PARAMETER ESTIMATION IN HYPERBOLIC MULTICHANNEL
MODELS

W. LIU AND S. V. LOTOTSKY

ABSTRACT. A multichannel model is considered, with each channel represented by a
linear second-order stochastic equation with two unknown coefficients. The channels
are interpreted as the Fourier coefficients of the solution of a stochastic hyperbolic
equation with possibly unbounded damping. The maximum likelihood estimator of
the coefficients is constructed using the information from a finite number of channels.
Necessary and sufficient conditions are determined for the consistency of the estimator
as the number of channels increases, while the observation time and noise intensity
remain fixed.

1. INTRODUCTION

Consider the wave equation with zero initial and boundary conditions and the space-
time Gaussian white noise W (¢, x) as the driving force:
U (t, 1) = Ouge(t,2) + W(t,z), 0<t <T, 0<z <1,

(1.1)
uw(0,2) = uy(0,2) = 0, u(t,0) =u(t,1) =0;

subscripts denote partial derivatives: u; = 0%u/0t?, etc. Is it possible to find a consis-
tent estimate of the parameter § > 0 from the observations of u(t,x), t € [0,7T], = €
0,1]?

A positive answer to this question is obtained in [18] as follows. Consider the Fourier
series expansion of the solution of (1.1):

(1.2) u(t,z) = \/g > up(t) sin(wkz).

k>1
Then define vg(t) = duyg(t)/dt and
L3 fy — — 2ty Pu)don(t)
T2y [, Krug(t)dt
It is proved in [18] that limy_ éN = 6 with probability one and
lim N2y — 0) = ¢

N—oo

in distribution, where ( is a Gaussian random variable with zero mean and variance
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At a first glance, there is nothing unusual about the result: we get a consistent and
asymptotically normal estimator of an unknown parameter. A closer look indicates
that the result is, in fact, rather unusual and leads to an interesting class of singular
statistical models. Note that the asymptotic parameter N is not a part of the original
problem and is introduced as a part of the solution. In other words, a consistent
estimation of the parameter is possible with both the observation time interval and the
amplitude of the noise fixed. This suggests that the estimation model defined by (1.1)
is not a regular statistical model, and indeed, one can see from [21, Corollary 1] that
the measures in a suitable Hilbert space generated by the solutions of (1.1) for different
values of 6 are mutually singular. As a result, estimation of the drift parameter 6 in
(1.1) is somewhat similar to estimation of the diffusion parameter o in the stochastic
ordinary differential equation dX (t) = a X (t)dt + odW(t).

Generalization of (1.1) and (1.3), which is the objective of the current work, relies
on the observation that the Fourier coefficients wu; of the solution are independent
processes satisfying

duk(t) = Uk(t)dt, dvk(t) = —7T2]<12(9uk(t)dt + dwk(t),
or, less formally,
(1.4) iig (1) + T2k Ou (t) = iy,

where u, = dug/dt and wy, k > 1 are independent standard Brownian motions. An-
other key observation is that

2 Ty T
(1.5) ,}1_%10]{: ]E/O up(t)dt = 120
The fact that the model is defined by a stochastic partial differential is not as important
as the fact that the Fourier coefficients of the solution are independent processes with
the property (1.5). Accordingly, a natural generalization of (1.1) is a multichannel
model with independent channels {u;, k > 1} defined by

Uk(t) — ,uk(ﬁg)u(t) + )\k(el)uk(t) = u’;k(t), 0<t< T,

(16) ue(0) = i (0) = 0,

where A\, and u are two sequences of numbers depending on two unknown parame-
ters 6; and #,. The objective is to construct maximum likelihood estimators of the
parameters 6, 0o given ug(t), k = 1,...,N, t € [0,T], and to study the asymptotic
properties of the estimators as N — oo. With little loss of generality, we assume linear
dependence of \; and py on the unknown parameters:

(17) )\k = Kg + 91Tk, M = Pk -+ QQVk.

The analysis of (1.6) in full generality cannot be a subject of a single paper because
there are 11 different regimes for the solution of the equation ¢(t) — by(t) + ay(t) = 0,
depending on the roots of the characteristic equation 72 — 2br +a = 0. As a result, we
restrict our analysis to what we call hyperbolic multichannel models, that is, the models
in which the channels u; can be interpreted as the Fourier coefficients of a (broadly
defined) stochastic hyperbolic equation. Roughly speaking, this means that A\, T +oo
and p; do not go to —oo too quickly (alternatively, the free motion of (1.6) does not
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grow exponentially for all sufficiently large k). For a precise formulation, we need a
short digression into the subject of partial differential equations.
A typical example of a parabolic equation is the heat equation

Ut = Ugy;
a typical example of a hyperbolic equation is the wave equation
Ut = Ugg-

In a more abstract setting, if A is linear operator such that @ + Au = 0 is a parabolic
equation, then

i+ Au=0
is natural to call a hyperbolic equation; % and # are the first and second time derivatives
of u.
Damping in a hyperbolic equations is introduced via a term depending on the first
time derivative of the solution. For example, a damped wave equation is

U = Ugy — AU, a > 0.

Indeed, if we define the total energy E(t) = [ (uf(t,z) + u(t,z))dz, then integration
by parts shows that

d
%E(t) = —a/uf(t,:c)da:;

it also shows that a < 0 (negative damping) corresponds to amplification. More gen-
erally, we write a damped linear hyperbolic equation in an abstract form

(1.8) i + Au = Ba,

where A and B are linear operators on a separable Hilbert space H; depending on the
properties of the operator B, the result can be either damping or amplification.

In this formulation, the multichannel model (1.6) becomes a stochastic version of
(1.8):

(1.9) i+ A0)u=Bl)u+W, 0<t<T,

where W is Gaussian space-time white noise on H and A(f;) and B(6,) are linear
operators defined by

{h, k> 1} is an orthonormal basis in H, u = ), -, ughy. Following (1.7), we further
write A(601) = Ao + 0141, B(02) = By + 6,8, where

(110) AOhk == Iikhk, Bohk == pkhk, Alhk == Tkhk, Blhk == l/khk.

