DIRICHLET PROBLEM FOR STOCHASTIC PARABOLIC EQUATIONS IN
SMOOTH DOMAINS

SERGEY V. LOTOTSKY

ABSTRACT. A second-order stochastic parabolic equation with zero Dirichlet boundary con-
ditions is considered in a sufficiently smooth bounded domain. Existence, uniqueness, and
regularity of the solution are established without assuming any compatibility relations. To
control the solution near the boundary of the region, special Sobolev-type spaces with weights
are introduced. To illustrate the results, two examples are considered: general linear equation
with finite-dimensional noise and equation on a line segment, driven by space-time white noise.
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1. INTRODUCTION

The objective of the paper is to study solvability and regularity of the solution of the Dirichlet
boundary value problem for a stochastic parabolic equation in a domain G C R¢ with a
sufficiently smooth boundary 0G. Suppose that u = u(t,z) a a solution of

du = (a7 (t, 2)ugiys + (2,0, uz)) dt + (Uik(t,x)uxi + gk(t,x,u)> dwt(t), t >0, z € G,

ul=0 = uo, ulpg = 0.
(1.1)

Summation over the repeated indices will be assumed throughout the paper. The number of
the Wiener processes w* can be infinite to include the Hilbert space-valued noise. Note that the
usual linear equation is obtained from (1.1) by choosing appropriate f and g (f (¢, x,u,uy) =
bi(t, 2)ug, + c(t,x)u+ f(t,x), g*(t, z,u) = h¥(t, x)u + g*(t, ).

Simple example of a one-dimensional equation shows that, unless certain compatibility con-
ditions are fulfilled, the second-order derivatives of the solution blow up near the boundary
(see [6] for details). The general analysis of the equations with compatibility conditions was
done in [2]. It was demonstrated in [6] that compatibility conditions can be avoided and the
derivatives of the solution near the boundary can be controlled by considering the solution as
an element of a special weighted Sobolev space. The spaces introduced in [6] correspond to the
Sobolev spaces of positive integer order with power p = 2. When domain G is the half-space,
the weighted spaces of arbitrary real order with power p > 1 were introduced in [9]. Solvability
of the Dirichlet problem for (1.1) in the half-space was studied in [10] under an additional
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assumption that the coefficients ¢ and ¢ do not depend on x. The anonymous referee kindly
pointed out that, in [1], Z. Brzezniak analyzed stochastic parabolic equations in M type 2
spaces and provided an alternative approach to working in Sobolev spaces with integrability
exponent p > 2.

In this paper the results from [10] are used to solve equation (1.1) in a bounded domain. The
procedure is similar to what was done in [7] to study boundary value problems for deterministic
equations. Away from the boundary, equation (1.1) is equivalent to the equation in the whole
space; solvability of such equations in the spaces H, of Bessel potentials was studied in [§],
and a more detailed account of the results is given in [4]. Near the boundary, equation (1.1)
is transformed to the equation in the half-space so that the results from [10] can be applied.
The global solution is then constructed using the partition of unity in the domain G in the
same way as it is done in [7]. The boundary of the domain G is not assumed to be infinitely
smooth, although the optimal regularity of G is not discussed.

Similar to [8], regularity of the solution, both in space and in time, is obtained from Sobolev-
type embedding theorems for the solution space. By shifting the analysis of regularity from
the particular equation to the general function space, it becomes possible to develop a unified
theory of solvability for stochastic boundary value problems and strengthen many existing
results.

The new function spaces are defined in Section 2. The necessary properties of the spaces,
including the embedding theorems, are also given in this section. The main result about
solvability of equation (1.1) is in Section 3, and the examples are presented in Section 4. Two
examples are discussed: a linear equation, generalizing the main result from [6], and the one-
dimensional equation driven by space-time white noise, generalizing the well known result from
[15] about Holder continuity of the solution. The proof of the main result is in Section 5. Even
though the actual argument is rather long, it is just a suitable modification and combination
of the methods used in [6], [7], and [8].

The following notations are used in the paper. For integer n > 0, C™(G) is the space of
n times continuously differentiable functions on G, C%(G) = C(G); for 6 € (0,1), C"(Q)
is the space of n times continuously differentiable functions whose derivatives of order n are
Holder continuous of order §. The arbitrary constant is denoted by N or N(---); in the second
case, the value of N can depend only on the variables in parentheses. The value of N can be
different in different places. Under the summation convention, summation over all repeated
indices except k is carried out from 1 to d; when index k is repeated, summation is assumed
over all natural numbers. A point in R? is » = (z!,...,2%), RY = {z € R : 21 > 0} is the
half-space, ug(cm) denotes the generic m th order partial derivative of u with respect to x. Other
notations are introduced as necessary.

2. THE FUNCTION SPACES

Let G C R? be a domain (open connected subset) with boundary G and closure G. By B,.(x)
we denote the open ball with radius r and center x.



Definition 2.1. (cf. [7, Definition 6.1.6]). An open connected subset G of R? is called a
domain of class C”, v > 2, if there exist positive numbers r¢g and M so that for every point zg
on JG there is a one-to-one mapping v of By, (xg) onto a domain D in R? so that the following
conditions are fulfilled:

(1) (B (z0) NG) C RE and ¢(x0) = 0;
(2) ¥(Bro(20) NOG) = DN {y e R?: y" = 0};
3) 1llcw B,y @oymay + 19~ Hlew(pimey < M.

Let pg(x), = € G, be the distance from z to the boundary of G:
pa(z) = dist (z,0G),

and let p = p(x) be a C¥(G) function with the following property: there exist positive numbers
01 and 09 so that

51 pa() < pla) < 6 pe(a)

for all x near the boundary of G. Such a function p exists if G is a bounded domain of class
C" because in that case the distance function pg is of class C¥ near the boundary of G (see
[3, page 382]). This function p will be fixed from now on.

Next, for a bounded domain G of class C¥, v > 2, we construct a partition of unity in G,
corresponding to ro (cf. [7, page 81]), that is, define a collection of non-negative functions x,
m =0,..., K, with the following properties:

(1) each x,, belongs to C5°(R%);

(2) the function xq is supported in the set {x € G : pg(z) > r9/8};

(3) For m = 1,..., K, the function x,, is supported in B, /2(zm), where x,, € IG;
(4)

4) SOE o(xm(x )) =1foralxed.

For m = 1,..., K denote by 1, the corresponding diffeomorphism B,,(x,,) — R from Defi-
nition 2.1. The operator u — wu o 1, will be denoted by ¥,,

Recall that the space Hj is defined for ¥ € R and p > 1 as the completion of the space C5°(R%)
with respect to the norm || - ||H; = [[AY - ||, (ray, where A7f = ((1 + 1€]2)7/2f ), and ", " are
the Fourier transform and its inverse. Also, H, (I2) is the set of sequences g = {gx, k > 1} for
which

911t 12y = I IAgllas |, ey < 00,

1/2
where ||g;, = <Zk21 \gk|2) . The space H;a = H;G(Ri) is then defined for p > 1 and

9,7 E R as follows [9, Definition 2.1]: given a non-negative function ¢ € C§°(R,) satisfying
T o lc(eFT™)P > 1 for all z € R,

—+00

n=—oo



where ((z) = ((2') and D'(R%) is the set of distributions on C{°(R%). It is shown in [9],
Lemma 2.4, that the definition does not depend on the specific function . The space H;’ o(l2) =

H;e(Ri; l2) is defined similarly by replacing the norm || - [|gy with || - [| gy ,)-
We now define the corresponding spaces of functions in a bounded domain G.

