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S.1 Proofs for Appendix A (Examples of Error Distributions)

Here we give the proof of the result |le|| = Op,(y/max(N,T)) for the different examples of error
distributions presented in the main text.

Proof of example (i). Latala (2005) showed that for a N x T matrix e with independent

entries we have
Elle|| < ¢ max /ZEezt—i—max\/ZEen—i—\/ZEeft , (S.1.1)
it

where ¢ is some universal constant (independent of N and 7', and of the distribution of e). Since
we assumed uniformly bounded 4’th moments for e;; we thus have E|le|| = O(VT) + O(VN) +
O((TN)Y*), which implies E|e|| = O(y/max(N, T)). Therefore |le| = Op(y/max(N,T)). 1

Proof of example (ii). Let ¢; = (¢1;,...,%y;) be a N x 1 vector for each j > 0. Let U_; be
a N x T sub-matrix of (u;) consisting of uy, i =1...N,t=1—j,...,T —j. We can then write
equation (A.1) in matrix notation as

e= Z diag(v;) U—;

7=0

T
Z diag(y;) U-j + N, , (S.1.2)
7=0

where we cut the sum at T', which results in the remainder ry7 = Z;’;T 11 diag(z/Jj) U_;. When
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approximating an MA(co) by a finite MA(T") process we have for the remainder

N T N T 00
E(|ryrle)? =) ) E@wr)i <on ) > v
=1 t=1 i=1 t=1 j=T+1

j=T+1
[e.e]
<o2N Z J max (1/)12]) , (S.1.3)
j=T+1 !

where 03 is the variance of u;;. Therefore, for T' — oo we have

E (W) —0, (S.1.4)

which implies (||ry7||r)? = Op(N), and therefore ||[ryr| < [|rnrllr = Op(vV'N).

Let V be the N x 2T matrix consisting of u;, t =1...N,t=1-1T,...,T. For j=0...T
the matrices U_; are sub-matrices of V', and therefore ||U_;|| < ||V||. From example (i) we know
that ||V = Op(y/max(N,2T)). Furthermore, we know that || diag(z;)|| < max; (}1/1”‘)

Combining these results we find

T
lell < Y [ diag(w )|l |U—j]| + [Irar]
=0
JT
<> max ([¢]) [V +0p(VN)
=0
<

Zm?x(\wij\) O,(v/max(N,2T)) + 0,(VN)
j=0

< Op(v/max(N,T)) . (S.1.5)
This is what we wanted to show.

Proof of example (iii). Since o and X are positive definite, there exits a symmetric N x N
matrix ¢ and a symmetric 7 x T matrix ¢ such that 0 = ¢? and ¥ = ¢%. The error term
can then be generated as e = ¢uip, where uw is a N x T matrix with iid entries u; such that
E(ui) = 0 and E(u},) < oo. Given this definition of e we immediately have Ee; = 0 and
Eejtejr = 04jX¢,. What is left to show is that |e|| = Op(y/max(N,T)). From example (i) we
know that ||u|| = Op(y/max(N,T)). Using the inequality [|o|| < /|lo|li]|o]lcc = [|o]|1, Where

llolli = [|o]|cc because o is symmetric we find

N
< = i L S.1.6
loll < llolly = max_ El ol < L, (5.1.6)
1=

and analogously ||X]| < L. Since |lo| = ||¢|* and ||3]| = [|¢[|?, we thus find [le]| < [|¢|l[ull|¥] <
LO,(y/max(N,T)), i.e. |le|]| = Op(y/max(N,T)). 1



S.2 Comments on assumption 4 on the regressors

Consistency of the QMLE B requires that the regressors not only satisfy the standard no-
collinearity condition in assumption 4(i), but also the additional conditions on high- and low-
rank regressors in assumption 4(ii). Bai (2009) considers the special cases of only high-rank
and only low-rank regressors. As low-rank regressors he considers only cross-sectional invari-
ant and time-invariant regressors, and he shows that if only these two types of regressors
are present, one can show consistency under the assumption plimy . Wyt > 0 on the re-
gressors (instead of assumption 4), where Wy is the K x K matrix defined by Wnr gk, =
(NT)~ ! Tr(M o X 1161 Mo X},). This matrix appears as the approximate Hessian in the likeli-
hood expansion in theorem 3.1, i.e. the condition plimy p_,, Wnr > 0 is very natural in the
context of the interactive fixed effect models, and one may wonder whether also for the general
case one can replace assumption 4 with this weaker condition and still obtains consistency of the
QMLE. Unfortunately, this is not the case, and below we present two simple counter examples
that show this.

(i) Let there only be one factor (R = 1) f2 with corresponding factor loadings A). Let there
only be one regressor (K = 1) of the form X;; = w;v; + )\g ftO . Assume that the N x 1
vector w = (w1, ..., wy)’, and the T x 1 vector v = (v1,...,vy)" are such that the N x 2
matrix A = (A\°, w) and and the T x 2 matrix F' = (f°, v) satisfy plimy 7, (A'A/N) > 0,
plimy 7 (F'F/T) > 0. In this case, we have Wy = (NT)~* Tr(M o vw' Myo wv'), and
therefore plimy 7o, Wt = plimy oo (NT) ™! Tr(M po vw’ Myo wv') > 0. However, 3 is
not identified because B°X + A\ f¥ = (8% +1)X —w/, i.e. it is not possible to distinguish
(BN, ) = (82X, ) and (3, ), f) = (8° + 1, —w, v). This implies that the QMLE is not
consistent (both (% and 8% 4+ 1 could be the true parameter, but the QMLE can not be
consistent for both).

(ii) Let there only be one factor (R = 1) f with corresponding factor loadings . Let the N x 1
vectors A’, wy and w be such that A = (A%, wy, w) satisfies plimy 7, (A’A/N) > 0. Let
the T'x 1 vectors f, v and vy be such that F = (f°, vy, vy) satisfies plimy 7, (F'F/T) >
0. Let there be four regressors (K = 4) defined by X; = wiv], Xo = wovh, X3 =
(wy + A\ (vg + O, X4 = (w2 + A (v1 + f°). In this case, one can easily check that
plimy o Wnr > 0. However, again (3, is not identified, because Zi:l ﬁng + X0 f0 =
Zizl(ﬂg + 1) X — (A + w1 +wa) (f¥ +v1 + o), di.e. we can’t distinguish between the true
parameters and (3, \, f) = (8°+1, =\° —w; —wy, f¥ +v; +v7). Again, as a consequence
the QMLE is not consistent in this case.

In example (ii), there are only low-rank regressors with rank(X;) = 1. One can easily check
that assumption 4 is not satisfied for this example. In example (i) the regressor is a low-rank
regressor with rank(X) = 2. In our present version of assumption 4 we only consider low-rank
regressors with rank rank(X) = 1, but (as already noted in a footnote in the main paper) it is
straightforward to extend the assumption and the consistency proof to low-rank regressors with
rank larger than one. Independent of whether we extend the assumption or not, the regressor
X of example (i) fails to satisfy assumption 4. This justifies our formulation of assumption 4,
because it shows that in general the assumption can not be replaced by the weaker condition
pth,T—»oo Wnt > 0.



S.3 Some Matrix Algebra

The following statements are true for real matrices — throughout this paper no complex numbers
appear.