The eigenvalues of partial differential operators have algebraic asymptotic (see [23]),
and the multi-channel formulation could be a more natural starting point than (1.9)
when, for example, 7, = €* or 1, = Inln(k + 2). The equivalent operator formula-
tion (1.9) could still be useful as it represents the multichannel model as an abstract
linear infinite-dimensional stochastic evolution system. The system generates a Gauss-
ian measure in a suitable Hilbert space, and then identifiability of the parameters is

equivalent to singularity of the corresponding infinite-dimensional statistical model.
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It is this formulation of the estimation problem in the language of stochastic partial
differential equations (SPDEs) that was first suggested in [6] and further investigated
in [7, 20] for stochastic parabolic equations with one unknown parameter. Estimation
of several parameters in parabolic equations has also been studied [5, 19].

When the underlying infinite-dimensional statistical model is regular, various es-
timation problems have been studied in both SPDE [3, 9, 10, 11] and multichannel
[4, 12, 13, 22| settings. Finite-dimensional singular statistical problems have been
studied in [8, 14, 15]. Nevertheless, analysis of (1.5) requires completely different tools
and leads to new results.

Let us summarize the main results of the current paper. Consider a separable Hilbert
space H with an orthonormal basis {hy, & > 1}. Let X be a Hilbert space such that
H C X and the embedding operator y : H — X is Hilbert-Schmidt: >, o, [[hx]/% < o0.
Then the cylindrical Brownian motion W (t) = >, ., wi(t)hy, is an X-valued process.
We say that the multi-channel model (1.6) is hyperbolic if, for each ¢, the infinite-
dimensional process u(t) = > .o, ur(t)hy is an element of X; this is known to be
the case when (1.9) is a hyperbolic equation in the usual sense (see, for example, [2,
Section 6.8]). In the parametric setting, it is important to have hyperbolicity uniformly
for 0, € ©4, 0, € O, on compact sub-sets ©1, 0, of R. The main result of Section 2 is
that (1.6) is uniformly hyperbolic if and only if

(1) there exist positive numbers C*, ¢, ¢y such that {ky + 07, + C*, k > 1} is a
positive, non-decreasing, and unbounded sequence for all # € ©, and
K + eTk + C*

1.11 < <
( ) Cl_lﬁk+9/Tk+O*_C2

for all 6,0" € Oy;
(2) there exist positive numbers C, J such that, for all £ > J and all ; € ©4, 0, €
@27

(1.12) T (pr + O2v) < In(kg + O17%) + C.

The maximum likelihood estimators of 6y, 65 based on u, and u,, kK = 1,..., N
are constructed explicitly in Section 3, but the corresponding formulas are too large
to present in the Introduction. Analysis of these estimators in the limit N — oo is
carried out in Sections 4 and 5. Here is the main result when A;, B; in the equivalent
formulation (1.9) are differential or pseudo-differential elliptic operators. Every such
operator has a well-defined order; for a partial differential operator, it is the order of
the highest derivative.

Theorem 1.1. Assume that A;, B; are positive-definite, self-adjoint elliptic differential
or pseudo-differential operators, either on a smooth bounded domain in R® with suitable
boundary conditions, or on a smooth compact d-dimensional manifold. Then

(1) the maximum likelihood estimator of 0 is consistent and asymptotically normal
in the limit N — oo if and only if

(1.13) order(A,;) > order(Ag + 61.A,) + order(By + 025;) — d
) > 5 :
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(2) the maximum likelihood estimator of O is consistent and asymptotically normal
in the limit N — oo if and only if
order(By + 0281) — d
5 :

Similar to the parabolic case (Huebner [5]), this result extends to a multichannel
model with multiple parameters, which, in the equivalent operator formulation can be
written as

(1.14) order(By) >

i=0 =0
For example, the coefficient 6;, can be consistently estimated if and only if

order (37, 61:.A;) + order (ZT:O 02j6j> —d

2
Throughout the presentation below, we fix a stochastic basis

]F = (Q7f7 {-E}tZ(]?P)

with the usual assumptions (completeness of Fy and right-continuity of F;). We also
assume that [F is large enough to support countably many independent standard Brow-
nian motions. For a random variable &, [E¢ and Var ¢ denote the expectation and vari-
ance respectively. The time derivative of a function is denote either by a dot on top
(as in @) or by a subscript ¢ (as in uy).

The following notations are used for two non-negative sequences a,,, b,,:

(1.15) a, 1 by,

if there exist positive numbers ¢y, ¢y such that ¢; < a, /b, < ¢ for all sufficiently large
n;

order(A,) >

(1.16) ay, = by

it

(1.17) lim Z—” = ¢ for some ¢ > 0;
(1.18) ay, ~ by

if (1.17) holds with ¢ = 1. Note that if a, ~ b, and Y a, diverges, then Y ,_, a; ~

n
Zk:l by
2. HYPERBOLIC MULTICHANNEL MODELS

We start by introducing the following objects:

(1) H, a separable Hilbert space with an orthonormal basis {hy, k > 1};
(2) X, a separable Hilbert space such that H is densely and continuously embedded
into X and

(2.1) > Ik} < oo
k>1

(in other words, the embedding operator from H to X is Hilbert-Schmidt);
(3) ©1, O9, two compact sets in R;
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(4) 61, 05, two real numbers, 0; € O, 05 € Oq;
(5) (2, F, (Fi)e>1,P), astochastic basis with the usual assumptions and a countable
collection of independent standard Brownian motions {wy = wg(t), k > 1}.

In this setting, a cylindrical Brownian motion W = W (t) on H is a continuous
X-valued Gaussian process with representation

(2.2) W(t) =Y hgw(t).
k>1
The process W indeed has values in X rather than H because
E[W®% =t Y lhallx < oo.
k>1
For fixed non-random 7" > 0, consider the multichannel model

(2:3) e (0) = 14 (0) = 0,

with

(2.4) Me(01) = g + 0171k, p(02) = pr + Oav.

