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Abstract

The nonlinear filtering problem is considered for the time homogeneous dif-
fusion model. An algorithm is proposed for computing a recursive approxima-
tion of the unnormalized filtering density, and the error of the approximation
is estimated. The algorithm can have high resolution in time and, unlike most
existing algorithms for nonlinear filtering, can be implemented in real time
for large dimensions of the sate process. The on-line part of the algorithm is
simplified by performing the most time consuming operations off line.

1 Introduction

In many problems of stochastic analysis it is necessary to find the best mean square
estimate of moments or other similar functionals of a partially observed diffusion
process. Assume that X = X(t), ¢t > 0, is the unobservable component and the
observable component Y =Y (t), t > 0, is given by

v = [ "X (s))ds + W (1),

where W = W(t),t > 0, is a Wiener process independent of the process X. If
f = f(z) is a measurable function satisfying E|f(X(t))]> < oo, t > 0, then it is
known [11, 13, 20| that under certain regularity assumptions the best mean square
estimate f; of f(X(t)) given the trajectory Y (s), s < t, can be written as

f _ [ f(x)u(t, z)dzx
! Ju(t,x)dx
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where v = u(t, z) is a random field called the unnormalized filtering density (UFD).
The problem of estimating f(X (¢)) is thus reduced to the problem of computing the
UFD w. It is also known that u = u(¢, z) is the solution of a certain stochastic partial
differential equation, called the Zakai equation, driven by the observation process.
The exact solution of the Zakai equation can be found only in a few special cases, and
as a result the central part of the general nonlinear filtering problem is the numerical
solution of the equation. In some applications, e.g. target tracking, the solution must
be computed in real time, which puts additional restriction on the corresponding
numerical scheme.

Most of the existing numerical schemes for the Zakai equation use various gen-
eralizations of the corresponding algorithms for the deterministic partial differential
equations and therefore cannot be implemented in real time when the dimension of
the state process is more than three because of the large amount of computations.
Examples of the corresponding algorithms can be found in Bennaton [1], Florchinger
and LeGland [5], Ito [10], etc.

When the parameters of the model are known in advance, an alternative approach
is to separate the deterministic and stochastic components of the Zakai equation
using the Wiener chaos decomposition and to do the computations related to the
deterministic component in advance. Starting with the works of Kunita [12], Ocone
[19], and Lo and Ng [14], this approach was further developed by Mikulevicius and
Rozovskii [17, 18] and Budhiraja and Kallianpur [2]. The first algorithm to solve the
Zakai equation using this approach so that no partial differential equations are solved
on line was suggested in Lototsky et al. [15].

The objective of the current work is to develop another algorithm for solving the
Zakai equation in such a way that no differential equations are solved on line and the
on-line computations are performed recursively in time. The goal is achieved in two
steps. First, the partial differential equation satisfied by the UFD wu(t, z) is approxi-
mated by a finite system of ordinary differential equations (Galerkin approximation).
After that, the solution of the system is approximated using the Cameron-Martin
version of the Wiener chaos decomposition. The error of each approximation and the
overall error are estimated in terms of the asymptotic parameters of the algorithm.
The approach was first suggested in [6] for a slightly different model, but no explicit
error bound was given.

2 Filtering Problem
Let w = {w(t) }4>0 and w = {w(t) }4>0 be a d;- and an r-dimensional Wiener processes

on a complete probability space (€2, F,P). Consider the d-dimensional state (or
signal) process X = X (t) of the form

dX;(t) =0b;(X(t))dt —i—jgaij(X(t))dwj(t), 0<t<T, (2.1)



where b = (b;(2))1<i<q is a d-dimensional vector function on IR and

0 = (0:(7))1<i<d, 1<j<d, 18 & d X d; dimensional matrix function on R?. The infor-
mation about the state process is available only from the r-dimensional observation
process Y = Y (t) given by

Y(t) = /Ot WX (s))ds +w(t), 0<t<T, (2.2)

where h = (hi(2))1<i<» is an r-dimensional vector function on IR?. The filtering
problem studied in this paper is to compute the best mean square estimate ft of
f(X(t)) given the observation trajectory Y (s), s < t, where f = f(z) is a function
on IR? such that E|f(X(¢))]> < oo forall 0 <t < T.

The following is assumed about the model (2.1), (2.2):

(A1) the functions b, o, and h are infinitely differentiable and bounded with all the
derivatives;

(A2) the processes w and W are independent;

(A3) the random vector Xy is independent of both w and w and has a density
p = p(x), x € R?, so that the function p is infinitely differentiable and decays
at infinity with all the derivatives faster than every power of |x|.