Let A be an arbitrary n x m matrix. In addition to the operator (or spectral) norm || Al| and
to the Frobenius (or Hilbert-Schmidt) norm ||Al|r, it is also convenient to define the 1-norm,
the co-norm, and the max-norm by

n m
1Al = max Y Ay, [[Alle = max YAy, [ Allnax = max  max |4yl .
j=1l.m =1 i=1...n 4 i=1..n j=1..m

(8.3.1)

Theorem S.3.1 (Some useful Inequalities). Let A be a n x m matriz, B be a m X p matriz, and
C and D be n x n matrices. Then we have:

(i) Al < JAllp < Al rank (4)17

(@) |AB[ < [|A[ll[B]
(i) [[AB|p < Al 1Bl < Al Bllg

~

(w)  [Tr(AB)| < [|AllplIBllp ,  forn=np,
(v) [T (C)] <[|C]rank (C) ,
(vi) IC|| <Tr (C) , for C symmetric and C > 0,

(vii) AP < 1Al 1 Alloo 4
(viii)  [[Allmax < Al < vm || Allmax

(ix) |A'CA| <||ADAJ, for C symmetric and C < D.
For C, D symmetric, and i =1,...,n we have:

(z)  wi(C) + pn(D) < pi(C+ D) < py(C) + py (D)

(i) m(C)< p(C+D),  for D=0,

(zir) i (C) =Dl < wi(C'+ D) < py(C)+ 1D -

Proof. Here we use notation s;(A) for the ¢'th largest singular value of a matrix A.
(i) We have ||A|| = s1(A), and ||A||% = er-inlk(A)(si(A))Q. The inequalities follow directly from
this representation. (ii) This inequality is true for all unitarily invariant norms, see e.g. Bhatia

(1997). (iii) can be shown as follows
|AB|% = Tr(ABB'A')
= Tr[| B AA" — A(|B|*1 - BB') A
< | BIPTx(A4") = |B|* | Al% (5.3.2)
where we used that A(||B||*I — BB’)A’ is positive definite. Relation (iv) is just the Cauchy

Schwarz inequality. To show (v) we decompose C = UDO’ (singular value decomposition),
where U and O are n x rank(C') that satisty U'U = O'O =1 and D is a rank(C') x rank(C)



diagonal matrix with entries s;(C). We then have |O| = ||U|| = 1 and || D|| = ||C|| and therefore

|Tr(C)| = |[Tr(UDO")| = |Tr(DO'U))|
rank(C)
=| > mDbOUy,
=1
rank(C)
< > IPIONU] = rank(C)[|C]| - (S.3.3)

i=1

For (vi) let e; be a vector that satisfied |le1]| = 1 and ||C|| = €[Ce;. Since C is symmetric
such an e; has to exist. Now choose ¢;, ¢ = 2,...,n, such that e;, ¢ = 1,...,n, becomes a
orthonormal basis of the vector space of n x 1 vectors. Since C' is positive semi definite we then
have Tr (C) = )", elCe; > e1Cey = ||C||, which is what we wanted to show. For (vii) we refer
to Golub, van Loan (1996), p.15. For (viii) let e be the vector the vector that satisfies |le|| = 1
and ||A'/CA| = ¢’A’/CAe. Since A'C'A is symmetric such an e has to exist. Since C' < D we
then have ||C|| = (¢/A")C(Ae) < (/! A")D(Ae) < ||A'DA||. This is what we wanted to show. For
inequality (ix) let e; be a vector that satisfied ||e1|| = 1 and ||[A'C A|| = €| A'C Ae;. Then we have
|A'CA| = efA'DAey — e A/ (D — C)Aey < €jA'DAe; < ||A'DA|. Statement (x) is a special
case of Weyl’s inequality, see e.g. Bhatia (1997). The Inequalities (xi) and (xii) follow directly
from (ix) since p,, (D) > 0 for D > 0, and since —||D|| < p;(D) > ||D|| fori =1,...,n.

Definition S.3.2. Let A be an n x r1 matriz and B be an n X ro matriz with rank(A) = r;
and rank(B) = ry. The smallest principal angle 04 p € [0,7/2] between the linear subspaces
span(A) = {Aa|la € R} and span(B) = {Bb|b € B2} of R" is defined by

a' A’ Bb

a8y S.3.4
02ackm 04bek || Aal[|[BY| (5-34)

cos(0a ) =

Theorem S.3.3. Let A be an n x r1 matriz and B be an n X ro matriz with rank(A) = r; and
rank(B) = ryo. Then we have the following alternative characterizations of the smallest principal
angle between span(A) and span(B)

: _ [Mp Aall
SIH(GA,B) - OaeR™ HACL”
M4 Bb|
_ , S35
odveRr2 || BO| (5:3:5)

Proof. Since |Mp Aa|? + ||Pg Aal* = ||Aal? and sin(04 5)? + cos(64.5)? = 1, we find that
proving the theorem is equivalent to proving

. ||PsAdl . ||[PaBb|
. I1Ps Al _ 1PABY]| 3
os0an) = Sl TTAGT oAtk (4D oY

This result is theorem 8 in Galantai, Hegedus (2006), and the proof can be found there. §



Proof of Theorem B.1. Let

S1(Z :I?I)\HTI'[(Z MY (Z =),

=minTr(Z' M, 2) ,

T
i=R+1
N
Se(Z)= Y w(2Z'). (S.3.7)
i=R+1
The theorem claims
Si(Z) = 52(Z) = S3(2) = Sa(Z) = S5(Z) = Ss(Z) . (5.3.8)

We find:

(i) The non-zero eigenvalues of Z'Z and ZZ' are identical, so in the sums in S5(Z) and in
Se(Z) we are summing over identical values, which shows S5(Z) = Sg(Z2).

(ii) Starting with S1(Z) and minimizing with respect to f we obtain the first order condition
NZ=XNXf". (S5.3.9)

Putting this into the objective function we can integrate out f, namely

e [(Z = M) (Z = M) =T (22 = Z/AF)

=Tr (Z2'Z — ZZX\NN) TN )

=Tr (Z2'Z — ZAXNXN)TT(NAN 2)

=Tr(Z' M, Z) . (S.3.10)

This shows S1(Z) = S3(Z). Analogously, we can integrate out A to obtain S1(Z) = S2(Z2).

(iii) Let Mj be the projector on the N — R eigenspaces corresponding to the N — R smallest
eigenvalues' of ZZ', let Py = Iy — M;, and let wr be the R’th largest eigenvalue of
ZZ'. We then know that the matrix P§[ZZ" — wRln]P; — M;[ZZ' — wrln]Mj, is positive
semi-definite. Thus, for an arbitrary N x R matrix A with corresponding projector M) we
have

0 < T {(P[22 - wiln]P; = M[ 22’ — wrln]M;) (My - M3)* |

=Tr {(PX[ZZI - UJRHN]P:\ + MS\[ZZ/ - wR]IN}MS\) (M,\ — Mj\)}
=T [Z' M)\ Z] — Tr [Z' M, Z] +wpg [rank(M)) — rank(M;)] , (S.3.11)

If an eigenvalue has multiplicity m, we count it m times when finding the N — R smallest eigenvalues. In this
terminology we always have exactly N eigenvalues of ZZ’, but some may appear multiple times.



and since rank(M;) = N — R and rank(M,) < N — R we have
Tr [Z2' M Z) <Tx [Z2' M\ Z] . (S.3.12)

This shows that Mj is the optimal choice in the minimization problem of S3(Z), i.e. the
optimal A = \ is chosen such that the span of the N-dimensional vectors XT (r=1...R)

equals to the span of the R eigenvectors that correspond to the R largest eigenvalues of
ZZ'. This shows that S3(Z) = Se(Z). Analogously one can show that Sy(Z) = S5(Z).

