PASSIVE SCALAR EQUATION IN A TURBULENT
INCOMPRESSIBLE GAUSSIAN VELOCITY FIELD

S. V. LOTOTSKY AND B. L. ROZOVSKII

ABSTRACT. Time evolution of a passive scalar is considered in a turbulent homo-
geneous incompressible Gaussian flow. The turbulent nature of the flow results in
non-smooth coefficients in the corresponding evolution equation. A strong, in the
probabilistic sense, solution of the equation is constructed using Wiener Chaos ex-
pansion, and the properties of the solution are studied. Among the results obtained
are a certain Ly-regularity of the solution and Feynman-Kac-type, or Lagrangian,
representation formula. The results apply to both viscous and conservative flows.

Published in Russian Mathematical Surveys (Russ. Math.
Surv.), 2004, 59 (2), 297-312.

1. INTRODUCTION

If v. = v(t,r) is a smooth vector field in RY, then there exists a unique classical
solution 6 = 6(t, x) of a non-viscous transport equation

00
(1.1) E+V~V(9:O, t>0, 0(0,z) = 6y(x).
This solution can be written as
(1.2) 0(t,r) = 0o(XY),
where X = X7, is the flow generated by the vector field v:
dx?
(1.3) dt&t =v(t,X:,), t>s, X ==

If the velocity field v is not smooth as a function of x, then, in general, there are
no existence results for equation (1.1), while equation (1.3) can have more than one
solution. Consequently, the connection between (1.1) and (1.3) becomes unclear and
representation (1.2) dubious.

For non-smooth vector fields v, analysis of either (1.1) or (1.3) is impossible without
further specifying the function v. It is shown in [11] that in many physical models,
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such as turbulent flows, etc., the function v = (v!(¢,z),...,v%(t,2)) can be repre-
sented as
(1.4) V() =) op(a)in(t),

k>1

where each o}, () is Holder continuous in x of order less than one, Y, ., o (z)o7(y) =
C¥(x —y) for certain functions C* and (wy, k > 1) are independent standard Brow-
nian motions on some probability space (2, F,P). Equation (1.3) then becomes a
stochastic differential equation

(15) A(XE) = oh(XT)duwi (1), 1> 5, (XZ,) =o'

This equation does not, in general, have a strong solution, that is, X, is not, in gen-
eral, measurable with respect to the sigma-algebra .7:;/7‘{ generated by the increments
wi(v) —wi(u), s <u <wv <t k>1. On the other hand, it is a standard fact that a
unique weak solution of (1.5) always exists under the above assumptions on o}, (see
e.g. [1]).

In [11], the authors provide a systematic study of the family of operators

(1.6) Seat f) = E (f(XZ)IFY)

for suitable functions f, where X is a weak solution of (1.5). If the functions o}, are
Lipschits continuous, then X7, is F}}-measurable. Moreover, it was shown in [13]
that in this case 0(t, ) = 0o(X{y) = St obo(7) is a unique generalized solution of the
Stratonovich stochastic partial differential equation

90
(1.7) do + Za,g% o dwy, t >0, 0(0,z) = 0(z).

ik

When the functions o} are not Lipschits continuous, the connection between the
operators S5, and equation (1.7) is not clear. In particular, (1.7) does not, in general,
have a solution in the traditional sense, classical or generalized, and, even if one defines
the solution to be S;0y(z) (cf. [5]), it is not clear in what sense the equation will
be satisfied. Finally, no existing results provide a way of computing the conditional
expectation in (1.6) for a particular vector field v.

The objective of the current paper is to show that if the vector field v is not smooth
but still divergence-free in the generalized sense and 6y € L,(R?), 2 < p < oo, then
equation (1.7) has a unique strong generalized solution. More precisely, it is shown
that there exists a random field 6 = 0(¢, z) so that, for each t > 0,

e O(t,) € L,(Q xRY), 2<p< oo
e 0(t,-) is Fy-measurable.
e For every smooth compactly supported function ¢,

19 000 =000+ 3 [ (0.0155% ) ()0t

with probability one, where (-, -) denotes the inner product in R
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This random field admits a Lagrangian representation
(1.9) 0(t,z) =E (6 (Xi (0) |FY) (P—aus.)
where

Xio(s) =2+ /:a (Xpo () dW (r) + V20 (W (t) — W (5))

where W is a standard Brownian motion independent of . The solution of equation
(1.8) as well as its moments can be computed using the Wiener Chaos expansion (see
also Remark 5.6).