Let FY be the o-algebra generated by Y(s), s < t. Define

p(t —eXp Z/ hi(X (s))dw(s —72/ |h (X ]ds}

It is well known [11, 13] that the measure P given by dP = p(T)dP is a probability
measure on (2, F) with the properties:

(i) On the reference probability space (Q,F,P), Y(-) is a Brownian motion inde-
pendent of X (-);

(ii) The optimal filter f, = E[f(X(t))|F}] is given by
f = E[f (X ()p(t)""| 7]
Elp(t)|F]
where E is the expectation with respect to measure P. If assumptions (A1l — A3)
hold, then by Theorems 6.2.1 and 6.2.2 in [20] the unnormalized filtering measure

O, (dx) = E[l{x(t)edx}p(t)*wff] admits the density u(t,z) = ®;(dzx)/dz, called un-
normalized filtering density (UFD), which is a solution of the Zakai equation

(2.3)

du(t, z) = Lult, xdt+Zhl u(t, £)dYi(t), (2.4)

=1

where ) 2 d
£ui=5 3 Gy (00 ) = 3 ().




By Theorem 4.3.2 in [20], there is a unique solution wu(t,z) of (2.4) and for every

positive integer n and a multi-index v = (71, ...,74),
sup E [ (1+|z[*)"|DVu(t, z))?dz < oo, (2.5)
o<t<T JIR?
o
where DNl = = and |y =y + .. 4+

ox]'...0x

Throughout tlhe papedr, C will denote a constant depending on the parameters of
the model, namely the length T" of the time interval, dimensions d and r of the state
and observation processes, and various bounds on the coefficients b, o, h and the
initial density p and their derivatives. The value of C' can be different at different
places. The norm and inner product in Ly(IR?) are denoted by || - |jo and (,-)o,
respectively.

3 Galerkin approximation

In this section, a Galerkin approximation of equation (2.4) will be studied using the
Hermite basis in Ly(IRY).

The Hermite basis in Ly(IR?) is constructed as follows. Let v = (y1,...,74) be
a multi-index with +; nonnegative integers. The set of all such multi-indices will be
denoted by I'. For every ~ € I' define

ey (T1,...,2q) = .1:[16%(%)’ (3.1)

here
) o= try
= O
and
w2 d' _p
H,(t) =(-1)"e el >0, (3.2)

is the n-th Hermite polynomial. Then the set {e,},er is an orthonormal basis in
Ly(IRY) [7, 8] and will be referred to as the Hermite basis.

For v € T denote |y| := % ,v. Given a positive integer , define the set
v :={ye€Tl:|y| <&k}. Direct computations show that the number of elements |I',]|
in the set I',; is equal to (k + d)!/(k!d!).

The Galerkin approximation u* of the solution of (2.4) is given by
ut(t,x) = ¥, er, ui(t)ey(r), where the coefficients {uZ},cr, satisfy the system of
stochastic ordinary differential equations

dul(t) = > (Lrer, eq)ous(t)di+
TGFH

S (hier, ey)out(t)dYi(t), 0 <t <T, (3.3)
=1 7€l
U:(O) = (p7 67)07 e I
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This is a linear system with constant coefficients, so the solution {uf(t)},er, exists
and is unique [13, Theorem 4.6]. Even though the Galerkin approximation has been
used in various numerical schemes for the Zakai equation (e.g. Bennaton [1], Ito [10]),
no estimates of the approximation error have been given.

In what follows, it is proved that under assumptions (A1 —A3) the approximation
u® converges to u in Lo (2, f’), ie

lim sup Elu(t,-) —u"(t,-)[} =0,

R=00 o<t<T

and the rate of convergence is established.

Theorem 3.1 If assumptions (A1 — A3) hold, then for every positive integer v there
is a constant C(v) depending only on v and the parameters of the model so that

- C(v
sup Blju(t, ) — (e, )3 < S, (3.4)
0<t<T K
Proof. If u,(t) :== (u(t,-), ey)o, then
Eflu(t,) —u"(t. )5 = 3 Elu, () — w5 + 3 Elu, (). (3.5)
vel's v¢T
By Lemma A.1 in Appendix
C
sup Y Elu,(t)]* < (V) (3.6)
0<t<T Jor, KY

For v € T, define 6,(t) := u,(t) — uf(t), so that > cr, Elu,(t) — us(t)> =
> er, E|0,[2, and also

Bio(0)i= 3 (Lereour(t), 85 (6):= Y (hues, e, )our(0).

