component quadratic in (3 — 3°), linear in (3 — 4°) and independent

of (8 — ). For the quadratic component we use Assumption 2(ii) to obtain

(Z(ﬁk—m ) (Z(ﬁk—m )]

k k

T /
> “tKZ(ﬂk‘ﬂf?)Xk) (Z(@—@S)Xk)] > b6 -5

—— min Ir
F

NT

(S.2)

For the coefficient of the linear component we use assumption 1 and 2(7) to find

—Tr(XkM ¢)

NT —Tr(XkP e')

NT

1 R+ R° 1
<O + Xi| =0, | ———=—=—=] - (S3
(e ) + g el ( min(N’T)> s3)

For the constant term we use Assumption 1 to obtain

1
S ‘MTI' (Xk 6/)

LTlr(eMﬁe) =

NT Tr (

1 1 .
NT )—ﬁTr(ePFe)
1

%Tr( )+ 0 <mln(NT)> (S.4)



because |Tr (e Pz €e')| < (R+R°) |le]|? = Op(max(N,T)). Combining these results we have

0 02 16— 8] 1 / 1
Lyp(B) = bl|g =57 +Op< min(N,T)) +NT Tr (e€') + O, (mln(N,T)) . (S.5)

Next, we establish an upper bound on £(3%). We have

T
1
‘C(]]VT(ﬁO) — ﬁ Z i [()\OfO/_’_e)/()\OfO/_'_e)}
t=R+1
1 T
. 0 £0 ! 0 £0
= p Min Z ,ut{()\f/—i—e) MA()\f/—l—e)]
t=R—RO+1
1 T
070 ! 070
< 57 S [()\ FY +e) Myo (A f’—l—e)}
t=R—RO+1
1
S ﬁ Tr (elM)\()e)
:LTr (ee') + 0O _ (5.6)
NT P\min(N,T) /) '
To arrive at the last line we use |le|]| = Op(y/max(N,T)) and the same argument as in

equation (S.4). Since we could choose 3 = 3° in the minimization of 3, the optimal ﬁ
needs to satisfy £L1(3) < LY7(3°). With the above results we thus find

3 18 = 8°| 1
b6 -8 + 0, <\/m> +0, (mln(m) <0. (S.7)

From this it follows that |3 — 8°|| = O, (min(N, T)~1/2), which is what we wanted to
show.
|

S.2 Details of Likelihood Expansion

Proof of Lemma A.1.

(i,ii) We apply perturbation theory in Kato (1980). The unperturbed operator is 7(0) =
AN the perturbed operator is 7 = 7@ + 71 4+ 7(2) (i.e. the parameter s that
appears in Kato is set to 1), where 7(}) = Zszo e Xp fONY 4 N0 FO/ Zszo €, X}, and
TR = ZkKl:O Zﬁ:o €ky €ky Xy X1,,- The matrices 7 and 70 are real and symmetric
(which implies that they are normal operators), and positive semi-definite. We know

that 7 has an eigenvalue 0 with multiplicity N — R, and the separating distance

1



of this eigenvalue is d = NTd?; (A%, f°). The bound (A.6) guarantees that

NT
HT(I) ” < 7dm1n()‘0’f0) . (88)

By Weyl’s inequality we therefore find that the N — R smallest eigenvalues of 7
(also counting multiplicity) are all smaller than £ Tdfmn()\o, f9), and they “origi-
nate” from the zero-eigenvalue of 7(©), with the power series expansion for L'?VT(,B)
given in (2.22) and (2.18) at p.77/78 of Kato, and the expansion of Mj given in
(2.3) and (2.12) at p.75,76 of Kato. We still need to justify the convergence ra-
dius of this series. Since we set the complex parameter x in Kato to 1, we need
to show that the convergence radius (r¢ in Kato’s notation) is at least 1. The con-
dition (3.7) in Kato p.89 reads |7 || < ac® ', n =1,2,..., and it is satisfied for a =
2V NT dinax (A%, £0) Shg lenll| Xl and ¢ = 3235 x| [|Xk[l/VNT/2/dimax (A, f©). Ac-
cording to equation (3.51) in Kato p.95, we therefore find that the power series for
L%7(B) and M; are convergent (ro > 1 in his notation) if 1 < (2 + c)_l, and this
becomes exactly our condition (A.6).

When £%,(3) is approximated up to order G € N, Kato’s equation (3.6) at p.89

gives the following bound on the remainder

(N — R)y“* d?nm(koafo)

(S.9)

where

T 8-l B+ K
! ro(XY, 19)

<1. (S.10)

This bound again shows convergence of the series expansion, since 7“1 — 0 as
G — oo. Unfortunately, for our purposes this is not a good bound since it still
involves the factor N — R (in Kato this factor is hidden since his A(k) is the average

of the eigenvalues, not the sum), but as we show below this can be avoided.

