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The Wiener Chaos

(, F AFtti>0,P), W) = (wi(t), k> 1).
{m;(s), i > 1} — CONS in L>([0,T]),

Gu= [ mils)duy(s).
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Theorem. (Cameron & Martin, 1947)

The collection {&n, o« € J} is an orthonormal
basis in LQ(Q,]—"¥V,IP’) ;

If n € Lo(2, FV,P) and no = E(néa), then
U Z Naéa
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A Technical Lemma

Lemma. Define £,(t) = E(&|FY). Then
dea(t) = 3 \abtar (i ®mi®)duwy (1),
ik

where o~ (i, k) is the multi-index with the com-
ponents

l k_ e _
(a_(i,k)) { max(a; —1,0), ifi=j and k=1,

ozé-, otherwise.

J

Note: If |a| = 0, then &4(t) = 1 for all ¢t > 0.
Otherwise, £,(0) = 0.



Example 1: SPDE With a Clas-
sical Solution

du(t,z) =1 - ugz(t, 2)dt + 1 - uz(t, x)dw(t),
t>0, zeR, u(0,z) =¢(x) € Lr(R).
1-05-12=0.5>0.

Fact: sup Elul? /
Sup. NN,

1 /T
+§/O E||ux||%2(R)(s)ds < ||90||%2(]Ri)'

Then u(t,z) = ) ua(t, z)éa.
acJ



Example 1: The S-system

One Wiener process, so a = («;,7 > 1).

déa(t) = 3 V/@ilo-(iy (DImi(t)dw(t),

£a(0) = I(ja| = 0);
du(t,z) = ugz(t, z)dt + ug (¢, z)dw(t).
By FV-measurability of u, ua(t, ) = E(u(t, z)éa(t));

U = (Uoz)a:x + Z \/Oé_i(ua—(@'))xmi(t)a

ua(0,z) = ¢(x)I(la] = 0).

Also, sup luall? . ey (£)
O<t<TO§J Lo (R)

1 T
+5 O%/o | (udallZ y() (s)ds < lllIZ, )




The WC Method

Equation = S-System = Solution of the
S-System

= The Winer Chaos Solution of the

Equation as a (Formal) Fourier Series.

Theorem. If the Wiener Chaos solution be-
longs to the traditional solution space, then it
iIs a traditional solution.

For du = ugzdt + uzdw(t), traditional solution

means (u,¥)(t) = (o)) — /Ot<ux,wx><s>ds +
[} G, 03 () (), v € CE(R).



Example 2: SPDE Without
Classical Solution

du(t,z) = ugze(t, 2)dt + 2u(t, )dw(t),
t>0, zeR, u(0,2) = ¢(x).
No classical solution: 1 —0.5-(22) = -1 < 0.
Wiener Chaos solution: u(t,z) = > ua(t, z)&a,
(8

o = (Ua)zz + 2 Z \/a_i(ua_(i))xmi(t),
ua(0,2) = ¢(2)I(Ja| = 0).
Now > fluallf, my(®) = oo, t > 0, but
acJ

—k 2 2
sup > 47" 37 Jluallf, @y ®) < llel7,®):



he S-System

Hilbert spaces HS,Hf,H
Operators A, M, : Hs — Hf.

ASSUME (1) = Av(t) + F(1)
has a unique solution v € L>((0,T); Hs) for ev-
ery f € L>((0,7); Hy) and v(0) € H;.

{ io(£) = Aua(®) + 3 Vo My iy (Omi(D),
ua(0) = uOI(|a| = 0) € H;.
u(t) =Y ua(t)éa — Wiener Chaos solution of

du(t) =Oj4u(t)dt + > Mpu(t)dwg (),
k>1
u(0) = ug.



Solving the S-System

Theorem. Assume that the operator A gen-
erates a semi-group (T, t > 0) so that, for
t > 0, the operators T; and M T; are bounded
in a Hilbert space H. Let ug € H.