T¢l 7¢l
Both 4, , and 5577 are well defined, because, according to Lemmas A.1 and A.3,
C
S [ B+ Y [ B0 < T2 (3.7)
=T =1 €D, K
As a result,

B8 = 3 (Lrere)ob, (Ot +3 S (s, )b, () dYi(t)+

Tel, =1 7€l

517ds+25 Yi(t), 0 <t <T; (3:8)

5,(0)= 0, ye r



and by the Ito formula,

> B @P =2 U (Lrer e )oBS, ()6, (s)ds t

vel's v, 7€l

3D | B X (hier e)ods(s)) ds + 2 Y | Bo (90, ()ds+ (3.9)

I=1~€el'x Telx vel'x

25: > /Ot(hleT,€7>0E5éﬁ(8)(57(8)d8 + z’”: > /Otf}(c%ﬁ(s))zds.

=1 ~,7€l’yx =1 ~vel'x

It follows from Lemma A.2 that

2 | U (Lreren)oB6, ()5, (s)ds +

r T ) . (3.10)
> 2 /0 E( " (hier, e,)00-(s)) ds < C Y /0 E(6,(s))2ds.
=1 ~elx 7€l el

Then (3.7), (3.9), (3.10), and the obvious inequality 2|ab| < a?® + b* imply

S B 0P < S v o s [ i) P

~veTy, k ~v€Ty

so that by the Gronwall inequality

sup > E[6,(t)]* < C(V).

14
0<t<T ,cr, R

Together with (3.5) and (3.6), the last inequality implies (3.4).

4 Approximate solution of the ODE

By Theorem 3.1, to find an approximate solution of the partial differential equation
(2.4) it is sufficient to solve the finite system of ordinary differential equations (3.3).
In this section, the system (3.3) is solved using the Cameron-Martin version of the
Wiener chaos decomposition. An approximate solution is then constructed and the
error of the approximation is estimated.

Using the matrix-vector notation, system (3.3) can be written as

du”(t) = A"u"(t)dt + ) Bfut(t)dYi(t), 0 <t < T;
=1

uH(o) — ]5}17

where u"(t) is the column vector {u5(t)},er,, p* is the column vector {(p, e )o}rer,

(4.1)

and for every vector ¢ € IR'F"',
(A°Q), = 3 (Ler, e3)otr

TEFI{
T

(BrFO)y =D > (her, e9)0Gr

I=171€el'x

(4.2)
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It follows from the definition that the matrices A* and BJ* do not, in general, commute
with each other and therefore there is no computable explicit solution of (4.1).

Below, an approximate solution is constructed using the Cameron-Martin version
of the Wiener chaos decomposition, i.e. an expansion of u"(f) with respect to a
certain orthonormal basis in Lo (2, F7, f’) The basis is constructed as follows. Let
a be an r-dimensional multi-index, i.e. a collection o = (a)1<1<, x>1 of nonnegative
integers such that only finitely many of ol are different from zero. The set of all such
multi-indices will be denoted by J. For a € J define:

laf ==Y of  (length of a);
d(a) :=max{k >1: al >0 forsome 1 <I<r} (order of a);

O[' = Hk,l(Oégc')

Fix 0 < ¢t < T, choose a complete orthonormal system {m;} = {mg(s)}r>1 in
Ly([0,¢]), and define

= | e (5)dYi(s).

Due to property (i) of the measure P, &k, are independent Gaussian random variables
with zero mean and unit variance.

Theorem 4.1 (Cameron and Martin [3])
If
H(t) :==27"2H,(t/V2), (4.3)

where H, is the n-th Hermite polynomial (3.2), then the collection

{fa — H (Hai(fk;l))  aec J}
kil all

is a complete orthonormal system in Ly(Q, FY, P).

Theorem 4.2 For every 0 < s <t the solution of (4.1) can be written as
1
u(s) =) —=pal(s, ") (P-as.) (4.4)
% Val

The coefficients of the expansion satisfy the recursive system of deterministic or-
dinary differential equations
dy (s, ")
ds
©a(0,9%) = P"L{ja=0},

- AHSOZ(SapK) + Zaémk(S)BlHQOZ(k,l)(S?ﬁn)v 0<s<t (4 5)
k1l .

where a = (k) 1<i<r. 1>1 € J and (i, j) stands for the multi-index & = (&L)1<1<r, k>1

with
il — ol . if k#1 orl # 7 or both (4.6)
Pl max(0,a! —1) ifk=iandl=j. '

7



The series in (4.4) converges in Ly(€2, f’) and L1(2, P) and the following Parse-
val’s equality holds:

Bl () = 3 leti(s, ) (17)

a€lJ

Proof. Since the initial condition u*(0) and the matrices A* and By are deter-
ministic, the vector u”(s) belongs to Ls(2, F/,P) for every 0 < s < t by Theorem
4.6 in [13], and therefore by Theorem 4.1

= Y E[uf(s)ééa, ElS(s))? =Y [E[u” ? < o0.

acd aed

Denote

pa(s) = ValE[u"(s)&]