2. PASSIVE SCALAR IN A GAUSSIAN FIELD

We consider the following transport equation to describe the evolution of a passive
scalar € in a random velocity field v:

(2.1) O(t,x) = %VAQ(t,ZL‘) —v(t,z) - VO(t,x) + f(t,z); v € R d > 1.

In (2.1), A and V denote the Laplace operator and the gradient, respectively. Our
interest in this equation is motivated by the on-going progress in the study of the
turbulent transport problem (E and Vanden Eijnden [5], Gawedzki and Kupiainen
7], Gawedzki and Vergasola [6], Kraichnan [10], etc.)

We assume in (2.1) that v = v(t,z) € RY d > 2, is an isotropic Gaussian vector
field with zero mean and covariance E(v(t,z)v’(s,y)) = 6(t — s)C%(z — y), where
C = (C%x),i,j = 1,...,d) is a matrix-valued function. It is well-known (see, for
example, LeJan [11]) that in the physically interesting models, such as Kraichnan
velocity [10], the matrix-valued function C' = C(z) has the Fourier transform C' =
C(z) given by

. A 22" b izl
(2.2) C(z) = (14 |2[?)@+e)/2 (CLW Ta (I - W>) ’

where z* is the row vector (z1,...,2q), z is the corresponding column vector, |z|* =
z*z, I is the identity matrix; a > 0,a > 0,b > 0, Ay > 0 are real numbers. Similar to
[11], we will assume that 0 < a < 2.

By direct computation (cf. [2]), the vector field v = (v!,... ,v?) can be written as
(2.3) Vit ) =) op(a)in(t),
k>0

where w(t), k > 1, are independent standard Gaussian white noises and {oy, k > 1}
is a CONS in the space H¢, the reproducing kernel Hilbert space corresponding to the
kernel function C. The space H¢ is all or part of the Sobolev space H§d+a)/ 2(Rd; R%).
It follows from (2.3) that 3, oi(z)ol(y) = CY(x — y) for all 2,y; in particular,
ok (z)ol(z) = C%(0) for all .

If a > 0 and b > 0, then the matrix C' is invertible and

He = {f €R': | ()07 (2)f(2)dz < oo} = B (RYRY),
R4
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because ||C(2)]| ~ (1 4 |z[2)~(@+e)/2,
If a >0 and b= 0, then

He = {f eR: / @A+ 1212 dz < oo; 227 f(2) = \ZIQf(Z)},
R4

the subset of gradient fields in HQ(dJra)/ ?(R% RY), that is, the collection of vector fields
f with f(2) = 2F(z) for some scalar F € H{"T*™/2(Rd).

If a =0 and b > 0, then
He = {f eR?: / F()P(1+ [2)H92dz < 00; 27 f(2) = 0} ,
Rd

the subset of divergence free fields in H2(d+a)/ *(R4: RY).

By the embedding theorems, each of is a bounded continuous function on R?; in fact,
every o, is Holder continuous of order a/2. In addition, being an element of the
corresponding space H¢, each oy is a gradient field if b = 0 and is divergence free if
a=0.

To simplify the further presentation and to make the model (2.1) more physically
relevant, we consider the divergence-free velocity field and assume that the original
stochastic differential in (2.3) is in the sense of Stratonovich. Under these assump-
tions, equation (2.1) becomes

(2.4) do(t, z) — %VAQ(t, )t — 3 0(w) - VOt 2) 0 dun(t).
k

With divergence-free functions oy, the equivalent It6 formulation is
1 . ,
(2.5) do(t,z) = 5(1/A0(2€, z) 4+ CY(0)D;D;0(t, z))dt — o, (x)D;0(t, x)dwg(t),

where D; = 0/0z" and summation is carried out over the repeated indices.

We will study equation (2.5) under the following assumptions:

A1 There is a fixed stochastic basis F = (Q, F, {F; }+>0, P) with the usual assump-
tions and (wy(t),k > 1, > 0) is a collection of independent standard Wiener
processes on [F.

A2 For each k, the vector field oy, is a divergence-free element of the Sobolev space
HYTOPZ(RERY) 0 < 0 <2,d> 2.

A3 For all z,y in R%, 37, ol (2)o)(y) = C¥(x —y) and the matrix-valued function
C = C(x) satisfies (2.2).

