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Abstract

Two problems involving stochastic partial differential equations (SPDEs) are considered:
nonlinear filtering of diffusion processes and parameter estimation for SPDEs.

A new approach to nonlinear filtering is developed using the Wiener chaos decomposition
of the optimal filter. Based on this approach, two recursive algorithms are suggested for
computing an approximation of the optimal filter. While both approximations converge
to the optimal filter, one provides high resolution in space and the other in time. The
computational complexity of the algorithms is studied and the approximation errors are
derived. The existing algorithms require on-line solution of partial differential equations and
evaluation of integrals, which is time consuming. The on-line performance of both proposed
algorithms can be significantly improved by performing all the time consuming operations
off line.

In the second part of the dissertation, the parameter estimation problem for a stochastic
partial differential equation is considered. The estimate is based on a finite dimensional pro-
jection of the solution, and the dimension of the projection is the only asymptotic parameter
to guarantee consistency and asymptotic normality of the estimate (both the observation
time interval and the amplitude of noise are fixed). So far the problem has been studied
under the assumption that all the operators in the equation have a common system of eigen-
functions, which effectively reduces the model to the equation with constant coefficients. It
is proved that the estimate is consistent and asymptotically normal without any restrictions
on the eigenvalues of the operators.
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Chapter 1

Stochastic Partial Differential Equations and Problems
in Statistics

1.1 Forward and Inverse Problems for Differential
Equations

The problems in statistics of stochastic differential equations studied in this dissertation are
related to nonlinear filtering and parameter estimation.

The objective of filtering is estimation of a component of a partially observed stochastic
system. Under certain assumptions, this problem is reduced to the determination of a special
random field called the unnormalized filtering density, which satisfies a stochastic partial
differential equation driven by the observable component of the system; the equation is
usually called the Zakai equation. In the canonical setting, the coefficients of the equation are
known, but in most cases the solution cannot be computed explicitly. The filtering problem
then becomes a forward problem for the stochastic partial differential equation meaning that
an approximate solution of the equation must be computed.

The parameter estimation is an example of an inverse problem when the solution of
the equation is observed and the conclusions must be made about the coefficients of the
equation. In the deterministic setting, numerous examples of such problems in ecology,
material sciences, biology, etc. are given in the book by Banks and Kunisch [4]. The stochastic
term is usually introduced to take into account those components of the model that cannot be
described exactly. A typical example is the heat balance equation describing the sea surface
temperature anomalies. According to Frankignoul [19], the equation is

du(t,z) = (DAu(t,z) — (U(z), V)u(t,z) — du(t, 2))dt + dW (¢, z), (1.1)

where u represents the deviation of the temperature form the given average value, z =
(21,72) € R?, ¥(x) = (vi(x1, x2), v2(71, T2)) is the velocity field of the top layer of the ocean,
D is thermodiffusivity, A is the cooling coefficient, and the random perturbation W (t, )
represents the short time atmospheric changes. A priory, D, A, and ¢ are unknown, but
usually some assumptions are made about one or two of them in order to estimate the rest.

It is worth mentioning that in its original setting, the nonlinear filtering problem can be
viewed as an inverse problem of nonparametric estimation for nonlinear stochastic ordinary

differential equations and the Zakai equation reduces it to the forward problem for a linear



partial differential equation. More detailed discussion of the filtering problem is given in the
next section.

1.2 Nonlinear Filtering and Wiener Chaos
Decomposition

If the unobserved state process X = X(t) is a Markov process with the generator £ and the
observation process Y = Y (t) is

V()= [ A(X(5))ds + W),

where the Wiener process W is independent of X, then the optimal filter ft, i.e. the best
mean square estimate of f(X(t)) given the trajectory of Y(s), 0 < s <, is given by

: _ [ f(@)p(t, x)de

z(t)) = 1.2

flatty = L) (1.2
with the unnormalized filtering density p = p(¢, z) satisfying the Zakai equation

dplt,) = L7p(t, ) + h{@)p(t, 2)dY (1), (13

This equation was studied by many authors: Baras [5], Benesh [6], Bennaton [7], Bensoussan
et al. [8], Clark [13], Elliott and Glowinski [17], Florchinger and LeGland [18], Ito [31], Krylov
and Rozovskii [38], Kunita [41], Kushner [42], Rozovskii [61], Zakai [66], etc.

The computable explicit solution of the Zakai equation exists only in a few special cases
when the function p admits a finite dimensional sufficient statistics. One such example is
when both the state and the observations are linear diffusion processes, in which case the
solution is given by the Kalman - Bucy filter [34, 47]. Another example, the diffusion with
a cubic drift, was discovered by Benesh [6]. The general description of the unnormalized
filtering density admitting a finite dimensional sufficient statistics is given in Daum [14], but
there are many problems that cannot be solved using this approach.

In the general nonlinear setting, an approximate solution of the Zakai equation must be
computed, and there are two major approaches to doing this.

The first approach uses the existing numerical methods for deterministic partial and
stochastic ordinary equations. These methods are applied either directly to equation (1.3)
or to its robust form [7, 13, 31], which means that the original Zakai equation is first reduced
to a random partial differential equation (a deterministic partial differential equation with
random coefficients). Among the proposed algorithms are the splitting-up approximation
based on the Trotter type product formula [8, 17, 18], the implicit Euler scheme [31], the
Galerkin approximation [7, 31], the finite element method [21], and the hidden Markov model
[16, 42]. All these algorithms have to deal with the same difficulty — the fast growth of
computational complexity when the dimension of the state process is increased. As a result,
the on-line solution of the Zakai equation, which is necessary in many applications, is almost
impossible using this approach if the dimension of the state process is more than three.



The idea of the second approach is to separate the deterministic and stochastic compo-
nents of the equation. The result is a representation of the solution either as a sum of multiple
Wiener integrals (i.e. Ito integrals with deterministic integrands) or as an orthogonal series
with respect to the Cameron - Martin basis in the space of square integrable functional of the
Winer process. In both cases the representation is known as the Wiener chaos decomposition
and an important property of this representation is that it allows a part of the computa-
tions (usually the most time consuming part involving partial differential equations) to be
performed off line before the observations become available. By shifting part of the compu-
tations off line, it should be possible to improve the on-line performance of the corresponding
algorithm.

As an analytical tool to study stochastic differential equations, the Wiener chaos de-
composition was first used by Krylov and Veretennikov [39] to derive a representation of a
functional of the solution of a nonlinear stochastic ordinary differential equation as a sum
of multiple Wiener integrals with deterministic kernels. Kunita [41] used this method to
prove the uniqueness of the solution of the Zakai equation, Wong [64] — to derive an explicit
solution to certain class of nonlinear filtering problems (this solution, however, is not, in gen-
eral, computable), and Ocone [59] — to study the original optimal filter (1.2). A numerical
algorithm for computing a recursive approximation of the unnormalized filtering density and
the optimal filter independently of each other was suggested by Lototsky and Rozovskii [51].
Budhiraja and Kallianpur [9] studied the expansion of the unnormalized filtering density
using multiple Stratonovich integrals; they also considered a computable approximation of
the expansion.

An equivalent form of the Wiener chaos decomposition uses the result of Cameron and
Martin [11] about the orthonormal basis in the space of square integrable functionals of the
Wiener process. This form, however, can have computational advantages because it requires
only simple Wiener integrals. Lo and Ng [48] used the Cameron - Martin version of the
decomposition to study the optimal filter (1.2) given the expansions of the numerator and
the denominator. The expansion of the unnormalized filtering density using the Cameron -
Martin theory was introduced by Mikulevicius and Rozovskii [53], and a numerical algorithm
for computing a recursive approximation of the unnormalized filtering density using this
expansion was suggested and investigated in Lototsky et al. [50]. Further investigation of the
various algorithms based on this expansion, and numerical simulations were done by Fung

[20].

1.3 Parameter Estimation for Stochastic Differential
Equations

Parameter estimation is a particular case of the inverse problem when the coefficients of the
equation depend on a certain number of unknown scalar parameters that must be estimated
from the observations of the solution. An estimate is a functional of the observations, and
the objective is to find a consistent estimate, i.e. the estimate that it in some sense close to
the true value of the parameters.

The formal statement of the problem leads to the notion of a family of statistical experi-
ments indexed by a parameter e. Each experiment gives rise to an estimate, and the properties



of the estimate are studied in the limit ¢ — 0. The notions of consistency, asymptotic nor-
mality, and asymptotic efficiency are introduced to characterize and compare the limiting
behavior of different estimates. The general asymptotic theory of statistical estimation was
developed by Ibragimov and Khasminskii [29].

Parameter estimation problems for stochastic differential equations are usually formulated
for evolution equations of the form

du(t) = A(t,0,u)dt + B(t,u)dW (1), (1.4)

where u takes values in some Hilbert space H (finite or infinite dimensional), A and B are
operators in that space, # is the unknown parameter belonging to some domain in R?, and
W (t) is a random perturbation.

The following questions usually must be addressed before any estimate of 8 is considered:

1. What are the properties of the solution of (1.4)? This question is especially important if
the space H is infinite dimensional.

2. What is the observation process? It can be u itself or some transformation of u, possibly
with additional noise.

3. What is the asymptotic parameter of the estimate? It can be decreasing amplitude of
noise, increasing time of observations, or, in the case of infinite dimensional observa-
tions, the dimension of the projection used to construct the estimate.

In the case of ordinary differential equations (i.e. when the space H is finite dimensional)
the parameter estimation problems were studied by Kutoyants [43, 44] in both direct and
partial observation settings and in both small noise and large observation time asymptotics.
A somewhat intermediate case is when the original process is infinite dimensional, but the
observation process is finite dimensional of fixed dimension. Aihara [2] and Loges [49] studied
the asymptotic properties of the estimates for this model as the observation time interval
tends to infinity.

In the case of infinite dimensional observations it is possible to get consistent estimates
on a fixed time interval with a fixed amplitude of noise. To achieve this, the estimate is con-
structed using a finite dimensional projection of the observation process, and the asymptotic
properties of the estimate are studied as the dimension of the projection tends to infinity. This
approach was first suggested by Huebner et al. [26] and further developed by Huebner [27],
Huebner and Rozovskii [28], Piterbarg and Rozovskii [60].

1.4 Summary of Main Results
The major part of the dissertation deals with orthogonal expansions for stochastic evolution

equations with applications to nonlinear filtering of diffusion processes. In the last chapter,
a parameter estimation problem for a partial differential equation is considered.



The general theory of the Wiener chaos decomposition of the solution of a stochastic
evolution equation is presented in Chapter 2. Consider a random process u = u(t) with
values in a Hilbert space H, satisfying the evolution equation

w(t) = o + TtAu ds+z B;u ()dWi(s), (1.5)

where A and B;, [ = 1,...,r, are linear (possibly unbounded) operators on H and W =
(Wi(t),...,W,(t)) is a standard Wiener process. Then for every fixed t* € [Ty, 7] and all

t € [To,t*] the solution u can be written as

u(t) = Y ﬁ%m, (1.6)

a€d

where the coefficients ¢, satisfy a recursive system of deterministic evolution equations and
the random variables £, are Wick products (certain products of Hermite polynomials) of the

t*
Wiener integrals / my(t)dWi(t), {mz}r>1 is an orthonormal basis in La([Tp,t*]); summation
. >

in (1.6) is over all r-dimensional multi-indices. The rate of convergence of the series in (1.6)
is established and a recursive (step-by-step) version of the expansion is studied. The relation
to the multiple Wiener integral expansion is also discussed.

In [50, 51, 53], the Wiener chaos decomposition was studied for the Zakai equation with
independent noise, which essentially corresponds to equation (1.5) with commuting operators
B;. Chapter 2 provides generalization and further development of those results, in particular,
the analysis of the approximation error and of the multiple Wiener integral expansion.

In Chapter 3, the solution of equation (1.5) is expanded with respect to an orthonormal
basis in the space H. Two approximations of the solution are constructed using this expansion
and the corresponding errors are estimated. In a very special form, one of the approximations
was introduced in [50]. The other is the Galerkin approximation, for which, in spite of
frequent use in nonlinear filtering algorithms, no reliable error bound has been known.

In Chapter 4, the results of the previous two chapters are used to study the filtering
problem for a diffusion filtering model. Two algorithms are suggested for computing a re-
cursive approximation of the optimal filter. The first algorithm was essentially suggested in
Lototsky et al. [50], and the idea of the second algorithm belongs to Fung [20]. The novelty
of the approach is that the major part of the computations in both algorithms can be done
off line making the algorithms suitable for on-line implementation. The rate of convergence
of both algorithms is established and certain computational aspects are discussed.

In Chapter 5, a parameter estimation problem is considered for a stochastic partial
differential equation on a compact smooth manifold M. The equation is

du(t,z) + (Ao + 0 A u(t,x)dt =dW(t,z), 0<t < T, x € M; u(0,2) =0,



where Ay and A; are known differential operators and W is a cylindrical Brownian motion.
An estimate 6 of 6 is constructed using finite dimensional projections of the solution:

SR Agu(t), dITEu(t) — TIK Agu(t)dt)o

éK _
Jo T Ayu(t)||3dt

If the operators Ay and A; have a common system of eigenfunctions and the projection
operator 11X commutes with both Ay and A;, then 6% is the maximum likelihood estimate of
6 studied in [26, 27, 28]. It is proved that the estimate remains consistent and asymptotically
normal, as K — oo, without any assumptions about the eigenfunctions of the operators Ay
and A;. The obtained results are applied to the estimation problem for the heat balance
equation (1.1) in which the velocity field ¥ no longer has to be constant.



Chapter 2

Wiener Chaos Decomposition for Stochastic Evolution
Equations

2.1 Introduction

One of the principal tools in the study of partial differential equations is separation of vari-
ables. The idea of the method for the deterministic partial differential equations is to separate
the time and the space variables, and the result is usually a Fourier type series representation
of the solution.

For a stochastic equation, the same idea can also be used to separate the deterministic
and stochastic components of the solution. This separation is possible if the underlying
probability space has a computable orthonormal basis. If the only source of randomness in
the equation is the Wiener process, then, under the conditions of existence and uniqueness,
the solution is usually a square integrable functional of that process. Then it is possible to
use the classical result of Cameron and Martin [11], which provides an explicit construction
of the orthonormal basis in the space of square integrable functionals of a Wiener process.
The corresponding representation of the solution is called the Wiener chaos decomposition.
The objective of this chapter is the study of this decomposition for a stochastic evolution
equation in a Hilbert space.

In Section 2.2, the general results are presented about the properties of the solution of
a general parabolic equation in a Hilbert space. These results are used throughout the rest
of the dissertation.

In Section 2.3, the construction of the orthonormal basis in the space of square integrable
Wiener functionals is presented and then the solution of the equation

t t T
u(t) = ug +/ Au(s)ds +/ S" Bu(s)dWi(s) (2.1)
To To =1
is expanded with respect to the basis for t € [Tg, t*], where t* < T is fixed. After that, the
expansion is truncated to a finite sum and the error of the truncation is derived.

In Section 2.4, a recursive version of the expansion is constructed on the fixed time grid
To =tg < ... <ty =T. Asin Section 2.3, a finite truncation of the expansion is studied.
This step-by-step expansion reduces the overall approximation error over the interval [Tg, 1]

as compared to the one step expansion.



In Section 2.5, an alternative version of the Wiener chaos decomposition is considered
using a theorem by Ito [30]. This expansion is based on the multiple Wiener integrals and,
when applied recursively, can be used to construct computable approximations of the solution
with the prescribed rate of convergence in time.

2.2 Stochastic Evolution Equations: An Overview

In this section, the main results are presented concerning the existence, uniqueness, and other
properties of the solutions of stochastic evolution equations in a Hilbert space. All definitions
and theorems are stated in the form most suitable for future references. The more general
versions of all presented results can be found in [61, Chapter 3].

Let W = W(t) be an r - dimensional Wiener process on a complete probability space
(Q,F,IF,P) with a right continuous filtration ' = {F;};>0, and let A and B;, [ =1,...,r,
be linear operators defined on a dense subset of a real separable Hilbert space H.

Consider the stochastic evolution equation

Tt S Buu(s)dWi(s) + M(t) = M(Ty), ¢ € [To,T), Ty > 0, (2.2)

0]=1

u(t) = ug + /T: Au(s)ds —I—/

where g is an Fy-measurable random element with values in H and M = M(t) is a continuous
square integrable martingale on (2, F, IF, P) with values in H.

Let {H"},cr be a scale of Hilbert spaces ( or a Hilbert scale) so that H® = H. The
main facts about the Hilbert scales can be found in [37, Section IV.1.10] or [61, Sections 2.4
and 3.2]. If ap € R, b > 0, then the collection {H%** H? H%~°} is a normal triple. The
canonical bilinear functional of the triple will be denoted by (u,v)q,s , u € H®™" v € H¥*,
Also, the norm and the inner product in H* are denoted by || - ||, and (-,-), respectively.

2.2.1. Definition. Assume that A is a linear bounded operator from H! to H™! and
each B;, I = 1,...,r, is a linear bounded operator from H! to H’. A random element
U = U(t; Ty; ug) with values in Ly([Ty, T]; HY) N C([To, T]; H®) is called a solution of (2.2)
if there exists a subset (' of Q with P(€Q') = 1 such that on the set Q' x [Ty, T

(U(t; To; ug),v)o = (o, v)o + Tt (AU (s; To; uo), v)o1ds+ 03
. : 23
[ B3 Tos o), 0)odWals) + (M(2) = M(Ty) v)e

0 7=1
for every v € H'.
To establish existence of such a solution, some additional assumptions must be made.

2.2.2. Definition.  The stochastic evolution equation (2.2) is called coercive if the
following conditions are fulfilled:

(C1) The operator A is linear and bounded from H* to H™', and the operators B, | =
1

,...,r, are linear and bounded from H' to H;



(C2) M = M(t) is a continuous square integrable martingale with values in H%; uq is Frp,
- measurable and ug € Lo(; H?);

(C3) There exist positive numbers N and é so that

2(Av,v)1 + Z |Bivl|2 + 8]|v]|7 < N||vl|g for all v € H'.

=1
The operator A is called coercive if it satisfies (C3) with B, = 0.

2.2.3. Remark. Condition (C3) is trivially fulfilled if the operators A and B, are linear
and bounded from H to H (in this case, the Hilbert scale is degenerate: H* = H for all
a € R).

For the rest of this section, C' denotes a real constant independent of U, ¢, and M.