(to simplify the notations, p* in the argument of % will be omitted). Direct compu-
tations show that | o

Val 9z

Z) = exp {/Otli;mlz(s)d}/}(s) — ;/Otzrj |mlz(8>|2d8};

=1

ga - }%(Z>

Y

2=0

where

mb = Y s mu(s)zh; {21}, 1 =1,...,r; k=1,2,..., is a sequence of real numbers
such that 37, |2L]* < oo, and

oo o
Oz L (0zh)
Consequently,
ei(s) = B )P)| = e B )P,

where the second equality follows from the martingale property of P,(z) on (€, P). It
also follows from the definition of P,(z) that

Zm (2)dYi(s), s <t Py(z) = 1.
Then (4.1) and the Ito formula imply
() Py(2) -“+/ AFus( +ZB (5))ml(s) P,(2)ds +
/Z Bl (s) + " <s>mz<s>) P.(2)dYi(s).



Taking expectation E on both sides of the last equality and setting ¢"(s,z) =
Eu"(s)Ps(z) results in

W :AHQOH()JFlem()BlSO( z), 0<s<t
@H(Oaz) :pn.

1 (63
Applying the operator Jaioe and setting z = 0 yields (4.5).
Convergence of (4.4) in L,(2, P) follows from its convergence in

Ly(€, P) and the inequality

Eln| = Elnp(T)| < VEI2VER(T) < C\EnP,

valid for every n € Ly(Q, F¢,P) due to the boundedness of ;.
([l

System (4.5) is recursive in |a: once the functions % are known for all « of length
la] = k, it is possible to compute all % for || = k& + 1. The computations can be
performed off line because (4.5) does not involve the observation process Y. It seems
natural to use these features of expansion (4.4) in a numerical algorithm for solving
(4.1). Since in all such algorithms the infinite summation in (4.4) must be truncated
and the error due to the truncation can be expected to grow with ¢, it is desirable to
have a recursive version of Theorem 4.2.

Let 0 =ty < t; < ... <ty =T be a uniform partition of the interval [0, 7] with
step A (so that t; = iA, i =0,..., M) and let {m} = {m(f) }x>1 be an orthonormal
basis in Ly ([0, A]). Define random variables

. I:Iocl(glifl)
L= =) ey
{ﬁa H( r) }

= [ s — ti)dis) (4.

i—

where

and H, is defined in (4.3).

Theorem 4.3 If u"(ty) :==p" and t;_1 < s <t;, then

u(s) = \/1(1_!g02(s —tput(ti1))€E, i=1,...,M (P-as.) (4.9)

acJ

and the coefficients @ satisfy (4.5) with the corresponding initial condition.
This series converges in Ly(€2, P) and L1(2, P) and the following Parseval’s equal-
ity holds:
E|u Z E|gpa — b, u"(t;— 1))|27 i=1,..., M.

ocEJ



Proof. Since the coefficients of (4.1) do not depend on time, for every t,_; < s <t;
the vector u”(s) satisfies

s—t;—1
u(s) = u"(tiy +/ AR (t + g )dt+

Z/ CBRES(t+ i )d(Yi(t+ i) — Yiltiy)). (4.10)

Then both statements of the theorem follow from the corresponding statements of
Theorem 4.2, because, under the measure P, Yi(t+t;1) — Yi(t;_1) is independent of
Fii
O

To study the truncation of (4.4) or (4.9), it is necessary to note that the summation
>acs is double infinite: 3 ,c; = 25320 > |aj=x and there are infinitely many multi-
indices a with |a| = k& > 0. A possible way to truncate the summation is to restrict «
to the finite set J3 := {a € J : |a| < N, d(a) < n}. The error due to this truncation

is given in the following theorem.

Theorem 4.4 Given the positive integers n and N and the uniform partition
{t:}, i=0,...,M of [0, T] with step A, define the sequence of vectors {u*(i,n, N)} C
RI™ i=0,...,M, by

(0,0, N) = 5, w(i,n, N) = 3 \/%¢Q(A WG L, N)E. (411)

acJy

If {my} is the Fourier cosine basis

my(s) = \/%; my(s) = \/zcos (W) L E>1; 0<s <A, (4.12)

(CA)Y | A+
(N +1)! n o

then

Ogg%Elu (t:) —u"(i,n, N)|* <

(4.13)

The proof of this theorem is rather long and is given in Section 6.