We also consider the equivalent operator formulation

(2.5) i+ A0)u=Bl)u+W, 0<t<T,

where A(0;) = Ay + 01.A1, B(02) = By + 0251,

(2.6) Aohy, = krhe,  Bo = prhe, Aihy = mhg, By = viphy.

We will refer to A(f;) and B(f;) as the evolution and dissipation operators, re-
spectively. Hyperbolicity of (2.3) means that the evolution operator is bounded from
below and dominates, in some sense, the dissipation operator. More precisely, we have

Definition 2.1. Multichannel model (2.3) or (2.5) is called hyperbolic on the time
interval [0,T) if
(1) there exist positive numbers C*, c1,cy such that {ky + 01, + C*, k > 1} is a
positive, non-decreasing, and unbounded sequence for all 0 € ©1 and

Iﬁk+(97'k +C*
2.7 <
( ) Cl_lﬁk—FelTk—FC*

> Co

for all 0,0 € ©4;
(2) there exist positive numbers C, J such that, for all k > J and all 0; € O1, 05 €
@27

(2.8) T(pr + O2v) < In(kg + O17%) + C.

Condition (2.8) means that there is no restriction on the strength of dissipation, but
amplification must be weak. For example, let A be the Laplace operator in a smooth
bounded domain G' C R? with zero boundary conditions, and H = Ly(G). Then each
of the following models is hyperbolic on [0, T for all 7' > 0:

utt:Au—l—ut—l—W, utt:Au—Ut+W,

(2.9) . .
utt:A(u—l—ut)—l—W, Utt:AU—AUt+W,



PARAMETER ESTIMATION IN A MULTICHANNEL MODEL 7

while
Uy = A(u—w) + W and uy = Au+ A%u + W
are not hyperbolic on any [0,7]. To construct a model that is hyperbolic on every
time interval [0, 7] and has unbounded amplification, take ; = 65 = 1, Kk, = pp = 0,
m=¢€" v, =Inlnk.
The following result shows that, in a hyperbolic model, the evolution operator is
uniformly bounded from below.

Proposition 2.2. If (2.3) is hyperbolic, then
(2.10) lim (k + 071) = +00

k—oo

uniformly in 0 € Oy, and there exists an index J > 1 and a number cy such that, for
all k> J and 0 € O,

(211) Ki + QTk > 1,
|74

2.12 —— < q.

( ) R + eTk =@

Proof. Recall that A\y(0) = ki + 075 Since {\x(0) + C*, k > 1} is a positive, non-
decreasing, and unbounded sequence for all § € ©; and (2.7) holds, we have (2.10),
and then (2.11) follows.

To prove (2.12), we argue by contradiction. Assume that the sequence {|7| A\, *(0), k >
1} is not uniformly bounded. Then there exists a sequence {|y,| )\,:jl (6;), 7 > 1} such
that

(2.13) TN (1

, = +00.
§—00 0Ty, + ki,

With no loss of generality, assume that 7, > 0, and, since ©; is compact, we also
assume that lim; .. 6; = 6° € ©; (if not, extract a further sub-sequence).
Then (2.13) implies
Kk,
(2.14) lim 4 — _g°.

J=00 Tk,

Note that lim;_. |7x,| = 400, because lim;_, (0°Tx, + Kx,) = +00. Consequently,

i (0) + C* —6°
50 T 00 =00, 006"
G=o0 A, (0°) +C*  0° + im0 (kg /Th;)
As a result, if (2.12) fails, then so does (2.7) for 6 # 6°, 6/ = 6°. O

Theorem 2.3. The process u(t) = > <, uk(t)hy is an element of X for every t if
and only if (2.3) is hyperbolic in the sense of Definition 2.1. If, in addition, there
exists a real number Cy such that Oyvy, + pr < Cy for all k > 1 and 0, € Oy, then
v(t) =D o1 We(t)hy is also an X -valued process.

Proof. For every k > 1, equation (2.3) has a unique solution, and direct computations
show that

(2.15) ug(t) = /Ot fr(t — s)dwg(s),
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where the fundamental solution f; satisfies

(2.16) Fi(t) — puafi(t) + Afie(t) = 0, F1(0) = 0, 71(0) =1
see Appendix for details. Thus, Eux(t) = 0 and, since the processes u;, are independent
for different k, the series >, -, u(t)h defines an X-valued process if and only if
(2.17) sup sup E|ug(t)]* < oo.

k>1 t€[0,T]

By direct computation using (2.15) and the It6 isometry,

(2.18) Ejus (t) /fkt—sds—/ (s

The proof of the theorem is thus reduced to the study of the fundamental solution f;
for sufficiently large k. More precisely, we will show that

(2.19) sup sup fz(t) < oo,
tel0,1] k

which, by (2.18), implies (2.17).
The solution of equation (2.16) is determined by the roots ry of the characteristic
equation

+ /i — 4\
(2.20) =+ A =0 Ty = s /2% E

By Lemma 2.2, lim;_., A\, = +00, and, in particular, /\k > 0 for all sufficiently large
k. Also, condltlon (2.8) means that if p > 0, then g < (In A, + C) /T, and therefore
i < 24/ A for all sufficiently large k. Accordmgly, we assume that Ay > 0 and consider

two cases: |ug| < 2v/ A, and pup < =24/ .
If |ux| < 24/ Ak, then equation (2.20) has complex conjugate roots, and, with ¢, =

(2.21) f2(t) = t2ets! (%) :

If up < 0, then f2 < T? for all ¢t € [0,7] and (2.19) follows. If yp; > 0, then, for
sufficiently large k, condition (2.8) ensures that e+ < M\e® and A\y/¢2 < 2. Then
f2 < 272 and (2.19) follows.