(iii,iv) We have S| = (NTd2,(A°, )™ IV < 2V NTdmax(A, £O)|| Xl and

min
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2
IT2) || < 1| X5, || X, || Therefore

H g(m1) (1) g(ma) — glmy) (%) glmp1)
ki... kg

S 2p—3_vj
< (NT@2, (00, 1) 7" (2V N Tl (0, £9) 7 1 X0 1 XKl 1K,
(S.11)
We have
Z 1<2p,
vit+...+tvp=g
2>v; > 1
!
3 1< 3 1= (21?)2' < 4P (S.12)
mi+...+mpt1 =p—1 mi+...+Mmpy1 =p (p)
m; >0 mj >0

Using this we find!”

HM(g) ()‘Oa f07 Xk‘lv sza cee 7Xk'g)

-9 ~ (3245, (N0 1)
< (VAT 00.1) 1 1l 101 > (B

p=Ig/2]
g <16 dmax(AO,fO))" X a1 Xkl 11X, (S.13)
=2 U &2, (), f9) VNT VNT =~ V/NT

For g > 3 there always appears at least one factor S™, m > 1, inside the trace of
the terms that contribute to L9, and we have rank(S™) = R for m > 1. Using
Tr(A) < rank(A)||A|, and the equations (S.11) and (S.12), we therefore find'® for
g=>3

1
ﬁ ‘L(g) ()‘05 fov Xk‘la nga . 'aX/Cg)

< Rd2,.(\°, /%) (2\/NTdmax()\0, fo)) -

g 2 0 0 p
32 dmax Mo f
X Xl 1K S (d(fofo)))
p=[g/2] nAse

< Rgd, (X, f°) (16 dmaX(AO,fo))g | Xk || 1| Xk, | || Xk,
- 2 2. (A% ) VNT VNT =~ /NT

1"The sum over p only starts from [g/2], the smallest integer larger or equal g/2, because vy + ...+ v, = g
can not be satisfied for smaller p, since v; < 2.
18The calculation for the bound of L(¥ is almost identical to the one for M(9). But now there appears an

additional factor R from the rank, and since > m; = p — 1 (not p as before), there is also an additional factor
NTdrznin(A()? fO)

(S.14)
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This implies for g > 3

1 K K K
T Z Z Z €y €hy - - €y LO (N0 O, Xy Xy, X))
k1=0 k2=0  kg=0

Rgdmm(koyfo) (16 dmax (A, £0) ) (K )g_ (S.15)

Therefore for G > 2 we have

G K K

1

B (9) = 51 0 D e Y oy 2O (8 £ Xy Xi X
g=2 k1=0 kg=0

(%) K K K
1
- NT ST mery e, L9 (N 0, Xy, Xy, Xiy)
g:G-‘rl k1=0 ko=0 ngO
. RgaddZ, (N0, f9)
< min
< > :
g=G+1
R(G+1)a“d2, (N, f°)
= 2(1 —«)? ’ (S.16)

where

16 diax (A0, f9) X
a:6 (A% ) ZH% k:H

d?mn )\0 fO
16 diax(A°, f9) X
:W (Z\ﬂk 5}|\|/L” \ﬂ) <1. (S.17)

Using the same argument we can start from equation (S.13) to obtain the boundfor

the remainder of the series expansion for Mj (53).

Note that compared to the bound (S.9) on the remainder, the new bound (S.16)

only shows convergence of the power series within the the smaller convergence radius

W@{J}O) < ro(\%, ). However, the factor N — R does not appear in this new

bound, which is crucial for our approximations.



Lemma S.1. Under the assumptions of Theorem 3.1 we have

K
My(B) = Mo+ M)+ MP 37 (5 = A) MY+ M (8)

k A
k=1
K
My(B) = Myo + M)+ MY kz (B — B M)+ M (B),
=1

where the expansion coefficients in the expansion of M;(3) are N x N matrices given by

M(l) — Myo efo (fD/fO) ()\0//\0)—1/\0/ _ )0 (/\0//\0)—1 (fO/fO)—l fO/ ¢ Myo
M§1§<k = = Mo X £ (£ )7 VN TIXY = A0 X T (1) T Y X My

M(2) Mo e fO (FV£0)=1 (AVAO)=1)\0 ¢ f0 (07 £0Y=1 (30 )0y =10/

A0 (AINO) L (O fOY=L 07 o1 N0 (Z\O/NOY=L (O £OY=L g0 F

— MyoeMp e A0 (AONOY =L (07 0)=1 (0 )0y =L \O/

COO (A0 L (07 0y =L (£070)—1 /\O/erO ¢ Myo

= Myoe fO (7L AN T ()T My

AT AIAN TS T Myoe fO (£ 1) TH YA T

and analogously we have T x T matrices

M]EIG) ~Mjoe /)0 ()\o/)\o) (fO/fo)—lfO/ . fo (fO/fO)—l ()\0/)\0)—1 )\o/erO :
M(}) - _ Mf[) Xllq; )\0 ()\0/)\0)— (fO/fO)—lfO/ . fO (fO/fO)—l (}\0/)\0)—1 )\O/ Xk: Mfo ’
M(Z) Myoe PO AV NOY =L (07 £0Y=1 £07 o7 3O (\O/\D)=1 (07 £0y=1 4O/

