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1 Invariance of the Ranking of the MSPE Di¤erences

w.r.t. the Clark and West Adjustment

In the following we will prove that the ranking of the MSPE di¤erences is invariant to the

introduction of the adjustment suggested by Clark andWest. The required result is presented

in Theorem 3. For notational simplicity we omit the time index t:

Frist, we consider a sequence of nested models as follows: for m = 0; :::;M;

Model 0 : y = ��00 x0 + u0

Model 1 : y = ��01 x1 + u1 = �
�0
10x0 + �

�0
11x11 + u1

...

Model m : y = ��0mxm + um = �
�0
m0x0 + �

�0
m1x11 + � � �+ ��0mmxmm + um

and

��m = E (xmx
0
m)

�1
E (xmy) .

Denote

ym = Pxmy = �
�0
mxm:

For random variables Z1 and Z2; kZ1k = (E (Z21))
1=2 signi�es the L2 norm and hZ1; Z2i is

the inner product de�ned by E (Z1Z2) : Then, by de�nition

hym; umi = 0:

Lemma 1 Pxkum = 0 for any k � m:

Proof. Notice by de�nition,

Pxkum = x
0
kE (xkx

0
k)
�1
E (xkum) :



The required result follows because xk is a subcomponent of xm and

E (xmum) = E (xmy)� E (xmx0m) ��m = 0: �

Lemma 2 kumk2 � kum+1k2 :

Proof. The required result follows since

kumk2 = ky � Pxmyk
2

= kym+1 � Pxmy + um+1k
2

= kym+1 � Pxmym+1 + um+1k
2 since Pxmum+1 = 0 by Lemma 1

= kym+1 � Pxmym+1k
2 + kum+1k2 + 2 hym+1 � Pxmym+1; um+1i

=


ym+1 � Pxmy2m+1

+ kum+1k2 since hym+1; um+1i = 0; hPxmym+1; um+1i = 0: �

Lemma 3 kymk2 � kym+1k2 :

Proof. By de�nition,

kyk2 = kymk2 + kumk2 = kym+1k2 + kum+1k2 :

The required result follows since kumk2 � kum+1k2 by Lemma 2 �

Lemma 4 kym � ykk2 = kymk2 � kykk2 for any k < m:

Proof. By de�nition

kym � ykk2 = kym � Pxkyk
2 = kym � Pxkym � Pxkumk

2

= kym � Pxkymk
2 since Pxkum = 0

= kymk2 � kPxkymk
2 = kymk2 � kPxkyk

2 = kymk2 � kykk2 : �

Theorem 3. De�ne �adjm = ku0k2 � kumk2 + kym � y0k2 : Then,

�adjm = 2 ku0k2 � 2 kumk2 :
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Proof. The required result follows since

�adjm = ku0k2 � kumk2 + kym � y0k2

= ku0k2 � kumk2 + kymk2 � ky0k2

= ku0k2 � kumk2 + kyk2 � kumk2 � kyk2 + ku0k2

= 2 ku0k2 � 2 kumk2 :

2 Asymptotic Analysis

In this section we derive the asymptotic distribution of the test statistics TLRT : We follow
closely Clark and McCracken (2001a, 2005, 2010) for the basic approximation results. Here

we provide only a sketch of the proofs and cite Clark and McCracken (2001b) for more

detailed derivations.

Lemma 5 Assume Assumptions 1 �4. Then, for all m = 1; :::;M;

1

2
(P � � + 1) �fadjm =

T+P��X
t=T

1
t
T

 
1p
T

t��X
s=1

~hs

!0
Qm

~ht+�p
T
+ op (1) :

Proof. Notice by de�nition that

1

2
(P � � + 1) �fadjm =

T+P��X
t=T

û0;t+� (û0;t+� � ûm;t+� ) :
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Under the null hypothesis, we have ûm;t+� = ut+� � x0m;t
�
�̂m;t � �0m

�
: By similar argument

used in Lemma A10 of Clark and McCarcken (2001b), we can deduce the required result

T+P��X
t=T

û0;t+� (û0;t+� � ûm;t+� )

= �
T+P��X
t=T

�
�̂0;t � �00

�0
x0;tut+� +

T+P��X
t=T

�
�̂m;t � �0m

�0
xm;tut+� + op (1)