(iv) In the minimization problem in S4(Z) we can choose A such that the span of the N-
dimensional vectors A, (r=1...Ry) equals to the span of the R; eigenvectors that corre-
spond to the Ry largest eigenvalues of ZZ'. In addition, we can choose f such that the span
of the T-dimensional vectors fr (r = 1...R2) equals to the span of the Ry eigenvectors
that correspond to the (R; + 1)-largest up to the R-largest eigenvalue of Z'Z. With this
choice of X and f we actually project out all the R largest eigenvalues of Z'Z and ZZ'.
This shows that S4(Z) < S5(Z). (This result is actually best understood by using the
singular value decomposition of Z.)

We can write M;\ZM]; = Z — Z, where
4 =P ZM;+ ZPj. (S.3.13)

Since rank(Z) < rank(P§ Z M) +rank(Z Pf) = R+ Rz = R, we can always write Z = \f'
for some appropriate N x R and T" x R matrices A and f. This shows that

>  min ™(Z—-2)(Z - 2Z))
{Z : rank(Z)<R}
= r?iAn T [(Z - M) (2 = fX)] =51(2) . (S.3.14)

)

Thus we have shown here S1(Z) < Si4(Z) < S5(Z), and actually this holds with equality
since S1(Z) = S5(Z) was already shown above.

S.4 Supplement to the Consistency Proof (Appendix B)

Lemma S.4.1. Under assumption 1 and 4 there exists a constant By > 0 such that for the
matrices w and v introduced in assumption 4 we have

w' Myow — Byw'v >0, wpal,
v'Mpv — Byv'v>0, wpal. (S.4.1)
Proof. We can decompose w = w w, where w is a N X rank(w) matrix and w is a rank(w) x K
matrix. Note that w has full rank, and M,, = M.
By assumption 1(i) we know that A A’ /N has a probability limit, i.e there exists some By > 0

such that AY\°/N < BT wpal. Using this and assumption 4 we find that for any R x 1 vector
a # 0 we have

M, Xal?  a' A M, N a - B
Nal2 @A \a By’

wpal. (S.4.2)



Applying theorem S.3.3 we find

V@' Myowb "X M, N0 B
min =~ =2 in % > — wpal. (5.4.3)
O#bGRrank(w) b/ ’LU/ w b O#GERR a/ )\ )\ a Bl

Therefore we find for every rank(w) x 1 vector b that &' (w' My w — (B/Bi)w'w)b > 0, wpal.
Thus @' Myow — (B/By)w'w > 0, wpal. Multiplying from the left with @’ and from the
right with @ we obtain w' Myow — (B/B;)w'w > 0, wpal. This is what we wanted do show.
Analogously we can show the statement for v. |

As a consequence of the this lemma we obtain some properties of the low-rank regressors
summarized in the following lemma.

Lemma S.4.2. Let the assumptions 1 and 4 be satisfied and let Xy o = Z{ill o X; be a linear
combination of the low-rank regressors. Then there exists some constant B > 0 such that

: HXIOW’C“ Myo X{OW’O‘H B 1
min > b wpas,
{a€RA1 Jjaf=1} NT '
. HM)\O Xlow,a ]\If0 Xllow,oz MAO >~ B 1 (S 4 4)
min ’ e h
{acRKL la]|=1} NT '

Proof. Note that HMAO Xiowa Mo X MAOH < HXlow,a Mo X]

low,a low,a ||?

because ||[Myofl = 1,
i.e. if we can show the second inequality of the lemma we have also shown the first inequality.

We can write Xy o = wdiag(a’) v’. Using lemma S.4.1 and part (v), (vi) and (ix) of theorem
S.3.1 we find

| M0 Xiow,a Mpo Xigy, o Myol|| = || Mo w diag(a’) v' Mo v diag(a) w' Myol|
> By || Mo wdiag(a/) v’ vdiag(a’) w'M,ol|

B
> ?0 Tr [Myo wdiag(a’) v' v diag(e/) w'M,o]
1

B
fo Tr [v diag(e) w'M,ow diag(a) V']
1

B
=0 |v diag(a’) w'M,ow diag(a/) V' |
Ki
BZ
Ky
By
K}

v

v
=

|v diag(a’) w'w diag(a/) V' |

Y

Tr [v diag(e/) w'w diag(a’) v']

B2
= 72T [Xiow 0 Xiow.a] - (S.4.5)
1

Thus we have HMAO Xiow.a Mo X! MAOH J(NT) > (Bo/K1)? o/ W% & | where the K x K

low,a
matrix W}\‘,’}V is defined by VV}\‘,?%IZ2 = (NT)'Tr (Xlle’2), i.e. it is a submatrix of W7. Since
by assumption W7 and thus W}\‘,’VTV converges to a positive definite matrix the lemma is proven
by the inequality above. I



Using the above lemmas we can now prove the lower bound on gﬁ%(ﬂ, f) that was used in
the consistency proof. Remember that

K K !
<>‘0 f0/+2(52 _5k)Xk> Mf ()‘O f01+2(52 _ﬁk)Xk> P()\o,w)
k=1 k=1

(S.4.6)

Svr(8.) = 57 T

We want to show that under the assumptions of theorem 2.1 there exist finite positive constants
ap, a1, a2, az and a4 such that

ag Hﬁlow o 6%)0“7“2
Hﬂlow ﬁlOOWH2 +ay Hﬁlow _ /BIOOWH + as

- high ~ high
~as Hﬁhlgh — ghie H _ Hﬁhlgh — phie H Hﬁlow _ B%)ow

(B ) >

wpal.
(S.4.7)

Proof of the lower bound on gﬁ%(ﬁ, f). Applying theorem B.1 and part (xi) of theorem
S.3.1 we find that

SNr(s. 1) > TuR+1!<A°f0’+Zﬁk B X ) o) (A0f°’+zﬂk B X )

k=1 k=1

=7 uBH[()\OfO’JrZ —6) wlvl> <)\0f0’+2 —6) wlvl>

+ (AO f°’+Z — 8w v;) Poow) >, (8% = Bm)X
m= K1
K
+ ) (8% = Bu) X Ponow) (A f0/+z - B) wl”z)
m:K1

+ Z 50 X P()\Ow Z (621_/8m)Xm]

m=K, m=K

R NT MRt [ (AO fOI + Z ﬂl wy 'l)l> <A0 fO/ + Z ﬂl wy 'Ul>
K

+ (AO o+ Z — By)w w) Poowy Y, (8% = B) Xm

m=K

K K
+ > (B = Bu) X Pirg.) (AO 7+ (8] = Bw vf) ]

m=K1 =1

Z%NR-H !<A0f0’+z - ) wl“z) (AOfO,‘FZ —B;) wl%)]

— ag Hﬂhigh - ﬁglghu — a4 Hﬁhigh - %ﬁth Hﬁlow — Bev wpal, (S.4.8)




where a3 > 0 and ag > 0 are appropriate constants. For the last step we used part (xii) of
theorem S.3.1 and the fact that

K K
% Z (8o = Bun) X Pirg,w) (AO 7+ Z(ﬁ? — B)wy Uf)
m=K1 =1
0 / /
< K [|ghien — gpet | max ’ H Q il R |51 = | ma ‘ i~ ) .

(S.4.9)

Our assumptions guarantee that the operator norms of A\° ¥ //NT and X,, /v NT are bounded
from above as N, T — oo, which results in finite constants a3 and ay.