4 fO (fO/fO)f (AOI)\O)fl )\O/efo (fO/fO)fl ()\OIAO)fl )\OlerO

- Mfo 6/ MAO efO (fO/fO)—l ()\0/)\0)—1 (fO/fO)—l fO/

_ fO (fOlfO)—l ()\0/)\0)—1 (fO/fO)—l f()/ e M)\o ero

_ MfO el )\0 ()\0/)\0)—1 (fO/fO)—l ()\0/)\0)—1 )\Ol erO

+ fO (fO/fO)—l ()\O/)\O)—l )\0/ e MfO 6, )\0 ()\0/)\0)—1 (fO/fO)—lfOl .

vi



Finally, the remainder terms of the expansions satisfy for any sequence ey — 0

ol o] =0,(1)

(B8Ol <ens) 18— B2+ N-12|3 — g0 + N=3/2  ~PY7
[ o]

i —0,(1).

(B:115—p0 | <enr} 18— B0 + N—1/2||8 — BO|| + N—3/2

Proof. The general expansion of Mj(f) is given in Lemma A.1. The present Lemma
just makes this expansion explicit for the first few orders. The bound on the remainder
M >A(\rem) (B) is obtained from the bound (S.13) by the same logic as in the proof of Theo-
rem 3.1. The analogous result for M f(ﬁ) is obtained by applying the symmetry N « T,
Ao free e, X o X [ |

S.3 Proofs for Section 4

Lemma S.2. Let A and B be symmetric n xn matrices, and let A be positive semi-definite.
Let p1(A) > ua(A) > ... > un(A) > 0 be the sorted eigenvalues of A, and let vy, va, ..., vy
be the corresponding eigenvectors that are orthogonal and normalized such that ||v;|| = 1 for
i=1,...,n. Let b=max; j—1__,|V,Bvj|. Let r and q be positive integers with r < q < n,
and let 377 b (ur(A) — pi(A))~1 <1 be satisfied. Then we have

—-1)b
D (5.18)
= Dimq i (A A)
Proof. For the eigenvalues of A + B we have
pr(A+ B) = min max v (A+ B)y, (S5.19)

I {y:[lvlI=1, Pry=0}

where T' is a n X (r — 1) matrix with full rank » — 1, and 7 is a n x 1 vector. In the
following we only consider those v that lie in the span of the first r eigenvectors A, i.e.
v = >I_, civi. The condition ||| = 1 implies >_'_, ¢ = 1. The column space of T is

(r —1)-dimensional. Therefore, for a given v = >_._, ¢;v; there always exists a I' such that

Vil



the conditions ||y|| = 1 and Pry = 0 uniquely determine ~ up to the sign. We thus have
pr(A+ B) > min max 7' (A+ B)y
U {yvir=X1, e, IVl=1, Pry=0}
= min v (A+ B)y
{rv=1 e, IVI=1}
, 2
> mm Z ¢ wi(A) —b (Z \cﬁ)
{(Ch SCr)i i 1_1} i=1
> pr(A)—1rb
qg—1)b
=z pr(A) =5 g-1) 3
— i A A)

, (S.20)

where we used that ¢ — 1 > r and that the additional fraction we multiplied with is larger
than one. This is the lower bound for u,(A + B) that we wanted to show. We now want
to derive the upper bound. Let A, B and B be (n —r + 1) X (n —r + 1) matrices defined

9 / g / o . .
by Aij = v, 1 AVj1r—1, Bij = Vi, 1BVjir—1, and By = b, where i,j = 1,...,n—r+ 1.
We can choose I' = (v1,v4,...,1y—1) in the above minimization problem, in which case ~y
is restricted to the span of v, vp11,...,v,. Therefore

ur-(A+B) < max 5(A+ B)y

{7 HVII 1}
where 7 is a (n—r+1)-dimensional vector, whose components are denoted 7;, i = 1,...,n—

r + 1, in the following. Note that Ais a diagonal matrix with entries p;i,—1(A), i =
1,...,n—r+ 1. Therefore

_n—l—r—l n+r—1
pr(A+ B) < max Z 6t ) pitr—1(A) + Z Vi 7]
Fhi= | S P
_n—l-r—l n+r—1
< _max > G pipra(A) 0 > [l Al
=1y | = i=1
_n—i—r—l n4r—1 B
= _max Z (%) pir—1(A) + i Y; Bij
FAl=y | < 5
=m(A+B). (S.22)

In the last maximization problem the maximum is always attained at a point with 7; > 0,
which is why we could omit the absolute values around ;.