For a real number v and a bounded domain G of the class C171*2, the space H 1.0(G) is defined
as follows:

K
H,(G) = {U € D'(G) : ull () = luxolley + D I Vot (wxn) 1y, < 00}7 (2.1)
m=1
where 7,, is a C§°(R?) function that is equal to 1 on ¥, (B, (z:m)).-

The space H;e(G; l2) is defined similarly by replacing the norms [ - ||z and || - ||Hwe with,
) D,
respectively, || - [|gy,) and || - | H (1) Direct computations show that these definitions are
P,

independent of the specific choice of functions ., xm, and 7, that is, the corresponding
norms defined by (2.1) are equivalent.

Note that C3°(G) C H),(G). Indeed, if u € C§°(G), then the function 7, W, ! (uxm) is
compactly supported in Ri and, by Propositions 4.2.1 and 4.3.1 in [13], belongs to H,. By
Remark 2.11 in [9] we conclude that 1, ¥, ! (uxm,) € H ; - The argument also shows that, for
given v > 0 and domain G of class C**2, the above definition of H;Q(G) is correct only for
v € [-v,v].

Proposition 2.2. (Properties of the spaces H;e(G).) Assume that G is a bounded domain of
class C**2 and v > 0.

1. For every v € [—v,v|, the space ng(G) is a Banach space and, for —v < a < f < v,
H (G) C HYy(G).

2. If vy =n < v is a non-negative integer, then
H;a(G) = {u:u, pug,...,p"ul™ € Lo(Q)},

where Ly (G) = Ly(G; (p(z))?~4dx).

3. For every a, 3,7 satisfying —v < a < <y < v and for every e > 0,

lull g iy < 2N (@ Bl ) + e B, )l . (2:2)

4. For every o,y € R with || < v,

pUH, o(G) = Hyp o (G) and |||y, () is equivalent to [p™% - ||z (c)- (2.3)



5. Assume that 0 < v < v and v —d/p = k + « for some k = 0,1,... and o € (0,1). If
uGHgﬂ(G), then

p Oy e C(G), 0<m <k "YU | o) < N(d Nlulley )

prHrdiey®) e 0 (@), ||p7 P Pu® | pagay < N(dy v, 0)[ull 7 )
D,

Proof. By assumption, G N B, (,,) is the zero-level set of the function 1}, and the gradient
of ¥} does not vanish. Therefore, for € By, (z,) N G, the function p can be replaced with
Yl . After that, Property 1 is obvious; Property 2 follows from Corollary 3.3 in [9]; Property
3, from Theorem 2.10 in [9]; Property 4, from Corollary 2.6 in [9]; Property 5, from Theorem
4.1 in [9].

Next, we describe the multipliers in the space H ; o(G). For v € R define 7' € [0,1) as follows.
If v is an integer, then «' = 0; if v is not an integer, then 7/ is any number from the interval
(0,1) so that |y| 4+ is not an integer. It is known (see [4]) that the space of multipliers for
H, is given by
Loo(RY), v=0
Bh+ = cn=LIRY), |y =n=1,2,...
ChI+Y(RY), otherwise,

where C"~11(R?) is the set of functions from C"~!(R?) whose derivatives of order n — 1 are
uniformly Lipschitz continuous. In other words, if u € H) and a € B "1+, then

laull gy < N (v, d, p)llall e [l ay-

For non-negative integer v this follows by direct computation, for positive non-integer -y, from
Corollary 4.2.2(ii) in [13], and for negative v, by duality.
Similarly, if
oo(Rd; l2)7 v =0,
BN (1) = ¢ R L), |y =n=1,2,...,
CM+7 (R 15), otherwise,

then, for every o € BN+ (Iy) and u € H,),
loull gy < Ny, ds ol g gy lullay -

Let J = (j1,...,jq) be amulti-index, |J| = ji+---+jq, D; = 9/02", and D’ u(z) = D{l e Dé"l.
Assume that G is a domain of class C’2. For v > 0, deﬁne the space AY(G) as follows:

(1) if v =0, then AY(G) = Loo(G);
(2) ifvr=n=1,2,..., then

AY(@) ={a:a,pag,...,p" al"™V € Loo(G), pa" D e C¥Y (@)},

xT

lallav(e) = Zgl'aXHP D’al1 @) +| I‘nax 19" D” al|coa (c;



(3) ifv =n+9J, where n=0,1,2,..., 5 € (0,1), then
AY(G) ={a: a,pag, ..., p"al" € Loo(@), pal™ € CO(G)Y,

n
k v
lallar @y = max | o D’allp ) + max || D’al|cs(q)

The space AY(G}l2) is defined similarly by considering lo-valued functions. Note that if G is a
bounded domain of class C¥ and v > 2, then, for all § > 0, p° € A¥(G).

The corresponding spaces A” and A¥(l3) of functions on Ri are defined in the same way, with
x! used instead of p(z).

Lemma 2.3. Suppose that G is a bounded domain of class C¥. A functions a = a(x) belongs
to AY(G) if and only if axo € B” and NV, (axm) € AV, m=1,...,K (cf. (2.1)). The norm
lallav () is equivalent to

laxollB» + Z 7m0 (@) [| 4
m=1

Proof. Since, for # € B, (z,) N G, the function p can be replaced with 9}, the result follows
from Lemma 6.1.8 in [7].

Theorem 2.4. (Multipliers in H;e(G).) Assume that G is a bounded domain of class C**2,

v € R, and |y| ++' < v. Then the space AWV (G) is the space of multipliers for H;Q(G):
there is a constant N depending only on d,~,p, and the domain G so that

||au”H;9(G) < NHCLHA\’YH’Y'(G)HUHH;Q(G’)
for all a € AMHY(GQ) and u € H) ,(G). Similarly, if o € AN (G 1), then
HUU”H;Q(G;lz) < NHUHAHIM’(G;ZQ)HUHH;’Q(G)‘
The same results hold for the spaces of functions on Ri.

Proof. By Lemma 2.3 it is sufficient to consider functions on Ri. With no loss of generality,
we can replace the function ¢ in the definition of the norm || - || H, with ¢2. Then

laully Zene\léz Jule™ )y < Ny e™lIcae™ I, 4 lICule™) I

and it remains to show that if a € AN then |Ca(e”
uniformly in n.