We write the above result as gﬁ%(ﬁ, f) > ppy1 (A’A)/(NT) + terms containing 3"8" where
we defined 4 = \° fO’—}—ZKl (ﬁ?—ﬁl) wy vy Also write A = A+ Ag+ Az, with Ay = My, A Ppo =
My, X0 fO' Ay = Py AMpo = 3005 (8 — B)) wivy Myo, Az = Py APjo = Py A f¥ + S0 (80 —
B;) wy v, Pr. We then find A’A = A1 A; + (A5 + A%) (A + A3) and

A'A > AA— (a?AL + a2 AY) (a2 A5 + a2 Ay)
= [A1A; — (a— 1) A5A3] + (1 —a 1)ALA, (S.4.10)
where > for matrices refers to the difference being positive definite, and a is a positive number,
namely a = 1 + up(A}A1)/(2]A3]/?). The reason for this choice becomes clear below.
Note that [A] A1 — (a — 1) A5 A3] has at most rank R (asymptotically it has exactly rank R).
The non-zero eigenvalues of A’A are therefore given by the (at most) R non-zero eigenvalues

of [A]A; — (a — 1) A5 A3] and the non-zero eigenvalues of (1 — a~1)A, Ay, the largest one of the
latter being given given by the operator norm (1 — a~!)| Az||?. We therefore find

1 1 _
= s (A'A) > = g [(A1 41— (0= 1) A549) + (1—a71) A5 49]

. _
> ﬁ min {(1 —a DI1A2)1?, pg [A1 A1 — (a— 1) A5A3]} . (S.4.11)

Using theorem S.3.1(xii) and our particular choice of a we find

r [A1A1 = (a = 1) A343] > pp(A1A1) — [[(a — 1) A543

1
Therefore
1 , 1 ) . 2 || Az]?
_ >_ -

1 Aol pp(Af A1)
T NT 2||A|? + pr(A1Ar)

(S.4.13)

where we used [|A|| > ||As]| and || A| > ||A2].

10



Our assumptions guarantee that there exist positive constants cg, ¢1, co and cg such that

A AV O al wy v . -
A < A" f H+Z|5?—5Z\H il §60+01H51° — e
=1

JNT = VNT VNT ’
Al A OAO,M )\0 o7
1r(A] I)ZMR(f w f)ZCQ, wpal ,

NT NT
1452 & S
TN = | DBl = Bu)wny vy Myo Y (B, = Bry) vy

=1 =1

o e R

were for the last inequality we used lemma S.4.2.
We thus have

1 c3 Hﬂlow . ﬁ%)owHQ
— UR (A’A) > , wpal .
NT + 1+%(CO+CI Hﬂlow_ﬁ%)owu)z
Defining ag = C;C?, a; = 26% and ag = 2%2% we thus obtain
1 CLOHBIOW_BIOOWH2
— Up (A’A) > , wpal,
NT PR |5 — 5BowH2 +ap [|8Y — B9 + az

i.e. we have shown the desired bound on 5’1(5%(5, f)-n

S.5 Proof of Corollary 3.2

wpal ,

(S.4.14)

(S.4.15)

(S.4.16)

All that is left to show for Corollary 3.2 is that the matrix Wy = WNT()\O, f°, X3) does not

become singular as N, T — oo.

Proof. Remember that

1
WNT == WTI'(MJCO X]Q,l M)\O Xk;g) .

The smallest eigenvalue of the symmetric matrix W(X°, f0, X},) is given my

a WNT a

W = min _—
e (Wir) = B Tlal?

= min —_—
{a€RX, a0} NT HaH2 k1=1 ko=1

K K
Tr Mfo Z Ay X]/ﬂ M)\o Z A, sz

Tr |:Mf0 (Xllow,ap + Xllligh,a) M)\O (XIOW#P + Xhighﬂ)}

= min
{a € RKL, o € RK NT (lel* + llell?)
a#0, ¢#0}

11

9

(S.5.1)
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where we decomposed a = (¢, '), with ¢ and « being vectors of length K7 and K, respectively,

and we defined linear combinations of high- and low-rank regressors?
Ki K
Xlow,tp = Z 2 Xl 5 Xhigh,a = Z (6749 Xm . (853)
=1 m=Ki1+1

We have Mo = M(onw) + P(Mkow)’ where w is the N x K7 matrix defined in assumption 4, i.e.
A w) is N x (R + K1) matrix, while M,ow is also a N x K; matrix. Using this we obtain
A

px (W)
. 1
min
{p eRET aerRE> NT ([lo]? + [laf|?
» #0, a#0}

) {Tr |:]\4f0 (Xllow,ap + Xllligh,a) M()\O,w) (XlOWﬁD + Xhigh7a>:|

+ Tr |:Mf0 (Xllow,tp + Xllligh,a) P(Mxow) (Xlow7go + Xhigh,oz):| }

1

min
{peREL, acRE2 NT ([lol? + [lal|?
» #0, a#0}

) {Tr |:]\4fD Xllligh,oa M()\O,w) Xhigh,a]

+1r {Mf 0 (Xow,e + Xnigha) Platyow) (Xiow,e + Xhigh,a)}
(S.5.4)
We note that there exists finite positive constants ¢y, co, cg such that
1
NT

, _
ﬁTr [Mfo (Xllow,so + Xllligh,a) P(Mxow) (XIOWW + Xhigh’a)_ >0 ’

Tr [Mfo Xllligh,a M()\O,w) Xhigh,a > 01”0”2 s Wpal,

: _
7T (M0 Xl Porty Xiows] = 2l wpal,

1 -
WTI' |:Mf0 Xllow,cp P(MAOW) Xhigh,oz_ >

| :
7T [Mfo Xighia Parow) Xnigha| =0, (S.5.5)

C3
-2 Jiplllall, wpa,

and we want to justify these inequalities now. The second and the last equation in (S.5.5) are
true because e.g. Tr [Mfo X{lighya Pt ow) Xhigh@} =Tr [Mfo X{ligh@ P, w) Xhigh,a Mfo], and
the trace of a symmetric positive semi-definite matrix is non-negative. The first inequality in

(S.5.5) is true because rank(f°) +rank(A\°, w) = 2R+ K and using theorem B.1 and assumption
4 we have

1 1
— T [M X M Xhi } > — X X7 >b, 1,
NTHQH2 r fO Ahigh,a (A0 w) “high,a| = NT||a||2IU’QR+K1+1 [ high,a hlgh,a] wpa

(S.5.6)

i.e. we can set ¢; = b. The third inequality in (S.5.5) is true because according theorem S.3.1(v)

2As in assumption 4 the components of a are denoted ar,11,...,ax to simplify notation.

12



we have

1 K
NTTr [Mfo Xl,ow,so Playgw) Xhigh,a} e NT [ X1ow,o | [| Xnigh,all

K

Z-NT [ Xiow ol p | Xnigh,all #

> - K1 K| K. al|  max L max .

> kK K ello] e | (e
c3

2 =5 lleltlladl (S.5.7)

where we used that assumption 4 implies that HX k/VNT HF < C holds wpal for some constant
C as, and we set c3 = K1 K1 Ko C2. Finally, we have to argue that the third inequality in (S.5.5)
holds. Note that X{OW?LP P, gw) Xiow,p = Xow.o Myo Xiow,e, i-€. we need to show that

low,p

1
~7 I (Mo Xy o Myo Xiow,p] > c2 [l - (S.5.8)

Using part (vi) or theorem S.3.1 we find

1 1
WTI' [Mfo X{OW’W M/\O XlOW?‘P] - ﬁTr [M)\O XIOW,‘,O Mfo XI/OW,Lp M)\O]
1
> 57 1Moo Xiowp Mo Xigy o Mo (S.5.9)

and according to lemma S.4.2 this expression is bounded by some positive constant times ||¢||?
(in the lemma we have ||| = 1, but all expressions are homogeneous in ||¢||).
Using the inequalities (S.5.5) in equation (S.5.4) we obtain

1

px (Wnr) > min —5— 5 {cillall? + max [0, eallel* — sl
{¢ €RX1, o € RK2 H<pH2+H0¢HQ{ [ I
» #0, a#0}
2
. C2 C1C5
>min| =, —— ], wpal. S.5.10
- (2 c%—i—c%) P ( )

Thus, the smallest eigenvalue of W is bounded from below by a positive constant as N, T — oo,
i.e. Wi is non-degenerate and invertible.