The eigenvalue 1 = Ml(;{ + B) is a solution of the characteristic polynomial of A+ B
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which can be written as
1= Zn: # , (S.23)
— 1 — pi(A)

where 1;(A) = p1i_,11(A) are the eigenvalues of A. In addition we have ji = pi(A + B) >
p1(A) = pr(A), because B is positive semi-definite (which gives >) and the eigenvectors
of A do not agree with those of B (which gives #). From the characteristic polynomial we

therefore find

1:2 +Z~

= pi(A

blg—1)

b
~ n—pe(A) ZZ:; pir(A) — pi(A) (5:24)

Since we assume 1 > >~ q m, this gives an upper bound on i, and since p, (A +

B) < 1 the same bound holds for p,.(A + B), namely

(g—1)b

pr(A+ B) < pr(A) + : :
L= e @

(S.25)

This is what we wanted to show. [ |

Proof of Theorem 4.1. Define

[ 4 [aN
C*(B) = B(B) + B'(8 ( —— M BU™ () Pyo F a4Pfo)
1 [an _\
rem,1 a
4 _ _ aN
+ (,/WMfoe’MAoeroe’AO(AO’AO) Lo oy =L 4 ,/4Pfo>

/
1 3 B aN
X <\/;Mfoe’MAoeroel/\o()\OI)\o) 1(f0,f0) lfOIi 4 Pfo> :
(S.26)

Since CT(83) (or C~(f3)) is obtained be adding (or subtracting) a positive definite matrix
from B(3) + B'(8), we have

1 (C7(8)) < e (B(B) + B'(8)) < e (CT(9)) - (5.27)
The advantage of considering C*(3) instead of B(3) + B'(3) directly is that there are no
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“mixed terms” in CF(3), which start with M o and end with Pjo, or vice versa, i.e. we
can write C*(8) = CF(8) + C5, where Cf(8) = MC5(8)Myo and C5 = PpCy Ppo.

Concretely, we have

CE(5) = A(B) % My B (5) Pya BE™/(5) Mo
+ aiNMfoelM)\oero XY AYAD) LY O THAYA) TN e M poe’ Myoe M po
+ Mo [(B—8°) - X — e]/MAoefO(fO’fO)_l()\O’AO)_lko’ero
+ ]\4](06/]\4/\0 [(ﬂ _ ﬂO) . X] fO(fO/fO)—l()\0/)\0)—1)\0/er0
+ Mpoe' Myoe fOLfY )T AYAY) I [(B8 = 8%) - X] Mo

+ the last three lines transposed + B(¢¢¢¢) 4 pleece)’,

N
Cy = PpoBTm2) Py + Pro B2 P + %Pfo. (S.28)

In the rest of the proof we always assume that N3/4 Hﬁ — ﬁOH < c¢. We apply Lemma S.2
to C(3), with the A in the lemma equal to the leading term Myoe' MyoeMyo, the B in

the lemma equal to the remainder of C’li(ﬂ), and g = gy7. If we can show that

T—RY

3 e, (S.29)

_RO —
reanT PR—R Pr

then the lemma becomes applicable asymptotically, and for ¢t = 1,..., R — R we have
wpal
(gnr — 1) byt qNT ONT
|1t (CT(B)) = pel < TR ben = TR o (S.30)
1- ZT:qz\rT pt—pr 1- ZT:‘]NT PRr_RO—PT
where
byt = max  w (Cli(ﬁ) — Myoe' MyoeM o) wy. (S.31)

t,7=1,...,T—RO

We now check how the different terms in Cfc(ﬁ) — Myoe’ MyoeM o contribute to byp. We



have

mave [ Myoe' Myo (8 — %) - X] Mo | < K[|~ 5 mass [ Xio, |

< dNTOp(N_1/4)a
2
max |wiMo[(B — 8°) - X]' Myol(B — B°) - X]Mpow, | < K2 |5 — 3° max || Myo X w2

2
< KN Hﬁ — ﬁOH r]??? HvZ’-katHQ
S d%VTOp(N_l/Q)a

4 rem rem 4 rem —
wi s Myo BUD(6) P BV (8) Mypowr | < —[[BED(9)]2 = Op(N~1/2),

max
t,T

4
w}/ﬁﬁMfOe/M/\Oeroel)\O()\[)/)\O)fl(fOIfO)fl(AOI)\O)71)\0leroe/M>\Oer0wT

4 _ _ _ _
< el AP0 (£ £0) 7 (VAN e’ Py |2 < drOy(N ),
n%ax}wéMfoe'MAoefo(fO'fo)_l(AOIAO)_IAO’erowT}
< llell [0 27 AYAY) N || max [[vie Ppo| max [|wie Py || < dirOp(N~1/2),

max )w;Mfo (8= 8°) - X] Myoe O £2) (A X0) AV e M o,

wy [(8 - 6% - X' (Z ) ef (£ F0)HAYAY) T A ew,

)

