August 15, 2009
Mathematics of Physics and Engineering II: Homework problems

Homework 1.

PROBLEM 1. Consider four points in R*: P(1,1,1), Q(—1,0,2), R(1,—1,—1),
S(1+a,0,1—2a), where a is a real number.

(1) Compute the coordinates of P—Cj, P—]%, PS

(2) Compute the value of a so that the angle ZRPS is the right angle.
(3) Compute the area of the triangle PQR.

(4) Compute the equation of the plane containing points P, @, R.

(5)

be a function of a).

(6) For what value of a will the point S lie in the same plane as the points P, @, R?

(7) Write the vector parametric equation of the line that passes through the point (1,0, 1)
and is perpendicular to the plane through points P, ), R, and compute the coordinates
of the point of intersection of the line and the plane.

PROBLEM 2. A particle moves so that its position at time ¢ is given by the vector function
r(t) = (1 -1+, t>0.

Compute:

(1) Coordinates of the particle at time ¢t = 1:

2) Velocity of the particle for ¢ > 0:

) Speed of the particle for ¢ > 0:

) Acceleration of the particle for ¢ > 0:

) Vector parametric equation of the tangent line to the trajectory at (0, 1, 2).

) The coordinates of the point of intersection of the trajectory with the plane z —x = 2.
) Distance traveled (arc length) from ¢ =0 to t = 1.
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Homework 2. Solve each problem and write 1-2 variations on a problem of your choice.

PROBLEM 1. Consider a function f(z,y) = 22> —ay +y* — 2 +y — 1.

(1) Compute the gradient of f.

(2) Compute the rate of change of f at (1,1) in the direction toward the origin. Is the
function increasing or decreasing in that direction?

(3) Determine the direction of most rapid decrease of f at (1,1) and compute the rate of
change of the function in that direction.

(4) (Warning: this one can be time-consuming) Write the equation of the path of steepest
ascent on the surface z = f(x,y) starting from point (0,0, 1). What path will you get
on the topographic map?

PrROBLEM 2. Evaluate the following integrals:
(1) / (2y* + 222)dx + dwydy + x*dz, where C is the path
a:(t)C: cost,y(t) =sint,z(t) =¢t, 0<t < 2.
(2) j{ y*dx + x*dy, where C is the boundary of the rectangle with vertices (1,0), (3,0),
(??, 2), (1,2), oriented counterclockwise.
(3) 7{ ydx — zdy + ydz, where C is the ellipse 22 4+ y* = 1; 3z + 4y + z = 12 oriented

c
counterclockwise as seen from the point (0,0, 1000).

PrROBLEM 3. Compute the following quantities using a suitable integral:
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(1) The mass of the curve shaped as a helix r(t) = (cost,sint,t), t € [0, 27], if the density
at every point is the square of the distance of the point to the origin.

(2) The area between x-axis and the curve r(t) = (t — sint, 1 — cost), t € [0, 27].

(3) The average distance to the (x, y) plane of the points on the hemisphere z = /1 — 22 — y2.

(4) The flux of the vector field F = (z,y, z) through the lateral surface of the cylinder
?+yt=1,2€0,2].

PROBLEM 4. Let G be the parallelogram with vertices (0,0), (3,0),(4,1),(1,1), and f, a
continuous function. Write the limits in the iterated integrals below:

[fraa=[ [ravay= [ [tayas= [ [rarao= [ [sasrar

G

Homework 3. Solve each problem and write 1-2 variations on a problem of your choice.

PROBLEM 1. Given a twice continuously differentiable function f, write the expression
for the Laplacian V2f of f in the spherical coordinates (7,0, ), where x = 7 cosfsin ¢,
y =rsinfsiny, z = rcos p.

PROBLEM 2.
1) Write the number 321:1 in the form x + 7y.
2) Write —1 — 7 in the polar form
3) Solve the following equation: z* — 22? +2 = 0. Write the answer in the polar form.
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5) Find all the values of /—i.

Find all the values of v/1+iv/3+ /1 —iv/3.
Write cos(bz) as a polynomial in cos .
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(4) Compute the anti-derivative [ e~>*sin(3z)dz without integrating by parts.

(5)

(6)

(7)

Homework 4. Solve each problem and write 1-2 variations on a problem of your choice.

PROBLEM 1.

1) For f(z) = 2* — 22+ 1 find Re(f) and Im(f). Is this function analytic?

2) For f(z) = ze® find Re(f) and Im(f). Is this function analytic?

3) For f(z) = cosz find Re(f) and Im(f). Is this function analytic?

4) Suppose that f is analytic everywhere and Re(f) = 0. What can you say about Im(f)?

5) Find @ and b so that u(z,y) = ax® + bry is harmonic, and then find a conjugate
harmonic of wu.

PROBLEM 2. Find the image of each of the following sets under the map f(z) =1/z:

(1) {z:]z] < 1}.
(2) {z: Re(z) > 1}.
(3) {z:0<Im(z) < 1}.

Homework 5. Solve each problem and write 1-2 variations on a problem of your choice.