If pir, < —24/A, then (2.20) has real roots (a double root if p = —24/Ay), and, using

the notations £ = \/pu2 — 4\, a = . + Uy,
1 — —lt 2
(2.22) o=t (P55 )
Ot

the case of the double root corresponds to the limit ¢, — 0. By assumption, a < 0, so
that f2(¢t) < T? and (2.19) follows.

Similarly, v(t) = >, vk(t)hi, vi(t) = f(f fr(t — s)dwg(s), and Evi(t) fo e (s)|2ds.
By direct computation, if p; < Cp, then

sup sup [ (1)|* < oo,
te[0,T] k

and therefore v(t) € X.
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This completes the proof of Theorem 2.3. 0

3. ESTIMATION OF PARAMETERS

Assume that the measurements of ug(t) from (2.3) and of vg(t) = 4y are available
for all t € [0, 7] and k = 1,..., N. The objective is to estimate the parameters 6y, 65.
Since

(31) dvk(t) = ( - )\k(Ql)uk + Mk(eg)vk>dt + dwk(t)

(see (2.3)), and uy(t fo vk(s)ds, the vector process v = (vy,...,vy) is a diffusion-
type process in the sense of Llptser and Shiryaev [17, Definition 4.2.7]. Therefore, by
Theorem 7.6 in [17] (see also Section 7.2.7 of the same reference), the measure PV
generated by the process v in the space of R¥-valued continuous functions on [0, 7]
is absolutely continuous with respect to the measure PV, generated in the same space
by the N-dimensional standard Brownian motion w = (wy,...,wy). Moreover, the
density Z = dPV /dPY satisfies

= exp (Z (/ )\k 91)uk( ) + ,uk(ﬁg)vk(t))dvk(t)

k=1

_ %/0 ( — Ae(O1)ug(t) + “k(%)vk(t))zdt)).

Define
3=InZ(v).

Note that 3 is a function of 6y, 65, and the maximum likelihood estimator of the pa-
rameters 61, 0, is computed by solving the system of equations

03 J3

2 — = —9 _
(32) o0t 0 00,

0,

with unknowns 64, 6,. This system can be written as

Fin+Liy+ Kin0i+ Kiaon0o = A1 n

3.3
(33) Fon + Loy + Ko n0h + Ko nbe = As N,
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where

Al N = Z/ Tkuk d?)k A2 N — Z/ I/kUk d’l}k ),
Fl,N = — Z/ ﬁkaui(t)dt, F27N = Z/ ,Okl/kvz(t)dt
(34) KlN—Z/Tkuk dt KZN—Z/VkUk
K127N = — Z/ Vkauk<t)Uk(t)dt,
k=170
N T N T
LI,N = — Z/ kakuk<t>Uk(t)dt, LQ’N = - Z/ szykuk(t)vk(t)dt'
k=10 k=10

All the numbers A, F, L and K are computable from the observations of uy(t) and
we(t), k=1,...,N, t€0,T).

Note that
1 1
Kion =—= Tkykuk<T)> Lin = —5 kakuk(T>7
k=1 k=1
L
Loy = —3 krviug(T),
k=1

because, by assumption, u;(0) = 0 and thus

/0 wvp ()t = /0 uk(t)duk(t):%ui(T).

By the Cauchy-Schwartz inequality, K; yKon — K1227 ~ > 0 with probability one,
because the process uy is not a scalar multiple of v;. Therefore (3.3) has a unique
solution

b _ Ky N (Al,N -y — L1,N) — Kia N (AQ,N —Lon — FQ,N)
LA K1,NK2N—K122N ’

N . Kl,N<A2,N_F2,N_L2,N) K12N<A1N_F1N_L1N)
2N Kl,NKQN_KlgN

(3.5)

With notations (3.4) in mind, formulas (3.5) provide explicit expressions for the
maximum likelihood estimators of #; and 6. To study asymptotic properties of these
estimators, we need expressions for 6; v —0;, 7 = 1,2:

A 1 l1,N L2,NK12,N
On — 01 = — ;
1— Dy KI,N Kl,NKQ,N

A 1 la. N Ll,NK12,N
Oon — 02 = - ;
1— Dy KQ’N Kl,NKQ,N

(3.6)
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where
liN = Z/ Tkuk dwk la. N = Z/ I/kvk dwk )
(3.7) 2
Dn — KIZ,N
N=—FT"F7"".
Kl,NKQ,N

It follows that, as N — oo, asymptotic behavior of the estimators is determined by
un/Kin,i=1,2, and Ko n/(K1 nKsn). Note that each of ¢; n, K; n, K12,y is a sum
of independent random variables. Moreover,

(3.8) Ei;y =EKin, i =1,2.
If fx is the function satisfying
(3.9) Fi(t) — 11k (02)f (8) + M (01)fi(8) = 0, §x(0) = 0, f2(0) = 1
then, by direct computation, ug(t) = fot fr(t—s)dwy(s) (see Appendix for more details),

so that
/Wn|dsm% /Hk|w

N T pt
\Ijl,N = EKI,N = ZT]?/ / |fk(8)‘2d8dt,
k=1 0 0
N T pt
(310) \IJQ’N = EKQ,N = Z Vz/ / |fk(8>|2d8dt,
k=1 0 J0

e g
Vign i=ERKpp N = 5 ZTka:/ [§1.(s)[*ds.
k=1 0

and

The following is a necessary conditions for the consistency of the estimators.
Proposition 3.1. If limy_ . él,N = 0, in probability, then

lim ¥, y = +4o0.
N—o0

Simalarly, if imy_ o é27 N = 0; in probability, then

g, Ty = +oo.