= Imax
t,T

)

< K118 — BN wmae o} Xgawn | mase [ofe Pyol| max e Pao]| [ 7249 10) 70N 1A%

< dXrOp(N731),
mmasx [w] Mo/ Mo [(5 — ) X] 1282 £0) 7 OON) A ed o
< Kllefll|8 = B[ LOY ) THAYAY) TIAY| max [[v; Xk Pyo || max [|wie’ Pol|
< d}rOp(N71?),
max [wi Myoe' Myoe f(f7 £7) T AYAT) TIAY[(8 = 57) - X] Mow|
< Kllefll|8 = B[ £OY )T AYAY) TIAY| max [viePyo | max f|w; Xj Prol|

< d{rOp(N~12).
and analogously one can check that

wi B, | < dirOp(NTY) + d370,(N73/2), (S.32)

max
t,T
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All in all, we thus have

bt < Op(N ™) 4 dnpOp (N4 + dRp Op (NT12) + d}p Op(N~3/1)
< dnTO,(NTVY (S.33)

where in the last we used that by assumption dyr > 1 and dyp = op(N 1/ 4). Therefore
_RO _po
T—R T—R 1

b 1
S =g O, (N T — < Y ———— =0,(1),  (S34)

_ RO — _ po —
Nt PR-R Pr gNT e PR—RO — Pt

so that Lemma S.2 is indeed applicable asymptotically, and we find

|t (CT(B) - pt| < fJiTOb]E[lT) < gnrdnr Op(N7V4) = 0,(1) . (S.35)
p

Fort=1,..., R — R° we thus have
1t (CEB)) = pr+ 0p(1) = pr_po + 0p(1) = |CE]l,  wpal, (8.36)

where the last step follows because [|C5|| = aN/2 + O,(1) and we assumed pp_po > aN,
wpal. Since C*(8) is block-diagonal with blocks C;5(8) and C5 (in the basis defined by
19), and s (Cli(ﬁ)) > ||C5 |, it must be the case that wpal the largest R— RO eigenvalues
of CF() are those of CF (). Thus,

|1t (C*(8)) = pt| = 0p(1) (S.37)

and also

ke (B(B) + B'(8)) — pe| = 0p(1) (S.38)

which holds uniformly over all 3 with N3/4 Hﬂ — ﬂOH < ¢. This concludes the proof. N

Lemma S.3. Let g be an N x Q matriz and h be a T x Q matriz such that g'g = h'h = 1¢.
Let U be an N X T matriz whose entries Uy are distributed independently of g and h, and
are iid N'(0,02). Let R be a positive integer. For asymptotics where Q and R are constant

and N,T — oo such that N/T — r%, 0 < k < 0o, we then have

. SE i (U + gCR) (U + gC)] = SE@R 1 (0'C) = To (1 + k)2
CERQXQ VN +|C|

<0p,(1).

Proof. Let u be a T' x () matrix with iid normal entries of mean zero and variance o2,

pall



independent of U. We decompose
(U +gCR') (U + gCl') = Ay + As + A3(C) | (S.39)
where
Ay =U'U + hub)
Ay = TO’QP(h’ Ulg) — U'gg'U — hu'uhb’ .
A3(C) = (U + gCW') gg' (U + gCW') — To*Py, 1y (S.40)

We then have
R R R R
!/
S [(U+9CHY (U +901)] <37 plAn) + 3 el A0) + 3 e [A3(C))]. (S.41)
t=1 t=1 t=1 t=1
Thus, the theorem is proven if we can show that
R R
> e(Ar) = To?(1+ k) + Op(N'3) D " u(A) = Oy(VN) (S.42)

t=1 t=1

and

R min(Q,R) !
A _
sup Zt:l e [A3(C))] t=1 e (C'C) <0, (1). (S.43)
CERQXQ VN +||C|

If h would be distributed according to the Haar measure on the Stiefel manifold defined
by h'h = 1, then A; would have Wishart distribution Wz (N + @, 17), see e.g. Muirhead
(1982). Since the distribution of U is rotationally invariant, the choice of h does not
matter for the probability distribution of the eigenvalues of A;. Thus, the eigenvalues
of A; have the same joint distribution as the eigenvalues of the Wishart distribution
Wr(N+Q, 17). Using Theorem 1 in Soshnikov (2002) we can thus conclude that (A1) =
To?(1 + k)? + O, (N'/3), which proves the first part of (S.42).