A4 The initial condition y is non-random and belongs to Ly(R%); v > 0 is a real
number.

The objective is to establish existence, uniqueness, and regularity properties of the
solution of (2.5) using Wiener Chaos.
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3. A REVIEW OF THE WIENER CHAOS

Let F = (Q, F,{F:}i>0,P) be a stochastic basis with the usual assumptions. On F
consider a collection (wg(t),k > 1,¢t > 0) of independent standard Wiener processes.
For a fixed 0 < T < oo, let F}¥ be the sigma-algebra generated by wy(t), k> 1, 0 <
t < T, and denote by Lo(F}) the collection of F}'-measurable square integrable
random variables.

Fix the Fourier cosine basis {my, k> 1,} in Ly((0,7)) with

(3.1) o (F) = % () = \/gcos (M) k>

Consider the collection of multi-indices

j:{a:(af, ik>1), af €{0,1,2,...}, Za§<oo}.
i,k

The set J is countable, and, for every a € J, only finitely many of of are not equal
to zero. For a € J, define |a| = Zaf, al = Hak!, and
ik ik

7

T
(3.2) o = \/%gﬂaf(@k), where fz'k:Z/O m;(s)dwy(s)

and

2 dn 2
Hn(t> = et /2%6_15 /2

is n-th Hermite polynomial. In particular, if a € J is such that of = 1if i = j and
k =1, and af = 0 otherwise, then &, = &;.

Definition 3.1. The space Lo(F)) is called the Wiener Chaos space. The N-th
Wiener Chaos is the linear subspace of Ly(FV), generated by &, |a] = N.

The following is a classical result of Cameron and Martin [4].

Theorem 3.1. The collection {£,, a € J} is an orthonormal basis in the space
Lo(Fr').

In addition to the original source [4], the proof of this theorem can be found in many
other places, for example, in [8]. By Theorem 3.1 every element v of Ly(F}") can be
written as v = Z Voo, where v, = E(v&,).

acJ

4. THE WIENER CHAOS SOLUTION OF THE PASSIVE SCALAR EQUATION

(vA + C"%(0)D;D;)

With summation convention in force, define the operators A = %

and M, = oi(z)D;. Equation (2.5) then becomes

O(t,z) = Op(x) + /Ot Al (s, x)ds + /Ot/\/le(s,x)dwk(s)ds.
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From now on in this section, dependence of various functions on x will not be shown
explicitly.
Notice that, for every function f € H}(R?),
(4.1) Z HMkaQLQ(Rd) = (UiUIiDifa D;f) = (Oij(O)Dif, D;f),
k>1

where (-, ) is the inner product in Ly(R?). Since the matrix C(0) is positive definite,
we conclude that there exist positive numbers ¢y, co so that, for every function f €
H; (RY),
(4.2) AV Iy < D IMFIT, @e < 2l VEIT, g

k>1

Equality (4.1) also shows that equation (2.5) is a stochastic parabolic equation [14];
the equation is super-parabolic if ¥ > 0 and is fully degenerate if v = 0.

For a € 7, define functions 6, by
t t
(4.3)  04(t) = 0oI(|a] = 0) +/ Ab,(s)ds +/ Z \ AF MO0 ik (s)my(s)ds,
0 0 x

where o (4, k) is the multi-index with components

1 k T _
(a‘(i,kz)) - { mlax(ai 1,0), ifi=jand k=1,

) « otherwise.

J 77

Lemma 4.1. Under assumptions A2-A4, the system of equations (4.3) has a unique

solution so that every 0, is a smooth bounded function of x fort > 0 and, if Ty, t > 0,
is the heat semigroup generated by the operator A, then, for every N >0,

Y 1a(t,2)?

laj=N

(44) 0 t SN S92
- / / T Ma o Ty o My, T () 2ds,
ki, k=170 0 0

where dsV = ds;y ...dsy, and

> Vba(t, )|

la|l=N

(45) 00 t SN S92
-y / / VT M Ty My, T 0 (2)2ds”
Ei,...kxy=170 0 0

Proof. The results follow directly from (4.3) by induction on |af; details can be
found in [12, Proposition A.1]. O

Theorem 4.2. Under assumptions A1-A4, fit T > 0 and, for « € J, define 0,(t)
and &, by (4.3) and (3.2), respectively. Then the following holds.
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(1) For every v >0 and every t € [0,T], the series
(4.6) > ba(t)a
acJ

converges in Ly(; Lo(R?)) to a process 6 = 0(t).
(2) If v > 0, then, for every ¢ € C°(R?), the process 0 satisfies