S.6 Supplement to the Proof of Theorem 3.3

Proof of lemma C.1. # We start with the proof for the operator norm of the weakly exogenous
part of the regressors. We can rewrite equation (3.2) as

T-1
X]zveak = Z Ckﬂ' 6(7_) s (S.G.l)
T=1

where the Cy  are diagonal N x N matrices with diagonal entries Cj ;i = ¢ ir, and the e
are N x T matrix obtained by shifting all entries of e downwards by p rows and filling the

13
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upper p rows with zeros, i.e. € = €i¢—r for t > p, and e(;y;; = 0 otherwise. We then have
||€(r)|| < le]| 7. Therefore

T-1

<Y Ckr e
=1

T-1

> al el

—

a

HX’;)veak

IN

IN

s O,(NY?) = O, (N'/?) . (S.6.2)

This is what we wanted to show.
# 'To prove the result on the operator norm of PyoePyo, we first find that \/]{/7 H FY%eX?

HF =

O (1), because
2 2
17X’ 030
E| —* = —F eitfr A
(Frre) = wre (B
| NN T
07,040/ £0
= WZZZZE €’Lt€]5 /)‘i)‘j/fs
i=1 j=1 t=1 s=1
| NI
= WZZE(GZ) POVO VA
i=1 t=1
= 0(1). (S.6.3)
Using this we obtain
[ProePpol = AP AYAY) XY e fO (S 1)1 £l
< AT X) A e NN PO
< O (N0, (N [Ae fO| pO,(T~ O, (TV2) = O(1), (S.6.4)

where we used part (i) and (ii) of theorem S.3.1.
# To show the next statement of the lemma we first note that N 1T 1V/2|\Y e X3 p =
Op(1), which is true because

R N 2
2
E (N2 x| p) = NT2TT'E ZZ( A enXZt;t)
=1

R N
NS TS TS B () )E (X507 = 01

(S.6.5)
Therefore we find
[ PoeXi | = A0 AYeX;|
< [0 AYe X
< AN A X || = Op(VNT) (5.6.6)

14



where we used part (i) and (ii) of theorem S.3.1. This is what we wanted to show.
The proof for ||Pyoe’ X;"|| = Op(VNT) is analogous. I

Lemma S.6.1. Suppose that A and B are a T xT and an N x N matrices that are independent
of e such that E | A||% = O (NT) and E||B||% = O (NT), and let assumption 5 be satisfied. Then
there exists a finite constant cy, independent of N, T, such that

(a) E{Tr[(/e—E (e)) ]} <o NE (JJAlI}) .
(b) E{Tr[(c¢' ~E (') B]}* < e TE (|IBI}) - (S.6.7)

Proof. # Part (a): Denote A to be the (£,5)" element of A. We have

—~

Tr { (e'e —E (e’e)) A} = Z Z (e'e —E (6/6>)t5 A

t;l s;l N
= Z Z (Z (e’ite’is —E (eiteis))) Ays. (868)
t=1 s=1 \i=1

t=1 s=1 p=1 g=1 =1 7j=1
(S.6.9)
Let ;¢ = E(e%). Then we find
N N
(Z €it€is ezt618>)> Z (ejpeiq — E (ejpeiq))
i=1 j=1
N N
= Z Z {E (eireisejpeiq) — E(€ireis) E (ejpejq) }
i=1 j=1
XitDis if (t=p)#(s=gq) and (i =)
_ ) Bais if (t=gq)# (s=p) and (i =j)
) E (eft) Eft if (t=s=p=¢q) and (i = j) (5.6.10)
0 otherwise.

Therefore,

T N
E(Tr{(ee— (ee A} SZZZZ”E’S A?S)—I—E(Ats st) —i—ZZ 21215 EAZ.

t=1 s=1 i=1 t=1 i=1
(S.6.11)
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Define ¥ = diag (i1, ..., Xs7) . Then, we have

T T N N
YD s (BA7) E (Z Tr (A’ZiAEi)>
t=1 s=114

=1 =1
N P2 N 2
< D E[azy < X IFENAIG
=1 =1
< N(sungt)EHAy;. (S.6.12)
it
Also,
T T N N
>3 SiSiE (AAy) = E | Tr(TAAYY)
t=1 s=1 i=1 =1
< DR[|l [Asp < SIS E AN
=1 =1
< N (SupE?t> E|Al% . (S.6.13)
it
Finally,
T N
YD (E - Y2)EA} < N<sup]E( Zt))IE|AH§,. (S.6.14)
t=1 1=1

# Part (b): The proof is analogous to that of part (a). I
We can now give the proof of the two lemmas in appendix C of the main text.

Proof of lemma C.2.

# First, we want to prove the statements (a), (b), (c), (d) and (e). We have [|A® (AY\0)=1 (fOfO) =1 £ =
O,((NT)~1/2), |le|| = Op(N'/?), and according to lemma C.1 also || X}*2k|| = O,(N'/?). Using

this and part (v) of theorem S.3.1 we find, e.g.

1
7 Tr (Mo X Py Xe) < ‘Xweak’ HXWGak = O,(N" Y =0,(1),  (S.6.15)
and
1 ! weak 0 07 p0\—1 07y0\—1 0
7\/WTr(eroeMAoXk FO (£ 0L (AVA0) 71 ) )
< el x| [0 1) ) A = 0,V ) = (1) (.6.16)

and analogously for the three statements (b), (d) and (e).
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# The proofs for part (f), (g) and (h) are similar, but in addition we use || X" || = Op(VNT)
and || PyoePpo|| = Op(1), which was shown in lemma C.1. We then obtain e.g.

1
Tr (e P e/M Xstr 0 07 £0\—1 )\OIAO —1 )\0/
= T (ePpo e Mo X" £ (£77)7H )71 AY)
1
= 7 Tt (ProePyo ¢ Myo Xi FOUY O TEAYAY) TN
R str _
< e [PoePrl I £ (210 %) A = 0,1 = 0,(1).
(S.6.17)

and analogously for part (f) and (h).
# To prove statement (i) we need to use additionally ||Proe’ X3 || = O,(VNT), which was
also shown in lemma C.1. We find

1
Tr €/M XstrM 6/ AO )\O/)\O —1 07 pON—1 p0O/
P L1 (¢/ Mo X" Mo € X (WA (7 15) 0 1Y)
1
— Tr (Pro e XstrM 6/ AO )\O/)\O —1 07 £0\—1 O/
1
— WTI" (PfO e P)\O Xstr Mfo e/ \0 ()\0/)\0)—1 (fOIfO)—l fO/)

R _ _

< 7‘|Pf06 X el X AR~ 1)~ Y|
FHPfo ¢ Pyl IXE el IA® (A A%~ (2 F) )

= O0,(T7Y?) = 0,(1) . (S.6.18)

# Statement (j) follows if we can show that the second moment of ¢’ Pyo X}*% //NT is o(1).
We find

1 2 N N T 2
E ( Tr (6 Pyo Xweak)) ZZZGWX% eak)\()/ )\0/)\0) )\?
VNT i=1 j=1 t=1

N N T
Y S Y S Y B (e ) A (A0 ALY (00 A

(S.6.19)

Notice that E (eltX,Z"j?keksXX?sk) =0 unless (t =s) and (i = k) and (j =1). Therefore

1 weak ? I v 2 weak ) 2 0 (y0ry0y =1 40)?
E(\/ﬁ v (¢ P X )) - — ZZE(@it)E[<th )](/\ (A"A7) 7' 9)

i=1 j=1 t=1
B||Pyo]|?

where we used sup;, E (e7,) < B and sup, E [(Xiv;’eak)ﬂ < B. This is what we wanted to show.