Y2 i bounded by [

1. If v = 0, then the result is obvious.
2. if 0 < |y| < 1, then, with § = |y| +/,
[C(z)ale"x) = C(ylae™y)| _ [¢(x) ()] - |(z'e") ale"x) — (y'e™) ale™y)|
|z —yl° B lena — enyl®

(") aley)] - 1(a")~°¢(x) — (y") ¢ (y)]

lz —y|°

_l’_

)



where both terms on the right are bounded by Nal| 4+ because of the assumption on a
and the properties of ¢ (to estimate the second term on the right note that |a(e"y)| is bounded
by assumption, and |(z1)7°¢(x) — (y1)~°C(y)| = 0 if both 2! and y' are large).

3. If |y] > 1, then use the above argument and observe that

k
(¢(z)a(e"2)P < NZ\ )T @)] - et oD () < N sup |(@) ol ().
1=0 7€R¢
The proof for A+ (1y) is similar.
Theorem 2.4 is proved.

According to the last theorem, the function p°, § > 0, is a multiplier in every H ; o(G). Together
with Proposition 2.2(4), this implies the following result.

Corollary 2.5. If 61 < 02 and G is a bounded domain, then H;GI(G) C H;,91(G)'

We now define the spaces of stochastic processes. Fix (Q, F,{F;}, P), a stochastic basis with
F and Fy containing all P-null subsets of 2; 7, a stopping time, (0,7] = {(w,t) € A xRy : 0 <
t < 7(w)}; P, the o-algebra of predictable sets; {w*, k& > 1}, independent standard Wiener
processes.

The following spaces were introduced in [8] to study parabolic equations on R%:
(1) Hp(r) = Lp((0,7]; Ps Hy), Hyp(rsl2) = Ly((0, 715 P; Hp (I2)), Lp(cdots) = Hp(---);
(2) Fp(r) = Hy ' (r) x H)(r;l2);

(3) Hp(7): the collection of processes from Herl(T) that can be written, in the sense of
distributions, as

u(t) :uo+/0 f(s)ds—l—/o g"(s)dw"(s)

for some ug € Lp(Q;fo;H;HJ/p) and (f,g) € Fp(1);

gy = Wty sy + 1700 gy + Bt 1o

The above definitions suggest that, to study parabolic equations in a bounded domain G, the
domain must be sufficiently regular to allows, for fixed v € R, the definition of the spaces
H}y(G) when v € [y — 1,7+ 1]. We therefore assume from now on that v € R is fixed and G

is a bounded domain of class C'71+3.

We now define the corresponding spaces on G:

(1) H)y(7,G) = Ly((0,71: P H}y(G)), HJ(r, Gila) = Ly((0, 71 P3 Hy (s la)):

(2) Fy(r,G) = HI L (7,G) x H) ,(r,Gs12), U 4(G) = Ly($; foyHﬁig%p(G))



H’Y+1

(3) 5’);’9 (1, G): the collection of process from o0—p

of distributions, as

t t
u(t) = ug +/0 f(s)ds—i—/o g"(s)dw" (s) (2.4)

for some ug € U;e(G), (f,9) € FJ(1,G), which means that, for every ¢ € C§°(G), the
equality

(u(t A7), ) = (o, 6) + / "(F(s), )ds + / (0" (5). $)dut (s)

holds for all £ > 0 and all w from a set of probability 1. The norm in the space f); o(7,G)
is defined by

(1, G) that can be written, in the sense

lull?

p
07,00 = Nellgmss o H 1Dz gy + Ml ) (2.5)

p,0—p\T

We also write u = [f, g, ug] if u € 5?);9(7', G) and u satisfies (2.4). The corresponding spaces of

processes on Ri were introduced in [10]. As before, in the case of R‘fr the domain G' will be
omitted from the argument of the spaces.

Proposition 2.6. Assume that G is a bounded domain of class C1I+3.

1. Spaces H;Q(T, G), Hgﬁ(r, G;ls), and 55;79(7', G) are Banach spaces.

2. The operator p D : H;Q(G) — HZ,;l(G) s a bounded linear mapping for v <v <~y+1 and
i=1,...,d.

3. The operator p : H;e(G) — HZ,Q(G) is a bounded linear mapping for v — 1 <v <~y + 1.

4. The operator D; : §, 4(G) — HY »(G) is a bounded linear mapping for v <v <y +1, and
i=1,....,d

Proof. Property 1 is obvious; Property 2 follows from Theorem 2.4 and from Theorem 3.1 in
[9]; Property 3, from Theorem 2.4; Property 4, from Theorem 3.6 in [9].

By definition, the space 55;9(7', G) contains the processes that can be solutions of certain
second-order parabolic equations. Indeed, it follows from Propositions 2.2(4 ) and 2.6(2)
that D; and D;D; are bounded operators from HZH (1,G) to, respectively, H (7' G) and

HZ; (7 G). Assume that a” and o'* are P ® B(R1) measurable functions and

Haij(ta ')HAI%I\H’(G) =+ ||Ui‘(ta ')HAIva (Gsla) = < No
for all (w,t) € (0,7] and all i,5 = 1,...,d. Then there is a linear bounded map

u = [fo, 90, u0] € 55;79(7, G)— (f,g9,w) € .7-";9 X U;e

defined by

f=fo—a9ugi,, g* = gg — ok,
It will be shown later, using embedding theorems, that if v and p are sufficiently large, then w is
a function that is twice continuously differentiable in G and is equal to zero on dG. Therefore,



if f and g are defined as above and p and ~ are sufficiently large, then u is a classical solution
of the equation

du = (a9 (t,2)ugi + f(t,2)) dt + (0™ (t, 2)ug + gF(t,2)) dw(t), t >0, 2 € G (2.6)
uli=0 = uo, ulzeac = 0. '
The result about the unique solvability of (2.6) will then state that the equation defines a
linear homeomorphism between the spaces 53; o(7,G) and .7-'3 0 X U; ¢- To prove such a result,

it will be necessary to impose additional conditions on the functions a and o.

Next, we will study embedding of the space 55; o(7, G) into spaces of continuous functions. For
a positive real number T > 0, a stopping time 7 < T, a real number § € (0, 1], and a Banach
space X, we will use the following notations:

tAT)—u(s AT
HU] pé — sup HU( T) U(S 7—)”X
C ([O’TLX) 0<s<t<T |t — S|p(S
and

eelles 0,01, = ,Sup, fluft A T + 1lulleso,r1,x)°

It is proved in [8], Theorem 2.1, that if u € H}(7), p > 2, and 7 < T, then
E sup |u(tAT, )Hz;ﬂ < N(d,~,p, T)HUH%V(T)’ (2.7)
0<t<T p 4

and if in addition 1/p < a < 8 < 1/2, then

EHuHIé’Défl/P([OJLHg"'I_QIB) S N(ay 67 d7 Wupa T) HUH'I;[;(T) (28>

We also know from Theorem 2.11 in [10] that
E sup |u(tAT,-) —wl’ < N(d,~,p,T)|u|”
s uft ) < NGl
The following is the corresponding embedding theorem for the space ﬁ;ﬁ(T, G).