We have h'h = 1¢g and thus ||| = Op(T~/2) = O,(N~/2), and it is straightforward
to show that ¢'UU'g = To?1g + Op(V'N), gUR = O,(1) and v'u = To?lg + Op(V/'N).
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Therefore

P vrgy = (h, U'g) [(h, U'9) (b, U'g)] ™" (h, U'g)’

1
_ / ILQ Op(l) /N
= (h, U'g) ( 0,(1) To®1g + O,(VN) ) (h, U'g)
_ / ]lQ OP(N_I) Y,
) ( Op(NTY) T7lo 21 + Op(N~1/2)) ) (- U9)

=hh' + T o 2U'gg'U + 1
=T o 2hu'ub) + T 1o 20" gg'U + 1y, (S.44)
where |r1]| = Op(N7Y2) and ||ra|| = Op(N~Y2). Since Ay = To?ry we have ||As| =

O,(V/N), from which the second part of (S.42) follows.
Finally, we consider A3(C). We have

Ag(C) = P(h, U'g) [(U + gCh')/gg' (U + gCh’) - TO'ZET} P(h, U'g) (845)

This shows that A3(C) has T—2Q zero-eigenvalues, @ eigenvalues —7'0? and the remaining
eigenvalues of A3(C) are equal to the Q non-zero eigenvalues of (U + gCh') gg' (U + gCh')
minus T'o?. The non-zero eigenvalues of (U + gCh') gg' (U + gCh') are identical to the
eigenvalues of ¢' (U 4 gCh') (U + gCh')’ g. Therefore

112 [45(C))] < max {o, 0 [g’ (U + gCH') (U + gC1')’ g} _ TUQ} . fort<Q,

pe [A3(C))] <0, fort>Q. (S.46)
Furthermore
min(Q,R) .
> | (U+gCH) (U +gCH) g
t=1
min(Q,R) min(Q,R) min(Q,R)
< Y o wm(@UUg) + > wm(CC)+ D> m(gURC +CHU'g)
t=1 t=1 t=1
min(Q,R)
< min(Q, R)T o2 + O,(VN) + pi (C'C) + min(Q, R) ||gUR| ||C]).
t=1
(S.47)
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Since py (C'C) > 0 we can thus conclude that

R min(Q,R)
DomlAsONI< Y e (C'C) + Op(VN) + min(Q, R) gL [C]] . (S.48)
t=1 t=1

Since ¢'Uh = Op(1) it follows that (S.43) holds. This concludes the proof. [ |

Proof of Theorem 4.2. We have to show that the Assumption 1, 2, 4 and 5 as well as
CM = 0,(1) are satisfied.

e Proof for Assumption 1 and 2, and for CY) = O,(1). Theorem 2.1 does not re-

2. For consistency reasons, we therefore want to show that Assumption

quire N/T — &k
1 and 2 are satisfied in an arbitrary limit N,T — oo, although this is not explicitly
stated in Theorem 4.2. By assumption, the errors e; are iid N'(0,02). Since an ar-
bitrary limit N, — oo is not considered very often in Random Matrix Theory, we
define the max(N,T) x max(N,T) matrix e"®, which contains e as a submatrix, and
whose remaining elements are also iid N(0,02) and independent of e. We then have
lel| < |leb8]] = Op(y/max(N,T)), where the last step is due to Geman (1980). As dis-
cussed in the main text, neither normality nor homoscedasticity nor independence of e;
are actually required to conclude |e|| = O,(y/max(N,T')). For the spectral norm of X}, we
have || Xg|| < |[ Xkl + | Xg| and therefore | Xz| = O,(v/NT), which concludes the proof

of Assumption 1. Using the matrix norm inequality ||A| s < y/rank(A)||A|| we find
1Xellzs < /Qul Xkl + 1 Xkl zs = Op(VNT) . (S.49)

Therefore, E [Tr(Xge')?|Xi] = 02| Xyl|%s = O(NT), and thus (NT)"Y2Tr(Xpe') =
O,(1), which is part (i) of Assumption 2. Analogously we obtain C) = O,(1) from
My XeMpol3g < [ XellZs = O(NT).

To prove the second part of Assumption 2, define the N x KT matrix X = (X1, X2,..., X).

Note that rank(X) < 3", Qg, i.e. the projector M projects out at most ), Q) dimen-
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sions of the N dimensional Euclidian space. For ||a|| =1 we have

T T
(NT)H N e (X0Xa) = (N ST e (X M Xo)
t=R+RO+1 t=R+RO+1

T K
= (NT)_l Z et ( Z aklakzXl/clMXXkQ)

t=R+RO+1 k1,ko=1
K ~ ~ ~
> (NT) ' Tr | ) oy, X Mg X, | — (NT) (R + RO K| X ||
k1,k2=1

— (NT)~ Z gy, Tr (X, Mo, ) = (NT) (R + RO K K

k1,ko=1
K
> awanTr (Xf, My Xy, ) - (V7)™ (R + RO+ Z%) K2 X ]”
k1,ko=1 k
= dWa+0, (N3/2/NT) > by + 0p(1) . (S.50)