# Now we want to prove part (k) and (1) of the present lemma. For part (k) we define (we
fix the regressor index k here)

B = M/\ Xstr fO (fO/fO)—l (}\O/)\O)—l )\Ol ) (8621)
Using part (i) and (ii) of theorem S.3.1 we find
IBllr < RY?||B|
< Rl/ZHthrH HfO (fO/fO ()\O/)\O )\O/H
< R1/2||thrHF HfO (fOlfO ()\0/)\0 )\OIH (8622)

and therefore
E(IBIIF) < R (fY )~ (AYA%)~ AO'H E[| X"
=0(1), (S.6.23)

where we used E|| X3¥||% = O(NT), which is true since we assumed uniformly bounded second
str

(actually even higher) moments of X kit Applying lemma S.6.1 we therefore find

E( (e~ B(e)] BY) < LB (IBIE) = o1 S.6.24
(At {led —E ()] B)) <commE(IBIF) =ol), (5620
and thus

1 , N B

g e’ —E(e€)] B} = 0p(1) (S.6.25)

which is what we wanted to show. The proof for part (1) is analogous.
# Finally, we want to show part (m) of the lemma. Write fis = f/ (f'f )_1 fs- The required
result follows by showing

| L. TN ) ) 2
E |+ (el Xis B (eitftsx,zi‘;sk))]
t=1 s=1 1=1
L I I N N o A 2
:WZZZZZZMwm%m%%%bZZZMWMWﬂ
t=1 s=1 p=1 ¢g=1 i=1 j=1 t=1 s=1 i=1
| LT T T N ) | LT N ) 2
= LD E (e XX o) - [N WI (eitftsxszsﬂ]
t=1 s=1 p 1 g=1i=1 t=1 s=1 =1

Shietl (5) ) (Frsixm (5) )
(G shient (5)7) (G (4) 1)

AN
‘H
iM-
=
7 N\
n

: Y _ ! T I'f e ’ 1 - weak f/f —1/2 ‘]
< N2 ;E N tzl eitf] <) JT tzl k,is (T) fi
= d 2t ] T / 12 |
< % Z E Zeltft <fz:,f> E \}»ZXK?Sak <fj;f) ft
=1 =1 1L t=1
- ¢ <11V> ’ (S.6.26)
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where the last line holds because

supE
i,T

T /eN —1/2
\}Tz_:ez‘tf{ ('}i_]f) < ¢,

Z weak ff _1/2f < S.6.27
f k,is t €o , ( )

for some ¢y independent of N,T. 1

sup E

Proof of lemma C.3. Let ¢ be a K-vector such that ||c|| = 1. The required result follows by
the Cramer-Wold device, if we show that

N T

\/tZZeitﬁtc = N (0,c) . (S.6.28)
t=1

Denote Z;7 = % 23:1 ei1X},c. Notice that conditioning on X**, the {Z;p},_,  are indepen-
dent with E (Z7|X*) = 0 and

T
1
E (Zip|X*") = ¢ <T D Sk (XiXl,) |XS“> c. (S.6.29)
t=1
Using our assumptions we thus find that

N
%ZE (Z7p| X5) - dQe > 0. (S.6.30)

Notice also that sup; pE (Z|X*") = Op(1). Define si, = Zij\ilE(ZiQT{XS“). Then, the
Lindeberg-Feller condition is satisfied since for any € > 0,
11 &
ZE 1{ e} ‘XS“ 7TZE(|Z”\4‘XS“)
€ Snr =
11 1
S5
EN (p/N)*

ZiT

SNT

SNT

SupE(!ZZﬂ ]XS“> 0. (S.6.31)

By the conditional version of theorem 2 of Phillips and Moon (1999), and since the conditional
limiting distribution does not depend on X%, we obtain the required result. §

S.7 Supplement to the Proof of Theorem 3.6

The following lemma gives a useful bound on the maximum of (correlated) random variables

Lemma S.7.1. Let Z;, i = 1,2,...,n, be n real valued random variables, and let v > 1 and
B > 0 be finite constants (independent of n). Assume max; E|Z;|Y < B, i.e. the v’th moment
of the Z; are finite and uniformly bounded. For n — oo we then have

max|Zi| = O, (nl/W) . (S.7.1)
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Proof. Using Jensen’s inequality one obtains E max; | Z;| < (E max; |Zi]7)1/“’ <(EY", \Zﬂ“’)l/7
(n max; E|Z;|")Y" < n'/7 BY/7. Markov’s inequality then gives equation (S.7.1). &

Lemma S.7.2. Let

B N

Zl(g,lt)T =N"1/2 Z leit Xk,ir — E(eaXkir)] ,
i=1

Zt( ) — NT2 Z [ezzt —E (egt)] )
i=1

2 =T 1RN e —E ()] - (8.7.2)
t=1

Under assumption 5 we have

(S.7.3)

2(2) and Z-(g)

tT %

71

for some B > 0, i.e. the expectations kot

respectively.

are uniformly bounded over t, T, or 1,

Proof. # We start with the proof for Z,il;_. Define Z,glt)”. = €it Xk,ir — E (€1t Xk ir). By assump-

tion we have finite 8'th moments for e;; and Xj ;- uniformly across k,i,t,7, and thus (using

Cauchy Schwarz inequality) we have finite 4th moment of Z (1)

kit
ease of notation we now fix k, ¢, 7 and write Z; = Z,glt)T ;- Wehave E(Z;) = 0and E(Z;Z;2,2)) = 0

if i ¢ {j,k,1} (and the same holds for permutations of i, j, k,l) — the latter follows from the
fact that conditional on the strictly exogenous part of the regressors X;" we find Z; to have
mean zero and to be independent from Z;Z,7; if i ¢ {j, k,l}. Using this we compute

;, uniformly across k,i,t, 7. For

N 4 N
E <Z ZZ-> = Z E(Z:Z;Zv72))
i=1 i,j,k,l=1
=3) E(Z}7})+) E(Z))
i#j i
v y
=3 Y E(Z)E(Z)+>_ {E(2z)-3[E(Z)]} . (5.7.4)
ij=1 i=1

Since we argued that E (Zf) is bounded uniformly, the last equation shows that Z ,glt)T = N~1/2 Zf\;
is bounded uniformly across k,t, 7. This is what we wanted to show.

# The proofs for Zt@) and Zi(?’) are analogous. i

20
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Lemma S.7.3. For a T x T matriz A we have?

HAtrunCRH <M HAtrunCRH = M max max |AtT|7
max t t<T<t+M
HAtruncLH < MHAtrunCLHmax = M max max |At7.| . (875)
t t—M<r<t

Proof. For the 1-norm of A™"R we find

t+M
A = mas 3 (A
r=t+1
<M max max_ |As4l, (S.7.6)

t,r=1...T t<r<t+M

}AtruncR H

and analogously we find the same bound for the co-norm ‘ - Applying part (vii) of

HAtrunCR H

theorem S.3.1 we therefore also get this bound for the operator norm . The proof for

Atrunel g analogous. |

Proof of lemma E.3. # First, we are going to show A; = o,(1). Let By, = Xi — Xit,
Byt = e?t%“, and B3 = e?t%it. Note that By, Bo, and Bg can either be viewed as K-vectors
for each it, or equivalently as N x T" matrices By, Boy, and Bsy, for each k = 1,..., K. We

have Ay = (NT)~ Z Do <31 it B i+ Bs B Zt) or equivalently

Al jyky = 10 (B Bs gy + Boky Big,) - (S.7.7)

1
NT
We find that

By = —PfoXlzveakM)\O — X]Zveakp)\o + (Mj\ — M)\O)XkaO + M}\X}C(Mf — Mfo) , (S.7.8)

which satisfies || By x| = (N1/2) since || Mj M)\oH = O,(N~1/2), [M; — Myo| = O,(N~1/2),
| Xk|| = Op(VNT) = Op(N), and || X*2k|| = O,(N'/2). In addition we have rank(B; ;) < 6R.

