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1 Invariance of the Ranking of the MSPE Differences
w.r.t. the Clark and West Adjustment

In the following we will prove that the ranking of the MSPE differences is invariant to the
introduction of the adjustment suggested by Clark and West. The required result is presented
in Theorem 3. For notational simplicity we omit the time index .

Frist, we consider a sequence of nested models as follows: for m =0, ..., M,
Model 0 : y = 3§ zo + ug
Model 1 : y = 87z +ui = Bip%o + B11711 + wy
Model m @ y = BTy + Uy = BrnoTo + Broi@11 + =+ B T + U

and
B, = E (vpnaly) " E (z,y) .

Denote

Ym = szy - B:rlbxm

For random variables Z; and Zs, ||Z:|| = (F (Z12))1/2 signifies the Ly norm and (7, Z) is
the inner product defined by F (Z;Z,). Then, by definition

<ym7 um> = 0.
Lemma 1 P, u,, =0 for any k < m.
Proof. Notice by definition,

Pyt = T4 B (x32}) " E (2t -



The required result follows because xj is a subcomponent of x,, and

B (@mtin) = B () — E (wiy) 31, = 0. W

m

Lemma 2 [[up|* > [[upn .

Proof. The required result follows since
2 2

luml]™ =y = Peyl

= |yms1 — Pe, Yms1 + Um+1||2 since P, ;.1 =0 by Lemma 1
= ”merl - meym+1H2 + Hum+1H2 +2 <ym+1 - Pmmmerla um+1>

= Hym+1 - meySwrl” + ||Um+1||2 since (Ym+1, Um+1) = 0, (PrYmt1, Umr1) = 0. W

Lemma 3 ||ym||2 < ||”ym+1||2-

Proof. By definition,

Iy1I* = [y ll® + Neemll* = Ny | + a1
The required result follows since [|tp,||> > |[tims1]|” by Lemma 2 W
Lemma 4 ||y, — yi|* = llyml® = lusl* for any k < m.
Proof. By definition

2 2 2
|Ym — yel|” = Hym - kayH = ”ym — P Ym — kaumn

= ||ym — PmkymH2 since P, t,, = 0

2 2 2 2 2 2
= Nymll”™ = I1Peymll” = lym” = 1Pyl = llyml” = llyxlI”. W

Theorem 3. Define 124 = |lug||* — |[ttm]|* + ||¥m — %ol|* . Then,

il = 2]luoll® — 2wl

2



Proof. The required result follows since

adj

Hom

2 2 2
[uoll™ = llum|I” + 1ym — oll

2 2 2 2
[uoll™ = llum|l” + [lymlI” = [l5oll

2 2
= 2fuol]” = 2 lumll”-

2 Asymptotic Analysis

2 2 2 2 2 2
[oll™ = lwm|I” 4 1y1I” = ™ = llyll™ + lluoll

In this section we derive the asymptotic distribution of the test statistics 7;zr. We follow
closely Clark and McCracken (2001a, 2005, 2010) for the basic approximation results. Here
we provide only a sketch of the proofs and cite Clark and McCracken (2001b) for more

detailed derivations.

Lemma 5 Assume Assumptions 1 — 4. Then, for allm=1,..., M,

Lopo gy o =T§T ( Z ),Q s
2 " t=T ’.LF \/_ "
Proof. Notice by definition that
T+P—r

N | —

t=T

(P -7+ 1) ]F;rzldj = Z aO,t-‘rT (ao,t-‘rT - ﬁm,t-ﬁ-T) :

+0,(1).