Proof. Each of the sequences {W¥; n, N > 1} is monotonically increasing and thus
has a limit, finite or infinite. If limy_,o W; x < 00, then limy_ o ¢; n/K; N exists with

probability one and is a non-degenerate random variable; by (3.6), é, N cannot converge
to 91 U

Under the assumptions of Theorem 2.3, we derived a bound |f(¢)[* < const. - T?
which was enough to establish existence and uniqueness of solution of (2.5). To

study estimators 0; 5, and, in particular, convergence or divergence of the sequences
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{W; v, N > 1}, we need more delicate bounds on both |f(t)|? and |fx(¢)|%. The com-
putations, while relatively straightforward, are rather long and lead to the following
relations (see (1.16) for the definition of ~):

(311)  Ea(0)~ L (1)~ 3 < O 1 )2
. U ~N——, aru ~ _— :
" 2445 (02) i, (01) g 21k (02) A (61)
T T M (Tyx(62)) g TV (T (62))
3.12 E w2 (t)dt ~ , Var/ w2 (t)dt ~ )
812 E[ e W [ S
T T
(3.13) E / vp(t)dt ~ T*M (Tpx(62)), Var / vp(t)dt ~ TV (T (62)),
0 0
where
e —x—1
—, ifx#£0,
(3.14) M(z) =<, 22 .
7 if x=0;
e 4+ 4e* — dxe® —2x — 5 if 2 20
(3.15) Viz) =1 4 4zt ’ ’
o1 if z=0.

Note that the functions M and V are continuous and positive on R, and

(2l))". xe—w,www{wmr% v — o0,

2(2z)7% €*, 1 — +oo; 4(22)7* ¥,z — 4o0.

(3.16)  M(z) ~ {

The computations leading to (3.11)—(3.13) rely on the fact that uj and vy are Gauss-
ian processes, so that, for example,

Var/ g (t dt—4// >dsdt
0

It follows from (3.12) and (3.13) that if limy_,. ¥; v = +00, then

N 22 M (T (0
317 Wy ~12 Y A(k(gs( ) ~T2§2vk (Tyue(62)).
k=1

Relations (3.17) show that conditions for conswtency and asymptotic normality of
the estimators require additional assumptions about kg, 7, pr, and v,. To understand
the nature of the assumptions, let D be an operator defined on smooth functions by

d

Df(w)=—) (9%1 <az‘j(l’)a£—g)) 7

1,7=1

in a smooth bounded domain G C R¢, with zero Dirichlet boundary conditions. Assume
that the functions a;; are all infinitely differentiable in G’ and are bounded with all
the derivatives, and the matrix (a;;(x), ¢, = 1,...,d) is symmetric and uniformly
positive-definite in GG. Then the eigenvalues dj of D can be enumerated so that

(3.18) di < K*/?
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in the sense of notation (1.16). More generally, for a positive-definite elliptic self-
adjoint differential or pseudo-differential operator D of order m on a smooth bounded
domain in R with suitable boundary conditions or on a smooth compact d-dimensional
manifold, the asymptotic of the eigenvalues dy, k£ > 1, is

(3.19) dy, =< k™4

note that m can be an arbitrary positive number. This result is well-known; see, for
example, Safarov and Vassiliev [23, Section 1.2]. An example of D is (1 — A)™/2,
m > 0, where A is the Laplace operator; for this operator relation (3.19) holds even
when m < 0.

In our setting, when the operators are defined by their eigenvalues and eigenfunctions,
more exotic eigenvalues are possible, for example, 7, = €* or v, = (=1)*/k. On the
other hand, it is clear that the analysis of the estimators should be easier when all the
sequences are of the type (3.19). Accordingly, we make the following

Definition 3.2. Model (2.3) is called algebraically hyperbolic if it is hyperbolic,
and the sequences \,(0) = kg + 07k, 11(0) = pr. + Ovy, have the following properties:

(1) There exist real numbers o, oy such that, for all 6 € Oy,
(3.20) Me(0) < k) || =< kY
(2) FEither |p,(0)] < C for all 0 € O or there exist numbers 3 > 0, 1 € R such
that, for all 6 € O,
(3.21) —ur(0) < K7 | < K

To emphasize the importance of the numbers e and (3, we will sometimes say that the
model is («, 3)-algebraically hyperbolic; 5 = 0 includes the case of uniformly bounded

11, (0).-
It follows that

e under hyperbolicity assumption, @ > 0 and no unbounded amplification is
possible;
e cach of the models in (2.9) is algebraically hyperbolic.

4. ANALYSIS OF ESTIMATORS: ALGEBRAIC CASE

Theorem 4.1. Assume that model (2.3) is («, 3)-algebraically hyperbolic in the sense
of Definition 3.2.

(1) If

1
(4.1) a > %

then the estimator HALN 15 strongly consistent and asymptotically normal with

rate \/Wqin as N — 0o:

(4.2) A}im HAL ~ = 01 with probability one;
(4.3) lim /1y (éLN . 91> — ¢, in distribution,

where & is a standard Gaussian random variable.
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then the estimator ég,N 15 strongly consistent and asymptotically normal with

rate /Wo n as N — oo:

(4.5) A}im éz ~ = 05 with probability one;
(4.6) lim /Ty (éw - 92> — & in distribution,

where & is a standard Gaussian random variable.
(3) If both (4.1) and (4.4) hold, then the random variables &1, & are independent.

Remark 4.2. (a) In terms of the orders of the operators in the equivalent operator
formulation (2.5) (see (3.19)), condition (4.1) becomes

(4.7) order(A;) > order(Agy + 01.A;) + order(By + 6,8,) — d
) ) > |
2

and condition (4.4) becomes

order(By + 0:81) — d

(4.8) order(B;) > 5

(b) The condition for consistency of ég,N does not depend on the evolution operator and
is similar to the consistency condition in the parabolic case [7, Theorem 2.1].

The operator formulation (2.5) reveals intuition behind conditions (4.7) and (4.8).
The information about the numbers 61, 05 is carried by the terms A;u and B, respec-
tively, and these terms must be irregular enough to be distinguishable in the noise W
during a finite observation window [0,T]. The higher the orders of the operators, the
more irregular the terms, the easier the estimation.