For fixed A the error (4.13) grows with x due to the stiffness of matrix A®. For
fixed k, the error tends to zero with A. In fact, since N > 1 and n > 1, (4.13) shows
that the approximation u”(i,n, N') has order of strong convergence in time equal to
0.5. If n = 1, then the approximation uses only the increments Y;(t;11) — Yi(¢;) of
the observation process, and it is know [4] that 0.5 is the highest possible rate of
convergence under the circumstances. On the other hand, if » = 1 or the matrices
BJ" commute (which, in general, can happen only if the functions h; are multiples of
each other), then, as the proof of the theorem shows, the term C'A/n on the right
hand side of (4.13) disappears and the order of convergence may be equal to 1.0.

If n > 1 and the observations Y;(t) are available continuously in time, then the ran-
dom variables ¢!, can be computed with prescribed accuracy by reducing the Wiener
integrals (4.8) to Riemann integrals using integration by parts; the details can be
found in [16, Section 4.5.1].

10



5 The Algorithm

The approximation u"(i,n, N') from Theorem 4.4 still does not meet the criteria stated
in the Introduction because, starting with ¢ = 1, the initial condition of (4.5) is
random and therefore the system of differential equations must be solved on line.
The following construction makes it possible to circumvent the difficulty.

If {¢7}, v € Ty, is the standard unit basis in IRI"*/, meaning that (Y = 1if y =7
and ¢ = 0 if v # 7, then w*(i,n, N) = ¥, cr, u(i,n, N)O Recursive definition of
u*(i,n, N) and the linearity of system (4.5) 1mply that

wf(0,n, N) = o, wi(i,n, Ny = Y > Qn_ur(i—1,n,N)E, (5.1)
7€l aE]n
where
wrr = Pan(BC7): (5.2)
Using the matrix-vector notations, (5.1) can be written as
u(i,n,N) = > Qiu (i —1,n,N)E,. (5.3)
acJy

Since the matrices )% can be computed off line, the on-line part of the algorithm is
reduced to computing random variables £ (which, in principle, can be implemented
on the hardware level) and evaluating the sum in (5.3).

If u(t, x) is the exact solution of the Zakai equation (2.4) and
up N (7, 2) == Xer, u5(i,n, N)e,(x), then, by Theorems 3.1 and 4.4, the overall error
of approximation is given by

~ ) Cv CAWY A + kZAZ
sup Bllu(id, ) — uf (i, )2 < S 4 LGB o .

+ 5.4
0<i<M KY (N+ 1)‘ n ( )

The following is the complete description of the algorithm.
1. Of f line (before the observations are available) compute

the matrices A® and B according to (4.2);

the matrices Q%, o € Jy, according to (5.2).
the coefficients u5(0,n, N) = / L Do(@)ey(x)de, v € Ty;

set U’Z,N(Oax) =2 el 7(0 n, N)eﬂ,( T).
2. On line, i — th step (as the observations become available): compute

Pi,n, N) = > Qaul(i—1,n,N)E, (5.5)

ainJ g

then, if necessary, compute

up v (i,2) = Y ul(i,n, N)ey(x). (5.6)

vel'x

11



The main advantage of this algorithm as compared to the traditional schemes for
solving the Zakai equation is that the time consuming computations of solving partial
differential equations are performed off line, while the on-line part is relatively simple
even when the dimension d of the state process is large. Here are some other features
of the algorithm:

(1) The overall amount of the off-line computations does not depend on the number
of the on-line time steps;

(2) Only the coefficients uZ(i,n, N) must be computed at every time step while the

approximate filter ftm and/or UFD ;i y(i,7) can be computed as needed, e.g.
at the final time moment.

(3) The on-line part of the algorithm can be easily parallelized.

In the proposed algorithm, the Wiener chaos decomposition was used to solve the
finite dimensional system obtained by projecting the original Zakai equation (2.4)
on the subspace generated by {e,}.,er,. The error estimate (5.4) shows that this
approach should be used with sufficiently small time step A and moderate values
of k, e.g. when good resolution in time is required and the spatial resolution is not
important. In [15], an alternative approach was suggested, in which the Wiener chaos
decomposition was applied directly to the Zakai equation with subsequent projection
of the result on the span of {e,},er,. The error of the corresponding approximation
is given by

Cv) CA? (CAN
kYA n (N+1)V

which means that this alternative approach should be efficient for moderate values of
A and sufficiently large k, e.g. when good resolution in space is required and the time
resolution is not important. The choice between the two approaches will therefore
depend on the specific features of the problem.