Theorem 2.7. Assume that G is a bounded domain of class C1V1T3, o 629(7, G), p > 2,
d—1<0<p+d—1,and7T <T.

1.
AP p .
B sup [t A7)l ) < Nl (2.10)
wn particular,
¢
P P
lullyy ) < N/O oy (2.11)
for allt <T. The value of N depends only on d,~,p,T, and the domain G.
2. If, in addition, 1/p < a < 8 < 1/2, then
p . p
b ”“||ca—w([o,Tl,HZ,Zi?ff’Qmp(G» S N-lullgy o0 (2.12)

The value of N depends only on o, 3,d,~v,p, T, and the domain G.



Proof. The first part follows from (2.7), (2.9), and Corollary 2.5.

The proof of the second part requires some additional constructions. Denote by |D|” the
operator f — (|¢[7f), where " and ~are the Fourier transform and its inverse. Theorem 2.2.4
in [14] implies that, for o > 0, the norm in Hy) is equivalent to | - ||z, + [||D[” - ||z, -

Lemma 2.8. Assume that v > 0 and f € Hy. If f is compactly supported in a bounded
domain G, then ||f||z, < N(d,~,G)||D|"f|lL,-

Proof. Using the estimates from [12, Section V.1.2], we get

1fllz, < N d,p)[IDI*fllz,, 1/qa=1/p—a/d,

for every f € Hy and 0 < a < d/p. Let K > 1 be the smallest positive integer so that
v/K < d/(2p), and define p,, = p(dK/(dK — py))™, m =1,..., K. Then

D fll, = NIDPC B flp, = = NE f,, -

It remains to notice that p < px < 2¥p, and, since f is compactly supported in G, 1 fllz, <
N(G.p)lIf L, -

The lemma is proved.
Lemma 2.9. Assume that 1/p < o < 3 <1/2. If u € Hy() so that

t) = up +/0 f(s)ds+/0 g (s)dw"(s),

then, for every ¢ > 0,

2D oy < N (IR, oy

o lull 1918 ) + €PN () )5 (213)
where N depends only on o, 3,v,d,p, T

Proof.

With no loss of generality assume that ug = 0. Since [[[D[” - ||z, < || - [|gy for v > 0, we
conclude from inequality (2.8) (with v = 1), that

BP0 oz < N (0 gy + Tl iy + 192112 iy + 191 )

It remains to re-scale the space variable x — cx and use that (|D|"u(c-))(x) = ¢’ (|D]"u)(cx).

The lemma is proved.
Proof of inequality (2.12).

According to the definition of H ; (@), it is sufficient to consider the case when G = Ri N B,

where B is a ball of sufficiently large radius r > 0 centered at the origin, and u(¢,z) = 0 if
|z| > r/2.

10



We know that wu, (¢, z) = {(x)u(t, e™z) satisfies

t t
U (t, x) :uOn—i—/ fn(s,ac)ds—l—/ gﬁ(s,w)dwk(s),
0 0
where

uon () = ((x)up(ez), fu(t,z) = () f(t,e"x), gn(t,z)=((x)g(t, e"x).
By assumption, u,, is compactly supported in G.

Next, we use Lemma 2.8, and also Lemma 2.9 with ¢ = e™", to write

"p(1-28) {7 N () fall?
co=1/p([o, ]Hgfzb‘) L, (T)
+e np||UnHH2(T +HgnHH1(TZQ +€angnH£p(T)).

By replacing u,, with ((1 + |¢[2)0~1/24,,)", we rewrite this inequality as

BN )l 0,0 20y ( el fullfyy -,

te np”“nHHvH(T +Hgn||H“f (r3l2) angnHHw 1(”2)>

After multiplying both sides by ™ and summing over all integer n, the last inequality results
in

E|[u]|? < N||ul|” N ;
] co=1/p([0,7], Hygl(fﬁzﬁ)p) ||UH;3; o) T HgHHW Lp(TGila)’
since GG is a bounded domain, the term HgHW 1 Gy COD be dropped by Corollary 2.5. By
p.0+p 2

the same corollary,

1-2 _ 1-2 _ —9
H;;+2_;P(G) :pl 2/pH;/:9F /P(G) - pl 2BH;;-1 ﬁ(G) H7+1(12ﬁ2,8)p(G)'

Consequently,
Elull?

o +1-28 > (EHUOH +1-28
Co=t/e((0,7],H) 5~ (1— Qﬁ)p) Hy o (1228)(@)

p
+EH ]C’O‘ 1/p([0 'r] HA,+1(12,82B>17)) S NHUHYJ;’Q(T,G)'

Theorem 2.7 is proved.

Corollary 2.10. Assume that G is a bounded domain of class C1V1+3. Ify—d/p>2,0<60<
p—2, and u € 55;9(7, G), then, for allt > 0 and all w from a set of probability 1, the function
u(t A T,-) is twice continuously differentiable inside G, continuous in the closure of G, and is
equal to zero on the boundary of G.

Proof. According to Theorem 2.7 and Proposition 2.2(4),
we CoP([0,7); 0" - HYGH(@)
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for every 1/p < oo < 8 < 1/2. By Proposition 2.2(5),
p! T2y € com ([0, 7] C*(G))

meaning that u is twice continuously differentiable in G. Also by Proposition 2.2(5),
P20ty e VR ([0, 7] 0(@)),

so that, choosing [ sufficiently close to 1/p to have 8/p + 25 — 1 < 0, we conclude that u is
continuous in the closure of G and is equal to zero on 0G.

3. MAIN RESuULT

Consider the following equation:
du = (a"(t,2)ugips + f(t, 2, u,uz)) dt + (O’ik(t,l')uxi + ¢*(t, , u)> dw®(t), t >0, € G
u=u(t,x), ul¢=0 = uo, ulpg = 0.
(3.1)
Fix v € R.

Assumption 3.1. (Regularity of the domain.) The domain G is a bounded domain in R of
class C"1H3_ in the sense of Definition 2.1.

Assumption 3.2. (Coercivity.) There exist positive numbers k; and k2 so that
I R .y
aléf < (a7 - Go"o™) €6 < rale? (32

for all (w,t) € (0,7], € G, and ¢ € R%.

Assumption 3.3. (Uniform continuity of a and ¢.) For every ¢ > 0 there exists . > 0 so
that

|aij(t7x) - aij(t7y)’ + Hai'(t,w) - Ui.(tvy)le <e€
for all (w,t) € (0,7], all z,y € G with |2 —y| < ., and all i,j = 1,...,d.

Assumption 3.4. (Regularity of @ and 0.) The functions a”/ and o are P@B(R% ) measurable
and

”aij(ta ')||Ah—1|+w’(G) + ||Ui.(ta ')||A|w\+w’(c;12) < K2
for all (w,t) € (0,7] and all 7,5 =1,...,d.
Assumption 3.5. (Regularity of the free terms.)
(f(v B 07 O)a g('a B 0)) S F;9(7_7 G),
and for every € > 0 there exists p. > 0 so that
||(f(a 5 U, uw) - f(7 5, ’Um)ag('7 K U) - 9(7 K U))H]:;G(T,G)
< ellu— vl @) + el — vl )
for all u,v € 55;’9(7', Q).
Assumption 3.6. (Regularity of the initial condition.)  ug € U, »(G).