Proof of Theorem 4.1. Note that if 5 > 0, then limy_, . () = —oo, and therefore,
by (3.16),

1
27 | (0))|

1

~———— < k%
2T (0)[?

(4.9) My (Tpx(9)) = k7, Vi(Tu(0))

Let
Nn=20—-—a—03, =200 = —a+p —f
We have (see (1.15) for the definition of )

T T
(4'10) TEE/ ’uz(t)dt > k7, 7‘,3 Var/ Ui(t)dt > k»Q’Yl_B’
0 0

T T
(4.11) I/;gE/ v,%(t)dt D1 k72, l/,iL Var/ vi(t)dt > k228,
0 0

(4.12) lvemi| Buz (T) > k72, virg Varui(T) o k22,
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and therefore

const., if v < —1, const., if vy < —1,
(413) \IJLNDQ 1I1N, if Y1 = —]_, \If27N|><] 111N7 if Yo = —].,
N’YH_I, if v > —1, N’Yz-‘rl’ if Yo > —1,
const., if v < —1,
(414) “1112,N| > lnN, if Y12 = —1,
N 2t e > 1.
Next, we show that condition (4.1) implies
K
(4.15) lim —% = 1 with probability one,
N—oo 1,N
condition (4.4) implies
K
(4.16) lim —2Y = 1 with probability one,
N—o0 2N

and either (4.1) or (4.4),

lim Dy = 0 with probability one.

< OQ.

(4.17) Jim
Indeed, (4.15) follows from (3.12) and (B.8), because (4.1) implies
n2n—>~6
Vs

n

Similarly, (4.16) follows from (3.13) and (B.8), because (4.4) implies

n2’72
> ST
n n,2

Q.

For (4.17), we first observe that limy_,o Ko n/V12ny exists with probability one. If
72 < —1, then the limit is a P-a.s finite random variable. If v15 > —1, then (3.11) and

(B.8) imply that the limit is 1. Then direct analysis shows that
Vo
lim : =0

N—oo Wy NWo n

if at least one of ¥, y, Uy x is unbounded.
Next, we show that (4.1) implies

(4.18) lim Y — 0 with probability one,
N—)OO LN
and
(4.19) lim —2Y_ — ¢ in distribution,
N—oo | /Wy N
whereas (4.4) implies
(4.20) Jim ‘2N _ () with probability one,

2,N
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and

4.21 lim —2
(4.21) N=oso \ /Ty
Indeed, (4.18) follows from (3.12) and (B.3), because (4.1) implies that >, k7 = 4o0.
Similarly, (4.15) follows from (3.13) and (B.3).

Both (4.19) and (4.21) follow from Corollary B.4. Together with (4.17), the same

Corollary also implies independence of & and &, if both (4.1) and (4.4) hold.

To complete the proof of the theorem it remains to verify that

= &, in distribution.

i Li,NKIQ,N

4.22
( ) N—oo K17NK27N

=0, ¢« = 1,2, with probability one,

and
(4.23) lim Y LN ey
N—oo KI,NKQ,N

Direct computations show that (B.3) implies (4.22), and (4.17), (4.19), (4.21) imply
(4.23).
This completes the proof of Theorem 4.1. O

=0, ¢« = 1,2, in probability.

Remark 4.3. From Proposition 3.1, we see that condition (4.1) is both necessary and
sufficient for consistency and asymptotic normality of 61 . Similarly, condition (4.4)
is necessary and sufficient for consistency and asymptotic normality of 0 n.

Since in the algebraic case the sum fo:l kY appears frequently, we introduce a
special notation to describe the asymptotic of this sum as N — oo for v > —1:

Ny L iy > 1
4.24 T = ’ ’
( ) () {lnN, if v=-—1.

With this notation, ij:l k"= Tn(v), v > —1.

Let us consider several examples, in which A is the Laplace operator in a smooth
bounded domain G in R? with zero boundary conditions; H = Ly(G). We start with
these three equations:

(425) Uy = 1 AU+ Oyuy + W, 0, > 0, 0y € R;
(4.26) uy = A(Oyu + Oyuy) + W, 6, >0, 65> 0;
(4.27) Uy = 01Au — 0.A%u, + W, 0, >0, 65 > 0.

The following table summarizes the results:
Asymptotic Eq. (4.25) Eq. (4.26) Eq. (4.27)

Uy N Nat! N Tn(=2/d), d>2

Uy N N+l Ni+l




PARAMETER ESTIMATION IN A MULTICHANNEL MODEL 17

In equations (4.25)—(4.27), A; and B; are the leading operators, that is, & = oy and
3 = ;. This, in particular, ensures that 6, y is always consistent.
Let us now consider examples when A; and B are not the leading operators:

(4.28) Uy = (Au + Olu) + (Aut + qut) +W, 6, €R, 6, € R;
(4.29) uy + (A% + 01u) = (0oAuy — A%u,) + W, 0, €R, 0, € R;
(430) U + (AQU + 91AU) = (02ut — Azut) + W, 0, € R, 0y € R.

The following table summarizes the results:
Asymptotic Eq. (4.28) Eq. (4.29) Eq. (4.30)

)

Uon  Tn(=2/d), d>2 N Yn(—4/d), d >4

)

As was mentioned in the Introduction, a multi-parameter estimation problem, such as
Uy + (911A2U + 912AU) = (Gglut — 022A2ut) + W,

can be studies in the same way.

5. ANALYSIS OF ESTIMATORS: GENERAL CASE

As the proof of Theorem 4.1 shows, the key arguments involve a suitable law of
large numbers. Verification of the corresponding conditions is straightforward in the
algebraic case, but is impossible in the general case without additional assumptions.
Indeed, as we work with weighted sums of independent random variables, we need some
conditions on the weights for a law of large numbers to hold. In particular, the weights
should not grow too fast: if &, k& > 1, are iid standard Gaussian random variables,
then the sequence {n™2>"}_, n&;, n > 1} converges with probability one to 1/2, but
{emn S0 _ €"¢2 n > 1} does not have a limit, even in probability.