Then, for every N >0 and O <t<T,

S luallE ()

la|=N

Z /t/SN /82
ky.oky 0 70 0

IT¢—sy Mpey - - - Tsg—s; My, Tsyuollfpds - - - dsy-



Example 3

du(t,z) = uge(t, 2)dt + b(x)uz(t, x)dw(t),
t>0, zeR, u(0,z) =¢p(x) € Lr(R),

b = b(z)— measurable, sup |b(z)|? < 2.
r€eR
Then M = b(x)9/0x and

> luall,wy®

a|<N
< llel2, gy - / / / o

| MTy_gpy M ... Ts,y slMT5190||L J(R)4S1 - - - dsyds.
In particular, %:HuaHLQ(R)(t) < ngHLQ(R) and

u(t) € L>(Q2; L>(R)) for all t € [0,T].
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Weighted Wiener Chaos

Idea: replace w; with qpwy.
Q= {q1,92,---}, @ > 0; Q < Q means q; < g,

for all k; o
¢ =]]a"-
ik

Definition. For a Banach space X, the Q-
weighted Wiener Chaos space Lo o(F); X) is

Lyo(Fr X)) = {(Ua) > PYluallk < 00}-
aeJ

Q=1= Ly o(F}:X) = Lo(F}Y; X);
Q< Q= Lyg(Ff; X) C Lo (Fys X).
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Example 4: Wi — QLWL

1. (Obvious) If u(t) = 1+ Y /tu(s)dwk(s),
k>1"0

then u € LQ’Q(]-}W; R) for every Q = (q1,9>,...)

so that 3 gf < 0.
k>1

2. (Nualart-Rozovskii, 1997) If

du(t,z) = Au(t, z)dt + u(t, z)dw(t, x),
t>0, zeRe d>2,

then u € LQ,Q(]—"%V; L>(RY)) for some Q.
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Theorem. Consider

du(t,z) = ugz(t, z)dt + b(x)uz(t, x)dw(t),
t>0, z€R, u(0,2) = p(x) € Lo(R),

b = b(x)— bounded, measurable;

Q=1(q,1,1,...), ¢g>0. Then

u(t) € Lo g(F}; La(R)) & ¢° sup b(z)]? < 2.
xre

If sup |b(x)|? < 2, then u(t) € Lo o(FW; La(R))
r€R
for some q > 1.

If sup |b(x)|? > 2, then u(t) € Lo o(FV; La(R))
reR 7
for some q < 1.

13



S-Transform

h(t) = (h1(2), ... hn(?));

T 1 2
E(h) = exp {Z/o hy () dwy(t) — EZ IIthLz((O,T))}
L k

If hy(t) = D hyems(t), then (E(h))a = [] £
=1 ik \/Ozf
2 _ 2 2
||8(h) ||L27Q(f,1W;R> — exp {Zz,k hzjqu} < oo for

every Q. Foru € Ly o(F; X) can then define
up, = > o4 Ua(E(h))o — S-transform of « | .
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Definition. Soft solution of

du(t) = Au(t)dt + > Myu(t)dwy(t)
k>1

means uy,(t) = Auy(t) + Z hi () Mpuy(t).
k>1

Theorem. If u € Ly o(Ff;X) for some Q,
then the soft solution is equivalent to the
Wiener Chaos solution.

e [0 study the properties of the solution, it is
easier to work with (uq) than with wy,.

e Can have Wiener Chaos solution that be-
longs to no Lo g.
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Example 5

du(t,z) = uzs(t, x)dw(t),
t>0, zeR, u(0,2) =¢(x) e S(R).
Then

tN
‘ |§N luall?, 2y () = 5™ 12, ),

o [e$12 gy < CNVNT = u(t) € Lo(2; Lo(R)).

o 0812y ~ CNVNI = u(t) € Ly gy (2 La(R)).

o SN2z = e = u(t) ¢ Lo o(Q La(R)).
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So What?

e Have a pretty general procedure for con-
structing solutions for linear equation.

e S-system is often more convenient than the
underlying equation.

e Big plans for the NS equation.
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