2.2.4. Theorem. If equation (2.2) is coercive, then there exists a unique solution U =

U(t; To; ug) with the following property: U € Ly(2 x [Ty, T]; HY) N Lo(2; C([1o, T]; H?)) and

T
B( sup Ut Tosuo) 3+ [ 10U Toswo)Fat) < OB (luolld + [MD)]E); (2.4

To<t<T

Proof. This follows from Theorem 3.1.4 and Remark 3.1.3 in [61].
O

2.2.5. Definition. The stochastic evolution equation (2.2) is called dissipative if the
following conditions are fulfilled:

(D1) The operator A is linear and bounded from H? to H° and from H' to H™!, and the
operators B;, [ =1,...,r, are linear and bounded from H? to H' and from H' to H?,

(D2) M = M(t) is a continuous square integrable martingale with values in H?; uq is Frp,
- measurable and ug € Lo(Q; H');

(D3) There exists a positive number N so that

2(Av,v)a1 + Y |IBiw||2 < Nlv||? for all v € H**', a =0, 1.

=1

The operator A is called dissipative if it satisfies (D3) with B, = 0 and ¢ = 0.

2.2.6. Theorem. If equation (2.2) is dissipative, then there exists a unique solution
U = U(t; To; ug) with the following property: U € Lo(Q x [To, T]; HY) N Lo(Q; C([To, T]; HY))
and

B sup [|U(t; To;uo)llg < e“" B Jluoll§ + 1M(7)][5), (2.5)



T
B [ 0t Tos o)t < e“T B [luoll + |1M(D)]3). (2.6)

Proof. This follows from Theorem 3.2.2, Remark 3.1.3, and Proposition 3.1.7 in [61].

2.2.7. Theorem. Assume that equation (2.2) is either coercive or dissipative. Then its
solution U(t; To; ug) has the following properties:

(P1) If s € [To,t], t <T, then U(t;To;ug) = U(t; s;U(s;To;uo));

(P2) If g is deterministic and V (t;Ty; g) is the solution of (2.2) with the initial condition
ug = g, then U(t;To;ug) = V(t;To;uo), and if M(t) = 0, then E|U(t; To;uo)||2 =
EF(uo), where F(g) = E|[V(t; To; 9)|[6;

(P3) Ifug is deterministic and M(t) = 0, then for every s € [Ty, t], t < T, U(t; To;uo) is an
f}gt-measumble random element with values in Ly(; H?), where F}Zﬂf is the o-algebra
generated by W(s) — W (1), To < s <t.

Proof. Property (P1) and the first part of property (P2) follow directly from the uniqueness
and the definition of the solution, property (P3) is implied by the construction of the solution,
and the second part of property (P2) is the consequence of the Markov property of the solution
U. The details of the proof can be found in [61, Chapter 3].

O

The homogeneous deterministic evolution equation is a special case of (2.2) with a determin-
istic initial condition, B; =0, [ =1,...,r, and M(t) =0, and therefore all the above results
are valid for such equations. In particular, the following can be said about the semigroup
generated by the operator A.

2.2.8. Theorem. I[f equation (2.2) is either coercive or dissipative, then the operator A
generates a time homogeneous semigroup {®¢}i>0 and there is a real constant C' so that

12:0]lo < e““lv]lo (2.7)

for every t >0, v € H.
Proof. Assumethat M(t) =0and all B;, [ =1,...,r, are zero operators. Then the existence
of the semigroup follows from the existence statements of Theorems 2.2.4 and 2.2.6. The
semigroup is time homogeneous because the operator A does not depend on time. Finally,
(2.7) follows from either (2.4) or (2.5) (in the case of a dissipative equation, (2.5) is combined
with the fact that H' is dense in H?, so that ®; can be extended to H by continuity).

O

10



2.3 One Step Expansion

Let W = W(t) be an r - dimensional Wiener process on a complete probability space (2, F, P)
and let A and By, [ = 1,...,r, be linear operators in the Hilbert scale {H"},cg. It is assumed
that the operator A is linear and bounded from H! to H™! and each B; is a linear bounded
operator from H' to H?. The o- algebra generated by W(s) — W (ty), t; < s < 1y, will be
denoted by ftlftz).

Consider the following stochastic evolution equation:

—uo—l—/ Au(s ds—l—/ ZB[U YdWi(s (2.8)

To =
or in the differential form

du(t) = Au(t)dt + > _, Biu(t)dWi(t), To <t < T, (2.9)
‘U(To) = Up, )

where ug is independent of F) .7+ Assume that equation (2.8) is either coercive or dissipative.
Then there is a unique solutlon of (2.8); this solution is denoted by u(t; To; ug).

To begin with, assume that uy = ¢ is deterministic. In what follows, the Wiener chaos
decomposition of u(t; To; ug) will be derived and the properties of the decomposition studied.

As a first step, recall the construction of an orthonormal basis in Ly(f2, f}zt, P). Let a be
an r-dimensional multi-index, i.e. a collection a = (042)1319«, k>1 of nonnegative integers
such that only finitely many of o} are different from zero. The set of all such multi-indices
will be denoted by J. For o € J define a! := [[;,(a}!).

For a fixed t* € [Ty, T'] choose a complete orthonormal system

{mi} = {mi(s)}e>1 in Ly([To,t*]) and define

for = /T mu(s)dWi(s)

so that {;; are independent Gaussian random variables with zero mean and unit variance.

It N
H = (—1)" z2/2 —z2/2
(@) i= (—1y e

is the n-th Hermite polynomial, then the collection

H_ .
{fa(WTo,t*) =] (Lfk’l)) , af€ J}
kil al!

is an orthonormal system in Ly(Q, F)Y o > P). A theorem by Cameron and Martin [11] shows

(2.10)

that {&,(Wry ) baes is actually a ba81s in that space.
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2.3.1. Theorem. Ifne Ly(Q,F} ,.,P), then

n=" Ena(Wr))éa(Wr, ) (2.11)

a€J

and

Elpl* =3 [Enéa(Wr, )"

acd
Proof. This theorem is proved in [11] and [23].

O

2.3.2. Remark. The representation (2.11) is known as (the Cameron - Martin version of)
the Wiener chaos decomposition of the random variable 7.

By property (P3) from Theorem 2.2.7 and the Pettis theorem [15, Theorem II1.6.11], if
s € [To,t*], t* < T, and v € H', then the random variable (u(s;Ty;g),v)o belongs to
Ly(9, f}ﬁt*, P). Therefore it follows from Theorem 2.3.1 that

( (3 T07 5 0 - Z E 5 TOa ) )Ofoé(WToi*)]fOé(WToi*) (212)

a€Jd

and

E|(u(s; To;g),v)ol* = Y [E[(u(s; To; 9), v)oba (Wi 0] (2.13)

a€J

The properties of the solution of (2.8) imply that for every o € J the expectation
Elu(t; To; 9)éa(Wpy 4+)], as a function of ¢, is a well defined element of LQ([T(),t*];Hl)

1
C([To, t*]; H?); this element will be denoted by ——=¢,(¢; Tp; g) (the normalizing factor —
Va! \/_

is introduced for technical reasons). It is shown in the following theorem that the functions
valt; To;g), o € J, satisfy a recursive system of deterministic evolution equations.

2.3.3. Theorem. Suppose that ug = g is deterministic and equation (2.8) is either coercive
or dissipative. Ift* € (1y,T] is fized, then for every s € [Ty, t*] the solution u(s; To; g), viewed
as an element of H®, can be written as

u(s; Toyg) = ﬁ%(& To; 9)6a (W, ev), (2.14)

a€d

so that the series converges in Ly(Q; H®) and the following Parseval’s equality holds:

1
Ellu(s; To 9)lls = 2. —livals; To; 9)llo- (2.15)

a€J

12



The cocefficients of the expansion satisfy the recursive system of deterministic equations

o33 To;
M = Apa(s;To; g ‘|‘Zakmk )Bioan(siTorg), To<s <17 (2.16)

0s
val(To; To; 9) = 9lyfjal=0}

where a = (o}, )1<i<r, k>1 € J and a1, 7) stands for the multi-index & = (& )1<i<y, k>1 with

{ . . .
Glo= ¢ Gk . if k#£1 orl# 7 or both .
e {maX(O,af —1) ifk=iandl=j. (2.17)

Let {er}r>1 be an orthonormal basis in H°. Then (2.13) and the Fubini theorem

Proof.
imply
EH s;To5 9 HO Z E| @a 53 TOa ) | =
aEJ k>1
> —H%(S;To;g)H?J,
aed al

which proves (2.15). After that,

Zjﬁm(s;%;gm)o: s

acd

for all v € H? and (2.14) follows from (2.12).
To prove that the coefficients satisfy (2.16), define

Pt(z)zexp{/;zr:m()dm ——/Olz:|m |d5} To <t <t%,

where m! = k1 my(s)zh and {24}, [=1,...,r, k=1,2,..., is a sequence of real numbers
such that 3", |2;|*> < co. Then direct computations show that

1 o”
Ea(Wrypr) = Jal 920

P (2)

2=0 "’

l

where
H @Z i) o

dz= k.l

and also, that
aoz
Enéa(Wr, )] = azaE["?Pt*(Z)]

2=0

for every n € Ly(€, fjll“zt*, P). Consequently,
a(8: 103 9),v)o =
(9‘9 (S 0 g) U)O 020

I Bl(u(s: Tt ). v)oPu(2)]]

El(u(s; To; 9),v) P (2)]| _

13



where the second equality follows from the martingale property of Ps(z) on

(Q{FL Yn<i<er, P). It follows from the definition of P;(z) that
Zm (2)dWi(s), To < s <t; Pr(z) =1.

Then (2.2) and the Ito formula imply that

(u(s; Toj 9), v)oPo(2) = g+
/ <<Au(r; Tv;9),v)01 + ;(Bzu(T; To; 9), v)o)mlz(T)pT(Z)dTJr

To

/Zlm Toj ), 0)o + (u(rs T g). v)om (5)) Pu () AW (7).

Taking the expectation on both sides of the last equality and setting
©(s,2;To;9) := Eu(s; To; g) Ps(2) results in

(plosiTig)oho= (o:0do [1 (1Ae(rsiTusg).ohort

Zm 8199 T, To;g)a'v)o)dT-

=0 yields that the functions ¢, (s; To; ¢) satisfy

0*
\/_az

(2.16).
O

2.3.4. Corollary. If equation (2.8) is either coercive or dissipative and ug is independent
of F%Z,T: then u(s;To, ug) ts independent of .7:KV7T and

1
u(s; To;ug) = —=Pa(8; To; uo)éa(Wry i), 2.18
(oo)gjm(oo)(t) (2.18)
Bllu(s: Tosuo)l3 = 3~ Bllga(s; Tosuo) 2 (2.19)
aEJ

Proof. Equality (2.18) follows directly from (2.14) and the first part of property (P2) form
Theorem 2.2.7. To prove (2.19), define Fy(g) = E||u(s; To; ¢)||2 so that

1
Fyg)=Y" JI‘@@(S;TMQ)H(QJ'

acd

By the second part of property (P2) from Theorem 2.2.7,
E|lu(s; To; uo)[lg = EFs(uo),

which proves the result.

14



O

2.3.5. Corollary. Assume that X is a real separable Hilbert space with the norm || - ||x.
If g is deterministic and u(s;To;g) € LQ(Q7FK7t*,P;X_)’ then each @, (s;To;9) belongs to X
and

1
Ellu(s; To; 9)llx = X —lleals; To;9)lx- (2.20)

a€J

Proof. Since by definition
a5 To; g) = ValEu(s; To; 9)&a(Wry 1),

the properties of the expectation imply that ¢, (s;To;9) € X. If {ex}r>1 is an orthonormal
basis in X, then
(u7 ek)x € LQ(Qv ‘7:11%/,15*7 P)

for every k > 1, and by Theorem 2.3.1,

EHu(s;TO, HX = Z Z |E(u(s; To; 9)éa(Wry4x), € )X|2 —

aEJ k>1

5 S (s Tosg), enxl = X —llousi Tosgl

aEJ k>1 acld

whence (2.20).
O

2.3.6. Remark. Clearly, existence and uniqueness of the solution of (2.16) is implied
by the existence and uniqueness of the solution of (2.8). On the other hand, existence
and uniqueness for (2.16) can often be established under less restrictive assumptions than
the conditions of Theorems 2.2.4 or 2.2.6. Then representation (2.14) can be taken as a
definition of the solution of (2.8), leading to the notion of the soft solutions of stochastic
evolution equations [54, 56].

The next natural question is the rate of convergence of (2.14). To answer this question, it is
necessary to have an explicit formula for the solution of (2.16). To derive this formula, some
additional notations and definitions are introduced.

For a multi-index a € J define

la| := Y1 af (length of a);
d(a) := max{k > 1: a} > 0 for some 1 <1 <r} (order of a).

Every multi-index o with |a| = k can be identified with the set

Ko ={(5,47), -, (1%, q)} so that if <25 < ... <up and if 1§ =1%,,, then ¢§ < ¢%,,. The
first pair (¢5, ¢7) in K, is the position numbers of the first nonzero element of . The second
pair is the same as the first if the first nonzero element of « is greater than one; otherwise,
the second pair is the position numbers of the second nonzero element of a and so on. As a

15



result, if ! > 0, then exactly o pairs in K, are (j,¢). The set K, will be referred to as the
characteristic set of the multi-index a. For example, if r = 2 and

o= 0102300 ...
A1 200010 .../

then the nonzero elements are af = a3 = of = 1, a3 = a} = 2, a} = 3, and the characteristic
set is
K, = {(1,2), (2,1), (2,2), (2,2), (4,1), (4,1), (5,1), (5,1), (5,1), (6,2)}. In the future,
when there is no danger of confusion, the superscript « in ¢ and ¢ will be omitted (i.e.
(¢j,q;) will be used instead of (%, ¢5)).

Let P* be the permutation group of the set {1,...,k}. For a given o € J with |a| = &
and the characteristic set {(¢1,¢1),..., (¢k, qx)} define

Ea(sk; Zk) = E g, (30(1))1{10(1)2%} T mik(SU(k))l{lo(k)ZQk}'
o€Pk

The following notations are introduced to simplify the further presentation:
sk, the ordered set (si,...,s); ds* :=ds;y ...dsy;
I*, the ordered set (I,...,1);

F(t;s51%9) == 00 By, @y, - B @y -m9, k> 1, g € HY;

(kit
/ / / / Jdsy ... dsy;
To Ty JTy To

2= >

lyelg=1

2.3.7. Theorem. Assume that equation (2.8) is either coercive or dissipative with a
deterministic initial condition ug = ¢, and the operators By, | = 1,....r are linear and
bounded from H® to H°. Ift* € (To,T] is fized and a € J is a multi-index with |a| = k and
the characteristic set {(i1,q1),..., (i, qx)}, then for t € [Ty, 1*] the corresponding solution
walt; To;g) of (2.16) is given by

(t jba )'_
(k)

Z Z / i ,g)mZ (k)(sk)l{lk To()} " miou)(51)1{11=qo(1)}d5k7 k>1;
cePk Ik (2.21)

walt;To;g) = /T Oy, By ®s, —m,gmi, (s1)ds1, k= 1;
ealt; To; g) = ®1-1,9, k=0,

and
(t; TO,

y el = 5 [ st s 2.2

la|=k

16



Proof. For the sake of simplicity, the arguments Ty and ¢g will be omitted wherever possible.
Representation (2.21) is obviously true for || = 0. Then the general case |a| > 1 follows by
induction from the variation of parameters formula.

To prove (2.22), first of all note that

Z mio(k)(sk)l{lk=qa(k)} T miau)(sl)l{h:qau)} =
oePk

Y M (Som) Ltap=as) i (o) Loy =01 )+
oePk

Indeed, every term on the left corresponding to a given oy € P* coincides with the term on
the right corresponding to oy* € P*.
Then (2.21) can be written as

(k,t)
= Z/ F(t; 55 M) B, (s%; 1%)ds"
w2 To
Using the notation

R L AN
G(t’ S ’Z ) T Z q)t_so(k)Blo(k) s (I)Sa(z)—sau)Blcu) c(1)—Toglsc(1)<~~<sa(k)<t7
oePk
it can be rewritten as

Palt) = 75 Z / VB (5% 1)ds*. (2.23)

[To,t*]*

Since for every t € [Ty, t*], G(t;5%;1%) is a symmetric function from Lo(([Tp,#*] x
{1,...,r})¥ H®) with H® separable, and the collection {E,/vVa!k!,|a| = k} is a CONS

for the symmetric part of the space, it is possible to write

G t;sk; 5y = Cﬁ(t)Eﬁ(5k§ lk)
( ) |52|::k VB!

with some cg(t) € H°. This and (2.23) imply ||e.(?)]|3/a! = ||ca]|3/k! and so
llpalls _ 1
> 1 - S fetllg =g [ NG s =
ler|=k ’ || =k [Toﬂj*]
2
k
E / ‘Z PisoyBlagry - - - Loz =50y Bloy @ Sou)—Tongo(n<~~~<Sc<k)<tHods -
TO t* O'GP

F(t; s 1%)|[ods"
> /T (55 5% 19)]12ds",

which proves (2.22).
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2.3.8. Corollary. Assume that X is a real separable Hilbert space with norm || -||x, g € X,
the operators ®; and B, are linear and bounded from X to X so thal |®:v]|% < e v]l%,
|Bu||%x < Col|v||k, and C := Cy + Cyr. Then

9‘9@ t Ta [C r ]k P
s IealtiTiiglls o evemy [Corlt T e (2.21)
ok a! k!
ot T, o
s leeltiTo ol o o-m gy (2.25)
acJ

and, if ug € Ly(Q;X) and is independent of Fy
E||u(t; To; uo) & < e~ Bljuolk. (2.26)

Proof. The same arguments as in the proof of (2.22) show that

(85T )12 (1)
3 l|pal 0, 9)llx _ Z/T 1F(t; 5% 1% g)|| 5 ds”.
k070

|la|=k

The assumptions and the definition of F(t;s*;1%; ¢) imply

1F(t; 8% 1% g)|| % < e T(Cy)F gk -

Therefore o) Cur(t )]k
7t _ r
ST s g st < e g
1k 0 .

whence (2.24) and (2.25). After that, inequality (2.26) follows from (2.25), Corollary
2.3.5, and the Markov property of u, because (2.25) implies the convergence of (2.14) in
Lg(Q,f}Kt*, P; X) so that u(t;7o;9) € Lg(ﬂ,f}zt*, P; X) for every g € X.