Theorem B.2 in Appendix summarizes some of the laws of large numbers, and leads
to the following

Definition 5.1. The sequence {a,, n > 1} of positive numbers is called slowly
increasing if

no 9
(5.1) lim Z’ﬂ;la”z = 0.
(22:1 ak)

The purpose of this definition is to simplify the statement of the main theorem
(Theorem 5.2 below). It was not necessary in the algebraic case because the sequence
{n7, n > 1} is slowly increasing if and only if ¥ > —1. The reason for the terminology
is that the sequence {¢"", n > 1} has property (5.1) if and only if » < 1. Further
discussion of (5.1), including the connections with the weak law of large numbers, is
after the proof of Theorem B.2 in Appendix.

In general, we have to replace (4.1) with

Condition 1. The sequence {72 M (Tu,(62))/A(6:1), k > 1} is slowly increasing,
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and (4.4), with
Condition 2. The sequence {v7M (T (6)), k > 1} is slowly increasing.

Theorem 5.2. Assume that (2.3) is hyperbolic.
(1) If Condition 1 holds, then

(5.2) ]\;im 0A17N = 61 in probability;

(5.3) lim /T,y (él,N . 91) — & in distribution,

N—o0

where & is a standard Gaussian random variable.
(2) If Condition 2 holds then

(5.4) A}im é27 ~ = 05 in probability;

(5.5) A}im VU N <9A27N — (92) = & in distribution,

where & is a standard Gaussian random variable.
(3) If both Conditions 1 and 2 hold, then the random variables &1, &y are indepen-
dent.

Proof. The main steps are the same as in the algebraic case (Theorem 4.1). In par-
ticular, (4.18) and (4.20) continue to hold as long as ¥y y — oo and Wy y — 00,
respectively. The only difference is that Conditions 1 and 2 do not provide enough in-
formation about the almost sure behavior of K9 x/EK12 v, and, in this general setting,
there is no natural condition that would do that. As a result, in (4.17), the convergence
is in probability rather than with probability one, and then, in both (4.15) and (4.16),
convergence in probability will suffice. Conditions 1 and 2 ensure (4.15) and (4.16),
respectively, but with convergence in probability rather than almost sure. This is a
direct consequence of the weak law of large numbers.
In the case of (4.17), we have

N
E[Kion| < v Bug(T)
k=1

and, for all sufficiently large £k,

4T
Eul(T) < M (Tyae(62)) (14 max (0, Tpug(62)) ).
A (61)
because ze® —x < 4(e” —x — 1)(1 + max(0,z)) for all x € R. Then
: E| K2 |
(5.6) lim ———— =0.
N—oo /Wy Ny
Indeed, under Condition 1, (5.6) follows from
2
9 N TzM(TMk(QQ)) (1+max (O,T,uk(Hg)))
(E|K12,n]) - 163 1 = 2 (01)

W vVon N T2M (T (62)
T22k=1 : ){k(el) )
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(Cauchy-Schwartz inequality) and

. (14 max (0, T,uk(eg)))2
(57) dim M(01)

(hyperbolicity condition), while, under Condition 2, (5.6) follows from

=0

2
(ElKinnl)” _ 165, 0 (T (8) (e (o)

ity S TS M (Trr(6)

(Cauchy-Schwartz inequality with a different arrangement of terms) and (5.7).
The interested reader can fill in the details in the rest of the proof. U

As an example, consider the model with k), = €2, 7, = €, pr. = 0, v, = InIn(k + 3)
and assume that #; > 0, 65 > 0. Then

Ne = e+ 0.5 =6, Inln(k + 3),

so that 72/\x ~ 1. Next, for all sufficiently large k,

(In(k +3))""? < M(Tp) < (In(k +3))"",

and also v2 M (Tuy) = (ln(k‘ + 3))T62. Using integral comparison, we conclude that,
for all » > 0,

ZN:(lnk)rwN(lnN)r.

Thus, both Condition 1 and Condition 2 hold. By Theorem 5.2, both él,N and ég,N
are consistent and asymptotically normal. Further computations show that

N(lnN)™
(Inn N)*

~

Uy = Uyn = N(InN)™.
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APPENDIX A. SECOND-ORDER EQUATIONS WITH CONSTANT COEFFICIENTS

Consider the initial value problem
(A.1) i(t) = 2by(t) + a’y(t) = 0, y(0) =0, (0)=1.
With 2b = ug(62) and a® = A (0;), we recover (2.16); recall that \z(6;) > 0 for all

sufficiently large k. If £ = \/|b?> — a?|, then

sin((t) bt a2 > b2

l
(A.2) y(t) = te, a® = b?;
sinl;(ﬁt) bt a? < b2
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as usual, sinhz = (e® — e™®)/2. Note that if b < 0 and b* > a?, then b+ ¢ < 0. The
solution of the inhomogeneous equation

B(t) — 2bx’(t) +a’z(t) = f(t), (0)=2(0)=0
is then x(t fo (t —s)f(s)ds.

APPENDIX B. SOME LIMIT THEOREMS
To begin, let us recall Kolmogorov’s strong law of large numbers.

Theorem B.1. Let {&k, k > 1} be a sequence of independent random variables with
E&2 < oo. If{b, > 1} is an unbounded increasing sequence of real numbers (b, ,/ +00)
and

D ns1 b2 Var(€,) < oo, then

(B.1) lim b," > (& — E&) = 0
k=1

with probability one.
Proof. See, for example, Shiryaev [24, Theorem 1V.3.2]. O

The following laws of large numbers, both strong and weak, are often used in the
current paper.

Theorem B.2 (Several Laws of Large Numbers). Let xx, k > 1, be independent
random variables, each with zero mean and positive finite variance. If

(B.2) Y Exi = +oo,
k>1
then
N
(B.3) lim 2 Xk = 0 with probability one.