Since we have uniformly bounded 8’'th moments for e;; and X, 4, we find

1Ba,ell* < [1Bayell

()

i=1 t=1
N T
< (Z&i) <ZZ3€k n) = O,(NT) O,(NT), (S.7.9)
i=1 t=1 i=1 t=1
i.e. || Byl = Op(VNT), and analogously ||Bs || = O,(V'NT). Therefore
6R
|A1,k1k2 = (”Bl leHB?) sz + HB2 le”Bl sz)
6R
= = (0o (N0, (VNT) + Op(VNT)Op(N'1?)) = (1) . (5.7.10)

3For the boundaries of T we could write max(1,¢ — M) instead of t — M, and min(T,t + M) instead of t + M,
to guarantee 1 < 7 < T'. Since this would complicate notation, we prefer the convention that A = 0 for ¢t < 1 or
T<loft>Tort>T.
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This is what we wanted to show.
# Next, we want to show Ay = 0,(1). According to theorem D.1 we have e — é = C + Cy,
where we defined ¢} = — 32K (Bk . ﬂg) Xy, and Gy = YK | (Bk - ﬁg) (Pyo Xi Myo + Xy, Pro)+

Pyoe Mgo+e Ppo— el — glrem) which satisfies |Ca| = Op(N'/2), and rank(Cy) < 11R (actually,
one can easily prove < 5R, but this does not follow from theorem D.1). Using this notation we
have

N T
1 .
A2 =N DD (ei+ ) (Cre + Coit) XXy (S.7.11)
i=1 t=1

which can also be written as
K

A 1
Ag pyky = — kz:l (5k3 - 523) (Csk1koks + C6 ki koks) + NT Tr (C2 Caaka) + 57 Tr (C2 Cahika)
-
(S.7.12)
where we defined
C3 oy kit = €it Xy it Xhnit »
Ca ok it = éz’tikl it it
N T
05 Jki1koks — NT Zz; tz; eltxkl thkg, th3 it
L N
Cb.k1koks = NT ; ; it Xkey it Xhoo,it X ks it - (5.7.13)
Again, since we have uniformly bounded 8th moments for e;; and X}, ;+, we find
HC3,1€1/€2H4 < HC3J€1/€2H%7
N T 2
i=1 t=1
N T N T
<(xx4) (zm )
i=1 t=1 i=1 t=1
= 0,(N?*T?), (S.7.14)
i.e. ||Cs ksl = Op(VNT). Furthermore
”C4,k1k2||2 < ||C37k1k2||%7
N T
= éit%il zt%zg it
i=1 t=1
N T
< (Z Z é?t>  max max <Z{,2§17it.’{,2§2yit>
i=1 t=1
N T
< (30 08) o, (880
=1 t=1
= O (NT)O,((NT)WE+Dy = o (NT)B3/D) . (S.7.15)
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Here we used the assumption that X; has uniformly bounded moments of order 8 + ¢ for some

e > 0. Wealso used Y, S0, 2 < TN, T o2,
For C5 we find

1 N
Cg,k‘lkzk‘g — (NT Z Z 622t> < kl,ltxkz,’tthg ’Lt)

i=1 t=1
= 0,(1), (S.7.16)

, . N T
t.e. C5,1€1k2k3 = Op(l)v and analogousb’ 06,k1k2k3 = Op(l)v simce Zizl Zt:l it = Zz 1 Zt 1 zt
Using these results we obtain

|Azk1k2|<—21\ﬁk3 3R, |15ty + Cotrtai] + T Col Ol + SN C M O
3=1
—1/2 1R 20, (VNT) 4 L 1/2 3/4
= Op(NT) /2)0y(1) + 7 Op(N 2O (VNT) + 12 Op(NY2)0, (NT)/4) = 0,(1) .
(S.7.17)

This is what we wanted to show. 1

Remember that the truncation Kernel I'(.) is defined by I'(z) = 1 for |z| < 1 and I'(z) =0
otherwise. Without loss of generality we assume in the following that the bandwidth parameter
M is a positive integer (without this assumption, one needs to replace M everywhere below by
the largest integer contained in M, but nothing else changes).

Proof of lemma E.4. By lemma E.2 we know that asymptotically Pf is close to Ppo and
therefore rank(P;Pro) = rank(PpPp) = R, i.e. rank(P; %) = R asymptotically. We can
therefore write f = Pf f°H, where H = Hy7 is a non-singular R x R matrix.

We now want to show ||[H|| = O,(1) and ||[H™!|| = O,(1). Due to our normalization of f
and f° we have H = (]“’1’3}5]"0/51’)_1 = (f'f°/T)~1, and therefore |[HY| < || £l fO/T = Op(1).
We also have f = fOH + (Pf - Pfo)fOH, and thus H = fYf/T — fO’(Pf - Pfo)fOH/T, i.€.
|H|| < Op(1) + || H||Op (T~Y/?) which shows ||H|| = Op(1). Note that all the following results
only require ||H| = Opy(1) and ||[H™!|| = O,(1), but apart from that are independent of the

choice of normalization.
The advantage of expressing f in terms of Pf as above is that the result HPf — Pro

(@ (T‘l/ 2) of lemma E.2 immediately implies
Hf— fOHH —0,(1) . (S.7.18)

The FOC wrt A in the minimization of the first line in equation (2.5) reads

K
. (Y - mxk> 3 8719
k=1
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which yields

b 3 (- ) x

k=1

i)

_ [/\0 LIS (90— 3u) Xa+e| Ps® (r0py0%) ()7
k=1

— )0 (H’)_l A0 (Pf—Pfo) #0 (fO’PffO)_l (H’)_l
4 A0 07 40 {(fO’PffO)_l _ (fO/f0)1:| (H/)—l
K

Z(ﬂg—ﬁk)Xk—i-e

k=1

+ PO ( 1P f°>_1 (=)™ (.7.20)

_ -1 _ _
We have (fO’PffO/T) I (fOIfO/T) = O,(T 1/2)a because pr - PfO =0p (T 1/2) and
fo’ fo /T by assumption is converging to a positive definite matrix (or given our particular choice

of normalization is just the identity matrix Iz) In addition, we have |le|| = O,(VT), || Xi| =
O,(vV'NT) and by corollary E.1 also ||3 — 8°|| = O,(1/v/NT). Therefore

A=20 ) =00, (8.7.21)

which is what we wanted to prove.
Next, we want to show

(A;V)\) -1 ) ((H)—l )\0;\?\0 (H/)—l)—1 o, (N_1/2> :
SR N R

Let A=N"'\ Aand B=N-1 (H)"' A0 (H')"'. Using (S.7.21) we find
1A - B| = % H [X’ +(H)? )\0’] [X 0 (H’)‘l} + [X’ —(H)! )\0’] [M A0 (H’)‘l} H

= NLO,(NY2)0,(1) = 0, (N’1/2) . (S.7.23)

)\0/ /\0 -1
()
and thus also [|[B™!|| = O,(1), and therefore ||A7|| = Op(1) (using |4 — B|| = op(1) and

applying Weyl’s inequality to the smallest eigenvalue of B). Since A~! — B! = A=}(B—A)B~!
we find