O

To study the truncation of (2.14), it is necessary to note that the summation ), ; is double

SEDIDS (2.27)

a€J k=0 |a|:k

infinite:

and there are infinitely many multi-indices o with || = & > 0. To begin with, the truncation

of the length of « is considered.
Define Jy = {a € J : |a| < N} and

un(s; To; uo) Z \/_gaa 85 To;u0)Ea (Wi, 4x). (2.28)

OzEJN

Note that the summation in (2.28) is still infinite.
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2.3.9. Theorem. Assume that equation (2.8) is either coercive or dissipative, the initial
condition ug is independent of .7-:}/;/7@ t* € (To,T] is fized, and s € [To,t*]. If |®s0]3 <
e |v||3, [|Bio||2 < Cy||v||3, and C = Cy + Cyr, then

Cor(t* — To)|VH 4
sup Elju(s; T o) — un(s; T uo) 2 < [ T o

; £ =10) B |lugl|2. 2.99
s€[To,t*] (N + 1)! H OHO ( )

Proof. To simplify the presentation, the arguments Ty and ug will be omitted wherever

possible.
By Theorem 2.3.7,

e 3y M LR 2.30)

la|=k

Since the random variables &,(Wr, ;) are uncorrelated and are independent of ug, formulas

(2.18) and (2.28) imply

Bllu(s) —un(o) = 3o 3 Fli

k>N |a|=k
By inequality (2.24),

E|pa(s)|2 . Cor(s — Tp))F
5 5 Bl ¢ oy 3 (Crlo =Tl

k>N |a|=k a k>N

(Cor(t* = Tp))N !
(N+1)

eI B oI5,

which completes the proof.
O

For k < N, the truncation of the sum 3=, ,_; can be performed as follows. Define J§; = {a €
J i )a| <N, d(a) <n} and then

un (85 To; uo) Z \/_gaa 35 To5u0)Ea (Wi, 4x). (2.31)

aeJg
Now the summation in (2.31) is finite: if d(a) < n, then there are at most (nr)* multi-indices

a with |o| = k.
The error analysis for this truncation is more delicate.

2.3.10. Theorem. Let the following conditions be fulfilled:
(1) Equation (2.8) is either coercive or dissipative;

(2) The initial condition ug is independent of f:LFZ,T and belongs to Lo(; H?);
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(3) The operators By, 1 = 1,...,r, are linear and bounded from H® to H*, a = 0,2, the
operator A is linear and bounded from H? to H®, and the operator ®; is linear and
bounded from H? to H? for every t > 0 so that ||Av||2 < Col|v]|2, ||@:v]|* < e“1t||v]|?,
1Biolz < Callollz, @ = 0,2;

(4) The basis {my} is the Fourier cosine basis

1 2 k—1 — T
m1(3):\/t*7_7T0; my(s)= T cos (W( = 2((;0 0)) Jk>1 Ty <s <t". (2.32)
Then
. *, I T L 2 C(t*—To) (t* - T0)2 , 2
E|lun (t7; Toj uo) — ui(t"; Toj uo) |3 < Cor e (B —=Eluwol3+
(1% — To)? . (2.33)
007}3”“0”2),

where C = Cy+Cyr and ¢(B) = 0 if the operators B; commute with one another (in particular,

ifr=1);1 <e(B)<4 otherwise.

Proof. To simplify the presentation, the arguments Ty and ug will be omitted wherever

possible and all constants are determined up to an absolute constant factor (e.g., C; = 2C1).
If o is a multi-index with |a| = k and the characteristic set {(:{,¢7) ..., (¢%,q7)}, then

i = d(a), the order of a, and so the set J§ can be described as {a € J : |a| < N; 4| < n}.

Since the random variables ¢, are uncorrelated and are independent of ug,

Bl () —un(e)i= > Y Y Cleel@lo

b=nt1 k=1 |a|=k;i2=b a:

[0 ()15
al '

0 N
The problem is thus to estimate Z Z Z

b=n+1 k=1 |oz|:k;ig:b
By Theorem 2.3.7 the corresponding solution ¢, of (2.16) can be written as

(k,t*)
wa(t") = Z/ F(t= 85 RV E, (s*, 1F)ds*. (2.34)

ik /o

According to (2.17), the characteristic set of a(ux, ¢x) is
{(t1,q1), ..., (tk=1,qxk-1)}, therefore it is possible to write

k
Ea(sk) = Z mik(Sj)l{l]:qk}Ea(ikvqk)(8‘17?; l;'c)’
=1

where s* (resp. %) denotes the same set (sq,...,ss) (resp. ({1, ..., I;)) with omitted s; (resp.
J j

J
[;); for example, s¥ = (sq,...,5%).
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As a result, (2.34) can be rewritten as

(k—1,8%)

5 / (LR b ymi 50 ) Bagiua (o5 80k, (235)

]1lk

where sg := Tp; sg41 := t*. (Change the order of integration in the multiple integral.)

Denote
2(t* — 1) m(k —1)(s — Tp)
M, = i s k>1, Tho<s<t"
k(S) ﬂ'(k—l) Sln( (t*—To) )a > 1, lossst,
and also Fj := M Then, as long as 7z = b > 1, integration by parts in the inner

88]‘
integral on the right hand side of (2.35) yields:

/Sm F(t7; %5 1 )m(s;)ds; =

J—

F(t S lk)Mb SJ Ss+1 _/H'l ;Sk;lk)Mb(S]’)dS]’-
SJ_SJ 1
For each j, let us rename the remaining variables 3 in (2.35) as follows: t; := s;,1 <

j—1; t; := 841,17 > j — 1, or, symbolically, t*7! := 3 We will set to := Tpy, tx := t* and
denote by t*% 5 = 1,...,k — 1, the set t*~1 in Wthh t; is repeated twice (e.g. tF~11 =
(t1,t1, ... te 1), ete); also tk L= (to, t1,tay .oy tyq), 57 iy = (t1y. s tp1,th).

The similar changes will also be made with the set [*: for fixed 7, there are k — 1 free
indices 1y, ...,0;_1,0;41,...,lx and they are renamed just like s* to form the set [*~! (in this
case, the same symbols are used). Similarly, [*~1/ denotes the set (I1,..., 5 1,q5, L5 ..., le_1).
After these transformations, (i, q.)(5 f, Z]) becomes Eq (i, q.) (171 1F71) - independent of j,
and

$7=55+1

Bt Zk)l{l —ay M5 (s5) sy=s5,1
(s fk BTN My () — B TS M) My(t), 5= 1,
Therefore, if d(a) = b > 1 and |a| = k > 0, then

klt)
E / fb t*tkllk 1)_|_
lkl

fb ( 7tk lalk 1))Ea(2k7%)(tk l;lk_l)dtk_la

where

k
FO @ 1) = Z( (75 8570 2T My (85) —
=1

Bt =N O My(t)) i k>

.
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fb(l) = 0if k = 1 — because My(tg) = My(tr) = 0 (this is the only place where the choice
of {my} really makes the difference), and

tq

B ) = = R 7 g, 1) Ma(s)ds
ty ]
/t timt 5,8, V70 My(s)ds—

j P55, 51570, ) My (5)ds.
k—1

Note that if the operators B; commute with one another, then fb(l)(t*; th=1; 1F=1) is identically

equal to zero for all k.
Since |a(%}al, gja|)| = |a] — 1 and a! > a(2}a], gja))!, it now follows from (2.35) that

s el _

al

lo|=Fsig=b - o
)> Z\ 2/ O 4 £ Eupgdt ™| <

lo|=ksig=b qr=1 ' =1 /1o 0

T k’ 1,t* b1 2

> | z/ Dt ) et

=1 |8|=k— 1 e 1h=1

and arguments similar to those used in the proof of Theorem 2.3.7 show that the last expres-

sion is equal to

Z Z/ ‘fb (" k=1, gh= 1)+f62)(t th=1. gk= D) H dF1 (2.36)

qrp=1 (k-1
Definition of fb(l) and the assumptions of the theorem imply

Cy)re(B)k(t* — T, '
Hﬁ%%=mk=n|wwgs(”6&iﬁz et gl k22 (237)

Next, direct computations yield

Fj(t*,S ,l ) = (I)t*—skBlk---(I)5]+1—SJBIJ~A(I)5]—3]_1 ---(I)sl—TouO_
(I)t*—skBlk Ce -A(I)s]+1—sJBl](I)s]—s]_1 Ce (I)SI_TOU(),

so that by assumption (3) of the theorem,
1E5 (7 855 1)1 < Co(Ca) e =10 Jlug]| .
After that the definition of fb(Z) and the obvious inequalities

(al—l—...—l—ak)z§k(a§—|—...—|—ai)
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and

([ sway)* < ¢~ 1) [ (7))

To
imply: .
A2 < Cob(Ca)f e o e" 1) [ (M(s) s <
(4 3 0
COk(ch)_(tl)z 1oL entr=) 3
(k=1,¢%)
s0, since / dt*t = (" = To)F'/(k — 1), (2.36), (2.37) and the last inequality yield
To

a Ell¢a(t) |5
Eluy(t) —ui()lE= 22 > > ——— <
b>n+1 k=1 |a|=k;i}=b ’
,_ k —|— 2 (CQT(t* — To))k

Cl(t To) * 2 . 2
Cor e [6(3)(t 1o) E”“o”o; k1 Ll +

. k4 1)(Cor(t* — Ty))* 1
Colt —To)SEHuoH%Z( A Qk!( 2 ]Zb—z =

k>0 b>n

. t*__ T 2 t* _T 3
Cor =1 [ )L g 2 1 0, =10
V22

E||uo3].

This completes the proof of the theorem.

2.3.11. Corollary. Under the assumptions of Theorem 2.3.10,

[CQT(t* — To)N+1
(N + 1)

t* —Ty)3

@Euuouz)
n

Proof. It follows from (2.18), (2.28), (2.31), and the orthogonality of £, that

E||u(t*; To; uo) — uf (" To; uo)||§ < ec(t*_TO)( E|luol5+

Ty (2.38)

CQT‘ G(B) EHM()H?) + CQCOT

E||u(t*; To; uo) — upy (15 To; wo)||§ = ElJu(t™; To; uo) — un(t*; To; uo) |5+
Ellun(t*; To; uo) — upy (75 To; uo) |3,

and then (2.38) follows from (2.29) and (2.33).
|
Recall that if o = (ai)lﬁlsr, k>1, then ai defines the degree of the Hermite polynomial of

t*
/ my(s)dW,(s) used in the construction of &,(Wr, ). If d(a) < n, then of = 0 for all
To

k > n, so the truncation of the order of « is equivalent to keeping only the first n elements
of the (deterministic) basis {mx(s)}r>1.

On the other hand, by restricting the length of a, we eliminate a number of elements of
the stochastic basis {£,(Wry ++)}, which are otherwise available with the retained collection

of {my}.
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Thus, restriction of the order of a makes the inner sum in (2.27) finite and is equivalent
to the truncation of the deterministic basis {m} while restriction of the length of o makes
the outer sum in (2.27) finite and is equivalent to the truncation of the stochastic basis
(W)}

Note that the error bound in (2.29) holds for every point s € [T, t*] and does not depend
on the choice of the basis {my;}. The reason is that the only property used in the proof of
(2.29) was E{,(Wy, +)és(Wpy4+) = 0 for a # 3, which is true for every orthogonal system
{my}. On the other hand, the error bound in (2.33) is valid only at the end point ¢*, depends
crucially on the choice of the basis {my}, and requires extra regularity assumptions. Since the
truncation in the order of « is related to the truncation of the Fourier series of the function
F(t7; 8%, I*; up), these additional restrictions are not surprising, and neither is the slow rate
of convergence in n.

2.4 Step-by-Step Expansion
In this section, a recursive version of the Wiener chaos decomposition is studied for equation
(2.8). There are two main reasons to consider the recursive expansion:

1. Representation (2.18) cannot be applied when ¢ > t*, so, to extend the time interval, it
is necessary to choose another basis {m;} and again solve system (2.16);
2. It follows from (2.38) that the error of the truncation of (2.18) increases rapidly as t* —Tj

increases, so the application of (2.18) to solving (2.2) is limited to short time intervals.

Let Ty = 1o < t; < ... < tpyy =T be a partition of the interval [T5, 7] and assume that
{mi} = {mi(s)}r>1 is a CONSin Ly([ti—1,%]). In principle, the partition can be not uniform
and the collections {m}} can be different for different ¢. Define random variables

{gg(Wti_l,ﬁ) =11 (M) , a€ J} : (2.39)

kil ay,!

where f};’lzﬁf_lmﬁc(s)dm(s) and H, is the nth Hermite polynomial (2.10).

The following is the recursive analog of Theorem 2.3.3.

2.4.1. Theorem. Assume that equation (2.8) is either coercive or dissipative and the initial
condition ug is independent Offi‘%/,T' Then for every t € [ti_1,1;] the solution u = u(t; To; ug)
can be written as

u(t; To;uo) = ) \/—%(t ima;ution To;wo) JE(Wey)s 6= 1o, M, (2.40)

a€J

where the coefficients ¢!, = ' (t;t,_1;9) are the solution of the system of equations

&pfx(t, li—159 )
ot

@' (ticis izt 9) = gl{jaj=0}-

ASOO[ t tZ 1, —I_Zakmk B]S«Qa k’l (t tl 17g)7 ti_l < t S t“ (2 41)
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Proof. If t € [t;_1,1;], then by property (P1) from Theorem 2.2.7,
u(t; Toyug) = uw(t;ti—g; u(ti—1; To; uo))

and by Corollary 2.3.4, u(t;_1; To; ug) is independent of ng, so that (2.40) follows directly
from (2.18).

O
2.4.2. Corollary. Ift,—t,_1 = A; and
: 1 S — ti_
m}c(s) = \/Emk < A 1) , SE€ [ti—hti],
where my, = my(t) form a CONS in Ly([0,1]), then
1. : .
ults; Tojuo) = Y —=u(Asultion; To;uo) )& Wiy ), i=1,..., M, (2.42)
acd \/Oé_

and the coefficients @' = ' (t;g) are the solution of the system of equations

ooi(tig) . i
63 —A@a(t,g)

¢ (0;9) = gl{ju=0}-

(t/A)B t;g), 0 <t <A
\/_Z%l:akmk /A l%mz( 9), = (2.43)

Proof. With this special choice of the basis {m}, Theorem 2.3.7 implies that ¢* (A;;g) =
¢! (t:;t;_1;9) and then (2.42) follows from (2.40).
O
It will be shown next that the recursive application of the truncated expansion (2.31) results
in an approximation that converges to the exact solution on the given time interval as the
size of the partition tends to zero.
Assume that

1 : 2 k—1 —t;_
; m(s)= X, Cos (ﬂ-( KS 1)) ck>1; Ty <s <t (2.44)

Define u(t9) = uo and then by induction

Z \/—Soa AH uN( i— 1))€Q(Wtz 1 t) (245)

O(EJN

where ! (A;;+) is the solution of (2.43) with the corresponding initial condition and the
functions m}, are chosen according to (2.44). As before, J& = {a € J : |a| < N, d(a) < n}.

2.4.3. Theorem. Let the following conditions be fulfilled:

(1) Equation (2.8) is either coercive or dissipative;
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(2) The initial condition ug is independent of f}ﬁT and belongs to Lo(Q; H?);

(3) The operators By, 1 = 1,...,r, are linear and bounded from H® to H*, a = 0,2, the
operator A is linear and bounded from H? to H®, and the operator ®; is linear and
bounded from H? to H? for every t > 0 so that ||Av||2 < Col|v]|2, ||®:v]* < e“1t||v]|?,
1Beoll2 < Calloll% a = 0,2

With no loss of generality, assume that C := Cy + Cyr > 0. Then

eC(1=To) [CQTA]

= E||uollo+
. ‘. ((N+1)- e (2.46)
CzTG(B);EHUOH(Q) + COC@T7EH‘U0H§)a

Jnax Bluk,(t) - u(ts; Tos uo)|le <

where A = maxi<i<m Ai, and €(B) = 0 if the operators B; commute with one another (in
particular, if r =1), 1 <e(B) <4 otherwise.

Proof. To simplify the presentation, the arguments T and uy will be omitted wherever
possible and all constants are determined up to an absolute constant factor.

It follows from (2.42), (2.45), and the linearity of (2.43) that

Efluf(t)—ut)lls = 2 —Ellea(Aiui(tia) —ultia))llo+
aedy T
1 7
Y. SEleL(Asu(tio))g <
aeJn a! .
(2.47)
> - EH% Ay uiy(tion) — utizn))llo+
aEJ 1
> LBl @)l
adJy

By (2.42) from Corollary 2.4.2,

> - EH%AuuN(u) u(ti))|2 =

2 (249
El[u (ti;ti—l; u(tio1) — u(tiz1))llo,
and by (2.26) from Corollary 2.3.8,
E|lu(tis uf(tior) = u(tic)§ < €S Elluf(tioa) — ultio)l[5- (2.49)
Next, by Corollary 2.3.11,
1 p o ¢ [Car AN T
> —Elen(Asuti)) s < 7C) (ﬁmuom
agJy (2.50)

A2 A3
Core( B)="Blluoll} + CoCar = Ellus]),
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and by (2.26), i
Ellu(tizi)|} < e“T gz, a=0,2. (2.51)

If E||uf(t;) — u(t;)||3 is denoted by &;, then (2.47) — (2.51) imply

_ _ A JNA+1

, CA; .. C(T-To) [CarA]
€2§€ 52—1‘|’€ ( (N—|—1)'
2 3

Core(B) = Elfuo|l§ + CoCir—"Elludll;) <

N+1
CA_. C(T-T) [CarAl
¢ eimte ( (N + 1)
2

A AN
Care(B)—El|uo|[ + CoCar —E|uo}3)

EJuolls+

E|Juoll5 +

Since €9 = 0, the statement of the theorem follows from the discrete Gronwall lemma.
O

Using the properties of the solution of (2.41), the recursive relation (2.40) can be applied
repeatedly resulting in

u(t; To; ‘Uo) =
1 . : : .
" (ttim1; 0 (timas timas w(tiz2; To; w) ) )L (Wey 0 )65 (We i) =
a%;J \/Oz’—ﬁ' ﬁ 11,1 ﬁ ti—2,ti—1

. 1 (2.52)
(ttim1; 0 (timas tima oo oo (t1; Toj wo) - )

fi(Wti—Lti)fé_l(wti—mtiq) e ‘fi(WtMTo)‘

Continue mi(t) to [Ty, T] by setting mi(t) = 0 if ¢ ¢ [t;_1,%;]. Then the collection {m:}
becomes a CONS in Ly([Tp,7]) and it is possible to consider the one step expansion (2.18)
using this CONS.