1 t 1 [t
(0,0)(t) = (0o, ) — zv [ (VO,Vp)(s)ds — = | CY(0)(Di0, Djp)(s)ds
(A7) 2 /0 2 /0

—AwﬂmeWm

with probability one for all t € [0,T] at once, where (-,-) is the inner product
in Ly(RY). Also,

t
(4.8) E|’9”%Q(Rd)<t> + V/O EHVQH%Q(Rd)(S)dS = HGOH%Q(Rd)'

(3) If v = 0, then, for every ¢ € C°(R?), the process 0 satisfies

1 [t t ,
49 @0 = (09) +3 | CUOO.DD s+ [ (6.01Dip)dun(s)
with probability one for all t € [0,T] at once. Also,
(4.10) E|0[17, ey (t) < 16017, (ga)-

Remark 4.3. Equalities (4.7) and (4.9) mean that 0 = 0(t, ) is the solution of the
transport equation (2.5) in the traditional sense of the theory of stochastic partial
differential equations, that is, it is a strong solution in the stochastic sense, satisfying
the corresponding equation in the generalized function sense. The solution is also
unique in the class of Lo((0,T) x Q; Ly(RY)) random functions, because any other
solution will automatically have the same Wiener Chaos expansion. Without going
into the details, we mention that the uniqueness can, in fact, be established in a much
wider class of generalized random functions.

The proof of Theorem 4.2 is carried out in three steps: (1) establishing convergence
of (4.6) and the corresponding energy estimates; (2) establishing predictability of 6;
(3) establishing equalities (4.7) and (4.9).

Convergence of (4.6) and the corresponding energy estimates (Step 1) will follow
from the following two lemmas.

Lemma 4.4. Assume that v > 0. Define Ox(t,z) = S0, > laj=n Oa(t, 2)&. Then,
for all t € 0,71,

N t
(|08 17,0 (8) = 160l ey — v D D /0 IV 0all7, ey (s)ds
n=0 |a|=n

(4.11) t
oo 5o
S /0 /0 [ Muy s Ty My - Ty s M Ty O0]2, sV ds.

ki, .kny1=1
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Proof. By Lemma 4.1, after integration with respect to x,

> 116allZ (1)

la|=N

- Z / / / HTt SNMkN .- 82 S1Mk1T8190||L2 Rd

-----

If Fin(t) = ZM:N 16 (t )HL2 , then

(4.12)

(4.13)

d

%FN< )

= Z / / / HMkNE SN— 1MkN 1o T, - S1Mi€1TS190HL2(R s

+ Z / / AE SNM Tslu07ﬂ sNM TSQ sleNTsleo)d
ki, k=1
[t remains to notice that, for every smooth function f = f(z),
2(Af, ) = =V L@ — Y IMef i)
k>1

Equality (4.11) now follows. O

Notice that (4.11) implies both the Ly(£2; Ly (IR%)) convergence of the series Z 0, ()&

for every t € [0, 7] and inequality (4.10).

Lemma 4.5. If v > 0, then, for every t € [0,T],
(4.14)

lim Z / / ||MkN+1 s— sNMkN .- 52 SlelTS:leOHLQ(Rd dSNdS = 0.

N—o0
ki,....kn+1=1

Proof. Define
Fn(t)

= Z / / |MkN+1 5— SNMkN" s2— S1M/€1T5190||L2(Rd)d8 ds.

k1,...kny1=1

By (4.2) and Lemma 4.1, Fy(t) < 27, Nfo VO, HL2 ray(s)ds.  Lemma 4.4
then implies that the series > ., Fi(t) converges for all ¢ € [0,T]. Therefore,
limy . Fy(t) = 0 and the statement of the lemma follows.

(4.15)

O
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Note that (4.11) and (4.14) imply (4.8).

Remark 4.6. Analysis of the above proofs shows that the conclusions of Lemmas 4.1,
4.4 and 4.5 do not depend on the choice of the basis {m;,i > 1} in Ly((0,T)). In other
words, if {m;,i > 1} is any orthonormal basis in Ly((0,7T)) and 6 is defined by (4.6),
then, for each t € [0,T], O(t) belongs to Lo(Q2; Lo(R?)), satisfies the corresponding
energy estimate, and is Fy -measurable.