N=eo Zk L Ex;i

Next, assume in addition that

2
(B.4) ]Exﬁ < <]Exi)

for all k > 1, with ¢; > 0 independent of k. Then

Efcvzl (EXi> 2 _

(B.5) ]\}im 5
- ( Zszl EX%)
implies
(B.6) lim Zk L Xk = 1 in probability,

N—o0 Zk  E
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while
2
(Bx)

(B.7) 5 < 00,

n>1 (ZZ:l EX%)
implies

N 2
(B.8) lim 2 X = 1 with probability one.

N
N=oo 37 EXG

Proof. To prove (B.3), we take &, = x,, and b, = >_,_; Ex? and apply Theorem B.1;
note that convergence of 3 b, *Ex.. follows from divergence of 37, -, Ex}:

Ex? 1 1
—An - .
bgz N Xn: (bn—l bn)

To prove (B.8), we take &, = x2 and b, = Y_,_, Ex3, and again apply Theorem B.1;
this time, we have to assume convergence of the series Y Var¢,b,?. Finally, (B.6)
follows from (B.5) and Chebyshev’s inequality. O

n

Theorem B.2 shows that normalizing a sum of zero-mean random variables by the
total wvariance will give in the limit zero with probability one as ling as the total
variance is unbounded, while normalizing a sum of positive random variables by the
total mean will give in the limit one only under some additional assumptions. For
example, given a collection of iid standard normal random variables {&, k > 1}, the
sequence (Zzzl ekfg) / ( Py ek) does not converge in probability as n — oo.

To understand the meaning of conditions (B.5) and (B.7), note that if &, & > 1,
are iid non-negative random variables with E¢&; = A > 0, then, taking in Theorem B.1
by, = > r_; E& = An, we recover the classical strong law of large numbers:

1 n
n—oo N,
k=1

with probability one. In the second part of Theorem B.2, we want to establish a similar
result when the random variables & are positive and independent, but not identically
distributed. Condition (B.4) (which holds, for example, for Gaussian random variables)
allows us to apply Theorem B.1 with b, = fo:l K. If ap := E& > 0 for all &k, then
conditions (B.4) and (B.7) become, respectively,

(Bg) Zan — +OO,
n>1
2

(B.10) 3 (Zna—"%)Q < .

On the other hand, if

no 9
(B.11) lim % -
n=o0 (3 j—y k)

then Chebyshev’s inequality leads to a weak law of large numbers.

I
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In general, (B.9) does not imply (B.10) or (B.11) (take a,, = €"), nor does (B.10)
imply (B.9) (take a,, = 1/n?), but obviously (B.11) implies (B.9). An interested reader
can also verify that the sequence {eV", n > 1} satisfies (B.11) but not (B.10). On
the other hand, since we use (B.9) and (B.10) to prove a strong law of large numbers,
and use (B.11) to prove a weak law of large numbers, it will be natural to expect that
conditions (B.9) and (B.10) together are stronger than (B.11). Kronecker’s Lemma
(see [24, Lemma 1V.3.2] with b, = (37_, a,)?, @, = a2/b,) shows that this is indeed
the case: (B.9) and (B.10) imply (B.11).

We say that a sequence of positive numbers {a,, n > 1} is slowly increasing
if condition (B.11) holds. The notion of a slowly increasing sequence simplifies the
conditions for consistency and asymptotic normality of the estimators in the general
(non-algebraic) setting. Related conditions in the context of the law of large numbers
are in [1]. If a, = n?, v € R (algebraic case), then (B.9) (that is, v > —1) implies
(B.10), which is the reason for the strong consistency in Theorem 4.1.

The following theorem is used to prove asymptotic normality of the estimators.

Theorem B.3 (A Martingale Central Limit Theorem). Let M,,, = M,,(t), t > 0,
n>1,1i=1,2, be two sequences of continuous square—integrable martingales. If, for
some T’ > 0,

(M) (T) , : L
lim ————= =1, ¢ =1,2, in probability,
% E(M)(T)
and
M ,,, My ) (T
< 17n1’/2 2n)(T) 73 =0 in probability,
(E(M)(T)) " (B(Ma ) (T))
then

lim ( Myn(T) (E<M1’”>(T))_1Z ) = N(0,1) in distribution,
1200\ Mo (T) (E(Ma,)(T))

where N'(0, 1) is a two-dimensional vector whose components are independent standard
Gaussian random variables.

Proof. If X,, and X are continuous square-integrable martingales with values in R¢
such that X is a Gaussian process and lim,, .. (X,)(7) = (X)(7T) in probability, then
lim,, oo Xn(T) = X(T) in distribution; recall that, for a vector-valued martingale
X = (XD, .., X@) (X)(t) is the symmetric matrix with entries (X@ X 0))(¢). This
is one of the central limit theorems for martingales; see, for example, Lipster and
Shiryaev [16, Theorem 5.5.11]. The result now follows if we take

- () vo- (208,

Xip = —inl) i=1,2
CEMm) T

and wq, wo are independent standard Brownian motions. 0

where
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Corollary B.4. Let fi) = fix(t), t > 0, i = 1,2, k > 1 be continuous, square-
integrable processes and wy, = wy(t) be independent standard Brownian motions. Define

Zk 1fo fzk dwk()

N = 1=1,2.

(SLE S )

If
(B.12) lim D fo i =1 in probability, and
N=oo 5o R fo i
' Ek:l E )fOT fl,k(t)f2,k(t)dt‘
A}Enoo N T ro 1/2 N T 49 1/2:0’
(SLES b)) " (S E ) Bubdt)
then

lim ( N ) =N(0,I) in distribution,

N—oo T2, N

where N'(0, 1) is a two-dimensional vector whose components are independent standard
Gaussian random variables.

Proof. This follows from Theorem B.3 by taking
Zk 1fo fzk dwk )

M; (1) =
(=17 )"

Y

because E(M;,,)(T) = 1 and
Zklk<ﬁk (t) fo,i(t)dt

(M, Mo nJ(T') = 1/2°
(SELE S ) (SR o)
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