2.4.4. Theorem. If the CONS in Ly([Ty,T)) is given by {m}}, then for every t € [t;_1,1;]
the one step representation (2.18) is equivalent to (2.52) in the following sense: every nonzero
term oq(t; To; ug)éa(Wry 1) from (2.18) coincides with some term on the right hand side of
(2.52) and conversely, every term on the right hand side of (2.52) coincides with some nonzero
term o (t; To; uo)éa(Wr, 1) from (2.18).

Proof. Even though representation (2.40) is recursive, representation (2.52) is not, and nei-
ther is (2.18), so the natural proof by induction (anchor step — induction step) is not appli-
cable. The equivalence can be verified directly by considering consequetively: =1,2,..., M.
To simplity the presentation, the proof will be given for the partition Ty = to < t; <ty =1T.
For the general partition, the same approach is used but the notations are far more compli-
cated.

9

To begin with, consider system (2.16) when the basis {my} is given by {m},, m?.}, where
m$ is supported on [t;_q,%;], i = 1,2. Recall that if o} # 0 for some I = 1,...,r, then the
function my, is present on the right hand side of (2.16).
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Let us break the multi-index « into two parts: o = {3,~}, where both 3 and v are multi-
indices so that the nonzero elements of 3 and + correspond to m}, and m3i, respectively.
Then equation (2.16) can be rewritten as

dpal(t; To; uo)

5 Apa(t; To; uo) + Zﬁkmk (1)B1osk,y~(t; To; uo)+

Z’ykmk B;goﬁw kl)(t To;ue), To<t<T; (2.53)
pa(To; Tosuo) = “01{|ﬁ|+|w|=0}'
If t < ty, then mi(s) = 0 and (2.53) becomes

Opa(t; To; uo)
ot

va(To; To;uo) = uoly|p|+py|=0}-

= Aﬁpa(t To; u0 + Eﬁkmk Bl@ﬁ kD), (t; To; Uo), To <t < ty;
k,l

If |7] = 0 and 0 denotes the zero multi-index, then g ¢ satisfies

dp.0(t; To; uo)
ot

wp,0(To; To;uo) = uolyg=o-

= A@ﬁ o(t To; Uo + Zﬁkmk 81505 k), (t; To; Uo), To <t <ty
k,l

Comparing this with (2.41) yields
wpo(t; To; uo) = @E(t; To; ug), t € [to, t1].

If |y] > 0, then |B]| + |y| > 0 and (2.53) implies that ¢g ., satisfies

0 t;To;u
@ﬁﬁ(at 0 0) = Ag@a(t To, UO + Zﬂkmk B[S«Q[;’ k), (ta TOa uO)a To<t< t1;
k,l

0 ~(To; To;ug) =0,

and therefore @g(t; To; ug) = 0, t € [to, 1], by the uniqueness of the solution. As a result, if
t € [to,t1], then

1
u(t; Tos uo) = ﬁ% ﬁ@ﬁ@(t; To; uo)ép,o(Wr, 1) = ﬁie; \/—99,@(t ;s Tos wo)é5(Wry 1y,

which is the same as (2.52) with ¢ = 1.
Next, consider system (2.53) for ¢ € [¢1,15]. In this case, mj(t) = 0 and

Opa(t; To;
M = App(t; To; uo ‘|‘Zﬁkmk )Bios (b Tojuo), o <t < T

ot ™
L(ty: Toyuo), if |y =0
ot To: — 9‘95(17 0, “0/» v )
(t1; T o) {0, if |y] > 0.

28



For every fixed 3 this system is of the type (2.41) so that the solution is given by
Pa(t; Tos uo) = @2 (t; 115 0 (t1; To; o).
Since by definition

H ()

= 51 WTOJH 5’3 WH,T )
(ﬁ)(f) T ) W)

it follows that for ¢ € [t1,15],

oWy )

1
u(t; To; ug) = Z ﬁtpa(t; To; uo)éa(Wr, 1) =

a€d

1
BZJ /—3‘ S‘Q'y(t tla S‘Qﬁ(tla TOa uO))fﬁ(WTo,tl)ffi(WthT)?
7’76

and the last expression is the same as (2.52) with ¢ = 2.

The advantages of (2.52) as compared to (2.40) are:

1. Representation (2.52) provides complete separation of the deterministic and stochastic
data of equation (2.8). This separation can be used for solving some filtering problems.

2. Representation (2.52) provides more flexibility in truncating the infinite sum.

The main disadvantage, which effectively rules out any practical application of (2.52), is that
the representation of the solution on (2.52) is not recursive and the number of terms in any
reasonably truncated sum becomes too large after very few steps. As a result, both numerical
schemes for the Zakai filtering equation that are presented below in Chapter 4 are based on
representation (2.40).

2.5 Multiple Wiener Integral Expansion

In this section, an alternative representation of the solution of (2.8) will be presented using
the relation between the Cameron - Martin basis in Ly(€, Fy, +, P) and the multiple (or, more
precisely, iterated) Wiener integrals. Recall that equation (2.8) is

u(t; To; ug) = uo + .Au(s To; uo)ds + Z Blu (s;To; uo)dWi(s), t € [To,T], (2.54)

1=1 /7o

considered in the Hilbert scale {H"},cr, and ug is independent of f}:;T
Assume that t* € [T5,7] is fixed and recall that the Cameron - Martin basis in
Lo(Q, Fry e, P) is {€a(Wry 1) }aes, where J is the set of r-dimensional multi-indices,

E(Wrpi) HHa; ( /

+*

().
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2 dn 2
Hy(z) = (—1)"" pﬁ@_ﬁ 2,

and {my} is a CONS in Ly([To,t*]). If || = k, then by Theorem 3.1 in [30],

5Q(WT0¢*)— //T /T kAW, (51) - - - AW, (s1), (2.55)

where

Eo(s"51%) := 37 miy (so0) Lity=ar} s (8000 Lty man)- (2.56)
cEPE

(the notations were introduced before Theorem 2.3.7).

2.5.1. Theorem. Assume that equation (2.5]) is either coercive or dissipative and each
operator By, 1 =1,...,r is linear and bounded from H® to H°. Then for every t € [Ty, T] the
solution u(t; To; ug) can be written as

w(t; To; ug) = By Tou0+22/ /T /T 5 ug)dWi, (s1) - - AWy, (s1),  (2.57)

k>1 [k

where F(t;sk;lk;uo) =@, B, s, s, _, .- B, Py, _1,u0 and O, is the semigroup generated
by A.
Proof. For simplicity, the arguments Ty and ug will be omitted wherever possible.

It follows from (2.18) and (2.21) that for ¢t € [Ty, "],

u(t) = ®;_puo + E E \/—S«Qa VoW, 4+) (2.58)

k>1 |a|=k
and by (2.23),
©al =7 Z / MVE, (5% 1F)ds", (2.59)

[To,t*]*

where

Lkogky L ) ;
G(t; s 17) = Z (I)t—sa(k)Blo(k) cee (I)Sa(z)—sou)Bla(l)(I)Sa(1)—To u0150(1)<"~<50(k)<t7 (2.60)
cePk

and E, is defined in (2.56). Next, it was shown in the proof of Theorem 2.3.7, that

1
G(t; % 1%) = > T ( / G(t; 85 VB, (% 1F)ds® ) B, (s 1F). (2.61)
(To,t*)*
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Substitution of (2.55) and (2.59) for &,(Wr, ++) and ¢, (t), respectively, into (2.58) results in

u(t) = @nuo+ X [ [ [

PN
k>1 [k °||kak

( / Guw%ﬁﬂ%@%ﬁwﬁ)z%@%ﬁmwa@n~-ﬂ%4%»
[

To,t*]k

Together with (2.60) and (2.61), the last equality implies (2.57).

Note that
1
> ﬁ%(t; To;u0)8a(Wry ov) =
Jal=k V' (2.62)
13 Sk 52 k 1k *
%:/To /To /To F(t; % 1% ug)dWi, (s1) -+ - dWi, (1), k > 1.
O
With the notations
\IIO t: To, Uo) (I)t T, Uo;
Welt Too) = X0 [ [ [ st 1 o)W (1) - dW (1), k> 1,
I To T T
representation (2.57) becomes
u(t; To;ug) = Z W (5 To; uo). (2.63)
k>0
If un(t; To;up) is defined by (2.28), then (2.62) implies
N
un (t; To; ug) = Z W (5 To; uo). (2.64)
k=0
It follows from the definition of ¥, that, for £ > 1,
Tt
Wy (t; Ty up) = 3 /T B, B0 dWi(s), (2.65)
=1 0

and consequently the collection {W}x>1 is the solution of the recursive system of evolution
equations

dqlo(t, To, ’LLQ) = A\I}()(t, To, UO)dt, \I}()(To, TQ, UO) = Up;
dWi(t; To;ug) = AWg(t; To; ug)dt+

> BV (t; Tos uo)dWi(t),  Wy(To; Tos ug) = 0.

=1

(2.66)
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This means that the approximation uy(t; To; ug) becomes computable as long as the solution
of (2.66) can be obtained.
As usual, the recursive versions of (2.63) and (2.64) are desirable. Let To =ty < t; <
. <ty = T be a partition of [Ty, T']. The relation u(t;To;ug) = w(t;ti—1;u(t;ti—1;uo)),
t € [ti—1,t;], implies that for such ¢

u(t; To; uo) = Z U (t; tim; utiz; To; uo)),

k>0

and then the recursive approximation uy(t) is defined as follows:

un(to) = uo;
un(t) =D Wit ticun(ticg)), tE [tima; bl
k=0

2.5.2. Theorem. Assume that equation (2.54) is either coercive or dissipative and || ®v|[§ <
w12, |1Bvl|2 < Collv]|3. If A = maxi<i<m [t — tizi| and C = Cy + Cyr > 0, then

CorA
sup ElJult; To; uo) — un()]2 < 2rA

L2 Or-T) R 2.67
€ u . .
o C(N+1). [ wol| (2.67)

Proof. The same type of arguments is used as in the proof of (2.46) from Theorem 2.4.3.
For simplicity, up and Ty are omitted wherever possible.

Orthogonality of ¢, and formula (2.62) imply E(Wy, U;)o = 0, k # . Then for ¢t € [t;_1,1;]

Efu(t) — un(t)]g = ZEH‘I’k (t3timas u(t:) — un(ts)llo+
;;VEH‘I’k(t;ti—l; u(tz‘—l))Ho < kZ E[|Wh(t; tioy u(ts) — un(ti))llo+
> Bkt tigs u(tiz))|g -

k>N

By (2.63),

YCENW(t g u(ts) — un(t)llg = Ellu(t; tioa; u(tiog) — un(tioa) |5,

k>0
and by Corollary 2.3.8,

sup  Ellu(t; iy u(tio) —un(ti)) 1§ < €9 Bllu(tio) — un(tiz)[l§ <

tE[ti—1,ti]
18 sup  Ellu(t;ti—o; u(ti—z) — UN(t))H(QJ
tE[ti—o,ti—1]
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Next, by Theorem 2.3.9,

C TAZ' N+l
sp 3 B[ Wt ulti)))2 < A o

T_TO) E (7 ti_ 2 s
telti—1,ts] p> N (N + 1)! ” ( 1)”0

and by Corollary 2.3.8, .
El|u(t)[|7 < e“®DE | uol[5.

As a result, &; = max  sup El|lu(t; Ty, ug) — un(t)||2 satisfies
1M ey o i)

(T-Ty) [CorAJN*!

i < ey 4 e N1 Efluollg <
~ 7y [Car A]Y
e“Peiy 4 U )WE”‘%H%-

Since €9 = 0, the statement of the theorem follows from the discrete Gronwall lemma.
O

From now till the end of the section, all constants will be denoted by . Approximation
(2.64) can be used to construct higher order approximations of u(t), i.e. approximations ()
for which sup,¢(z, 79 Ellu(t) — a(t)|[§ < CA? for some p > 1. A computable version of such
approximations requires a high order approximation to the solution of (2.66). If the objective
is an approximation that simplifies the computations involving the Wiener process (which is
desirable in many applications), then the natural approach is to use (2.65) and approximate
the integral on the right with the prescribed accuracy. In fact, approximation (2.45) is a
particular case of this approach, when the integrand in (2.65) is expanded in a Fourier series
on [t;_1,t;]. The next lemma shows that if the Taylor series is used instead, then it is possible
to obtain approximations of arbitrarily high order.

2.5.3. Lemma.
1. Assume that operators A, ®;, and B are lincar and bounded from H® to H*™%, from
H® to H®, and from H® to H*, respectively for all 2 < a < ag, ag > 1. If ¢ € H?™, then

o=l ¢k CA®
sup || ®;_B.g — DBy — > —®[B, A|Wglly <

L‘E[O,A] k=1 k’

191l266 (2.68)

CZ()!
where [B, A]Y) = BA— AB and [B, A]*) = [[B, A]+~1), A]O,
2. Assume that W = W (t) is a standard one-dimensional Wiener process and the func-

tions vy = v1(t) and vy = vy(t) are adapted to the filtration generated by W and belong to
L9 C(10, AL HO)). 1f supyepoa) Ellon(t) = va(t) |2 < CAY, then
¢

sup E|| [ (vi(s) — va(s))dW (s)|2 < C AP, (2.69)

t€[0,A] 0
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Proof. Inequality (2.68) follows from the Taylor formula and the following equality:

dk
—&,_BP,g=b,_,[B, APd,g.
dsk
Inequality (2.69) is obvious.
O
Note that
Tt
Wy (4 To; uo) = Z/ ®,_ B0 updWi(s). (2.70)
=1 To

Using this observation and the previous lemma, it is possible to construct an approximation
of u with the prescribed rate of convergence in time.

2.5.4. Theorem. Assume that p > 1 is fized, equation (2.54) is either coercive or dis-
sipative, the operators A, ®;, and B; are linear and bounded from H* to H*™%, from H" lo
H®, and from H* to H", respectively for all 2 < a < ag, 2a¢ > p, and ug € Lo(; H*). If
To =to <ty < ... <ty =1 is apartition of [Ty, T] with maxi<i<m [ti — tica| = A, then
there is an approzimation u(t) of u(t; To; ug) so that

sup Elju(t; To; uo) — u(t)||z < CAP. (2.71)
te[To,T]

Proof. It follows from the proof of Theorem 2.5.2 that, to achieve (2.71), it is sufficient to
consider uy with N > p. It A; =t; —¢,_1 and it is assumed that the semigroup ®;_;,_, can
be computed with the prescribed accuracy, then each of Wi(t;¢;_1;¢) can be approximated
by first using (2.68) to approximate (2.70) and then repeatedly applying (2.65) followed by
(2.68). If the approximation is denoted by W(¢;#;_y;g), then, for sufficiently regular g,

(CA)*
|

E[| Wkt tic9)lls < p

lgll%

so that (2.69) implies that the approximation of the integral in (2.65) by (2.68) requires
200+ k > p+lora < (p+1—£k)/2 meaning that the larger the k, the lower order
approximation of the integral is needed. To have Wy (¢;¢;_1;¢) preserving the H%-norm, the
operator A can be approximated (if necessary) by ® 4, from the relation

~ = _ n(q)At_I)n

where 1 is the identity operator. If Wy (¢;t;_1; ¢) is the resulting approximation of W (t;t,_1; g),
then the approximation % is given by

LNL(to) = Ug,
N

i(t;) = Dog, u(ticn) + D Wi(tistiog 6(tic)), t € [timg, ti]-
k=1
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The time integrals in W}, involve only the Wiener processes W(t) and the integer powers of
t. Some methods of computation of these integrals are discussed in [35, 36, 58]. The exact
formulas that produce the approximation @ are complicated and hardly add anything to the
subject of the discussion.

O

In reality, the approximation of the semigroup ®; can be computed only at finitely many
time moments so that @ provides an approximation of u at the points ¢; of the partition. The
following is an example of such an approximation when the partition is uniform. FEven though
the proof of Theorem 2.5.4 describes the general procedure of constructing an approximation
with the given rate of convergence in time, the actual computations must be performed for
each problem separately.

Consider the equation

¢ ¢
u(t; Tojug) = uo + | Auls;To;ug)ds + | Bu(s; To;ue)dW(s), t € [To,T],

To To

which corresponds to (2.54) with r = 1. Assume that conditions of Theorem 2.5.4 are fulfilled
with p = 3, ag = 2. Define u(t;) by

u(to) = uo;
ats) = Pau(tioa) + PaBultia)(W(t) — Wi(ti))+
(BOa — ®aB)i(tioy) (W (L) — % t W (t)dt)+

%@ABQ'a(ti_l) ((W(t:) = W(tia))? = A)+

%@AB&a(ti_l)((W(ti) — W (tiea))*/3 — (W (L) — W(tia)) A).

Direct computations show that

wlt Toeus) — a(+)12 < 3
@%EHM(%%, ug) — u(ts)|lg < CA”.

This example shows that, even for simple equations, the higher order approximation
schemes can result in complicated expressions, which can lead to numerical instability.
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Chapter 3

H-orthogonal Projections of Solutions of Stochastic
Evolution Equations

3.1 Introduction

The results presented in this chapter describe the standard time-space separation of variables
technique for partial differential equations, applied to the stochastic evolution equations. The
idea of this separation of variables is to represent the solution of the equation as a Fourier
series with respect to an orthonormal basis in the underlying Hilbert space. The orthonor-
mal basis usually consists of the eigenfunctions of some operator that is not necessarily the
operator from the equation. The truncated version of the expansion can be used to construct
a computable approximation of the solution as far as the space discretization is concerned.

In Section 3.2, the general construction of an orthonormal basis in a Hilbert space is
described and examples are given to illustrate the presentation.

In Section 3.3, the evolution equation is reduced to a discrete time recursive relation
which is then expanded with respect to an orthonormal basis in the corresponding Hilbert
space. The result is a recursive relation for the coefficients of the expansion. A truncated
version of the expansion is considered and the error of the approximation is derived. The term
H-orthogonal projection of the first kind is used to distinguish the result from the Galerkin
approximation.

In Section 3.4, the standard Galerkin approximation of the solution of the evolution
equation is considered and the error of the approximation is derived.

3.2 Orthonormal Bases in Hilbert Spaces

Consider the stochastic evolution system

t

ZT:Blu(s)dVVl(s). (3.1)

t
u(t :uo—l—/ Au(s)ds +

(1) LS 1
The notations and main assumptions are the same as in Chapter 2. In particular, W = W(t)
is an r - dimensional standard Wiener process on a complete probability space (Q, F, P), ug
is independent of f%g:T, and A and B;, [ = 1,...,r, are linear operators on a real separable
Hilbert space H. The corresponding Hilbert scale {H"},cg with H° = H is also given. Recall
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that the inner product and the norm in H* are denoted by (-, ), and || - ||4, respectively. It
will be assumed that equation (3.1) is either coercive or dissipative so that there is a unique
solution u = u(¢; Tp; ug) in the space Ly(2 x [Ty, T]; HY) N Lo (2; C([To, T]; HY)).