12



Assumption 3.7. (Technical assumptions.)
(i) p =2
(i)d—1<0<d+p-1,
(iii) there exists a number & € (0,1) so that
(=g a7 ) ee 2 et 33
for all (w,t) € (0,7], z € G, and & € RY.

Definition 3.1. A process u € h‘?)7 (7, G) is called a solution of (3.1) if for every ¢ € C§°(G)
the following equality holds for all t >0 and all w from a set of probability 1:

AT = (10.0)+ [ (@, 6)6) + (F0)6)) s

+—jﬁ "™ uy + g, 0)(s)dut(s).

It follows from Corollary 2.10 that if a solution of (3.1) exists and 7 and p are sufficiently large,
then both the equation and the boundary condition are satisfied pointwise in x.

Note that Assumptions 3.1, 3.4, 3.5, and 3.6. are necessary to define the solution as an element
of the space 53;9(7', G). Assumption 3.3 is used to construct the solution by combining the
local solutions uysing the partition of unity in G. Note that this assumption does not in general
follow from Assumption 3.4; for example, the function a(z) = sinlnz, = € (0,1), belongs to
every A™((0,1)), but is not uniformly continuous.

It is well known that, in the case of stochastic equations, it is necessary to have p > 2 because
of the Ito formula and the generalized Littlewood-Paley inequality (see [8] and [5] for details).
The restriction on 6 is also natural: by considering the usual heat equation, we can see that if
0 > d+p—1, then the free terms can blow up near the boundary too fast for the solution to exist,
while for # < d — 1 the solution, no matter how regular, cannot belong to the corresponding
space. Condition (3.3), on the other hand, is purely technical and comes from the method
used in [10] to prove solvability of the equation in the half-space. Note that (3.3) follows from
(3.2) if one of the following holds:

eoc=0or
ep+d—2<O<p+d-—1.

The following is the main result of the paper. The proof is given in Section 5.
Theorem 3.2. (The Main Theorem.) Let T' > 0 be fized and assume that 7 < T. Then,

under Assumptions 3.1-3.7, equation (3.1) has a unique solution in the space f);—gl (1,G) and
the solution satisfies

lullsy s rcy < N - (I C5+0,0), 95, 0)lle ey + luoll, ) (3.4)

The value of N depends only on d,~y, k1, ke, R, p, T, 0, the domain G, and the functions § = .
and = p..
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The following is an interpretation of the result when the functions f and ¢* do not depend on
u. Let u € eri (7,G) and functions a¥, 0¥ satisfy Assumption 3.4. Define the operators
p,0—p
Au(t,z) = aV (t, )uyiys (t,2);  Bru(t,z) = o™ (t, 2)u,(t, )
and write
(IAa B])U = (f7 g, UO)
for some (f,g) € F) o(7,G), ug € U 4(G) if u belongs to §) 4(7,G) and is a solution of

du = (a9 (t,2)uyips + f(t,2)) dt + (0™ (t, 2)ug + gF(t, x)) dwh(t)

uli=o = uo, ulpg = 0.
Note that if u = [fy, go, uo] € f)Z’G(T, G), then, by definition,
(A, B)u = (fo — Au, g — Bu, up) (3.5)

and
(o = Au, g = Bu)ll gy () < N(d v, 5, D) Ul )

This means that (A, B) is a bounded linear operator from 55;9(7, G) to .7:;79(7', G) x U;e(G).
The additional conditions on a, o, p, and €, namely, Assumptions 3.2, 3.3, and 3.7, ensure that
the operator (A, B) is a linear homeomorphism of the corresponding Banach spaces.

4. EXAMPLES

4.1. Linear equation with finite-dimensional noise. Consider a particular case of equa-
tion (3.1):

du =(a" (b, 2)uyipi + b'(t, 2)ug + c(t, z)u + f(t,z))dt

dy
3 (0 )+ B 2t @) + g () dut @), £> 0, wE G, (4)
k=1
ult—o = up, ulpg = 0.

We make the following assumptions about the functions b, ¢, f, h, g.
Assumption 4.1. The functions b, ¢, and h* are P ® B(G) measurable and

I6° (¢, M air=11+ () T 110+ @) grn=114v () + 1BE ) g1+ (G 10) < Bo2-
Assumption 4.2. (f,9) € F),(1,G).

The next result is a generalization of Theorem 2.1 in [6].
Theorem 4.1. Under Assumptions 3.1-3.7 with Assumptions 4.1 and 4.2 instead of Assump-
tion 3.5, for every T < T equation (4.1) has a unique solution from 53;,9 and the solution
satisfies

Il ey < N - (159l iy + ol ) -
The value of N depends only on d,~y, k1, ke, K, p, T, 0, the domain G, and the functions § = .
and (= p..
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Proof. By Theorem 3.2, all we need is to show that, with the functions f(¢,x,u,u,), and
g(t,x,u) defined by
Ft @, u,ug) = V', @)ugs + c(t, x)u+ f(t,2), g(t,z,u) = h(t, z)u(t, z) + g(t, v),

Assumptions 4.1 and 4.2 imply Assumption 3.5. If u € f);Q(T, G), then Theorem 2.4 and
Proposition 2.6 imply that

(f(7 5 U, 'sz), 9(7 Bl U)) € f;:e(T, G)
Also, using Proposition 2.2(4) and Assumption 4.1, for every u,v € Sﬁge(v', G) we get

H(f(a 5 Uy hx) - f(a 55U, ’U:E)ag('v -,U) - g(? '7U>)H‘7-—;’9(T,G)
= (0" Di(u—v) + ¢ (u—v),h-(u— U))Hf;’g(@c) < Nfu— UHH;g(T,G)-

Theorem 4.1 is proved.

4.2. Equation driven by space-time white noise. Assume that G is an interval I =
(z1,22), p(x) = (x — 1) (22 — ), {pr(z), kK > 1} is an orthonormal basis in Lo (I).

Consider the following equation:
du = (a(t, @) ugy + b(t, x)ug + f(t, 2, u))dt + h(t, 2, u)pp(z)dw” (1)

uw(0,z) = uo(xz), u(t,x1)=u(t,zs) =0. (4.2)

It is shown in [4, Section 7.2] that equation (4.2) is equivalent to
du = (a(t, z)ugy + b(t, x)uy + f(t,z,u))dt + h(t,x,u)dB(t, )
uw(0,2) = up(z), u(t,z1)=u(t,z9) =0,
where B(t, z) is the space-time white noise.