=
T+P��X
t=T

 
1

t

t��X
s=1

hs

!0 24J 0m
 
Jm

 
1

t

t��X
s=1

xsx
0
s

!
J 0m

!�1
Jm � J 00

 
J0

 
1

t

t��X
s=1

xsx
0
s

!
J 00

!�1
J0

35ht+�
+op (1) :

=

T+P��X
t=T

1
t
T

 
1p
T

t��X
s=1

hs

!0 h
J 0m (Jm�xJ

0
m)

�1
Jm � J 00 (J0�xJ 00)

�1
J0

i ht+�p
T
+ op (1)

=
T+P��X
t=T

1
t
T

 
1p
T

t��X
s=1

~hs

!0
Qm

ht+�p
T
+ op (1) : �

Lemma 6 Assume Assumptions 1 �4. Then, for all m = 1; :::;M; we have

1

4
(P � � + 1) V̂

=

"
1

T

X
t:T�t;t+j�T+P��

1
t2

T 2

n �
1p
T

Pt��
s=1
~hs

�0
QmQn

�
1p
T

Pt��
s=1
~hs

� o#
(m;n)

+ op (1) :

Proof. By de�nition and since �fadj = op (1), we have

(P � � + 1) V̂ =
��1X

j=��+1

X
t:T�t;t+j�T+P��

�
f̂adjt+� � �fadj

��
f̂adjt+�+j � �fadj

�0
=

��1X
j=��+1

X
t:T�t;t+j�T+P��

f̂adjt+�

�
f̂adjt+�+j

�0
+ op (1) :
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The (m;n)th element of
P��1

j=��+1
P

t:T�t;t+j�T+P�� f̂
adj
t+�

�
f̂adjt+�+j

�0
is

��1X
j=��+1

X
t:T�t;t+j�T+P��

û0;t+� û0;t+�+j (û0;t+� � ûm;t+� ) (û0;t+�+j � ûn;t+�+j)

=
��1X

j=��+1

X
t:T�t;t+j�T+P��

8>>><>>>:
�
ut+� � x00;t

�
�̂0;t � �00

���
ut+�+j � x00;t+j

�
�̂0;t+j � �00

��
�
�
x0m;t

�
�̂m;t � �0m

�
� x00;t

�
�̂0;t � �00

��
�
�
x0n;t+j

�
�̂n;t+j � �0n

�
� x00;t+j

�
�̂0;t+j � �00

��
9>>>=>>>;

=

��1X
j=��+1

X
t:T�t;t+j�T+P��

8<:
�
ut+�x

0
m;t

�
�̂m;t � �0m

�
� ut+�x00;t

�
�̂0;t � �00

��
�
�
ut+�+jx

0
n;t+j

�
�̂n;t+j � �0n

�
� ut+�+jx00;t+j

�
�̂0;t+j � �00

�� 9=;+ op (1)
=

X
t:T�t;t+j�T+P��

8>><>>:
�
1
t

Pt��
s=1 hs

�0 �
J 0m (Jm�xJ

0
m)

�1 Jm � J 00 (J0�xJ 00)
�1 J0

�P��1
j=��+1 (ht+�ht+�+j)�

J 0n (Jn�xJ
0
n)
�1 Jn � J 00 (J0�xJ 00)

�1 J0
� �

1
t

Pt��+j
s=1 hs

�
9>>=>>;+ op (1)

=
1

T

X
t:T�t;t+j�T+P��

1
t2

T 2

8>>><>>>:
�

1p
T

Pt��
s=1 hs

�0 �
J 0m (Jm�xJ

0
m)

�1 Jm � J 00 (J0�xJ 00)
�1 J0

�
�
P��1

j=��+1E (ht+�ht+�+j)�
J 0n (Jn�xJ

0
n)
�1 Jn � J 00 (J0�xJ 00)

�1 J0
� �

1p
T

Pt��+j
s=1 hs

�
9>>>=>>>;+ op (1)

=
1

T

X
t:T�t;t+j�T+P��

1
t2

T 2

n �
1p
T

Pt��
s=1
~hs

�0
QmQn

�
1p
T

Pt��
s=1
~hs

� o
+ op (1) ;

as desired.