In Chapter 2, various representations of the solution of (3.1) and various approximations
of that solution were considered under the assumption that the semigroup ® = {®¢}¢>0
generated by the operator A can be computed exactly. However, in many problems where
equation of the type (3.1) must be solved, including the nonlinear filtering, the operator A
is a partial differential operator so that the explicit formula for ®; is available only in a very
few examples. As a result, finite dimensional approximations of ®; and of the solution u are
necessary.

Assume that there is an orthonormal basis {e;}r>o in the space H so that each ey is an
eigenfunction of a linear operator A:

Aek = )\kek,

and A\p < k7 for some o > 0, i.e.

A
0 < liminf 2% < limsup—k < 0.

k—oco g k—o0 ke

This in particular implies that A is an unbounded operator on H. The adjoint of A will be
denoted by A*.

In the following examples of the bases {ey }r>1, ' is the set of multi-indices y = {71,...,7a4}
with v; non-negative integer. The ordering of the set I is defined by vy < 7if 91 4+ -+ + 74 <
nt - +rgorityy 4+ yy=mn+--F+rgand vy, =7, 0 <7, v <7 for some 7 > 1.

Example 1.

For v € ' and = € R? define

ey(z) = 1:[ €xi(2i),

where [y 7
en(t) = ieﬁﬂ—eﬂ@.
V2ngl/2p) dtr
Then [22, 24] the collection {e,} er is an orthonormal basis, called the Hermite basis
in the space H = Ly(R%). If A = —V?% 4 (1 + |z|?), where V? is the Laplace operator in R?,
and |z|? = 2% + -+ + 23, then

Ae, = (2(71 + ’Vd) +d+ 1)ew-
With the above ordering of the set T, the eigenvalue Ay, satisfies Ay < k. The approximation
of the Zakai filtering equation using the Hermite basis is studied in Chapter 4.

O

Example 2.
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Let T,,(t) = cos(narccost), [t| < 1, be the nth Chebychev polynomial. For v € I' and
z € [—1,1] define

d
ey(2) = [[ ey 1o (i),
=1

where ¢,, = /7 if v, = 0 and ¢,, = /7/2 if 7, > 0. Then [22] the collection {e,} er is
d

an orthonormal basis in the space H = Ly([—1,1]%,du) with the measure du(z) = JJ(1 —
=1

2)7V2da;. If A is defined by

d

A=Y ((1 = o) aut — /o)

=1
then

d
Ae’Y = ( 2722) €y
1=1

and, with the above ordering of the set I', the corresponding eigenvalue \; satisfies A, < k%%,
The domains of the operators A and A* include C*([—1,1]%).
O

Example 3.
This is a generalization of the previous two examples. Consider the Hilbert space H =

Ly(Gdp), where G = Gy x ... x Gy with G; C R, and du(z) = dpy(z1) - - -_dpd(xd). Assume

that {e}}r>0 is an orthonormal basis in Ly(Gy,dp;) so that A'el, = Aiel for some linear
operator A’ and )‘2 = k° for all 7. Define A = A1 +---+ A% and er(x) = €§1($1) e eid(:cd) for

v € I'. Then the collection {e,},er is an orthonormal basis in H, Ae, = (A} 4 --- + )\id)ew,

and with, the above ordering of the set I', A, =< k7/%.
O

In the next two sections, the solution of (3.1) is approximated by a finite linear combination
of the first K basis functions ey, ..., ex and the quality of this approximation is studied. As
it might be expected, the rate of convergence (as K — o0) of such an approximation depends
on the regularity of u relative to A*, i.e. the larger the number n for which w« is in the domain
of (A*)"*, the faster the convergence.

3.3 H-orthogonal Projection of the First Kind
Let Ty =tg <ty < ... <ty =T be a partition of [Tg,T] and A; = ¢; — t;,_;. The solution of

(3.1) satisfies u(t;; To; uo) = u(ti;timy; u(ti—1; To; uo)).
Let {er}r>0 be an orthonormal basis in the space H and define

Vr(ts) = (u(ts; To; uo), ex)o-
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Then u(t;; To; uo) Z Yr(t;)er, and the properties of the solution of (3.1) imply that

E>0

Z Vi(ti)er = Z u(tistioq; en)hr(tizg)

k>0 k>0
or

Ui(t;) = Z(u(ti; ti—iser), ex)otbi(tize).

1>0
For a fixed K > 0 denote by II** the projection operator on the span of eg, ..., ex. Define

UK (t:) by

Uﬁy(to) = HI{‘U(),

UK(tZ') = HK’LL(tZ'; ti—l; UK(ti_l)).
The sequence {UK(ti)}OSigM will be referred to as the H-orthogonal projection of the
first kind of the solution w. It follows from the definition that

UA Z 77[) ek;

where
K

) =D (ultstioa ), en)otf (tioa)

=0
Introduce the following notation: for v € Ly(Q; H), |||v]|| := \/E||v||3. Recall that under

the assumption of coercivity or dissipativity

|| [t Tos wo) I < 70 Juol|| (3.2)
for some constant C.

To study the approximation UX (¢;), the following result is used.

3.3.1. Lemma. The map v |||v||| defines a norm in L,(Q; H).
Proof. It suffices to verify the triangle inequality. For v,w € Ly(Q; H),

o+ wll[* =B (o]} + [[w]l§ +2(0, w)o) <
E ([lo]2 + [[wl2 + 2[v]lollwllo) <
o112+ [l + 21[1o]l] - Hlell] = (o]l + [l
and the result follows.

O

3.3.2. Theorem. Assume that equation (3.1) is either coercive or dissipative and the basis
{er} consists of the eigenfunctions of a linear operator A with the corresponding eigenvalues
A satisfying A, <X k%, 0 > 0. If p > 1 is an integer such that po > 1/2, and u(t;; To; ug) is
in the domain of (A*)? so that |||(A*)Pu(t:; To; uo)l||| < oo for allt=0,..., M, then

K p CectTt)
omax, Bllu(ti To;uo) — UR (8l < max BII(A7) u(ti; Toswo)lo Jrzmmmi Az -

(3.3)

40



where A = maxo<i<m A; and C' > 0 is a constant depending only on p,o, and the constant
from (3.2).
Proof. By the definition of UX and inequality (3.2),
[t Tos o) — U ()] < 11T w (55 w(tioas Tos wo) — U™ (1)) |11+
T = T Yt Tos o)l < [l (b6 61; ultios Tos o) — UR (1) 11+ 6.4
[1I(Z = T Jults; To; uo)||| < e u(tio; Tosuo) — U™ (tiza) |||+
1107 = I Yu(ts; To; o) |-

Next, using the assumptions of the theorem,

1
[Ur(ti)| = [(u(ts; To; uo), ex)o| = )\—|(A*u(ti;To;‘UO)vek)0| = ...

! APl Tos wo) (3-5)
= 5 (A uts Tos o). ex)ol < N

and consequently

1/2 1/2
|||<1—HK>u<ti;To;uO>|||=(Z E';bz(u-)) s|||<A*>pu(tz-;To;uo>|||(Z %) S

k>K >R
) C
e (A utis Tos wo)ll 47 =573 -

As a result, if &; = |||u(t;; To; ug) — UR(t;)]]], then (3.4) and (3.6) imply

. N C
g < e“R €i—1+ m,aX |||(A ) (tuTOa U0)|||m <e ca €1t
C

Kpo-1/2"

Org%i%m(t/\ ) (tuTOauO)m

and (3.3) follows from the discrete Gronwall lemma. -
3.3.3. Corollary. If maxoci<nm E||(A*)Pu(t;; To;uo)||3 < oo for all p > 1, then for every
v > 0 there is a constant C(v) so that

CI=1) C(v)

Ellu(ts Toj uo) — UX ()1} <

(3.7)

3.3.4. Remark. The proof of Theorem 3.3.2 shows that the following more general result
is true.
Assume that {v(t;) }o<i<m is a sequence of elements from L,(€); H) with the properties:

1. w(t;) = Fi(v(t;i—1)), where F; is a linear bounded operator on H and
E[[Fi(v(t))ll5 < e“2 Elv(ti1)]I3;

2. maxp<i<m E||(A*)Pu(1;)]|3 < oo for every positive integer p.

If VE(t,) is defined by , ,
VK’(to) = HA’ ‘U(to),’
VK (tz) — HK FZ'(VK (ti—l))7
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then for every v > 0 there is a constant C(v) so that

eCT=T) C(v)

. N K 112 <
Bllo(t) — VE (1)1 < s

(3.8)
This result will be used below in Section 4.3 to study the approximation error for the
Zakai equation.

3.4 H-orthogonal Projection of the Second Kind
(Galerkin Approximation)

The Galerkin approximation was used in [61] to prove the existence and the regularity of the
solution of (3.1). Now that the properties of the solution are known, it is possible to use the
approximation for computational purposes. In [20], the Galerkin approximation was used to
study the filtering equation in a bounded domain. In what follows, the approximation error
of the Galerkin approximation will be studied for (3.1).

Assume that the elements of the orthonormal basis {ex} in H belong to H'. Consider
the following system of stochastic ordinary differential equations:

K
du? (t) = Z<Aen, ek>071uf (t)dt+
n=0
r K . (3.9)
S5 (B, ex)oul (0dWi(t), Ty <t < T,

- (=1 n=0
ul(Ty) = (uo,ex)o, k=0,..., K.
Then the function B

(1) = 3 up (ex

k=1
is called the Galerkin approximation or the H-orthogonal projection of the second
kind of the solution of (3.1). It is proved in the following theorem that

lim sup E||u(t; To; uo) — Uk(t)H(ZJ =0,
K—co To<t<T

and the rate of convergence is determined.
3.4.1. Theorem. Let the following conditions be fulfilled:
1. FEquation (3.1) is either coercive or dissipative;

2. The basis {er} consists of the eigenfunctions of a linear operator A with the correspond-
ing eigenvalues A\ satisfying A\, <X k%, o > 0;

3. ep € H' and |lex| < Ck?, ¢ > 0;

4. supg<i<r Ell(A*)Pu(t; To; uo)|[§ < oo for some positive integer p so that oy := po —2q >
1.

42



Then

. C(r 4 1)e¢T-To)
sup Bults Tosuo) — w3 < _sup B Pu(t Ty DT
To<t<To To<tLT 1

(3.10)

where C' is a constant depending only on p, o, q, and the operators A and By, [ =1,...,r
Proof. To simplity the notations, the arguments 7j) and ug will be omitted wherever possible.

If ¥y (t) := (u(t), e)o, then

Bllu(t) ~ v (1)1 = 3 Blvult) — a (OF + 3 B0 .1)

k>K

By (3.5) and assumption 4 of the theorem,

A* pu t
()] < 1Al (3.12)
k
so that o
E < E|[(A)Pu(t)||fP— <
Tosig”; Be@OF < sup, BIAY w0z < -
C )
E|[(A*)Pu(t)|}———.
ﬁgrw>wmwwﬂ
For 0 < k < K define &;(¢) := () — ul (¢), so that Eﬁ’:oEwk( ) —ul(t)]? = ﬁ’:OE|5k|2,

and also define

01.,(1) := Z (Aeg, en)o1tr(1), 5é’n(t) = Z (Biek, en)otr(t).

k>K k>K
Both 6,,(t) and 6} ,(t) are well defined due to (3.12) and the assumptions 3 and 4 of the
theorem. Then

K

dén(t) = Z<Aek7€n 015k dt—}—zz Blek,en (Sk )dVV[(t)—I-

k=0 =1 k=0

3.14
S1n(t dt—|—25 LAWI(t), To <t < T (3:14)
and by the Ito formula,
K
ZE|6 _z/T Z (Aek, )01, (3)84(s)ds+
0 n,k=0

ZZ/ ( (Biek, € )obk(s ) ds+zz E(Sln bn(s)ds+ (3.15)
=1 n= 0
ZZ Z/ (Biek, er) 0E52n sds—l—ZZ/ 6én 2 ds.
=1 n,k=0 (=1 n=0
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It follows from assumption 1 of the theorem that

, K
Q/TO S (Aek, )01 B8, ()6 (s)ds+
k=0 (3.16)

XTjZ/ ( (Biek, en)odi(s) )d5<02/ (64(s))%ds

=1 n=0

(by coersivity or dissipativity inequlaity) and also, using assumptions 2 and 3,
[(Aek, en)or] < Cllexflillenlls < Ck™n?, [(Biek, en)o| < Cllexllillenllo < CKY,

so that by (3.12),

|61,0(8)] < ol 2Dl 88| < oA )P u®)]o
RO > Koo , ‘

’ po—g—1
After that,
Z/ (S1.0(s d3+22/ (8 (s))%ds <
[=1n=0 (3‘17)
(r+1)C
T — 1T E|[(A*)? —_—
( O)TOS;I;T ||( ) ()”0 ]{2(0-1 1)7

and (3.15)-(3.17) and the obvious inequality 2|ab| < a* + b* imply

S EBOF <CY [ Bl (o)fds + (T~ T)_sup BJAPuo e
n=0 " N n=0 To ! ’ TOStI;T 0 [(2(01 1)
so that by the Gronwall inequality
K
+ 1)C
|6, (t)> < (T - T EJ|(A")u(t)|2 €770 U DC
up SEIG(OF < (1= To) sup BIAFu(o] ® G0

Together with (3.11) and (3.13), the last inequality implies (3.10).
O

3.4.2. Corollary. Ifsupp <<r E||(A*)Pu(t; To; uo)||3 < oo for all positive integers p, then
for every v > 0 there is a constant C(v) so that

C(T=To) (1(y,
sup EH (t To, UO) - u ( )HO = Kv ( )
To<t<To !
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Chapter 4

Nonlinear Filtering of Diffusion Processes: Spectral
Separating Schemes for the Zakai Equation

4.1 Introduction

In a typical filtering model, a non-anticipative functional f;(X) of the unobserved signal
process X = (X(t));>0 is estimated from the observations Y(s), s < t. The best mean
square estimate is known to be the conditional expectation

E[f:(X)|Y(s), s < t], called the optimal filter. When the observation noise is additive,
the Kallianpur-Striebel formula (Kallianpur [33], Liptser and Shiryayev [47]) provides the
representation of the optimal filter as follows:

_ sl
al1]’

where ¢;[-] is a functional called the unnormalized optimal filter. In the particular case
fi(X) = f(X(t)), there are two approaches to computing ¢[f].
In the first approach (Lo and Ng [48], Mikulevicius and Rozovskii [55], Ocone [59]), the

functional ¢;[f] is expanded in a series of multiple integrals with respect to the observation

E[i(X)[Y(s), s <1]

process. This approach can be used to obtain representations of general functionals, but
these representations are not recursive in time. In fact, there is no closed form differential
equation satisfied by ¢[f].

In the second approach (Kallianpur [33], Liptser and Shiryayev [47], Rozovskii [61]), it is
proved that, under certain regularity assumptions, the functional ¢;[f] can be written as

olf] = [ F@)p(t.)da (1.)

for some function p(¢, ), called the unnormalized filtering density (UFD). Even though
the computation of u(¢, z) can be organized recursively in time, and there are many numerical
algorithms to do this (Budhiraja and Kallianpur [9], Elliott and Glowinski [17], Florchinger
and LeGland [18], Ito [31], Lototsky et al. [50], etc.), these algorithms are time consuming
because they involve evaluation of p(¢,z) at many spatial points. Moreover, computation of
é:[f] using this approach requires subsequent evaluation of the integral (4.1).

In this chapter, two algorithms are constructed to compute approximations of both the
UFD p(t, z) and the unnormalized optimal filter ¢,[f] recursively in time and, in some sense,
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independently of each other (meaning that the computations of ¢:[f] do not require the
evaluation of p(t,z) at the points of the spatial domain). The basic assumption is that
both the state and the observation processes are stationary diffusions with smooth bounded
coefficients so that the unnormalized conditional density satisfies a certain stochastic partial
differential equation. The main results concerning this filtering model are summarized in
Section 4.2.

One algorithm, called the spectral separating scheme of the first kind, is described in
Section 4.3. In this algorithm, the solution of the original equation satisfied by p(t, ) is
approximated using the (Cameron-Martin version of the) Wiener chaos decomposition. The
result is then approximated further using the H-orthogonal projection of the first kind. The
error of the approximation is computed for both the UFD and the unnormalized optimal
filter.

The other algorithm, called the spectral separating scheme of the second kind, is described
in Section 4.4. In this algorithm, the equation for p(¢,z) is first reduced to a system of
stochastic ordinary differential equations using the Galerkin approximation and after that
the solution of the system is approximated using the Wiener chaos decomposition. The error
of the approximation is computed for both the UFD and the unnormalized optimal filter.

The computational aspects of the algorithms are studied in Section 4.5, where both
spectral separating schemes are also compared with the splitting-up approximation — an
existing scheme for computing an approximation of the UFD.

4.2 The Diffusion Filtering Model

Let (2, F,P) be a complete probability space with independent standard Wiener processes
W = W(t) and V = V(t) of dimensions d; and r respectively. In the diffusion filtering
model, the unobserved d - dimensional state (or signal) process X = X(¢) and the r-
dimensional observation process Y = Y (t) are defined by the stochastic ordinary differential
equations

dX (1) =b(X(t))dt + o(X(1))dW(t) + p(X(t))dV (1),

dY (t) = h(X(t)dt +dV(t), 0 <t <T; (4.2)

X(0) =Xy, Y(0)=0.

If f= f(z) is a scalar measurable function on R? so that
sup E|f(X(¢))]* < oo, then the filtering problem for (4.2) is to find the best mean square
0<t<T

estimate fi of f(X(t)), t < T, given the observations Y (s), 0 < s < t.

4.2.1. Definition. = The parameters of the filtering model (4.2) are the functions
b, o, p, h, f, the random variable X;, the dimensions d and r of the state and the ob-
servation processes, and the length 7' of the time interval.