We make the following assumptions about equation (4.2).
Assumption 4.3. There exist positive numbers x; and kg so that k1 < a(t,z) < ko for all
(w,t) € (0,7] and = € I.
Assumption 4.4. For every ¢ > 0 there exists § = 0, so that |a(t,z) — a(t,y)| < . for all
x,y € [x1, x2] satisfying and all (w,t) € (0, 7].
Assumption 4.5. The functions a,b are P ® B(R) measurable and
lallaz(ry + 0l ar ) < K2
for all (w,t) € (0,7] and z € I.
Assumption 4.6. p > 2, p/2<6 <p,and vy € (—1,-1/2).
Assumption 4.7.

f(’a "y 0) € H;,;j—p(Tv I)7 h(7 "y 0) € I[‘p,97p/2(7—7 I)7
and !
lp(@) f(t, @,y1) = p(2) f(t, 2, y2)| + [h(E, 2, y1) — h(t, 2, y2)| < K2lyr — v2|

oo (7, 1) = H) (7, 1)
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for all (w,t) € (0,7], x € I, y1,y2 € R.
Assumption 4.8. ug € U;Q(I).

Theorem 4.2. Under Assumption 4.3-4.8, if 7 < T, then there is a unique solution u €
539(77 I) of equation (4.2) and

lellgy e < N (G Oyt iy + 1A Oy ey + ol ) ) -
The number N depends only on v, k1, ke, 0,p, T, and the interval I.

Together with Theorem 2.7(2), Theorem 4.2 implies continuity of the solution in time and
space. When a =1 and b = 0, the corresponding result is obtained in [15, Chapter 3].

Corollary 4.3. Assume that the conditions of Theorem 4.2 are fulfilled for every

v € (—=1,-1/2), 0 € (p/2,p), and p > 2 (for example, if the functions f and h are bounded
and do not depend on u, and ug is deterministic and belongs to C§°(I)). Then the solution
u=u(t,x) of (4.2) has the following properties:

1. For every sufficiently small § > 0, u(t,-) € 01/2_5(1) with probability 1, uniformly in t, and
u(t,z1) = u(t,z2) = 0 so that u(t,x) ~ (p(x))/2% near the end points;

2. For every § >0, u(- A7,z) € 01/4_5(0,T) with probability 1, uniformly in x.

Proof. Assume the p > 2 and choose «, 5 so that 1/p < a < # < 1/2. By Proposition 2.2(4)
and Theorem 2.7(2),

u € Cafl/p([(),T],pk%Hg’gw) (P—a.s.)

for allv € (0,1/2), 0 € (p/2,p), and p > 2. Assume that p is sufficiently large and 6 > p/2+ 1.
Then we can choose v so that

0/p—1/p=(1-v)
or
1-28=v—-26+0/p—1/p,
so that, according to Proposition 2.2(5), p1_2/pH;752*6(I) c Cv=20-1/p(I) and

we colr ([0,7’], C”‘w_l/p(l)) .

The last inclusion implies both statements of the corollary. Indeed, to get continuity in z,
choose v sufficiently close to 1/2, p sufficiently large, and «, 3 sufficiently close to 1/p; to see
that u(t,z) ~ (p(z))/?7%, we also choose @ close to p/2 4+ 1. To get continuity in ¢, choose v
sufficiently close to 1/2, a and [ sufficiently close to 1/4, and p sufficiently large.

Corollary 4.3 is proved.

To deduce Theorem 4.2 from Theorem 3.2, one of the problems is to show that Assumption 4.7
implies Assumption 3.5 with ¢*(¢, z,u) = h(t, z,u)@r(x). To do so, we will need the following
result.

Lemma 4.4. Assume that =1 <y < —1/2 and h € Lyg_,,/5(I). Define g = {d*(z), k> 1}
so that g*(x) = h(z)pr(x). Then g € H;Q(I; l2) and

Hg|’H;0(I;l2) < NhllL, 4,00
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Proof. By the definition of the space Hy (I;l3) it is sufficient to show that, for every function
X € C§°(R) whose support contains x; and does not contain xg, the function g defined by
3 (z) = x(x + z1)pr(z + z1)h(z + 1) belongs to H;e(lg); the analysis near the point xs is
identical. To simplify the notations, set z; = 0. 7

It is known from [11] that in the case d = 1 the spaces H. I’f o are generated by the corresponding
powers of the operator

Apo = Qy 5AQps,

where Q9 @ f(z) + f(e%)e*®/? and A = /1 —d?/dz?. This means that if R, (r,y) is the
kernel of the operator A7, then the kernel R, y(z,y) of the operator A; o satisfies

R, p(e",€e¥) = Ry(x, y)e 0@=v/pemy, (4.3)

By the definition of the norm in H;a(lg),

p/2

o) +00 2
11157, 1) :/o <Z< i R»y,e(x,y)h(y)sok(y)x(y)dy> ) 29z,

k

and by the Bessel inequality for orthonormal systems, the last expression is bounded by

) “+00 P/2
/0 (0 Ri,e(w,y)hz(y)XQ(y)dy> 2%~ da.

After that, relation (4.3) implies that

+o00 ~+o00 ) 5 5 p/2
ot [ ([ Renhwba) (1.4

—0o0 —0o0

where h(y) = e@/P=1/2up(e¥)y(e¥).
By Lemma 4.1(ii) in [8] the right-hand side of (4.4) is bounded by
PP
N(%p)Hh”LP(R)'

Finally, the definition of » and the Holder inequality imply that

1Al ey < VO [

1

xT

2
PP () Pde < N(DIIRIG o)

Lemma 4.4 is proved.
Remark 4.5. Note that h € Ly, g_,,/2(I) if, for example, 6 > p/2 and h € Loo(I) orif 6 > p/2+1
and h € Ly(I).

Proof of Theorem 4.2.

We can now deduce Theorem 4.2 from Theorem 3.2 If f(¢,z,u,u,) = b(t,x)us + f(t,x,u),
then, by Assumptions 4.5 and 4.7,

||f(, ‘y U,ux) — f(, ° U;’Ux)”H;,;ip(TJ) < NHUHHZ’G(T,I)'
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Also, by Assumption 4.7 and Lemma 4.4, if ¢*(t, z,u) = h(t, z, u)¢x(z), then
g(,+,0) € Hgﬁ(T, I;1l5) We need to show that, for every € > 0, there is p. so that

lgCs s w) = gCs s )l (rrg) < ellu =vllgy oy + pellu = ollgy 1) (4.5)
for all u,v € 55;,0 (1,I). By Assumption 4.7 and Lemma 4.4 we conclude that
lg(- - u) —g(-, -, U)HH;(,(T,IJQ) <lw=2llL,, 00
For every & > 0, inequality |ab| < ¢|a|? + 1/ |b|? implies
[|u — U”]}ip’afpp(ﬂ]) <eéllu— UH{p,gw(T,I) +1/ellu — U‘|£p79(771)-

Next, we use (2.2) with €2 instead of ¢ to get

el = oI,y < NOlellu =l + NG llu=vlly o

1
p,G(T)I) HZ:Z (T,I)

Finally, we note that

lu — UH%}?,@*P("';I) < flu = UHI;JZ,Q(T,I) and fJu— o] < NO.p Dllu -

p“/+1 U”p’Y .
H) 5 (7. T) 9, 9(m1)

Combining the above inequalities results in (4.5).