The next lemma shows that the construction of the process 6 does not depend on the
choice of the basis {m;,i > 1} in Ly((0,7")). The lemma is also the key to establishing
predictability of 6.

Lemma 4.7. Let 0 be the process deﬁned by (4.6) and let m;(t),i > 1, be another

orthonormal basis in Ly((0,7T)). Then 0(t Z 0n(t)Es, where
acJ

3 _\/%HHaf(gik), f_sz/ mi(s)dwi(s)
C ik "

and the coefficients 0,(t) satisfy the system of equations (4.3) with m; instead of m;.

Proof. Let h = (hy(t),...,hn(t)) be a finite collection of bounded measurable func-
tion on (0,7"). Define

(4.16) (i/jhk (t)dwy (t) ——Z/ |\t |dt>

k=1

Setting hy,; = fo hi(t)m;(t)dt, we rewrite (4.16) as

E(h) = exp (Z (hk,iszi — %|hk,z’|2)>

ik
and conclude that

(4.17) =y \/_ga, where h® = Hh

aceJ

If 6,(t) = E (6(t)E(h)), then, by combining equations (4.3), (4.6), and (4.17), we get

(418) Qh(t) = 00 + /(j AHh(s)ds + /t hk(S)Mth(S)dS

0

Next, let 6,(t) be the solution of the system of equations (4.3) with m; instead of m;.
It follows from Remark 4.6 that, for each t € [0, 77, the process 0(t) = >, 0u(t)éa(t)
is an element of Lo(€); Ly(RY)). Also, defining 0),(t) = E (H(t)c‘f(h)) and observing

1 B
that £(h) = exp (Z (hkﬂ-g,ﬂ- — §|h,“‘2>> , where hy; = fo hy(t t)dt, we get

ik

éh(t) = 6‘0 + /t Agh(s)ds + /t hk(s)/\/lkéh(s)ds.

0
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Uniqueness of solution of this parabolic equation implies the equality 6, (t) = 85 (t) in
Ly(R%) for all ¢ € [0,7] and all finite collections hy, ..., hy of bounded measurable
functions on (0, 7). Since the corresponding collection of £(h) is everywhere dense in
Ly(F)), it follows that, for each t € [0,T], 0(t) = 6(t) as elements of Ly(Q; Lo(R?)).
Lemma 4.7 is proved. ([l

We can now establish predictability of 6 (Step 2).

Lemma 4.8. The process 0 defined by (4.6) is predictable. If, in addition, v > 0,
then V0 is also predictable.

Proof. Fix t* € (0,7) and consider a special basis m;(t) in L2((0,7)) so that
each m; is supported either in [0,#*] or in [t*,T]. Denote by &,, a € J, the cor-
responding orthonormal basis in Ly(F}). Then the definition of &, implies that
Eo = E3(0,1)E,(t*,T), where £5(0,t%), the up-to-t* component, is F}¥-measurable
and &,(t*,T), the after-t* component, is independent of F}¥. Accordingly, each multi-
index a € J will be represented as o« = (3,7) to account for the up-to-t* and after-t*
components. By Lemma 4.7,

=3 00 = Y Bsn(DE(0.1)E, (87, T), t € [0,T],

acJ acd

and the coefficients 0, satisfy the system of equations (4.3) with m; instead of m;.
Then, for ¢t < t*, the function m; appears in the system if and only if m; is supported
n [0,¢]. It follows by induction on 3 that, for ¢ € [0,t*], 05,(t) = 0 if |y] > 0. On
the other hand, E(&, (t*, T)|FY) = EE,(¢*,T) = 0 for all v with |y| > 0. As a result,

EOt)FY) =) 05085(0,t%) = 0(t"),
acJ

that is, 0(t*) is F}¥-measurable for every t* € (0,7). The same arguments prove
predictability of V@ if v > 0. Lemma 4.8 is proved. ([l

To complete the proof of Theorem 4.2, it remains to establish equalities (4.7) and
(4.9) (Step 3). As in the proof of Lemma 4.7, set 0,(t) = E(0(t)E(h)) with E(h)
defined by (4.16).