4.2.2. Definition. The filtering model (4.2) is called regular if the following conditions
are fulfilled:

(R1) The functions b = b(z) € R%, 0 = o(z) € R4, p = p(z) € R¥*", and
h = h(z) € R” are infinitely differentiable and bounded with all the derivatives;
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(R2) The random variable Xy and the Wiener processes W and V' are independent of one
another;

(R3) The random variable X, has a density po(z), = € R?, so that the function py = po(z)
is infinitely differentiable and decays at infinity with all the derivatives faster than any
power of |z|;

(R4) The function f = f(x) is of polynomial growth, i.e. there exist positive numbers L
and kg so that
|f(z)] < L(1 4 |z|*) for all z € R%.

4.2.3. Lemma. If the filtering model is reqular, then

sup B[f(X(2))[" < oo

0<t<T

for every positive integer n.
Proof. This follows from Theorem 4.6 in [47].
O

Throughout the rest of the chapter, the filtering model (4.2) will be considered, and the
model is assumed to be regular in the sense of Definition 4.2.2. All constants will be denoted
by C and are either absolute constants or depend only on the parameters of the model. The
value of C' can be different in different places and dependence of C' on other parameters will
be explicitly indicated.

Denote by FY the o-algebra generated by Y (s), 0 < s < ¢. Then the properties of the
conditional expectation imply that the solution of the filtering problem is

fi=E(f(X)F).

To derive an alternative representation of ft, some additional constructions will be necessary.
Define a new probability measure P on (2, F) as follows: for A € F,

P(A):/ Z7'dP,
A
where . 1 gt
Zy = exp {/ R*(X(s))dY (s) — 5/ |h(X(5))|2d3}
0 0
(here and below, if ( € RF, then ( is a column vector, (* = ((1,...,(k), and [(]* = ¢*().

Since the function % is bounded, the measures P and P are equivalent. The expectation with
respect to the measure P will be denoted by E.
The following properties of the measure P are well known [33, 61]:
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1. Under the measure P, the distributions of the Wiener process W and the random
variable Xy are unchanged, the observation process Y is a standard Wiener process,

and the state process X satisfies

dX(t) = b(X(t))dt + o(X(£))dW(t) + p(X (1)) (dY (t) — h(X(t))dt), 0 <t <T;
X(0) = Xo;

2. Under the measure P, the Wiener processes W and Y and the random variable X, are
independent of one another;

3. The optimal filter ft satisfies

. BIX)Z|F] 3
A |

Next, consider the partial differential operators

Lole) = 5 3 (oo™ + (el (D) 50 + 3 bie) 92
Mig(z) = ‘|‘ZP2[ () ,l=1,...,r

and their adjoints

Coln=3 3 e (00" aa) (o (D)sa(0) = 3 5 (b (2)g(e):

fa(e) = u(e)ols) = 3 5 pulela(e). 1= 1o

The following result is well known [61, Theorem 6.2.1].

4.2.4. Theorem. If the filtering model is reqular, then there is a random field p =
p(t,z), t €[0,T], = € R, so that

E[f(X(0) 27| = /R Fla)p(t, x)de (4.4)
and p(t,x) satisfies the stochastic partial differential equation

dp(t,z) = Lp(t,x)dt + > Mp(t,a)dYi(t), 0 <t <T, z € R?;

et (4.5)
p(0,z) = po(z).
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4.2.5. Definition. Equation (4.5) is called the Zakai equation, the random field p =
p(t,z), the unnormalized filtering density (UFD), and the random variable ¢;[f] =

E [f(X(t))ZtLEY], the unnormalized optimal filter.

It follows from (4.3) and (4.4) that the optimal filter f; satisfies

f s St ) _ ol
T fep(to)de Gl

and the filtering problem is solved once the UFD p(¢,z) (or an approximation of p(¢,z)) is
computed.

Let H® be the Sobolev space Wi (R?) [1, 37, 45, 61]. Under assumption (R1) from
Definition 4.2.2, for every a € R the operator £* is linear and bounded from H® to H*?
and each operator M7, [ = 1,...,r, is linear and bounded from H to H*™'. The Zakai
equation (4.5) will be considered on the probability space (Q,f,f’), so that Y = Y(¢) is
a standard Wiener process on this space. Therefore equation (4.5) is a particular case of
the stochastic evolution equation studied in the previous two chapters. Direct computations
show that equation (4.5) is (at least) dissipative, and then Theorem 2.2.6 implies that the
solution p = p(t, x) exists, is unique, and

p € Ly(Q x [0, T); HY) N Ly(Q; C([0, T); HY)

(with HY = Ly(R%)). In fact, the regularity assumptions (R1) and (R3) imply much higher
regularity of the random field p. To state the corresponding result, another definition is
necessary.

4.2.6. Definition. For ¢ € R, the space La(q, R?) is defined by

La(g. R = {g: [ (1+]aP)lg@)de < oo}

The norm || - ||o,, in the space Lo(q, R?) is defined by

lollon = ( [0+ el lgtaiar) "

The weighted Sobolev space H"(¢), n = 0,1,..., is the collection of (generalized) func-
tions which belong to the space Li(q, R?) together with all their generalized derivatives up
to order n. For every n and ¢, H"(g) is a separable Hilbert

space [61, Theorem 3.4.7]; the norm and the inner product in this space will be denoted by
| - |ln,q and (+,)n,q respectively. If u, v € H"(q), then

(W 0)ng= [ DMul@)D70(a)(1 + [2f*)da,

[v|<n

d Hhl
h = = i D7 = oy
where 7y (’717 77d)7 |7| ;7 ale - &x}d
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Clearly, H(q) = L3(¢,R?) and H"(0) = H".

4.2.7. Theorem. If the filtering model is reqular, then for every ¢ € R and every non-
negative integer n

p € Ly(92;C([0,T]; H"(q))

and 3
E|lp(t, )12, < ™ Ipoll2,

Proof. This follows from Theorem 4.3.2 in [61].
O

4.2.8. Corollary. If {®};>0 is the semigroup generated by the operator L*, then for each
t > 0 the operator @, is linear and bounded from H"(q) to H"(q) and

1929l < €“TD gl

4.3 The Spectral Separating Scheme of the First Kind

Consider the regular filtering model

dX (1) = b(X(1))dt + o(X(1))dW (1),
4 (1) = A(X()di + dV (1), 0 <t < T: (16)
X(0) =Xy, Y(0)=0, estimate f(X(2));

which is a particular case of (4.2) under an additional assumption that p(x) = 0 for all z € R*.
This assumption means that the observation noise is independent of the state process. Then
the Zakai equation (4.5) becomes

dp(t,x) =L" (txdt—{—Zh )p(t,z)dY(t), 0 <t < T, = €RY
=1
p(07r) = pO(I)7

so that the operators M; = hi(z), [ =1,...,r, commute with each other and are linear and
bounded from H"(¢) to H"(¢q) for every ¢ € R and every non-negative integer n.
In this section, a recursive approximation of the solution of (4.7) will be constructed

(4.7)

using the Cameron-Martin version of the Wiener chaos decomposition followed by the H-
orthogonal projection of the first kind. This approach also provides a recursive approximation
of the unnormalized optimal filter. The corresponding algorithm is referred to as the spectral
separating scheme of the first kind (or S} for short). Equation (4.7) is considered on the
probability space (Q, F, f’) so that all error bounds are given in terms of the expectation E.
The properties of the approximation on the original probability space (Q,F,P) are studies
below in

Section 4.5.
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Let 0 = tg < t1... < tyy = T be a uniform partition of the interval [0,7] with step A,
and define an orthonormal basis {m} in Ly([0, A]) by

ma(s) = %; ma(s) = \/%cos (@) E>10<s<A. (4.8)

Recall that J denotes the collection of r-dimensional multi-indices, and for o € J, a(i,7)
stands for the multi-index & = (&2)1§l§72 k>1 with

&l — al ' if k#1¢orl=# jor both
U= max(0,a] — 1) ifk=d¢and ! =j.

Also, for a € J, |a| = Y1 o, d(a) = max{k : o, > 0 for some [}, and JY = {a € J : |a| <
N, d(a) < n}. Define

£ = J% 14, (/; (s — ti_l)de(s)) , (4.9)

2 dn 2
where H,(t) = (—1)"¢* 12 t/2,

n

By Corollary 2.4.2, the solution of (4.7) can be written as
1 i
p(t“.ﬂ) = Zﬁ@a(Arzap(ti—la'))fon 1= 17"'7M7

aed

where the coeflicients ¢, (A, x; ¢g) are the solutions of

Jpa(s, ;g
% Lipo(s,2;9 +§akmk s)hi(z)oar (s, z59), 0 <s <A; (1.10)

©0a(0,2;9) = g(x)l{ja)=0}-

4.3.1. Lemma. Ifg € H"(q), then v, (t,;9) € H"(q) for every t € [0,A] and

Z Hﬂoa(t’,g)qu S C(n,q)t [C(n q)] H H

|
Pyt al

Proof. This follows from Corollaries 2.3.8 and 4.2.8.

Let {e,},er be the Hermite basis in R? so that

) = 1:[ e (i),

o1



where . ;
en(t) = ietzﬂd_e—tz ‘
V2rgl/2p) din

The function e, is the eigenfunction of the self-adjoint operator A = —V?* 4 (1 + |z|*):
Ney = (21l +d+ D)o, (1.11)

where V? is the Laplace operator. The domain of A* (k-th power of A) includes H**(2k).
Indeed,

1Agllks < C (k) (lglli+2e + 9k p+2) < CR)|gl b+2,8+2
and so by induction
1A% gllo < C(R)llgllann (4.12)
Define f,, v € T', by
fr= [, f@e @),

The integral is well defined because the function f is of polynomial growth and e, (x) decays
exponentially fast as |z] — oo.
The following is a representation of the unnormalized optimal filter.

4.3.2. Theorem. If the filtering model (4.6) is reqular and

U, (t:i) = (p(ts, ), €4)o,

then
Wlf1= 20 fn(t) (P-as.) (4.13)

~eT
Proof. By definition,

%WZAJ@WMML

and by Theorem 4.2.7,
p(ti,x) = > . (t;)eq () (P—a.s.)

~el

Therefore, (4.13) will follow if the series )° . f,%,(t;) converges absolutely P- a.s. so that
it is possible to interchange the order of summation and integration. Since the measures P
and P are equivalent, it is sufficient to establish P - a.s. convergence of the series, which will

follow if ~
Z | 5] Elby ()] < oo (4.14)

vel

By the regularity assumption (R4),

NS 1+|Wmm>wv<cnj'ruawmax>wm
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and it follows from [25, paragraph (21.3.3)] that
[l )ler (elda: < €yl 47,
R

whence

£l < Ol (1.15)

On the other hand, by (4.11), (4.12), and Theorem 4.2.7, for every v > 0 there is a C(v)
so that

Clv)
[y
Combining the last inequality with (4.15) and taking v sufficiently large implies (4.14).

Bl (8] < VE|(p(ti, ), e)ol? <

O

For a positive integer &, the set {y € T': |y| = 2%, % < &} will be denoted by I'y. If
K, = || is the number of elements in I'y, then K, is the number of non-negative integer
solutions 71, . ..,7q of the inequality 71 + ...+ 74 < & and is equal to (k + d)!/k!d! (the proof
can be found in [12]).

The approximation Py"(¢;, z) of p(t;, z) is defined by

Pyt a) = Y ¥, (ti; Non, g)eq (),

'VEFK

where
'y(tO;Nanv/{) (p07e’y)07 i S Fm

WP
¢W(ti+1;N7n7/€ Z Z 9‘90 67)0¢T( ZaN n K;)f

7€l ozEJ"

Also define an approximation ¢, .[f] of the unnormalized optimal filter ¢,[f] b

¢’tzn[f Z f’Yl/)’Y ti; Nyn ’f)

vElx

4.3.3. Theorem. [t the model (4.6) is reqular, then for every positive integer v there is a
constant' C(v) so that

(CAN  CA? C(v)

Jnax, Ellp(ti,-) = P3"(ti, )5 < N+ T T wAr (4.16)
and
CAYWY CA?  Clv
max Bloulf] - dunlfllt < AC2) ) (1.17)

0<i<M

(N +1)! n KV A2

1Recall that all constants are denoted by C and can depend on the parameters of the model, which include
the coefficients of the diffusion equations and the length of the time interval; the value of the constants can
be different in different places.
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Proof. Define operators F; by

F(9)(@) = Y waldaig)eh i=1,..., M,

aeJy

and then the sequence {p% (¢, z) }o<i<m,

p?\;(to,:ﬂ) = po(fﬂ), p}z\f(ti-l-lvx) = Fi+1(p?\7(ti7 ))(r)v 1=1,...

By Theorem 2.4.3 and Corollary 4.2.8,

(CA)N  OA?
s Blp(ts ) = el M < Gy

Next, if [I¥+ is the orthogonal projection on the span of {e,},er,, then

PR"(tir, @) = I Fig (PRS(L, ) ().

By Lemma 4.3.1,
E||Fia (pk (i, )G < e“2Ellpk (¢, ) |[6,
and by (4.12) and Lemma 4.3.1,

E|[A*pK (i, )5 < CR)E|pR (L, 134,26 < oo
Then, according to Remark 3.3.4, for every v > 0 there is a C'(v) so that

C(v)

. —_— n7ﬁ . . 2 S
OIQ%EHPN( i) = Py )llo < K7 AE
Since K, =< k¢, the last inequality implies
o Clv)
OQHZL?\(JEHPN( i) = Pyt )lls < — 35
Combining (4.18) and (4.19) results in (4.16).
To prove (4.17) note that the assumption
[f(2)] < L(L + |z[*)
implies
d + 2k
f € Ly(—q,RY) for every ¢ > +2 2

(4.18)

(4.19)

Fix an even integer ¢ satisfying ¢ > d/2 + kq. Since both d and kg are the parameters of the
model, the dependence of all constants on ¢ will be suppressed. For every g € La(q, R?) the
integral [pa f(x)g(x)dx is well defined and will be denoted by (g, f)o. The Cauchy-Schwartz

inequality implies that
(g5 Fol < llglloll.fllo,~q »

o4



and then

B(6u<[f] = 611 = B(p(t:,-) — PR"(ti ), )3 <
1718 Bllp(te, ) = PR (16, )15 5 < 201G -, (Bllp(ts, ) = po (i I, (4.20)
Bllph (t:, ) — PY"(t:,)5.,)-

The regularity assumption (R1) implies that for a = 0,2 the operator £* is linear and bounded
from H%(q) to H*7?(gq), the operators M}, I =1,...,r, are linear and bounded from H*(q)
to H%(¢), and by Corollary 4.2.8 the operator ®; is linear and bounded from H*(¢) to H*(q).
Therefore by Theorem 2.4.3,

(CAYN N CA?
(N +1)! n

Oggﬁ\%EHp(t“ ) - p?\f(th )”?J,q <

and, according to (4.20), inequality (4.17) will follow if for every v > 0 there is a C'(v) so

that C(v)
ad n ) [OLTEN 2 v
EHPN(tu') _PN (tu')HO,q § KJVAQ'

To verify (4.21) note that if g € La(q, R?) and B(z) := (1 + |$|2)q/2, then

(4.21)

The properties of e, imply that

L+ [2)es(2) = 3 Colpe(), (1.22)

where I'(y) is a finite subset of I' with the number of elements bounded from above by
a constant independent of v, and C;(7) is a constant with |C,(y)| < C|r|. Indeed, (1 +

|$|2)€W(5’7) = 21y +d+ ey (z) + VQeW(;v), ey(7) = H?:l ey (), and

de 1(@) 1 .
0= V) (ﬁew—l(m) - Vi + 16%4—1(@)) : (4.23)
whence (4.22). Since ¢/2 is an integer, proceeding by induction results in

Ba)e,(e) = Y Cy)en(a).

TEL(Y)

where I'(7) is a finite subset of I' with the number of elements bounded from above by a
constant independent of v, and C,(v) is a constant with |C.(y)| < C|7|%%. Therefore,

(9,Be4)5 < C > |71'(g,e0)d

TEl(Y)

and

lglle, =D (g.8e)5 < C Y |v|(g: €40

~yell ~vyel’

HY)



Thus,

Ellpk (ti,) = PN (1 oy < C X 11T E @Rt ) = PR"(ti ) ey)g =

~er

C 3 P EGR(E) = Pt by + O X b BORE )RS (o
WGEH ~W¢FK
CRIE|p(ti,) = Py (4 )5+ C 32 W E @R (L), e);
V¢l
By (4.19),
Cv)
q N (GLTFT. 2 ¢
s, Bl (5, ) — Pl < S, (1.25)
and by Lemma 4.3.1, since p¥(¢;,-) is in the domain of every power of A,
= n Cv)
E(pN(tiv')veW)(Q) < L
]
so that taking v sufficiently large results in
Cv)
TE . 2 ¢
max, > 1l E (pR(ti,-), e4)p < TR (4.26)
V¢

After that, (4.21) follows from (4.24), (4.25), and (4.26). This completes the proof of the
theorem.
O

The algorithm for computing Py and ¢;, .[f] is presented below.
1. Off line (before the observations are available):

fora € J3 and v,7 € I'x compute
q;YT = (‘pa(Av g 67)7 GW)O; = (fv 6’7)0, and Ipw(tO; N,n, ’i) = (POa 67)0;

set P]T\L/H(t(h .I‘) = Z:wef‘,‘C ¢W(t0; N7 n, /{)67('1;) and ggtoﬁ[f] = Z:wef‘,‘C f7¢7(t0; N7 n, /{)'

2. On line, step i (as the observations become available): compute

l/JW(tHNJn /i E Q’W’ lbﬂ' i— 17N n /Q) v € FHJ (427)

7€l

where

Qv (€)= D 2.8,

a€Jy

then, if necessary, compute

Pyt ) = Y o, (ti; Non, &)eq(a), (4.28)

~€ls

Srulf] = D £y (i Non, k), (4.29)

'VGFH
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wnd brlf]
Jow = o 1

(4.30)

This algorithm will be referred to as the spectral separating scheme of the first kind
(or S for short).

4.3.4. Remark. The main advantage of S as compared to the existing schemes for
solving the Zakai equation is that the time consuming computations, including solving partial
differential equations and computing integrals, are performed off line, while the on-line part
is relatively simple even when the dimension d of the state process is large. Here are some
other features of the algorithm:

1) The overall amount of the off-line computations does not depend on the number of the
P P
on-line time steps;

(2) Formulas (4.29) and (4.30) can be used to compute an approximation to fti (e.g. con-
ditional moments) without the time consuming computations of Py"(¢;,z) and the
related integrals;

(3) Only the coefficients ., (t; NV, n, k) must be computed at every time step while the
approximate filter f;, and/or UFD Py"(t;,z) can be computed as needed, e.g. at the
final time moment.

(4) The on-line part of the algorithm can be easily parallelized.