6 Proof of Theorem 4.4

Introduce the following notations:

sk, the ordered set (si,...,sp); ds* :=ds; ...dsy;
I*, the ordered set (I1,...,1);

Fr(t; 8% 1) .= oF

t—sk

B @ LBROE R, k> 1

Sk—Sk—1
(k,t) t rs s

12



To simplify the notations, the superscript £ will be omitted throughout the rest of
the proof.
Every multi-index o with || = k can be identified with the set

Ko, = {(%,4%), .-, (ig,q)} so that it < iy < ... < ig and if i§ = i, then
¢ < qfy. The first pair (i, qf) in K, is the position numbers (k,[) of the first
nonzero element o, of a. The second pair is the same as the first if the first nonzero
element of « is greater than one; otherwise, the second pair is the position numbers of
the second nonzero entry of o and so on. As a result, if aj’ > 0, then exactly oz;’» pairs
in K, are (j,q). The set K, will be referred to as the characteristic set of multi-index
a. For example, if r = 2 and

o ( 0 1
1 2
then the nonzero elements are o = a3 = af = 1, a2 = a} = 2, at = 3, and the
characteristic set is
K, ={(1,2), (2,1), (2,2), (2,2), (4,1), (4,1), (5,1), (5,1), (5,1), (6,2)}. In the fu-
ture, when there is no danger of confusion, the superscript « in 2 and ¢ will be omitted
(i-e. (i5,q;) will be used instead of (i, q5')).

Let P* be the permutation group of the set {1,...,k}. For a given o € J with
|a] = k and the characteristic set {(i1,q1), ..., (i, qx)} define

Ea(s1%) := 37 miy (so0) Ltyy=ary M (S000) Lty =an) (6.1)

oePk

0 2 3
00010 ...)7

To prove (4.13) it suffices to show that

~ CA)NH A? 4+ KZA3
N 2 o
Elu(t;) — u(i,n, N)|* < (V4 1) + " .

(6.2)

After that, (4.13) will follow directly from Gronwall’s inequality. Moreover, (6.2) will
follow from

(CA)N+
(N+1)!

+C (6.3)

~ 2 2A3
Elu(t)) —u(l,n,N)* < ( AT RA ) 5%,

because similar arguments can then be used to show that

CA N+1 A2+I€2A3 .
((N+)1)! M — >E|u(ti)‘2’

E|u(tz) —u(i,n, N)|* < (

and by Lemma A.4, maxo<;<y Elu(t;)|> < C. As a result, it suffices to prove (6.3).
For the sake of simplicity, the argument p in ¢, will be omitted.

Define (A
A N) := b
u(A, N) |aZ<:N Jar
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If it is known that (CAYV+H
Elu(A) — u(A, N2 < ==L
[u(8) = (A N)P < S P

(BB e, (65)

and
(Ln,N)?<C

Elu(A,N) —u
then (6.3) will follow immediately from the inequality (a + b)? < 2(a?® + b?)
Proof of (6.4). By Lemma A.5,

Z |9001 Z/ A;Sk;lk)PdSk,

|a|=k
where @, is the solution of (4.5) with an arbitrary CONS {my.} in Ly([0, A])

(6.6)

Since £} are uncorrelated under P,

=y B 5 5 Y et ast

la|=k k>N [k

Elu(A) — u(A, N)J?

It follows from the definition of F' and Lemma A.5 that
By, ...B,®,p| <

[F(A; %10 < eCB o,
Ck C’(A—sk+sk—...+32—sl+sl)|]3’2 S Ck’ﬁ|2

(k,8)
Finally, / ds* = A*/k! implies
(CrA)k - (CA>N+160A

Blu(A) —u(a NP < 3 = <

Y

and (6.4) follows. Note that it holds for every CONS {my}
If o is a multi-index with |o| = %k and the characteristic set

Proof of (6.5). i-1
(1%,q7)} then ¢ = d(a), the order of «, and so the set Jy can be

(Gt q), -
described as {a € J : [a| < N; ify, <n}. Thus
ea( D)

Sy y oy

Elu(1,n, N) — u(A, N)[?
b=n+1k=1 |a|=k;iy=b

The problem is thus to estimate 35,1 Sh Ylaj=kig=b [Pa(A)[*/al
By Lemma A.5 the corresponding solution ¢, of (4.5) can be written as

(k,A)
= Z/ F(A;s": M) E,(s*, 1F)ds",
1k

where E,, is given by (6.1). Since by definition (4.6) the characteristic set of a(iy, qx)

(6.7)

is

{G1,q1), -, (ik—1,qr_1)}, it is possible to write
k K

= Zmik<8j)1{lj:qk}Eoc(ik ax) ( ]7lj)

J=1

E, (s

14



where s¥ (resp. I¥) denotes the same set (s, ...,s) (vesp. (I1,...,l)) with omitted
sj (resp. l;); for example, st = (sq,. .., sk).
Then (6.7) can be rewritten as

(k—1,A)

k Sj+1
=5 (TP ma (55) 1 =000 455) B (555 B)dst, - (6.9)
=1 S-1

Ik i-
J

where sg := 0; sg11 := A. (Change the order of integration in the multiple integral.)
Denote