If o € C5°(RY), then equation (4.3) implies
t
(B10)(0) = (000).0) + [ (61, A 0)(5)ds
0

he t
+ Z ol Zk:/o Y afm;(s)(Oa-(ix), Mip)(s)ds

where * means the adjoint of the operator, (-,-) is the inner product in R"”, and h®
is defined in (4.17). Predictability and integrability properties of 6 imply that the

stochastic integral I(t fo ©)dwg(s) is well defined. If &, (t) = E(fa|~7'—tw);

*
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then, according to [13],

(4.19) déa(t) = Z \ Qi) () () dwi (1)
ik

By FV-measurability of I(t),

(4.20) 1a(t) = E(I(0E(lFY) ) = BI0& (1),

and then, by the Ito formula,
t
(4.21) BUME0) = [ 3 fakmis)ba- o Mig)(s)ds.
ik

Together with (4.17), the last equality implies

SIS [t 0o o Mip o)t~ E (20 | o). Mighdun(s)).

acJ i,k
As a result,
E(E(R)(0,£)(0)) = (6(0). ¢) + E (5<h> / <9,A*so><s>ds)
(4.22) 0

+E(£0) [ 006) Mip)tun(s)).

Equality (4.22) and density of the collection {£(h)} in Ly(FF), together with as-
sumption A4 and equality EE(h) = 1, imply

t
0

¢
42 OR0 =009+ [ 0.4+ [ 6Mi s
0
If v =0, then the last equality coincides with (4.9). If v > 0, then (4.8) implies that
(4.23) can be rewritten as (4.7).

Theorem 4.2 is proved. UJ

The Cameron-Martin Theorem 3.1 and Theorem 4.2 provide the following simple
formulae for computing the first and the second moments of a solution of the passive
scalar equations (4.7) and (4.9):

Corollary 1. Under the assumptions of Theorem 4.2, for all s,t and almost all x,y,

E6 (t,z) = 6o (t,2)ja=0
and

EO(t,2)0(s,y) = Y 0a(t,x)0a(s,y).

acJ
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5. LAGRANGIAN REPRESENTATION OF A SOLUTION

Let W = (wg(s), k = 1, -.yd, s > 0) be a collection of independent standard Wiener
Processes. Assume that 1 is independent of W = (wg(s),k > 1,s > 0) and v > 0.
For a fixed ¢ < oo, consider the following backward It6 equation (see e.g. [14]):

(1) =X, (s) = V2udii(s) + 0} (X (5)) dui (5), 5 € [0,1),
X, () =

Due to our assumption that div(oy) = 0, the It6 and the Stratonovitch forms of this
equation coincide.

Since each o} (x) is a continuous function and, by assumption, o} (z) o7, (x) = C% (0),
it follows that, for some & > 0, (o (z)o* (z)y,y) > |y for all y € R% There-
fore, equation (5.1) has a martingale solution, that is, there exist a stochastic basis

F = (Q,F,{Fi}i>0,P) with the usual assumptions, a collection B = <W, W) =

(Wg(s),k = 1,...,d, wg(s),k > 1,5 > 0) of independent standard Wiener processes
adapted to {F,}s>0, and a process X; , (s) on F with values in R? so that the following
equality holds P — a.s. for all s <t :

(5.2) Xz (s)=a+ / o ( Xtz (1)) AW (r) +V2v <W (t)— W (5)> :

Remark 5.1. With Y;, (s) = Xi. (t —s) and Bi(s) = B(t) — B(t —s), equation
(5.2) can be rewritten as follows

Via (o) =+ [ o (Vi () aW, () + VI (¢ =),
where Wy (r) =W (t) =W (t — ).

Note that the martingale, or weak, solution of (5.1) is not necessarily FZ—adapted.
Moreover, a priori there is no guarantee that a solution of equation (5.1) can be
constructed on a preselected stochastic basis and for a given collection B of Wiener
process. Roughly speaking, these limitations constitute the difference between a mar-
tingale solution and a strong, in probabilistic sense, solution, also known as pathwise
solution; see, for example, Ikeda, Watanabe [9] or Anulova et. al [1].

On the contrary, we have proved in Theorem 4.2 that equation (2.5) has a unique
FW —adapted solution for any v > 0 on any stochastic basis and for any collection
W of independent standard Wiener processes on this basis. In particular, we can
and will assume that there is a pathwise unique solution § = 6 (¢,x) of (2.5) on F
driven by W. Therefore, unless X (0) is F}¥ —measurable, it is unrealistic to expect
the classic Lagrangian representation of the solution to the passive scalar equation

6 (t,x) =0y (Xi(0)).
However, the following generalization of this formula holds true.