Thus, Assumption 2(i4) is satisfied for any b with by > b > 0.

e Proof for Assumption 4. Using Weyl’s inequality we find

R*O

=

e Myo [e = (8= 8°) - X]' Myo [e = (8- 8°) - X] Mo |

g

0

R—R°
> mlAW) =
t=1
R—

=Y e Mo [e = (3= 8- X) by [e— (9~ ) X My

t

=y

Il
—

— Mjo [e— (8- 8- X Myo [ (8~ 8°) - X| Mo
~ Mo [(8 - 8°) - X| My [e — (8- 8°) - X] Mpo
+ My [(5- 8% X| My [(5- ) }Mfo}
R—RO
< Zm{Mfo [e— (88X Myo [e = (8- 8°) - X] Mpo |
+ 2= 1) (el + K119 - ) max] [l ) 13 - 8% x| ]
(R = ROK?)6 - 6 max | K
R—R o , o
= Z ,ut{[MAoero—(ﬁ—ﬂo)-M)\oXMfo] [MAoero—(ﬁ—ﬁo)-M)\oXMfo]}
=1

+ 18 = B2l Op(N¥*) + |15 = B> Op(NT/1). (S.:51)
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In a basis orthogonal to A” and f° the matrix MyoeM;o is a (N — R%) x (T — R") matrix

with iid normal entries, so that Lemma S.3 becomes applicable, and we have

—R°
Z )] < (T — R%)o?(1 + k)*+

R—RO
+ Z {188 My XMp)' [(5— 5°) - M X Mpo] }
+ O,,(\f) + 0, (18 = 8%) - Myo X Mpol|)
+ 18 = Bl Op(N>/*) + |18 = B> Op(NT/*)
=To?(1+k)?

R—RO
+ Z {188 MyXMp)' [(5— 5°) - M X Mpo] }

+ Op(\ﬁ) + 18 = B Op(N*/1) + 18 = 81 Op(NT/). (S.52)

uniformly over 3. Setting C' = 0 we can also conclude from Lemma S.3 that
R-RO
> [ABY)] = To’(1+ k)> + Op(VN). (S.53)

t=1

Finally, similarly to (S.51) we find that

R—RY R—RY
> [A@)] = 30 {188 M XMp] (8- 5% - M XMp] }
t=1 t=1
118 = B2 Op(N/4) 4116 — 811 Op(N7/4). (S.54)

Combining the last three results we find that

R—RO

>° {m14B)) = e [A@G")] - i [AB)] |

t=1

< Op(VN) + 118 = Bl Op(N) + 118 — 8°1I Op(NT/1) (8.55)
which shows that Assumption 4 holds.

e Proof for Assumption 5. We want to show that the assumptions of Theorem 4.1 are
satisfied with gy = log(N)N1/6. First, we want to show that dyrgnt = op(N1/4), ie.
dnT = 0p(NY12/log(N)). Let & be an N-vector with iid\(0,1) entries, and let @ be an
T-vector, independent of ¥, also 74dN'(0,1). Foralli=1,..., N—R%andt=1,...,T—R°
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we then have

Myov M ow

d || Mo

v = — A

D || Mool
This is true, because e has 75dN'(0, 0?) entries, i.e. rotational invariance dictates that the
distribution of v; and wj; is given by the Haar measure on the unit sphere of dimension
N — RY and T — RY, respectively. Define

~(1) _ 'D/M)\OXkaOd] _
T I Moo |l[| M pot||  d

Ung'wt . (8.57)

We want to show that cfg) has sufficiently high bounded moments. The squares || Myoo||~*
and || M ow||~* have inverse chi-square distributions with N — R and T — R° degrees of
freedom, respectively. The inverse chi-square distribution with dof v possesses all moments

smaller than v/2, and for every £ > 0 there exists a constant a; > 0 such that we have

Myt ||~ Mow |~
E‘ 00 < ap, E’ 7 H < ay,
VN VT

for all N — R® > 4¢ and T — R® > 4¢. Since we assume that the (24 + €)’th moment of
Mo Xy Mjyo is uniformly bounded, there exists a constant az > 0 such that

@/M,\oXkaolz) e

VNT

< a2,

Applying the Cauchy-Schwarz-inequality we thus obtain

~ N — 1
E ‘d,(j) VOTHTRIE o) Xw; | TEFIFTE < max(ay, az) , (S.58)
and thus
max [0 Xgw| = Oy ((NT)VCHIE) = o,(NV/12/10g(N) (8.59)

[Ag)

where in the last step we chose ¢ sufficiently large such that 2/(24 +¢) +4/¢ < 1/12. We
have thus shown that dg\l,)T = 0,(NY12/log(N)).