V2A
m(k—1

)sin(ﬂ(kA_ 1)3); E>1, 0<s<A,

My (s) ==

and also F; := OF(A; s*;1%)/0s;. Then, as long as ix = b > 1, integration by parts in
the inner integral on the right of (6.8) yields:

/SjJr1 F(A; sk; lk)mb(sj)dsj =
Sj—1

J

F(A;sk;lk)Mb(sj)

TR /Sj+1 Fi(A; 87 1F) My(s5)ds;.

si=sj—1 Js; 4

For each j, the remaining variables s¥ in (6.8) are renamed as follows: ¢; := s;,7 <
j—1; t; := 8;41,1 > j—1, or, symbolically, t*1 := s . Settg:=0,t, = A and denote
by t*=13 5 =1,...,k — 1, the set t*~! in whlch t; is repeated twice (e.g. tF~b1 =

(tl,tl,...,tk,l),etc.); also tk L0 . (to,tl,tz,...,tkfl) tk lk (tla---ytkflatk)'
The similar changes will also be made with the set lk. for fixed j, there are

k — 1 free indices ly,...,l;_1,lj11,...,l; and they are renamed just like s® to form
the set (*~! (in this case, the same letters are used); symbol [*71J denotes the
set (l1,...,lj—1,q5, 5, ..., lp—1). After these transformations, Eq, q,.)( f, l]) becomes

Eyip.qe) (1 1F71) - independent of j, and

F(A: " ) =y Mo(s)|
F(A; 75 Y9 My (t5) —F(A LI LM (), G =1, k.

Therefore, if d(a) = b > 1 and |a| =k > 0, then
(k— 1A)
Z / fb A tk 1. lk l)
fb(Q)(A,tk L. k= 1)) a(lkqu)(tk L k1) gkt

where

S (A0 = k) (P(A 1 1) Mi(t) —
F(A; b1 k= 1J)Mb ) if k> 1

15



151) = 0if k =1 — because M,(ty) = My(tx) = 0 (this is the only place where the
choice of {my} really makes the difference), and

f (A R k) = _/ Fi(As s, 8570 g, D MyA(s)ds—
k=1 oy |
Z/ F}'(A;...,tj_l,S,tj,...;lk_l’])Mb(s)dS_
j=2"ti-1
t
/k Fu(At 1 s 1570 qi) My (s)ds.
tp—1
Then’ since |04(i|a|>Q\a|)’ = ‘Oél —1and a! > a(i|a\7Q|a|)!;

s e _

|| =59 =b al

. (k—1,A) 2
Y Y =X / Ut ) Eatpadt ™| <
qk=1|a|=k;i3=b ' [k-1

- 2

S X g X A
ax=1|8=k—1 VB o

and arguments similar to those used in the proof of Lemma A.5 show that the last
expression is equal to

S5 [T @ P (69)

qr=1k—1

Definition of fb(l) and Lemmas A.2 and A.4 imply

kCA
(b—1)

BP=0 k=1 |57 < ol k> (6.10)

Next, direct computations yield

Fj(A;s50%) = ®a_g By, ... Oy, s,
Or g By ... AD

B A®,, ... 0up—
B, o ... PP,

85415,
and then by Lemma A.4,
[F5(A; 8% )7 < w2l
After that the definition of fb(2) and obvious inequalities
(ay 4 ... +ap)® < k(a]+...+a)

and .

([ rway)’ <= ["(7w)2ay

16



imply:

S0,

A
RPP < RRCECABA [T (M (s))%ds <
L RCEAS
7Pl
(b—1)
since [F=1A) gib=1 — AR=1/(} — 1)1, (6.9), (6.10), and the last inequality yield

R

I

Blu(A,N) —a(Ln, N2= 3 3y Yy 2l

IN

b>n+1 k=1 |a|:k;ig=b a‘
7 k+2(CA)F (k+1)(CAY | 1
C|p‘2 AQ JEE— +/€2ABZ— Zi S
ok +1 K k>0 k! o= 0
A? + K2AP

C————1p]".
n

This completes the proof of (6.5) and the theorem as a whole.
O
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Appendix

In what follows, {e}er is the Hermite basis in Ly(RY and 'y = {yeT: |y| <k}

Lemma A.1 If function f is infinitely differentiable and decays at infinity with all the
derivatives faster than every power of |z| then

C)

KY

> I(fren)ol* <

V¢ s

(A1)
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In particular,

~ C(v
sup Z Elu, (t)]* < (V) (A.2)
0<t<T ‘o1 K

Proof. Introduce the operator A := —V? + 1+ |x|?, where V2 is the Laplace operator.
Direct computations show that Ae, = (2|y| +d + 1)e, := Ayey. By assumption, AV f €
Lo(IR?) for every positive integer v and therefore

oo Uhedo - (Medo _ (Mfey
7 Ay Ay AY
This implies that
Auf 2
(el < 12T (A3)
y

and (A.1) follows because |T'x| < 9. After that, (A.2) follows from (A.2) and (2.5).