By assumption 1 we know that

= 0,(1). (S.7.24)

A7 =B < (A B 1A -B]
~0, (N*W) . (S.7.25)
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Thus, we have shown the first statement of (S.7.22), and analogously one can show the second
one. Combining (S.7.21), (S.7.19) and (S.7.22) we obtain

i 5\’75\ -1 ﬁ -t f/ _)\0<)\0/)\0>—1 (f()/fo)—lfo,
VN N T) VT VNN T ) VT

B i 5\/75\ -1 ﬁ -1 f/ )\0 (HI)—l (H)_1 AO/)\O (H/)—l -1 <H/fOIfOH>1 H/f(]/
“lwi\v) \7) # N T T

-0, (N*l/Q) , (S.7.26)

which is equivalent to the statement in lemma. Note also that A (5\/5\)*1 (f'f)~1 f' is independent
of H, i.e. independent of the choice of normalization. |
Proof of lemma E.5. # Part A of the proof: We start by showing

N H]E [e’MAoXk — (e’M/\oXk)trunCR} ‘

‘ = 0,(1) . (S.7.27)

This statement is trivial for the strictly exogenous part of the regressor, since then the expectation
is just 0, i.e. what we actually have to show is

N—l

, Kk , Kk truncR
E [¢/ Mo X3= — (¢/ Mo X3=)

’ = 0,(1) . (S.7.28)

Let A =€ M,0X) and B = A— AtuneR | By definition of the left-sided truncation (using the equal
weight kernel T'(.)) we have By, =0 for t < 7 <t+ M and B,; = A;; otherwise. By assumption
5 we have E(As;) = 0 for ¢t > 7. For t < 7 we define the N x N matrices Cy, ¢ = E(e} X}, ), which
by assumption are diagonal and satisfy |Cy - ii| < Vea” ™ for all 4,j, where V, is the uniform
bound of Ee?. We then have Tr(Cisr) < NVea™ ! and ||Crirll = [|Chirllmax < Vea™ .

Therefore |E(Asr)| = Ezgjzl eitMyo0 ;X jr| = [Tr(Crtr Myo)| < [Tr(Crur)| + [Tr(Crar Pyo)| <
|Tr(Ch tr)| + R||Crtr|l, i.e. we obtain |[E(Air)] < (N + R)Vea™ ! for t < 7. Using this we have

E(Bi;) =0 for 7 <t+ M, and |EBy;| < (N + R)a™ ! for 7 > t + M. Therefore

T
BB, = max > [E(Bu)|

T M
't (N+R)a
< (N+R) max, T:HEMH T < (S.7.29)

and analogously we can show ||E(B)||, < (N + R)aM /(1 — «). Using part (vii) of theorem
S.3.1 we therefore find ||[E(B)|| < (N + R) o™ /(1 — a) = 0,(N), which is equivalent to equation
(S.7.27) that we wanted to show in this part of the proof. Here we used M — oo. The proof of

N1 HIE [e'Mkoe) - (e’M/\oe)trunCD] H =0,(1),

7! HIE [eroe') - (eroe’)tmnCD”

( = 0,(1) (S.7.30)

is analogous.
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# Part B of the proof: Next, we want to show:

N7 | [/ Mpo Xy — B (/M) )70

‘ = 0,(1) . (S.7.31)
Using lemma S.7.3 we have

N7 /Mo X = E (/Mo X;)] ™"

<M max max N '|eMo0X,, —E(e.M0X}
’ t t<T<t+M ‘t A T (t A ﬂ')‘

N
Z l€it Xk ir — E (et Xk ir)]
=1
—1
+M max max N~ |eiPyo Xy, — E (€ PyoXpr)|

<MN Y2 max max ‘Z,ilt)T
t t<T<t+M

< M max max N!
t t<r<t+M

+ M max max N7! ’e;P)\oX;”|
t t<r<t+M ’

+ M max t<£%%)-i§M N1 ‘E (e;PAoXk,r)‘ .

(S.7.32)

_y 4
According to lemma S.7.2 we know that E ‘Z ,glt)T is bounded uniformly across t and 7. Applying

lemma S.7.1 we therefore find max; max¢«r<¢4 s Zt(Tl) = Op((MT)1/4). Thus we have

M N—1/2 max max
t<T<t+M

(MN 172 (MT)1/4) = 0,(1) . (S.7.33)

Here we used M°/T — 0.
What is left to show is that the two terms involving e;Pyo X} - are also op(1). We have

)\O )\0/)\0 -1 N X ‘T)\(‘)/
max max MN7! ‘etP/\oXk T| < — max i 1 Cit max @
t  t<r<t+M «/ \/N N T N

M o s 18) Z (1) 7
< mopcr ) 0,(1) O,(T7%) = 0,(1) (5.7.34)

Here we applied lemma S.7.1 and used the fact that both N—1/2 Zl 1 ezt)\o and N1 Zl 1 Xk ug/\
have bounded 8th moments uniformly across t. We also used M*/T — 0. Using the above

decomposition of e;Py0 X}, ; we find that E (N -1/ 2€£P)\0X ;w) is uniformly bounded across t, 7,
and therefore

1 < 1/2 _
mtaxt<£n<%)iMMN E (e;PyoXpr)| < MNY20,(1) = 0p(1) . (S.7.35)

The proof of

N1 H [e’MAoe —E (e'M/\oe)]trunCD

71 H [eroe’ — E (eroe’)]trunCD

=), (S.7.36)

is analogous.
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# Part C of the proof: Finally, we have to show

Nfl H [e/M/\oXk _ é/ Xk] truncR

‘ = 0,(1) . (S.7.37)
According to theorem D.1 we have é = MyoeM fo+e€rem, where erem = é(el)—szzl (Bk — 52) ég)—l—

é*m) " and using corollary E.1 we find that the remainder term satisfies ||eem| = Op(1). We

have to show

N1 H [P’ X PR ) —o(1),
N1 ‘ (€] X5 ) = 0,(1) . (S.7.38)
Using lemma S.7.3 we find
N-1 [ e Xk]truncR ’ _ % max & oms Xior
< S 1 el X
< 5 v e | X |
< %op(1)op(zv1/2:rl/8) = 0,(1), (S.7.39)

where we used the fact that the norm of each column é,¢p ¢ is smaller than the operator norm
of the whole matrix érem. In addition we used lemma S.7.1 and the fact that N—1/2 | Xk -l =

\/N*1 PR X2, has finite 8’th moment in order to show max, | Xy .|| = Op(NY/2T1/%).
Using again lemma S.7.3 we find

N_1 H [Pfo 6/ Xk] truncR

| NTIAL max [ (57 f0)7 S X
< NTUM el 101 (|7 507 ma [ £21] ma [ X

= N7U M O,(N?) O,(TV2) O,(T4) O, (NV2TY3) = 0,(1) .

(S.7.40)
Thus, we proved equation (S.7.37).
The proof of
N[ [eMpoe — & e | = 0p(1),
71 H [eMpoe — ¢&] ™ P ‘ = 0,(1), (S.7.41)

is analogous.
The combination of part A, B and C proves the theorem. I

Proof of lemma E.6. Using theorem D.1 and E.1 we find ||¢|] = O,(N'/?). Applying lemma
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S.7.3 we therefore find

N-1 ‘ (@ Xk)truncR ‘ < % max & X r
< & max e X |
< 3 el max | X |
< %OP(NV?)OP(NV?TV*%) = O,(MTY?) (S.7.42)

where we used the result max, | X || = Op(N'/2T1/8) that was already obtained in the proof
of the last theorem.
The proof for the statement (ii) and (iii) is analogous. I
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