Theorem 4.2 is proved.

5. PROOF OF THEOREM 3.2

With no loss of generality, we assume that 7 = T', because we can always continue the functions
f and g to  x (0,T) by setting them equal to zero for 7 < ¢.

The solution operator for equation (3.1) will be constructed by using the partition of unity in
G to combine the local solution operators away from the boundary and near the boundary.
A detailed description of this approach for deterministic elliptic equations can be found in [7,
Sections 6.2-6.5].

The proof will proceed as follows. The local solution operator away from the boundary is
constructed below in Lemma 5.1 using the results from [8]. To construct the local solution
operator near the boundary, the original equation is transformed into an equation in Ri. The
resulting equation with “almost constant” coefficients is solved by combining the results from
[10] with a perturbation result from Lemma 5.3 below. Note that after the transformation to
the half-space the coefficients of the equation depend on x even if the coefficients of the original
equation did not. The process of combining the local solution operators results in an integro-
differential equation whose unique solvability and equivalence with the original equation are
established in Propositions 5.5 and 5.6 below.

We begin by considering equation (3.1) away from the boundary. Take two functions xo, 79 €
C3°(G), where xo is the corresponding element of the partition of unity and the function ng
satisfies 0 < mp(x) < 1 and no(z) = 1 on the support of xo. Define operators

(Ao, Bo) : H}(T) — F)(T)
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Aou(t, ) = no(2)a” (t, ) ugies (t, ) + (1 = mo()) Au(t, ),

Bou(t,x) = mo(w)o™ (¢, 2)ugi (t, x),

where A is the Laplace operator. Next, define the operator
(Ao, Bo) : H(T) — F}(T) x Ly(Q, H}T=27)
by setting (cf. (3.5)) (Ao, Bo)u = (fo — Agu, go — Bou, uo)
if u(t) =wup+ fg fo(s)ds + fg gk (s)dwk(s) as an element of Hy (7).
In other words, if (Ag, Bo)u = (f, g, ug), then u is a solution of
du = (flou(t,x) + f(t,:v)) dt + (Blgu(t,x) + gk(t,x)) dw®(t), t >0, » € RY,
uli—o = up.
If (A, B) is the operator defined after the statement of Theorem 3.2, then
(A, B) (uxo) = (Ao, Bo) (uxo)

for every u € H,(T).

Lemma 5.1. Under Assumptions 3.2, 8.3, and 3.4 the operator ({.,Zlo, B()]) has a bounded inverse
Ro so that

H’Rto(f,g,UO)H%;(T) <N- <||(f7 g)”?:g(T) + E||UO|I;I;+12/p> (5.1)

and

Ro((A, B) (uxo)) = uxo (5.2)
for every u € Hy(T).
Proof. Both statements of the lemma follow from Theorem 3.2 in [8].

Next, we consider equation (3.1) in By, (x¢) N G for g € IG. Let 9 be the corresponding
diffeomorphism (cf. Definition 2.1) ¢ : B, (m0) NG — R%, yo = ¢(x0) = 0.

Define the following operators (cf. Section 6.2 in [7]):

Av(t,y) = @7 (t, y)vyiy (t,y) + 0 (ty)v,(ty), Bru(t,y) = 6% (t,y)v,i(t,y),

where
@ (ty) = a7 ()t (@) (2); B (ty) = T (82t (@);
G (t,y) = okt 20 (2); =0 (y).

It follows that if u(t,z) = v(t,y), then (Au(t,z), Bu(t,z)) = (Av(t,y), Bu(t,y)).
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To solve equation (3.1) in By, (z9) N G, fix a function n € C{°(RY) so that 0 < 1 < 1 and
n(z) =1 for |z| < rg, and deﬁne n(y) = n(:n — ),
)

Au(t,y) = 7i(y)Av(t,y) + (1 - 7(y))a’ 7t yo)eyy (1, y),
B*u(t,y) = ii(y) B v(t, y) + (1 —ii(y))5’ (t Yo)vyi (t,y),
Aou(t,y) = a" (t,yo)v Vyigi (£, Y); Bov(t y) = (t,yo)vyi (t,y).

Finally, define the operator
(Ao, Bo) 35;,9(T) - j:;e(T) X Ug,e
by setting
(Ao, Bo)v = (fo — Aov, go — Bov, vo)
if v = [fo, 9o, vo] as an element of ﬁ;’ﬂ(T). In other words, if (Ao, Bo)v = (f, g, v0), then v is a
solution of

dv = (Aov(t,y) + f(t,y)) dt + (Biv(t,y) + g*(t,y)) dw®(t), t >0, y € RY,
v]t=0 = vo, V|y1=9=0.

Lemma 5.2. Under Assumptions 3.2, 3.4, 3.7, and 3.1, for every xo € OG the operator
(Ao, Bo) has a bounded inverse Ry and the norm of Ro does not depend on T'.

Proof. This follows from Theorem 3.2 in [10], because the coefficients of Ay and By do not
depend on y.

Next, we establish a perturbation result.

Lemma 5.3. (cf. Theorem 5.2 in [_8]) There exists an €y depending only on d,~,k,p,0 so
that if € < g9 and the operators A, B satisfy

I(Av, Bv) = (Aov, Bov)l| £y, 7y < ellvllgr r) + Nollvller ¢

for some Ny depending only on d,~, k,p, 0, then the operator (A, B) has a bounded inverse. If
Ny = 0, then the norm of the inverse does not depend on T'.

Proof. Define the operator R from .6;79(T ) to itself by setting
Rv=TRo(f + (A — Ag)v,g + B — By)v,up),

where Ry is the operator from Lemma 5.2. With this definition, v satisfies (A, B)v = (£, g, uo)
if and only if v is a fixed point of the operator R. Therefore, it remains to show that a
sufficiently high power (R)" of R is a contraction in ﬁ;e(T ). We have

IRv1 = Ruallgy |7y < NIIC (A = Ag)(v1 = v2), (B = By)(v1 — v2) Wy

T
< NePllos — oollP p [P
< NeP||lvy U2||5§;,9(T) + N N /0 [lvg v2||ﬁ;70(s)ds,

where the first inequality follows from Lemma 5.2, and the second, from the assumptions and
(2.11). This completes the proof if Ny = 0; otherwise, we iterate the last inequality as in the
proof of Theorem 5.2 in [8].

Lemma 5.3 is proved.
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Lemma 5.4. For every a € AN there is an equivalent norm in ng (also denoted by
|| - ||H;/6) and a constant N = N(a,d,~,p) so that

lawllg, < N - sup la(@)] - [lullpy, - (5.3)
» xERi p,

Similarly, for every o € AWHV,(ZQ) there is an equivalent norm in Hga and a constant N =
N(d,~,p,0) so that
ol i < N+ b o)l (5.4
z€RY

Proof. It is known from Remark 5.2 in [8] that for every a € B” there is an equivalent norm
in H” (defined by |[fllgy = Il((m? + |€|2)f)v||Lp(Rd) for sufficiently large m) and a constant
N = N(a,d,~,p) so that
laullgy <N - sup [a(@)] - |ullgy-
zeRd

It remains to use this norm [ - ||z in the definition of the norm in H)y:
0
Jaully, = 37 e lca(e yue™ )
n

The proof of the second statement is similar. Lemma 5.4 is proved.