Lemma A.2 If assumption (A1) holds, then for every ¢ € R/

7 (Lrereq)0Cr < CICN%

v,7€l o
> (X (uemeats) " < Clel (A4

vel', T€ly

Proof. If II" is the Lo (IR%)-orthogonal projection on the span of
{ev(x)}van and.(:::§:7€FKC567($),then

> (Lreren)o06Gr = (£7¢,C)os

v,7€l

> (X (erne)ot) = [ (nd)3

vel', 7€l
Direct computations show that under assumption (A1)
(L f, Ho < CIFG, — IIFlI§ < CIFIG

for every sufficiently regular function f. Then estimates (A.4) follow, because

ICI5 = >_ ¢ =1I¢P

Y€l

Lemma A.3 Assumption (A1) implies the following estimates:

€% llo < Chyl;
[Puesflo < C.
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Proof. The second inequality is obvious because ||e4|lo = 1. To prove the first, consider
the operator A = —V? + 1 + |z|?. Then direct computations show that

1L £1I5 < Cll (L = A)FIG < CUAFIG + ILF1)

for every sufficiently regular function f. It follows from the proof of Lemma A.1 that
|Aeqy|lo < C|v|, which implies the result.
O

Lemma A.4 If assumption (A1) holds, then for every ¢ € RI'!
eI <ICle ™, YO IBEC < Ol 1A < ).

(constant C does not depend on k).
Proof. Given ¢ € RI'=l| the vector v(t) := e!4"¢ is the solution of

dv(t) = A%v(t), v(0) = (.

Then by the definition of matrix A",

dv(@t)|> =2 Z (L¥er, )0 (t)vy(t)dt
v,7€lx
and by Lemma A.2, djv(t)|> < Clv(t)|?dt. After that, Gronwall’s inequality implies

lv(t)]? < [¢]?et and the first inequality follows. The second inequality follows directly
from Lemma A.2 and the third — from Lemma A.3.

|
Lemma A.5 If a« € J is a multi-index with || = k and the characteristic set
{(i1,q1), .-, (ik,qx)}, then the corresponding solution ©%(t,p") of (4.5) is given by
Palt,0") =
(k1)
k. 7k k
> / FE( 85 1) mi 0 (56) =g, 00} " Mo (51) M =g, 1)} d875 K>1;
oePk Ik (A.5)
Pt 7") / O B (1) =
palt,p") = Ofp°, k= 0

(see beginning of Section 6 for notations).

In addition,
3 |“”a Z/ P (t; 5 15 2ds”, (A.6)

laf=k

Proof. For the sake of simplicity, the argument p in ¢, will be omitted. Representation
(A.5) is obviously true for || = 0. Then the general case |a| > 1 follows by induction from
the variation of parameters formula.
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To prove (A.6), first of all note that

Z Mg () (Sk)l{lk:qa(k)} T Mgy (51)1{l1:qa(1)} -
ocPk

> M (So) Lty g=ar} = Mir (So() Lty 1y =a1}-
oePk

Indeed, every term on the left corresponding to a given o € P* is equal to the term on the
right corresponding to o, Lepk,
Then (A.5) can be written as

(kst)
= Z/ Fr(t; s* 10 By (5% 1%)dsk,
1k
where E,, is given by (6.1). Using the notation

K
=2 o, ot Bloiy Py =500 Bl Py P L So(1) < <Sa(k)’
o€Pk

it can be rewritten as
oo (t =1 Z / YN VLS (A.7)
" 0,k

Since every component of the vector G* is a symmetric function from La(([0,¢] x
{1,...,7})*) and the collection {E,/valk!,|a] = k} is a CONS for the symmetric part
of the space,

- X

with some ¢& € R/"*|. Then from (A.7) |¢%|2/a! = |c%|2/k!  and so

pat)? 1 ez 1 .
> EOE_ LS =L [ lotipast =
\Oé|=k |a|=F [Oﬂk

K K k__
k! Z / ’ Z (I’t—so(mBlo(k)”'(I) So(2)8 <1>Bl (1>q)s WP 1, o) <<y | ST =
lk [0,¢]% oePk

(k1)
SR s s,
1k
which proves (A.6).

Remark. If |a| =k, then by Theorem 3.1 in [9]

o = \/a - // / MYdy(sy) ... dy(sg).

This gives an alternative (but equivalent) form of (4.4) in terms of multiple Wiener integrals.
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