Under the null hypothesis, we have @y, 11r = tpr — 27, (Bmt — 5%) . By similar argument

used in Lemma A10 of Clark and McCarcken (2001b), we can deduce the required result

T+P—1
Z ﬁ’O,t—FT (aO,t-l—T - am,t—&—T)
t=T
T4+P—1 ) , T+P—T1 ) ,
= - (50,1: - 58) o tUtyr + Z (ﬁm,t - ﬁ%) T tUt4r + Op (1)
t=T =T
T+P—1 1 t—7 ! 1 t—7 -1 1 t—T -1
- (; h) J (Jm (? Zxx) J,;) - (JO (; Zm> J(’)) Jo| Pesr
t=T s=1 s=1 s=1
+op (1).
TLP-T 4 1 ! h
_ (=S, [J;n (TS d Y T — T (JoSadt) ™" JO] B o (1)
T+P—7 t—1 !
1 1 7 ht+7’
— = hg m—— +o0,(1). &
(ﬁ )Q vr oo

Lemma 6 Assume Assumptions 1 — 4. Then, for allm =1, ..., M, we have

1 ~

- [Q;F > o { (k) e (Foh) }] +0,(1).

tT<tt+j<T+P—1 T2

Proof. By definition and since f*¥ = o, (1), we have

et = 8B ) ()

J=—7+1tT<tt+j<T+P—1

T—1 o o ,
= > Y () e

J=—7+1tT<tt+j<T+P—1



radj adj
The (m, n) element of Zj_—T+1 Zt;Tgt,t+j§T+P—T t47 (ft+7+g>
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as desired.

Lemma 7 Assume Assumptions 1 — 4. Then

o ({_ Surcussersrr 2 { (& S0 h) @@ (& T3 ) }} . n))

W (r)
- [ff“w<r>’@mdw ],
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Proof. The required result follows by similar argument in the proof of Lemmas A5, A6, and
AT of Clark and McCracken (2001b).

Proof of Theorem 1

First, similar to Lemma A2 of Hansen (1990), under Assumption 3, we can show that

11JrA W (r) QW (r) - f1l+)\ W (r) QQuW (r)

V= : : > 0 a.s.

LW @) Quiw (r) - [FPW () QuQuW (r)

Also, the sets Aq, ..., Ax are convex cones. Then, the required result follows by Lemmas 5,

6, and 7 and the continous mapping theorem. Hl

The following notation will be used in the proof of Theroem 2. Given the simulate a
sequence of iid N (0,1) random variables 7, ., define u¥,, = 0, esir + 00, , 1€51r1 +
-++0%_1m, 1€541. Recall the definition @*, = 773+758+T+917]5+T_1és+7—1+' : '+9T—1773+1és+1'
We denote h} . = zyu; ., and ﬁ: = Tl ..
Proof of Theorem 2
The proof is very similar to the proof of Theorems 3.3 and 3.4 of Clark and McCracken
(2010), and we give only a sketch of the proof. Define j3,, = (Bg, 0>, . Then, y;, , = xintﬁm +

Nk
uf, .. Denote

oW
\

. = / -1 17 )
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and



/
dj rx,adj rx,adj
Notice that f;% = ( wodj ;;;;T) , where

*,adj *
fm AT — Uo t+r (Uo tr m,t+7’) .
Fradj 1 T+P—1 [ px,adj px,adj
Define f*% = 5= >, Ligrs s Jargir )- Then,
T—1 1 ,
% f*,adj rx,adj *,adj Fx,adj
v Z Z ( t+r T f ) (ft—i-T—i-] f

: P—7+1 -

j=—7+1 t:T<tt+j<T+P—1

and

;LE.Al

.., fradi (V*) -1 R — (]F*,adj -~ ,u)/ (‘7*>1 (f—*,adj _ M)} ‘

nEAK

T = (P D o (7)o i (70 ) () (70 =)

First, following similar argument used in the proof of Theorems 3.3 and 3.4 of Clark and

McCracken(2010), we can approximate that

(P—1+1) f;;“dj
T+P—1

~ %
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Next, since f**4 = o7 (1), we have

(P—1+1) Z Z At*iardj (ftiardia> (1) :

j=—T41 T <t t+j<T+P—7



. px,adj *,adj :
Similarly, then, the (m,n)"™ element of Z]__TH D otr<tirj<Tip_r Jtir (ft-i—’r-‘,-j) is approx-

imated by
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The required result follows by
(Tr]

1 1/2
—= ) hi=T QW (r)
\/T s=1

(see Lemma 1 of Clark and McCracken (2010)) and the continuous mapping theorem. W