We now use the last three lemmas to construct the local inverse of the operator (A, B) near
the boundary of G. In view of Assumption 3.4 and Lemma 5.4, we will assume with no loss
of generality that there exists a constant N so that inequality (5.3) holds for all a* (¢, z) and
inequality (5.4), for all 6" (¢,x). Note that

(A= Aoo(t,y) = 7i(y)(@ (t.y) — @ (t,y0))vyiys (. y) + W)V (t, y)vys (t,y)-
Consequently, by Assumptions 3.3 and 3.1, for every € > 0, we can choose 7y in Definition 2.1
so that

H(/I - AO)UHHZ;?}&-p(T) <N- (5””3/”]141;79(7“) + HUHH;,G(T)>
and L
(B — BO),U)HH;’Q(TJQ) < NSHUyHH;”g(T)
with N independent of T'. As a result,
(A~ Aoyo, (B = Byl ) < Nellolsy o) + Nl )

We now choose ¢ so that Ne < g, where ¢ is as in Theorem 5.3; the corresponding value of
ro will be denoted by 75. Then by Theorem 5.3 the operator (A, B) has a bounded inverse R.

Define the operator Sy, (local solution operator near the boundary) by

Sro(fmgvu(]) = ‘I’ﬁ(faﬁ,%%

where

fty) =i [t ), §t,y) =iy)g(t,x), do(y) = Ay)ue(z), x =9~ (y).

Properties of the operator S, :

21



sto(f,g,UO)Hﬁzﬁ(T,GﬂBTS/Z(xO)) <N- (H(fvg)Hf;g(T,c) + HUOHU;G(G)) ; (5.5)

2o ((A, B) (x u)) = xu (5.6)
for all u € §) ,(T,G) and x € C§°(B,x /2(w0))-

These properties follow from the definition of S, and from Lemma 5.3.

Now we can construct the global solution operator. Let xo, X1, - .-, Xk be a partition of unity
in G, corresponding to ro = r; in particular, for m = 1,..., K, the function x,, is supported
in Brg /2 (z,) for some x,, € OG. Define Sy = 7~€0, the solution operator from Lemma 5.1, and
Sm =8z, m=1,..., K, the corresponding local solution operators near the boundary.

Proposition 5.5. (cf. Lemma 6.4.1in [7].) If u € 9 o(T,G) and
(IAv BI)U: (fvgau())a (57)
then
K
u = Z Xm (me mu Xmg — Bm“»XmUO)a (5'8)
m=0
where
Amu@? .%') - ‘A(Xmu) - Xm-Au = Qaij (t7 J}) (Xm(x))xlu:rﬂ (ta .%') + aij (tv x)(Xm<‘r))xlx]u(ta $)7
BEu(t, ) = B (xmu) — XmB"u = 0™ (¢, 2) (xm () miult, 7).

Proof. It follows from (5.2) and (5.6) that xu = Sy ( (A, B) (xmu)), 0<m < K, and also,
by the definition of the operator (A, B),

-A(Xmu) = me - AmU, B(Xmu) = Xmdg — Bnu
Proposition 5.5 is proved.
Proposition 5.6. (cf. Section 6.5 in [7].)

1. For every (f,g) € fZG(T, G) and ugy € Uge(G) there is a unique solution u € 55;9(T, G) of
equation (5.8). This solution satisfies

lullsy crer < N - (I 9z, + Nuollor e ) - (5.9)

2. Ifue ﬁ;’,g(T, G) is a solution of (5.8), then u also satisfies (5.7).

Proof. 1. To prove existence and uniqueness, it is enough to show that a sufficiently high
power of the linear operator

UHZXm 'm( muBmu 0)

is a contraction in 9 (T, G). To this end note that
X T
p < p < p
HSuHﬁ;’G(Tvg) > NHUHH;’e(Tg) > N/O HUHﬁ;e(tG dt
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where the first inequality follows from the definitions of the operators A, and B, and the
properties of the spaces, while the second inequality is (2.11). The result then follows after
iteration.

The unique solution of (5.8) then satisfies

T
Il iy < (179 iy + ol i+ [ Tl o)

so that (5.9) follows by the Gronwall inequality.

2. Assume that u € .67 o(T,G) is a solution of (5.8). Then, as an element of 5’)7 o(T,G), the
function u satisfies (A, B])u = (f0, 90, up) with some (fo, go) € ]-'79(T G) and the same ug (by

construction), and we have to show that f = fy, ¢ = go. By Proposition 5.5 the function u
satisfies

U= Z Xm meO - mu Xmygo — BmU;XmUO)- (5.10)

Therefore, if f = f — fo, § = g — go, then, by comparing (5.10) with (5.8) we get

Z XmS, me XmJs 0) =0,

and, after applying the operator ([A B) and using (5.2) and (5.6),

K K
= > AnSu(xmf, Xm0 Z m(Xm S, Xm 0.

m=0

To conclude that f =0, and g = 0, it is enough to show that a sufficiently high power of the
linear operator

K
( m (Xm fs Xmg, 0 Z m (Xm f> Xm0, ))

is a contraction in ﬂ ). Clearly,

G P p
15(/, g)H]:;,e(TG) <N z_:l [[Sm (Xm. S Xmgao)‘|H;9(T,G)

K .r
<N [ ISt Xm0 Ol 0yt < N / (5.9
m=1 ’

and the result follows after iteration.
Proposition 5.6 is proved.

We can now finish the proof of Theorem 3.2. It follows from Propositions 5.5 and 5.6 that the
operator (A, B) has a bounded inverse R. Therefore, every solution of (3.1) satisfies

u=R(f(u),g(u),u0),
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where for simplicity the dependence of f and g on ¢,z is omitted. To prove Theorem 3.2, that
is, to show that equation (3.1) has a unique solution in ﬁ;a(T, G) and the solution satisfies
(3.4), it is enough to show that a sufficiently high power of the operator

S:u— R(f(u,ux),g(u),UO)

is a contraction in ﬁgg(T, G). We have

HSU - SUH?J;YG(T,G) = HR(f(U,Uz) - f(v,vz),g(u) - g('l}), O)I‘QZ’Q(T,G)
< NUCF 0 0e) — £0,02)00) 90D 1
p p
< N€||u — UHSﬁ;’e(T,G) + N/LEHU — U|’H;79(T,G)’

where the first inequality follows from (5.9) and the second, from Assumption 3.5. Therefore,

T
_ p < _ p _ P
[ Sua SU2H§3;79(T,G) < Nelluy U2Hﬁ;9(T7g) + N/O [|ur UQH;J;’G(LG)dt,
and it remains to iterate the last inequality with ¢ sufficiently small.

Theorem 3.2 is proved.
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