(5) An obvious limitation is that all the parameters of the model must be known in advance.
Also, in the above form, the algorithm cannot be used if p # 0 or the coefficients of the
equations (4.6) depend on time or are random.

4.3.5. Remark. By Theorem 4.3.3, the algorithm converges in the limit lim lim for

A—0Q K—00

all positive integers N and n. If n = 1, then each ¢ depends only on the increments
Yi(t;) — Yi(ti—1) of the observation process. In this form the algorithm can be used in the
model with discrete time observations [52]. The question of approximating the integrals

t;
/ my(s—1t;_1)dY;(s) for k > 1 and other computational aspects of the algorithm, including
ti—1

the complexity, are studied in Section 4.5.

4.4 The Spectral Separating Scheme of the Second
Kind

Consider the regular filtering model

dX(t) = b(X(1))dt + o(X(2))dW (L) + p(X(2))dV(2),
dY (t) = h(X(t))dt +dV (1), 0 <t < T; (4.31)
X(0) =Xy, Y(0)=0, estimate f(X(2)).

57



The Zakai equation describing the time evolution of the UFD p(¢, z) is

dp(t,z) = Lp(t,x)dt + > Mip(t,z)dYi(t), 0 <t <T, z € R¢;

=1 (4.32)
p(0,z) = po(z),
where
) & & . A L9
£o()=3 3 o (010" @ iola) (o (D)s9(0)) — 3 o (b(2)gle):
.9
7g(x) = hy(x)g(z) — Z; Ers (pu(z)g(z)), I=1,...,r

In this section, a recurcive approximation of the solution of (4.32) will be constructed using
the Galerkin approximation followed by the Cameron-Martin version of the Wiener chaos
decomposition applied to the resulting system of stochastic ordinary differential equations.
The idea was first used by Fung [20] to study the Zakai equation in a bounded domain of R?.
This approach also provides a recursive approximation of the unnormalized optimal filter.
The corresponding algorithm is referred to as the spectral separating scheme of the second
kind (or Sj for short). Equation (4.32) is considered on the probability space (Q, F, f’) so that
all error bounds are given in terms of the expectation E. The properties of the approximation
on the original probability space (2, F,P) are studies below in Section 4.5.

Let {e,},er be the Hermite basis in R? so that e, is the eigenfunction of the self-adjoint
operator A = —V? 4 (1 + |z|*):

Aey = 2]y + d + 1)e,,

where V? is the Laplace operator. For a positive integer x define the set I', = {y € T :
| = 4,7 < &}. The number of elements in I', is denoted by K,. Define the matrices
A" = (AL )y rer. and Bl = (B[ )yrer,, [=1,...,7, by

AQT = (£*677 67)07 Bljf'yﬂ' = (M7€T7 e’Y)O'

Since e, € H? for all ~, the scalar products are well defined. The Galerkin approximation

pﬁ(tvfc) = Z p”(t)ev(x)y

p*(t,z) of p(t,x) is given by

Y€l
where the vector p*(t) = (pZ(t)),er,. is the solution of the system of stochastic ordinary
differential equations
A (1) = A ()t + Y BEH()avi(e) (133

=1

with the initial condition pZ(0) = (po, €4)o. System (4.33) is a particular case of the stochastic
evolution equation studied in Chapters 2 and 3 with the operators A and B, linear and
bounded in a finite dimensional space. Note that the matrices B, [ = 1,...,r, do not, in
general, commute with each other even if p(x) = 0.
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Let 0 = tg < t1... <ty = T be a uniform partition of the interval [0,7] with step A.
Define an orthonormal basis {my} in L2([0, A]) by

1 2 k—1
ml(s):ﬁ; mk(s)z\/;cos (%),k>l; 0<s <A,

Jalli ([ s =it

—t2/2

and

Q

where H,(t) = (—1)”et2/2d—

By Corollary 2.4.2, the solution of (4.33) can be written as

c
n

1 .
,Hti = —HA;'Hti_ ;’ i:l)__‘7M’
p*(ti) g} \/asoa( P (tic1))é
where the coefficients ¢”(A; () are the solutions of
0" (s; g
% A% +Zakmk Bz@a(“)( (), 0<s<A

©n(0;¢) = Cl{jaj=0} CE RB”-

For fixed positive integers N and n define the approximation py"*(¢;) of p*(t) by

p?\}n(to) :pﬂ(0)7 P i Z \/—'Saa A pN ( i— 1))5047 1= 17"'7M7

aedy

and also

"t ) = Z PN

'VEF,%

ggti,ﬁ[f] = E fﬁp/]{\}ﬁy(t )

'VEFK

where f, = /Rd flz)ey(z)da.

4.4.1. Theorem. I[f the filtering model (4.31) is regular in the sense of Definition 4.2.2
and
Cy = max sup |p(z)[?,
bt zeRM

then for every v > 0 there is a C(v) so that

o C(v
ol?%%EHp( i) = PN (L, )llg < (V)JF
; K N+1 AN (4.34)
0(1 + Cpr)A + (-7 + Cor?)A? | (O 4 Cor)) "TIATY ciemr
n (N +1)!
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and

E ; : o C)
Oggs\%Ehbt‘ [f] - ¢t¢,ﬂ[f]| < 7—{—

AL+ CoR)A + (2 4 AP (C(L+ Cr) AN iy (4.35)
n (N +1)! '

Proof. To simplify the presentation, denote 1 + C,k by Cy. It follows from (4.23) that
e, € H' and
lesls < Cly['2.

Consequently, by Theorem 3.4.1, for ever v > 0 there is a C'(v) so that
Cv)

sup Bllp(t, ) — (e, 2 < U (4.36)
0<t<T K
To prove (4.34), it remains to show that
~ CeA + k2C, AT (COHNTIAN
E’Ht—’ﬂvnt2< O/{ K P CC.T
() = o < (SRR (GBI T ,
and by Theorem 2.4.3 this inequality holds if for every vector ( € R¥x,
|A"C]* < Cw?IC), (4.37)
B¢ < CCl¢), (4.38)
and
@71 < e, (4.39)

k
where ®F = 4",

These inequalities are verified below. For the vector (, ¢ = ¢g(z) denotes the function

9(@) = 2 Gey(a),

’YGF,»;

and II%* is the orthogonal projection on the span of {e~}rer,.-
Proof of (4.37). By the definition of the matrix A,

2

A" =) (Z (ﬁ*enew)o@) = [[II*~L7g]|5 < [[£7g]l5 <
veElx \7€l'x

Cllgllz < Cll(L = V*)gllg < CllAglig = C > (L +d +27])*|¢, [ < Cr?[C)%

'VEF,%

whence (4.37).
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Proof of (4.38). By the definition of the matrix B},

2
BEC = X (Z(M?enew)oG) = " Miglle < [[Miglls =

'VGFK TGFK

C(MiM;g,9)0 < Cllglls+ CC, (1= V*)g.9), < Cllglls + CC,(Ag, 9)o =

Cligllo +CC, 3 (L +d+ 219617 < C(L+ Cpr) €17,

'VGFK

whence (4.38).
Proof of (4.39). The dissipativity of the operator £* implies

> ALGG = (L£79.9)0 < Cligls = Clc*.

v, 7€l

The vector v(t) = ®7( is the solution of the ordinary differential equation
dv(t) = A"v(t)dt, v(0) = ¢,

so that
=2 > AZ v (t)(t)dt < Clo(t)|dt,

v, 7€l
and by the Gronwall lemma,
o()* < e“o(0) P,
whence (4.39).
This completes the proof of (4.34).

To prove (4.35), the same arguments are used as in the proof of (4.17) from Theorem

4.3.3. Choose an even integer q > ko + d/2 so that

Br,lf] = ol 11P < 2015 - (Bllp(ti, ) — (2, Il o
B||p*(t:, ) — i (4 )II2,)-

Next, by the inequality
Hgng — CZ |7| 9767)07

~el

which was established during the proof of Theorem 4.3.3,

E|lp(ti,) = p"(ti M5, < C 3 WI" E(plti,) = p"(ti,), €)5 =

~er
C Y " Elpy(t) = p5(t) 1P+ C Y- P Elpy(t:)* <
'Vel:m ’Y%Fm
CrIBlp(t;) — p*(t:)]* + C > 7| Elp, (L)
¢l

(4.40)

(4.41)
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By (4.36),

Cv)
q R+ )]2 < ¢
Jnax, s E|p(t;) — p*(t:)]* < T (4.42)
and since p(t;,-) is in the domain of every power of A,
= Cv)
E”p l; P < 5
AT
so that taking v sufficiently large results in
Cv)
q 2 ’
max > | Elp, (t:)]* < o (4.43)
vl
After that, (4.41), (4.42), and (4.43) imply
Cv)
Kiy |12
OIQ%EHP( i) =Pt ) = =7
It remains to show that
maxo<icm Ellp*(ti,-) = py" (ti,)|[5 , <
CCHA + k20, A? N (CCONTTANN (0 1 (4.44)
n (N +1)! '

Since Ae, = (1 + d + 2|7])e, := A\, e, inequality (4.40) implies

E|p"(t:,) = pN"(ti; o, < € 3 MEIRS — i %

’Yerm

A

Define the diagonal matrix A = (A,W—)%Terk by AW = )\3/2. Then define the matrices
A=AA"A"Y, By = ABFA-Y, &, = e,

and the vectors p(t) = Ap® (1), py(t;) = ApN (t;). With these definitions, the vector p(t) is
the solution of

dp(t) = Ap( dt—l—ZB;p ()dYi(t)

=1

with the initial condition p,(0) = Ai/Q(po, €~ )o, and the vector pj (t) satisfies

ﬁnN(tO) = ﬁ( PN Z \/_‘S‘Qoz ( ))537 e=1,..., M.

aedy

Direct computations show that the matrices A, Bl, and @, satisfy
A" < CRYCPR, (4.45)
B¢ < CCLCP, (1.46)
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and

|Br¢|? < eCFiC)? (4.47)

for all ¢ € R®~. One possible way to verify this is by using the calculus of pseudo-differential
operators in R? [62, Chapter 4]. The (left) principal symbols of the operators £*, M}, and

AY? are
d

ac(z,n) == ((o(x)o™(x))i; + (p()p"(2))ij )nin;;

2]1

= —v— szz x)n;,
an = (1+ |.1;|2+ In|*)*/2.

These symbols determine the continuity properties of the corresponding operators, and it fol-
lows from formulas (5.17) and (23.56) in [62] that the operators AY2L*A~%/? and A2 M;A~/?
have the same principal symbols as the operators £* and M7 respectively. After that, the ar-
guments are the same as in the proof of (4.37)-(4.39). In particular, the operator A¥2L*A~%/2
is dissipative (because £* is), which implies (4.47). Also,

A= (N2L A% e))o, Bioy = (A2MIA e, e)o,

so that X

[AC|? < [JAT2LAT2g)§ < CllAgl5 < CRICP,

|Big|? < APMIAT g < (AP MANTMEAT g, g)0 < COLICP,
which proves (4.45) and (4.46).

As a result, Theorem 2.4.3 implies

. C.A + (k*C,)A? (C’CH)N‘HAN
n N2 < CCx
(t:) — pN(t2)|0,q > (C n + N+ 1) e

pO)I”,

max E|p
0<i<M

and

= 3" A(po, ey)s < A poll3 < C,

vEl'

which proves (4.44) and the theorem as a whole.
O

Let {¢"}.er be the standard unit basis in R%~ i.e. (7 = 1 if 7 = 5 and (¥ = 0 otherwise.
The vector py”(t;) can then be written as

(t:) = > PN, (t)C7

'Vern

and by the recursive definition of py™(t;),

]\} Z-I-l Z @a A p 2))‘5

aeJy

o3 (A PN (L)EL

'VEFK TGFK
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so that '
p?\f'y Z+1 Z Z Q$Tap?\77b¢ oz (448)

’YEFH TGFK

where ¢%* = % _(A;(7) is the component of the vector ¢ (A;(7) in the direction of the basis
vector (7. Formula (4.48) is the foundation of the algorithm for computing py”(¢;) and the
approximation qztm[f] of the unnormalized optimal filter. The following is the description of
the algorithm.

1. Off line (before the observations are available):

for a € J3 and v, 7 € I'y compute
q’%—a = @Z,W(A; CT); f’v = (f7 6’7)07 and p’]{\}ﬁy(tO) = (p07 6’7)0;

set oy (to, ®) = Trer, PN, (to)es (2) and uoulf] = Trer, roN" (to)-

2. On line, 1 — th step (as the observations become available): compute

pas(t) = Y QF (E)pN-(ticr), v €T, (4.49)
TGFK

where

_ K,0 ¢t
= > 4

a€Jy
then, if necessary, compute
py"(tiz) = ) P, (ti)eq(2), (4.50)
'VGFK
Srslf] = D LN (L (4.51)
Y€l

and

P _ (Eti,n[f]
o = Gl

This algorithm will be referred to as the spectral separating scheme of the second kind
(or S for short).

(4.52)

4.4.2. Remark. The main advantage of S5 as compared to the existing schemes for
solving the Zakai equation is that the time consuming computations, including solving partial
differential equations and computing integrals, are performed off line, while the on-line part
is relatively simple even when the dimension d of the state process is large. Here are some
other features of the algorithm:

1) The overall amount of the off-line computations does not depend on the number of the
p p
on-line time steps;

(2) Formulas (4.51) and (4.52) can be used to compute an approximation to fti (e.g. condi-
tional moments) without the time consuming computations of pi”*(¢;, ) and the related
integrals;
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(3) Only the coefficients py” (¢;) must be computed at every time step while the approximate

filter ftw and/or UFD pX”*(t;,x) can be computed as needed, e.g. at the final time
moment.

(4) The on-line part of the algorithm can be easily parallelized.

(5) An obvious limitation is that all the parameters of the model must be known in advance.
Unlike S3, the spectral separating scheme of the second kind can be used when p # 0.
Still, there is no substantiation of S3 if the coefficients of the equations (4.31) are
random and/or depend on time.

4.4.3. Remark. By Theorem 4.4.1, the algorithm converges in the limit lim hm for

r—00 A—0
all positive integers N and n. If n = 1, then each ¢, depends only on the increments
Yi(t;) — Yi(ti—1) of the observation process. The question of approximating the integrals
.

/ z my(s—1t;_1)dY;(s) for k > 1 and other computational aspects of the algorithm, including
ti—1

the complexity, are studied in Section 4.5.
4.5 Computational Aspects of the Spectral Separating
Schemes

4.5.1 Approximation of the Wiener Integrals

If ST or S5 is used with n > 1, then the integrals

b= [ mals — tin)di(s)

ti—1

2 kE— 1)t
mk(t)z\/gcos (%), A=t;—t,_q, 1<k<n,

must be computed approximately. As a result, the random variables

with

a HH fkl

are also computed with some error. The contribution of this error is studied below.
To approximate f};J, the integrals are reduced to the Riemann integrals by integrating by
parts and the result is then approximated using the rectangular rule.

It
, Ver(k—1) . [w(k—1)t
mi(t) = —— e sin (T) ’

then
t;

o= 1= (CD=il0) — Vi) — [ (s — tioa)Vi(s)ds.

ti—1
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Let ti1 =t0<... < tiL =1 be a uniform partition of the interval [¢;_1,¢;] with step ¢.
Define the approximation f}” of f}” by

6= \E (1= = ¥ittia)) =8 3 mbGA)¥i(e)
and also

a HH fkl

so that

& - =3 (Ha(&) — Hy (&) Pral€ €)=
k
Z fkl Erl P (€€,

k,l

where Py (¢, ¢") and Py (€', €") are polynomials in f}cl and é;gz of degree at most |af. If
a € Jg, then

Ele, — & <OV nZE\fm & )P, 8)] <

C(N,n) maxy E|fkl - fk,z|4 maxy E|Pk,l(f 75 )4,

and the degree of Py, does not exceed N. To estimate the right hand side of (4.53), the
following result is used.

(4.53)

4.5.1. Lemma. Assume that f € C*([Ty,T1]) is a deterministic function and W = W (t)
is a Wiener process on (Q,F,P). For a uniform partition To = to < ... <ty =Ty with step
6 define

Iy = JRW(T) = fT)W(Ty) = 8 Y F (L)W ().

Then

T 4
E /T FOAW () — I} < O(f16% + T2f6%)(Th — To)*,
where f1 = r£1f1<XT '), fo= TI21ta<XT |f"(t)|*, and C is an absolute constant.

Proof. Since f is continuously differentiable,

[ Fwaw = fgw ) - faw ) - [ row .

To To

By the Ito formula,

FOW(t) = f{t)W(t:) + /tj f'(s)W(s)ds + /tj f(s)dW (s), t; <t <tips.
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Then o
[. FOW()dt = ' ()W (t:) + G + i,
where

tz‘+1 1 ti-l-l t
G = / Fi(s)dW (s)dt, ;= / F(5)W (s)dsdt,
1; i; t; t;

so that
4

E / Y a1,

To

-1 -1

< 0P (L Bl + 5 Bn). (1.51)
=0 =0

By direct computation,

tig1 2

El¢]* <é&° / E (/t f’(s)dW(s)ds)4dt <Cé& 71 (E (/t f’(s)dW(s)ds) 2) dt

t; t; ti (4'55)
tit1 t 2
< 053/ (/ |f’(5)|2d3) dt < Cf,8°,
1; 1;
tig1 i
Blpf' <6 [ (=t [ B (s)W(s)  dst
b tit1 b (4.56)
C 67 / st ds < C f,6°T2,
t;
and since L = (11 — Tp)/6, the statement of the lemma follows from (4.54)—(4.56).
|

4.5.2. Remark. Higher order approximations that are used for deterministic integrals
(trapezoidal rule, Simpson’s rule, etc.) will not improve the asymptotic quality of I because
the integrand f(¢)W(t) is not smooth enough.