PROBLEM 1. Determine the radius of convergence of the following power series:

3—i\" ,,
(1) anon<3+3i> °
(2) Zn20(5 i (1)),

n! ’ 3n+1
(3) ano %z .
(4) ano %Z2n+1_




22 (4n)!
(5) anl (3n)(17 4+ (—=1))»"

PROBLEM 2. Write the Taylor series of the given function f = f(z) at the given point z
and determine the radius of convergence of the series.
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PROBLEM 3. Write the Laurent series of the function f(z) = 5 > in each of the
z—2z

following regions:

(1) 0< 2| <2

(2) |z —2|>2

B)0<|z—2| <2

(4) 1<|z+1] <3
PROBLEM 4. Determine the type of singularity at the origin (that is, at the point zy = 0) of
the following functions:

(1) f(z) = (e = 1)*/(1 = cos 2)
f(2)

f(z) = (1 —cosz)/(e* — 1)

f(z) =sin(1/z)

f(2)

Homework 6. Solve each problem and write 1-2 variations on a problem of your choice.

ProOBLEM 1. Compute the residue Resf(z) for the following functions f and points z:
z=2z0

W) f&) = 5 20=1L
@ 1) = TEELEL
(3) () = g0 20 =i

(4) f(z) = ﬁ 20 = 3i;

(5) f(z) = 2*sin(1/z), z = 0.

PROBLEM 2. Evaluate the following integrals (residue method is strongly recommended):

z
(1) j{ dz
zi|z—2mi|=27 e*+1
2T :
1+ 2sint
(2) / ﬂ dt
0

5+ 4cost

o dx
(3) /_oo (44 2x + x2)3
ProBLEM 3. Compute the power series expansion of the solutions of the following equations:
(1) w"(z) — zw(z) =0, w(0) =0, w'(0) = 1;
(2) 22w"(2) + 2w’ (2) + 22w(2) = 0, w(0) = 1, w'(0) = 0.
(3) w"(z) — zw'(z) + 2w(z) = 0, w(0) = —1, w'(0)




PROBLEM 4. Determine the values of the parameter A\ for which the following equations have
polynomial solutions:

(1) w"(z) — 220'(z )+)\w(z)

(2) (1=2)w"(z) — 2w'(2) + w( ) =0
(3) (1 —2Hw"(z) — 2zw (2) +Aw(z) =0

Homework 7. Solve each problem and write 1-2 variations on a problem of your choice.

PROBLEM 1. Give an example of a power series that converges at one point on the boundary
of the disk of convergence and diverges at another point. Explain why the convergence in this
example is necessarily conditional (in other words, explain why the absolute convergence at
one point on the boundary implies absolute convergence at all points of the boundary).

PROBLEM 2. For each sequence of functions below, identify the limit and determine whether
the convergence is uniform:
(1) 2", x € (0,1)
(2) sin(z/n), z € (—m, )
233 nx/(1+nx), x € (0,1)

nz?/(n+x), x € (0,1)

PROBLEM 3. Determine whether each of the following series converges (a) absolutely for each
x in the indicated interval (b) uniformly over the indicated interval.

(1) Xpzona, |z| <L
2) oo cosnz) o < 1 < 400.

n2

(3) 2o sy ol < 1.
(4) D st 5y, —00 < 7 < F00.
PROBLEM 4. For functions f, g below, find a, b, ¢,d so that g(x) = a + bf(cx + d).

(1) f(z) = 2,0 <z < 7, fis even and 2m-periodic; g(z) = 22,0 < x < 1/2;¢9(x) =
2—2x,1/2 <z <1, gisodd and is periodic with period 2.

(2) f(z) = 1,0 <z <mf(x) =07 <z < 2m fis 2r-periodic; g(z) = 1,0 < z <
1/2;9(x) = —1,1/2 <z < 1, g is periodic with period 1.

(3) f(x) =a,—7 <ax <m, fis 2m-periodic; g(x) = 2,0 < z < 1, g is periodic with period
1.

ProBLEM 5. Compute the Fourier series expansion of each of the six functions in problem
4. (You will have to compute some integrals, but not for all six functions).

PROBLEM 6. The function f(z) = 22,0 < z < 1 is to be expanded in a Fourier series. You
have three options:
(a) take the periodic extension of the function with period 1.
(b) take the periodic extension of the even extension of the function with period 2.
(c) take the periodic extension of the odd extension of the function with period 2.
Draw the pictures of the sum of the resulting Fourier series in each case. Which option would
you choose and why? (Note: to answer these questions you do not need to compute the
Fourier coefficients of the function.)

PrROBLEM 7. Use the results of Problem 5 to evaluate the following infinite sums:

(1) Yoo 5
<2) Zk‘ZO 2k+1)4
(3) Yoo @rmye
(4) ZkZl 1%2

PrROBLEM 8. Let f(x) = 2z, |z| < 1. Denote by S¢(z) the sum of the Fourier series of f.
Draw the graph of Sy and evaluate (a) S¢(3) (b) S¢(5/2).



Homework 8. Solve each problem and write 1-2 variations on a problem of your choice.