Lemma 7 Assume Assumptions 1 �4. Then2666666666664

1p
T

P[Tr]
s=1
~hs0BBB@

PT+P��
t=T

1
t
T

�
1p
T

Pt��
s=1
~hs

�0
Q1

~ht+�p
T

...PT+P��
t=T

1
t
T

�
1p
T

Pt��
s=1
~hs

�0
QM

~ht+�p
T

1CCCA
vech

 �
1
T

P
t:T�t;t+j�T+P��

1
t2

T2

n �
1p
T

Pt��
s=1
~hs

�0
QmQn

�
1p
T

Pt��
s=1
~hs

� o�
(m;n)

!

3777777777775

)

266664
W (r)h R 1+�

1
W (r)0QmdW (r)

i
(m)

vech

�hR 1+�
1

W (r)0QmQnW (r)
i
(m;n)

�
377775
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Proof. The required result follows by similar argument in the proof of Lemmas A5, A6, and

A7 of Clark and McCracken (2001b).

Proof of Theorem 1

First, similar to Lemma A2 of Hansen (1990), under Assumption 3, we can show that

V =

2664
R 1+�
1

W (r)0Q1Q1W (r) � � �
R 1+�
1

W (r)0Q1QMW (r)
...

. . .
...R 1+�

1
W (r)0QMQ1W (r) � � �

R 1+�
1

W (r)0QMQMW (r)

3775 > 0 a.s.
Also, the sets A1; :::;AK are convex cones. Then, the required result follows by Lemmas 5,
6, and 7 and the continous mapping theorem. �

The following notation will be used in the proof of Theroem 2. Given the simulate a

sequence of iid N (0; 1) random variables �s+� ; de�ne u
�
s+� = �s+�"s+� + �

0
1�s+��1"s+��1 +

� � �+�0��1�s+1"s+1: Recall the de�nition û�s+� = �s+� "̂s+�+�̂1�s+��1"̂s+��1+� � �+�̂��1�s+1"̂s+1:
We denote h�s+� = xsu

�
t+� ; and ĥ

�
s+� = xsû

�
s+� :

Proof of Theorem 2

The proof is very similar to the proof of Theorems 3.3 and 3.4 of Clark and McCracken

(2010), and we give only a sketch of the proof. De�ne �̂m =
�
�̂
0
0; 0
�0
: Then, y�t+� = x

0
m;t�̂m+

û�t+� : Denote

~�
�
m;t =

 
1

t

t��X
s=1

xm;sx
0
m;s

!�1 
1

t

t��X
s=1

xm;sy
�
t+�

!

= �̂m +

 
Jm

 
1

t

t��X
s=1

xsx
0
s

!
J 0m

!�1
Jm

 
1

t

t��X
s=1

ĥ�s+�

!

and

~u�t+� = y�t+� � x0m;t~�
�
m;t

= û�t+� � x0m;t
�
�̂m � ~�

�
m;t

�
= û�t+� � x0tJ 0m

 
Jm

 
1

t

t��X
s=1

xsx
0
s

!
J 0m

!�1
Jm

 
1

t

t��X
s=1

ĥ�s+�

!
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Notice that f̂ �;adjt+� =
�
f̂ �;adj1;t+� ; :::; f̂

�;adj
M;t+�

�0
; where

f̂ �;adjm;t+� = ~u
�
0;t+�

�
~u�0;t+� � ~u�m;t+�

�
:

De�ne �f �;adj = 1
P��+1

PT+P��
t=T

�
f̂ �;adj1;t+� ; :::; f̂

�;adj
M;t+�

�
. Then,

V̂ � =

��1X
j=��+1

"
1

P � � + 1
X

t:T�t;t+j�T+P��

�
f̂ �;adjt+� � �f �;adj

��
f̂ �;adjt+�+j � �f �;adj

�0#

and

T �LRT = (P � � + 1)max
�
�f �;adj0

�
V̂ �
��1

�f �;adj � min
�2A1

�
�f �;adj � �

�0 �
V̂ �
��1 �

�f �;adj � �
�
; :::

:::; �f �;adj0
�
V̂ �
��1

�f �;adj � min
�2AK

�
�f �;adj � �

�0 �
V̂ �
��1 �

�f �;adj � �
��
:

First, following similar argument used in the proof of Theorems 3.3 and 3.4 of Clark and