Let f be a N x R® matrix such that P = Pf, i.e. the column spaces of f° and
f are identical, and f'f = Igo. Then we have |[vjePso| = |[vjef’|. Note that ef’ is a
N x RY matrix with iid normal entries, independently distributed of v; for alli =1,...,n.
Together with the fact that the v; have iid normal entries, as well, it is straightforward to
show that max; ||[vjePo|| = Op(N?) for any § > 0, and the same is true for max; [|wle’ Pyo|,
i.e. we have dS\%)T = 0,(N'/12/log(N)) and dg\?;)T = 0,(N'/12/1og(N)).
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We have

divr = N=%* max||of Xy Pyo]| < N=*/* max [[v] X
i, i,

< N—3/4ﬁmax |01 Xk | + 0p(1)

< N—3/4fmaxz v i X it + 0p(1), (S.60)

Zatv

where t = 1,...,T, and we applied the inequality ||z|| < /T max;z;, which holds for
all T-vectors z. The remaining treatment of dﬁé)T is analogous to that of dg\l,)T Using
the assumption that (MyoX})i has uniformly bounded (6 + €)’th moment and (S.56) one
can show that max;; Z;VZI v;,j Xk jt grows at a rate of (’)p(N2/(6+E)+1/5), and therefore
dgé)T = 0,(N'/12/1og(N)). Analogously one can show that dg\?%w = 0,(N'/12/1og(N)), so
that we can indeed conclude dy7 = 0,(N/12/log(N)).

Without loss of generality, we set ¢ = 1 in the rest of the proof. We want to show that

gyt = log(N)N'/6 also satisfies

—RO

= Op(l)a

QNTT gnr(T — RO) Z MR-Ro — [t

=qN
where j1; = p; /(T — R°). Note that it is not important whether the sum runs to N — R" or
T — RY, since those contributions of small eigenvalues are of order Op(1) anyways. Without
loss of generality let limy 700 N/T = k? < 1 in the rest of this proof (the proof for £ > 1
is analogous, since all arguments are symmetric under interchange of N and T'). Let unp =
[(N = R)Y2 4 (T — R)M2)? ong = [(N = R)V2 + (T — R)Y?] [(N — R)~™Y2 + (T — R)~1/?]
T = limy 7o pint/(T — R) = (1 + k)%, and 2 = (1 — k)%2. From Theorem 1 in Sosh-

1/3
)

nikov (2002) we know that that the joint distribution of a&lT(pl —UNTs P2—ANT s - - - s PRA1—
unT) converges to the Tracy-Widom law, i.e. to the limiting distribution of the first R+1
eigenvalues of the Gaussian Orthogonal Ensemble. Note that onr is of order N¥/3, and
that the Tracy-Widom law is a continuous distribution, so that the result of Soshnikov

implies that

T~ pr = O(N 723, (k= prsn) " = 0y (N3) (861

The empirical distribution of the y; is defined as Fyr(z) = N~! Zf\il 1(p; < x), where
1(.) is the indicator function. This empirical distribution converges to the Marchenko-

Pastur limiting spectral distribution F1sp(z), which has domain [z, Z], and whose density
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fusp(x) = dFisp(x)/dz is given by

_ 1
 2mk2x

fLsp(x) (Z—2)(x—2x). (S.62)

An upper bound for frsp(z) is given by ﬁ (z — z)(T — x), and by integrating that

upper bound we obtain

2
_ 7 — 2)3/2 .
1—Frsp(z) < a(T—2)%*, a= o (S.63)
From Theorem 1.2 in Gotze and Tikhomirov (2007) we know that
sup | Fyr(z) — Frsp(z)| = Op(N1/2) | (S.64)
x

Let ¢y, N7 = [2N 1/ 2+ﬂ and ca N7 = [QN 3/ 4], where [a] is the smallest integer larger or
equal to a. Plugging in z = p, . into the result of Gotze and Tikhomirov, and using
Fyr(pi) =1— (i —1)/N, we find

3/2 ci,NT — 1

N
> N~/ wpal. (S.65)

a (T - MCLNT) >1- FLSD(IU’CLNT) = + OP(N_l/Z)

Using this and (S.61) we obtain (ug—fic,) ! = O, (N1/372/3¢). Analogously one can show
that (up — ple,) + = O, (N1/6). In the following we just write ¢, ¢ and cp for gnr, c1,NT

and co 7, and we set n =T — RY. Combining the above results we find

_ o0 _ _ _ o0
1N§ 1_16111+16211+1NiE 1
gn = R 4N SRR = N S PR qn S PR =
C1 C2 N — RO
< + +
qn(pr — pre1)  qn(HR — Hey)  qR{UR — fhey)
= 0y(1) + Op(N V127556 4+ 0, (N7) = 0,(1) .
This is what we wanted to show. [ |
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