Theorem 5.2. For every T' < oo and almost all x,
0(T,z) =E (6o (X, (0) |FY) (P—as.)
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Proof. Asin the proof of Lemma 4.7, define £(h) according to (4.16) and the function
65, so that (4.18) holds.

On the other hand, by Girsanov’s theorem
E (E(M)E (6o (X1.0 (0))[F")) = E(E(R)bo (X1.0 (0))) = E' (B (X7, (0)))

where E' is expectation with respect to the measure dP}. = £(h)dPr and Pr is a
restriction of the measure P to Fr. Moreover, Pr — a.s. the process X7, (s) is a
martingale solution of the equation

Xr.(s) = x+ / ok ( X1z (1)) b (1) dr + / o (X7 (1)) W’ (r)

+ @(W’(T)—W’(s)), s <T.

By the Feynman-Kac formula, the function ¢y, (s) := E' (6 (X:. (s))) is also a so-
lution of the equation (4.18). From the uniqueness of solution of (4.18), it follows
that E (£(h)E (6 (X1 (0)) |F1)) = E (€ (h) 6 (T, x)) for every finite collection h of
bounded measurable functions on [0,7]. Since the collection of all such £(h) is ev-
erywhere dense in Ly (2, F}") , we have that, P—a.s., 6 (T,-) = E (6p (X;. (0)) |F})
as elements of Lo (Q; Rd) . This completes the proof of Theorem 5.2. O

Theorem 5.3. The energy equality E||8||i2(Rd)(t) = ||90||12(Rd) holds if and only if,
for almost all x,

(5.3) E (6o (Xi0 (0)|FY) = 60 (Xi0 (0)), (P—a.s.)

Proof. Suppose that condition (5.3) holds. The transition probability density of the
process X is homogeneous, i.e. it is of the form p (¢, 2 — y). Then, we have

B9, () = [ Elf(Xew @) dz= [ [ 100 p(to ) dudy
R4 Rd JRR4

160017, )

Assume now that for every ¢, there exists a set I' C R? of positive Lebesgue measure
such that E (6 (X (0)) |FY) # 0o (X (0)) . By Minkovski’s inequality,

E |E (60 (X¢ 0 (0)) |FY) ’2 < E |6y (X;. (0))]* and the equality holds only if
E (90 (Xt,x (0)) |‘FtW) = 00 (Xt,z (0)) ' Therefore,

Bl e () =B [ [E (0 (X O)17) do < [ Blfo (X (0) o

- / / E[fo )2 p (1, — ) dydir = [ Gol12, s
R4 JRA

Theorem 5.3 is proved. UJ

Remark 5.4. Obviously, in all interesting scenarios, (5.3) does not hold if v > 0. If
v =0, condition (5.3) is equivalent to the assumption that X, (s) is a strong solution
of equation (5.1).
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Theorems 4.2 and 5.2 imply the following estimate on the norm of the solution of
equation (2.5).

Theorem 5.5. If 6y € L,(R?), 2 < p < oo, then, for every t > 0, the solution
0 =0(t,x) of (2.5) satisfies

(5.4) EN01%, &) (@) < 1607, gay-

Proof. Denote by S; : 6y(-) — 6(t,-), t > 0, the solution operator for equation (2.5).
By Theorem 4.2, S; is a bounded linear operator from Ly(R%) to Ly(£2 x R?) and

15:80ll Lo(xrey < [160l| Lore)-
By Theorem 5.2, S; is a bounded linear operator from Ly, (R?) to Lo (© x R?) and

||St90HLoo(Q><]Rd) < HQOHLOO(RCI)-

Inequality (5.4) now follows from the Riesz Convexity Theorem (see, for example, [3,
Theorem 4.1.7].) O

Remark 5.6. It could be shown that the adjoint to the solution operator in Theorem
3.2 [11] is a generalized solution of equation (4.7) with v > 0 . However, since we are
considering a much more specialized situation, the proof of the existence presented in
this paper is simpler. The main novel elements of our paper include:

(1) The uniqueness of a strong solution of the unforced incompressible passive scalar
equation for a suitable class of initial conditions.

2) The L, reqularity of the solution (in terms of the L, reqularity of the initial
p P
condition).

(8) A procedure for computing the solution and the moments of the passive scalar
equation via the stochastic Fourier coefficients 0,,.
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