McCracken(2010), we can approximate that

(P � � + 1) �f �;adjm

=
T+P��X
t=T

~u�0;t+�
�
~u�0;t+� � ~u�m;t+�

�
=

T+P��X
t=T

(
ĥ�0t+�

(
J 0m
�
Jm
�
1
t

Pt��
s=1 xsx

0
s

�
J 0m
��1

Jm

�J 00
�
J0
�
1
t

Pt��
s=1 xsx

0
s

�
J 00
��1

J0

) 
1

t

t��X
s=1

ĥ�s+�

!)
+ o�p (1)

=
T+P��X
t=T

(
h�0t+�

(
J 0m
�
Jm
�
1
t

Pt��
s=1 xsx

0
s

�
J 0m
��1

Jm

�J 00
�
J0
�
1
t

Pt��
s=1 xsx

0
s

�
J 00
��1

J0

) 
1

t

t��X
s=1

ĥ�s+�

!)
+ o�p (1) : (1)

Next, since �f �;adj = o�p (1), we have

(P � � + 1) V̂ � =
��1X

j=��+1

X
t:T�t;t+j�T+P��

f̂ �;adjt+�

�
f̂ �;adjt+�+j

�0
+ o�p (1) :
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Similarly, then, the (m;n)th element of
P��1

j=��+1
P

t:T�t;t+j�T+P�� f̂
�;adj
t+�

�
f̂ �;adjt+�+j

�0
is approx-

imated by

��1X
j=��+1

X
t:T�t;t+j�T+P��

~u�0;t+� ~u
�
0;t+�+j

�
~u�0;t+� � ~u�m;t+�

� �
~u�0;t+�+j � ~u�n;t+�+j

�

=
��1X

j=��+1

X
t:T�t;t+j�T+P��

8>>><>>>:
�
ût+� � x00;t

�
~�
�
0;t � �̂0

���
ût+�+j � x00;t+j

�
~�
�
0;t+j � �̂0

��
�
�
x0m;t

�
~�
�
m;t � �̂m

�
� x00;t

�
~�
�
0;t � �̂0

��
�
�
x0n;t+j

�
~�
�
n;t+j � �̂n

�
� x00;t+j

�
~�
�
0;t+j � �̂0

��
9>>>=>>>;

=
��1X

j=��+1

X
t:T�t;t+j�T+P��

8<:
�
ût+�x

0
m;t

�
~�
�
m;t � �̂m

�
� ût+�x00;t

�
~�
�
0;t � �̂0

��
�
�
ût+�+jx

0
n;t+j

�
~�
�
n;t+j � �̂n

�
� ût+�+jx00;t+j

�
~�
�
0;t+j � �̂0

�� 9=;+ o�p (1)

=
X

t:T�t;t+j�T+P��

8>>>>>>><>>>>>>>:

�
1
t

Pt��
s=1 ĥ

�
s

�0 " J 0m �Jm �1tPt��
s=1 xsx

0
s

�
J 0m
��1

Jm

�J 00
�
J0
�
1
t

Pt��
s=1 xsx

0
s

�
J 00
��1

J0

#
P��1

j=��+1 ĥ
�
t+� ĥ

�
t+�+j"

J 0n
�
Jn
�
1
t

Pt��
s=1 xsx

0
s

�
J 0n
��1

Jn

�J 00
�
J0
�
1
t

Pt��
s=1 xsx

0
s

�
J 00
��1

J0

#�
1
t

Pt��+j
s=1 ĥ�s

�

9>>>>>>>=>>>>>>>;
+ o�p (1)

=
1

T

X
t:T�t;t+j�T+P��

1
t2

T 2

8>>>>>>><>>>>>>>:

�
1p
T

Pt��
s=1 h

�
s

�0 " J 0m �Jm �1tPt��
s=1 xsx

0
s

�
J 0m
��1

Jm

�J 00
�
J0
�
1
t

Pt��
s=1 xsx

0
s

�
J 00
��1

J0

#
�
P��1

j=��+1 h
�
t+�h

�
t+�+j"

J 0m
�
Jm
�
1
t

Pt��
s=1 xsx

0
s

�
J 0m
��1

Jm

�J 00
�
J0
�
1
t

Pt��
s=1 xsx

0
s

�
J 00
��1

J0

#�
1p
T

Pt��+j
s=1 h�s

�

9>>>>>>>=>>>>>>>;
+ o�p (1) :

The required result follows by

1p
T

[Tr]X
s=1

h�s )� 

1=2
h W (r)

(see Lemma 1 of Clark and McCracken (2010)) and the continuous mapping theorem. �
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