ProOBLEM 1. Compute the Fourier transform of the function f in each of the following
cases:

(1) f(z) =€ x>0, f(z) =0 otherwise.
(2) f(x) =z,a <z <b, f(xr) =0 otherwise.
(3) f"(z) — f(x) = u(x), where u(z) = 1, |z| < 1, u(x) = 0 otherwise.

PROBLEM 2. Compute the Fourier transform of the function f(x) = e~*! and use the result

(0.9} o0 1
to evaluate the integrals / cos(wz) dw and / ————dw.
o 14+w? o (1+w?)?

-~

PROBLEM 3. The Fourier transform of the function f(z) = e **/2 is f(w) = e /%
Compute the Fourier transform of the function g(z) = e

PROBLEM 4. Two signals x(k),y(k), k > 0 are related as follows:
y(k) =ay(k — 1)+ z(k), k> 1.

Determine the relation between the Z transforms of x and y.

Homework 9. Solve each problem and write 1-2 variations on a problem of your choice.
PROBLEM 1. Find the general solution of the equation u; + sin(¢) u, = 0.
PROBLEM 2. Find the general solution of the equation 2*u, — y*u,, = 0.

PrOBLEM 3. Find the general solution of the boundary value problems
(1) up = Uy, t > 0,0 <z <1, tpo =0, up|s=1 = 0.
(2) Uy = Uy, t > 0,0 <z <1, tlpeo =0, (u—1uy)|z=1 = 0.
(3) Uy = uzz, t > 0, O <x< 1, u|x:0 = 1, u|x:1 = O
(4) U = Upp + U, t > 0,0 < 2 <1, ulpeg = 0, u|p—1 = 0.

PROBLEM 4. Consider the initial value problem u; = 0.5u,,, z € (—o0, +00),t > 0,
uli=o = f(x).
(1) Find w if f(z) = \/%e_é.
(2) Suppose that 0 < f(z) < 10 and fj;o f(z)dx = 1. Show that, for all £ > 0, 0 <

u(z,t) < 10 and fj;o u(z,t)dr = 1.

Homework 10. Solve each problem and write 1-2 variations on a problem of your choice.

PrOBLEM 1. Find a solution of the following equations using separation of variables.

up + uu, =0

PROBLEM 2. Solve the following initial-boundary value problems.

(1) uy = Mgy, t >0, 0 < 2 < 1, Up|omo = Ug|e=1 = 0, ulj=o = f(), us]i=o = f1(z), where
flz)=2,0<2<1/2, f(z)=1—2,1/2 <z <1; fi(z) = cos(2mx).

(2) Uy = Ugyp +sinz, t > 0,0 <z <1, w—g = sin(2x), w40 = sinz, ul—0 = u|p=r = 0.

(3) uyy = AUy, t > 0,0 < & < 1, Up|pmo = Ugle=1 = 0, uli=o = w|t=0 = f(x), where
fle)=2,0<2<1/2, f(z)=1—2,1/2 <z <1.



PROBLEM 3. Suppose that ¢ = ¢(z),0 < x < 1 is a continuous non-negative function and
v1, g are nontrivial solutions of v — ¢(z)v; = a;v;, vi(0) — v;(0) = vi(1) — v;(1) =0, i = 1,2,
ai # az. What is the value of fol vy (x)va(x)da?

Homework 11. Solve each problem and write 1-2 variations on a problem of your choice.

PrROBLEM 1. Solve the following boundary value problems
(1) Uz + 4uyy = 07 (x>y) €G= (O,W) X (O,W);U(O,y) = U(l’,O) = U(W,y) = 0,
u(z,m) =sinx
(2) tpa + 11y = —1, (2,9) € G = (0,) x (0, 7); ula = 0
(3) Upe +uyy = —1, 22 +9* < 1; u(z,y) =0, 22 +y* =1
(4) V2u(r,0) =0, < 1; up|,=; = 1.

PROBLEM 2. Solve the following initial-boundary value problems in polar coordinates (with
u=u(t,r,0))

(1) w = V?u, r <2 u(t,r,0) =0, r=2,u(0,r0) = f(r).

(2) ugy = Vu, r < 1; u(t,r,0) =0, r =1, u(0,7,0) = f(r)cosd, u;(0,r,0) = 0.

PROBLEM 3. Use the power series representation of the Bessel functions

2n+N N 19
S () vz

to verify the following propertles of the Bessel functions:

(1) In(=z) = (1) In(2),

(2) (z"In(2)) = 2N In-a(2),

(3) (27N n(2)) = =2 N4 (2),

(4) 2Jy(2) = NJIn(2) = 2n41(2) = —=NJn(2) + 2In-1(2),

5) fcm 2 NIy 1(Q)d¢ = 2N Jn(2), C(0,2) is a path from 0 to z.

PROBLEM 4. For each of the following names, recall at least one item from this class that is
associated with the name (for example, divergence theorem for Gauss). Feel free to add to
the list.

(1) Bessel
(2) Cauchy
(3) Dirichlet
(4) Euler
(5) Fourier
(6) Gauss
(7) Gibbs
(8) Green
(9) Laplace
10) Poisson
11) Riemann
12) Stokes
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