4.5.3. Theorem. [fn >1 and N > 1 are fized, then
. C(N,n)é
% 1|2 ?
02}23(\4 E|€a - £a| S A2N+2 *

Proof. Use inequality (4.53). By the previous lemma, if k¥ < n, then

~ = nté?  n? )
VE[G, - &' <C ( AT K) < Cn) 17 (4.57)

Indeed, Y;(t) is a Wiener process on (Q, F,P), Ty — Ty = A,

Cn? Cn*
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Next, with respect to the measure P, each of ¢}, is a Gaussian random variable with zero
_. )
mean and unit variance and ¢, is a Gaussian random variable with zero mean and variance
b

oo Cn)
K3 2 <
E|€k,l| - A

so that for every integer ¢

C(n,q)
A

i 5 i 1/2 5 g
B¢, 10 < (Blg, ™) 7 <Cg),  Elg " <

Consequently
~ — C(N,n
VB e < o),

which together with (4.57) proves the theorem.
O

4.5.4. Remark. The main asymptotic parameters of both S7 and S are A and «.
Approximation of the Wiener integrals introduces another asymptotic parameter, 6, which
depends on A, N, and n. It follows from the discrete Gronwall lemma that if £’ is replaced
by £, then the error bound in (4.16), (4.17), (4.34), and (4.35) will have an extra term

C(N,n)é
AZN+4

and this additional error can be controlled by choosing é sufficiently small (after A has been
chosen). It is also worth repeating that the approximation of ¢, can be avoided altogether
by choosing n = 1, and the asymptotic rate of convergence in A is not affected by this choice
of n. To simplify the future presentation, the possible error due to the approximation of the
Wiener integrals will not be considered.

4.5.2 Choosing the Parameters

Both S? and S3 have the same asymptotic parameters — x and A — that assure the con-
vergence of the algorithms. Still, all error bounds contain other parameters — N, n, and
v. It follows from (4.16), (4.17), (4.34), and (4.35) that, as long as n > 1 and N > 2, the
particular choice of n and N does not change the rate of convergence. The construction of the
algorithms also shows that the small values of N and n can improve the numerical stability
by reducing the number of terms in the sums. Thus, N =2 and n = 1 can be thought of as
the typical values of these parameters.
On the other hand, v is not used in the construction of the algorithms and the choice of
v is not so obvious: the larger the v, the faster the convergence in &, but the constant C(v)
also becomes large. The natural question to ask is the following: given ¢ > 0, what is the
value of k so that
C(v)

K-/l/

<e

and the growth of k as ¢ — 0 is as slow as possible?
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The error bound c
err(v, k) = (v) for every v >0 (4.58)
/{l/

implies that, as ¢ — 0, &(¢) will tend to infinity slower than any power of 1/e. The exact
growth rate depends on how fast C'(v) grows with v. Analysis of the proofs of Theorems
4.3.3 and 4.4.1 shows that

C(v) = C max BJIA™*p(t,,-)]3 (1.59)

0<i<M

where vy depends only on the parameters of the model.
To simplify the further analysis, assume that r = d = 1, p = 0, and the operator L is of
the form

Lyg(z) = ag"(z) + b(z)g'(2),
where a > 0 is a constant. The Zakai equation becomes

dp(t, @) = (apaa(t,x) — (b(@)p(t, 2)).)dt + h(a)p(t,2)dY (1), (1.60)

Assume also that

po(x) = L exp (—M) (4.61)

2ro 20?
and that the derivatives of b and h satisfy

sup [0 (z)| < CFHE!L sup [RF)(z)] < CFHLE (4.62)
z€R z€R

(here and below in this subsection, ¢(¥) denotes the kth derivative of the function ¢ with
respect to x).
It follows by induction that

N 2k dz
A - P —1 T
; 2k ($) do

where Py,_; is a polynomial of degree at most 2k — ¢ with the coefficients not exceeding

4%(2k)!. Consequently, |Pyr_i(z)] < 2k - 4%(2k)! (1 + 2?)* and

2k
k ‘ 4
A p(t, 2 < 2k 3" || Paip (2, )] I2 (4.63)

0

< CREH((2K))? lp(t, )35 25
Next, it follows from equation (4.60) that for every positive k, m
t
(12220 2) = (122 (@) + [ (L 22 2ap+ (s, o) ds—
0

¢ : (4.64)
| @+ e@)p(s,a)Pds + [ (14222 (h(2)p(s, @) DY (s).
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Assume that

sup E[p (1, )|lon < € By(1,n) (4.65)
0<t<T

for all I < k, n < m and some constant C' independent of I, n, where By(l,n) is a bound on
Hpo HO,TL:
12613, < Boll,n).

Standard parabolic estimates imply that (4.65) is true for every fized k,m; it will be shown
by induction that it is possible to find a constant C' independent of k£ and m so that (4.65)
is true for all m and k.

By assumption (4.61),

IpP 12, < CHF(1 4 n)! = By(l,n) < Bo(k,m). (4.66)

Then (4.64), the Ito formula, and the induction assumption (4.65), together with the bounds
(4.62) on the derivatives of b and h, imply

~ [
HWanascw/Ewws»mw&uMhm(H

(4.67)
CerXp{C(k+m }_}_Z(Z‘Fl!) Clexp{C(k—}—m—[)2})7

where the constant C} is independent of k,m and can very independently of C. Since e’
grows faster than (k!)” for every n, it follows from (4.67) and the Gronwall lemma that

OS<1;£)TEHp(k)(t, )Hgm < exp {C’lk +Clnm+C(k+m — 1)2} Bo(k,m).

This means that C should satisfy

C’lk—l—C’lnm—l—C’(k—l—m—1)2 < C(k—l—m)2
or
20(k+m —1/2) > Cik + Clnm. (4.68)
Given C; and C, it is clearly possible to choose C so that (4.68) holds for all k,m > 1.
Combining (4.63), (4.65), and (4.66) results in

sup [|[A%p(t,)|[§ < €7
0<t<T

k> 1.

9 -

The computations also show that the slower growth, say e“*Ink

the above method.
In view of (4.59), the error bound (4.58) can now be written as

, cannot be achieved using

eC(u+u0)2
err(v, k) = ———
K
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Minimizing the expression with respect to v for fixed & yields

In g
V= ——1p.

2C
Then the condition
err(v,k) < e
implies

K>ec(\/ln(1—/s)+l’0) or Ink x 1H(1/5)-

Another way to express the result is

k= (1/e)Y",  where v < y/In(1/e).

Given 0 < € << 1, it is now possible to give the asymptotic values of A and & which make
the left hand sides of (4.16), (4.17), (4.34), and (4.35) less than ¢. Assume that N > 2 and
n > 1 are fixed.

Spectral Separating Scheme of the First Kind: since the left hand side of both (4.16) and
(4.17) is bounded by C(v)/(k*A*) + CA?

A < /e, k< (1/eHM, where v < /In(1/e);

Spectral Separating Scheme of the Second Kind: assume that p = 0 and r» > 1 so that
the left hand side of both (4.34) and (4.35) is bounded by C'(v)/(k") + Cx*A. Then

k= (1/e)Y”, where v < \/In(1/e), A < e/k>

It is obvious that in the case of Sj the required value of A is smaller than in the case of
S{, and is smaller yet if p # 0. The value of %, on the other hand, can be expected to be
larger for S7. This means that S} provides better resolution in space and S in time.

4.5.3 Computational Complexity

For fixed N, n, &, and A, one on-line step of either S or S3 includes
1. Computation of the coefficients ¥ (t;; N,n, k) or py7, for v € I'y;
2. Computation of the random variables & for o € J5;
3. Possible evaluation of the approximate UFD Py"(t;, x) or py™(ti, x);
4. Possible computation of the approximate optimal filter.

Computation of the coefficients . (t;; N,n, &) or py, for v € I'x involves |J5| matrix -
vector multiplications and the same number of vector - scalar multiplications. Since the size
of each vectoris K, = (k+d)!/k!d!, the total number of operations to compute the coefficients
is about |J%|K? flops. Here and below, a flop is a floating point operation consisting of one
scalar multiplication and one scalar addition.
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Computation of &, is relatively simple. It can be easily parallelized or even implemented
on the hardware level, and the number of operations is of order |J%|, which is negligible
compared to |JY|KZ.

Evaluation of the approximate UFD requires about K, N flops, where Ny is the number
of points on the corresponding spatial grid. Still, all available information about the UFD is
contained in the coeflicients . (t;; N,n, k) or py7, for v € I'x and therefore this evaluation
can be avoided altogether.

Computation of the approximate optimal filter requires about K, flops, which is again
negligible compared to |J%|K?. Thus, one on-line step of either S or Sj requires about
|J%| K? flops, and the estimate is quite accurate. This number can be expected to be smaller
for S5 because the error bound shows that the algorithm requires smaller values of «.

Assume now that for fixed N > 2, n > 1, and T" > 0, a prescribed precision is to be
achieved at the end of the interval [0, T]. As before, the precision is measured by the value ¢
of the E—expectation of the square of the corresponding difference. Since the number of steps
is M = T/A, it follows that the total number of on-line operations is Ny, = |JR&|K2T/A.
If p =0 and r > 1, then, in the case of S}, A x /¢ and in the case of S5, A < ¢, while K,
grows slower than any power of 1/¢ for both algorithms. This means that, on the fixed time
interval, the total number of on-line operations required by S3 can be expected to be larger
than the corresponding number required by S3.

4.5.4 Error Bounds on the Original Probability Space
So far the error analysis was carried out on the reference probability space (€, F, f’), where
P(A) = / Z=1dP
A

and

T 1 /T

Ty = exp{/ (X (5))dY (5) — 5/ |h(X(s))|2ds}.

0 0
The relation between the expectations E and E is given in the following lemma.
4.5.5. Lemma. If the function h is bounded and ]‘5v3|7]|2 < 00, then

Efy| < ™T3/El?,

where hg = sup,cga |h(z)|*.

Proof. By the Cauchy - Schwartz inequality,

Eln| = Eln|Zr < VEZ2\E|p|2.
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Since Y = Y (t) is a standard Wiener process on (Q, F, P),

EZ2 = Eexp {2/0T R (X(1)dY (1) — /OT |h(X(t))|2dt} _

E (exp {/OT|h(X(t))|2dt} exp {Q/OTh*(X(t))dY(t) - 2/0T|h(X(t))|2dt}) < ehoT

which competes the proof.

4.5.6. Corollary. Both S7 and S5 converge in the mean with respect to
the measure P.

Even though the UFD p = p(¢,z) is non-negative with probability one for all ¢t € [0,7],
z € R?, both approximations Py"(#;, ) and pi"(t;,z) do not have this property and can
be negative with positive probability. As a result, the value of ¢y, [1] or ¢ .[1] can be
zero, which can cause numerical instability when the approximate optimal filter is computed
according to (4.30) or (4.52). On the other hand, since the (normalized) optimal filter is

given by slf
fn = ¢ti[1]7

very small values of ¢;,[1] can cause computational problems even if ¢;,[1] is computed exactly
and therefore it is desirable to have ¢ [1] > € for some € > 0. Define

7 = P(¢y,[1] > ¢).

The number 7! can be viewed as the probability of reliable work of the exact optimal filter.
Let ¢, be some approximation of the unnormalized optimal filter. Consider

fi=P(g,[1] > o),

the probability of reliable work of the approximate optimal filter. Elementary computations
show that

(2P (o[l = dullll <6, o l1] > 2¢) > A »
P64 1] > 20) = P(164[1] = du[1]] = ¢) > =i, — iulll = Gulll] |

€

Consider the approximations ¢;, . and qzth,i that are produced by S{ and S3 respectively.
Assume that for both algorithms N > 2 and n > 1 are fixed, p = 0, r > 1, and the random
variables ¢ are computed exactly. Then by (4.16), (4.34), and Lemma 4.5.5,

Cv)

Blgu[1] - dull] € S

+OA,
Blgult] - du.ol1]l < S 4+ CrvA.

73



Inequality (4.69) then implies that for both S7 and S3 it is possible to choose the parameters
k and A so that the probability of the reliable work of the approximate filters is arbitrarily

close to the probability of the reliable work of the exact filter.

4.5.5 Spectral Separating Schemes vs. Splitting-up Approximation

The splitting-up approximation is one of the well known time discretization algorithms for
solving the Zakai equation. Assume that 0 =¢; < ... < tj; =T is a uniform partition of the
interval [0, 7] with step A. According to Florchinger and LeGland [18], the solution p(t;, x)

of
dp(t,z) = Lp(t,x)dt + > Mip(t,x)dYi(t), 0 <t <T, z € R
=1
p(0,z) = po(x)

is approximated by

P (to, x) = po(z),
PP (tigr, ) = @ap™ T (L, (2, iy )) G2, iga),

where @ € R, {®,},50 is the semigroup generated by the operator £*,
o) == A0 ) = V)~ HEI) + R

228’”’“ w(@), i=1,....d

k=1 j=1

Glati) = exp {h*<x><y<u~+1> Y () - ()

A (@)Y (i) = Y (8) — A(z)A) + A(x)A + Ao<:c>A},

L Opix(a)
Ak(@—é} ami s k=1,...,r,
a/)zk a/)]k( )
15231”2:1 8"0] dzx;
0 ij
kz;”z:l Ox;0x;

If p(z) =0, then (4.70) becomes

PP b 2) = B exp {H(2) (Y (ti) = V(1) — 5 ()} 5770, 2),

It is proved in [18] that ?

max Blplts,) - p7~(1,2) |} < 04

2under an additional assumption that p(z) = const

(4.70)

74



and

max Blp(ti, o) - p* ™0t 2)ll; < CA%

Therefore the splitting-up approximation has the same rate of convergence,
as A — 0, as the spectral separating schemes.

The main advantage of the splitting-up approximation is that p**=*?(¢,41, x) is positive for
all ¢ and z so that the algorithm is numerically more stable than S7 or S3. On the other hand,
every on-line step of the splitting-up approximation includes solving the partial differential
equation

Ju(t, )

ot
with the initial condition depending on the computations from the previous step. So far,
it is practically impossible to solve (4.71) on line if d > 3 because the required number of
operations is too large. If N is the number of the points of the spatial grid, then the realistic
lower bound on the number of operations to solve (4.71) is N,(In N,)471. Indeed, assume

= Lu(t, z) (4.71)

that the equation is reduced to a system of linear equations, and the system is solved by
an iterative procedure without preconditioning. The matrix of the system is of dimension
N5 x Nj, sparse and non-symmetric (since the operator £* is not self-adjoint). Then one
iteration requires about CyN; flops, where Cy > 1 is a constant depending on d and on the
particular numerical algorithm [3], and the total number of iterations is proportional to the
condition number of the matrix [65]. For non-symmetric matrices, the condition number is
proportional to at least (In V,)4~1 [3, 10]. Thus the total number of operations required to
solve the equation is CyN,(In N;)?=1. All other computations can be done much faster, and
so the total number of on-line operations per step is Ng—y, > Ny(In Ns)d_l. If d =6 and
N; = 10°, i.e. only 10 points are taken in each direction, then the result is Ng,_p, > 5 - 10

It is worth mentioning that the theoretical bound on the number of operations required
to solve (4.71) using the multi-grid methods is C'N;. On the other hand, according to [3], a
working scheme for d = 3 requires C' N!® operations. Note also that the operator £* is not
self-adjoint and need not be uniformly elliptic, which further complicates the problem. Last
but not least, the computation of the optimal filter requires the numerical evaluation of the
integral

[ P ) () d

for different functions f = f(x), and this is also very difficult to do on line if d is large. In
the spectral separating schemes, all these problems are dealt with off line and therefore S?
and S5 seem more appropriate for on-line implementation. The first numerical experiments
[20] show that the implementation is possible.
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The main features of S7, S3, and the splitting-up approximation are summarized below.

S? S5 Splitting-up
(p=0,r>1) (p=0)
parameters Kk, A Kk, A A
P - mean error ¢ %%—}—CA %Vﬂ—{—Cﬁﬂ CA

on-line operations | 5| K2 | 5| K2 > N,(In N,)4-1
(per step)
numerical values, k = 10,
N, =10%, |J%| = 10
d=3 8.2-10° 8.2-10° > 4.8-10%
d=6 6.4 108 6.4 -10% > 5.0 10"
d=9 8.5-101° 8.5+ 1010 > 3.4-10%
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Chapter 5

Parameter Estimation for Stochastic Evolution
Equations with Non-commuting Operators

5.1 Introduction

In this chapter, a parameter estimation problem is considered for a stochastic partial differ-
ential equation

du(t,z) + (Ao + 0 A u(t, z)dt = dW(t,z), 0 <t <T xz e M; u(0,2) =0, (5.1)

where M is a compact smooth d - dimensional manifold (without boundary), Ay, A; are
differential operators on M, W = W(t,z) is a white noise process modeled by a cylindrical
Brownian motion on M, and € is the unknown parameter belonging to an open subset of the
real line.

An estimate of 6 is constructed using the finite dimensional projections of the solution
u. Asymptotic properties of the estimate are studied as the dimension K of the projection
tends to infinity while the length 7" of the time interval and the amplitude of noise remain
constant.

In [27, 28], the maximum likelihood estimate (MLE) of  was studied in the situation when
equation (5.1) is considered on a bounded domain in R* with zero boundary conditions and
the operators Ay, A; are self-adjoint and elliptic with a common system of eigenfunctions.
It was proved that the MLE of 8 is consistent if and only if

order(Ay) > %(order(./lo +0A;) - d), (5.2)

in which case the estimate is also asymptotically normal and asymptotically efficient.

A similar problem was studied in [60], where the observations are in discrete time and the
operators are not necessarily self-adjoint but still have a common system of eigenfunctions.

In this chapter, some of the results from [27, 28] are obtained for equation (5.1) under
less restrictive assumptions on the operators. The main assumption used here is that the
operators Ay and A; are of different orders and the operator Ag + 6.A; is elliptic for all
admissible values of . The model is described in Section 5.2 and the main results are
presented in Section 5.3. If A; is the leading operator, then the estimate of € is consistent
and asymptotically normal (as K — oc). On the other hand, if A is the leading operator,
then the estimate of 6 is consistent and asymptotically normal if condition (5.2) holds and
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operator A; satisfies a certain non-degeneracy property. In particular, condition (5.2) is
necessary for consistency. When (5.2) does not hold, the asymptotic shift of the estimate is
computed. The proof of the main theorem about the consistency and asymptotic normality
is given in Section 5.5.

In Section 5.4 an example is presented, illustrating how the obtained results can be
applied to the estimation of either thermodiffusivity or the cooling coefficient in the heat
balance equation with a variable velocity field.

5.2 The Setting

Let M be a d-dimensional compact orientable C* manifold with a smooth positive measure
dz. If £ is an elliptic positive definite self-adjoint differential operator of order 2m on M,
then the operator A = (£)/(?™) is elliptic of order 1 and generates the scale {H*},cp of
Sobolev spaces on M [40, 62]. All differential operators on M are assumed to be non-zero
with real C* (M) coeflicients, and only real elements of H® will be considered. The variable
x will usually be omitted in the argument of functions defined on M.

In what follows, an alternative characterization of the spaces {H?} will be used. By
Theorem 1.8.3 in [62], the operator £ has a complete orthonormal system of eigenfunctions
{er}r>1 in the space Ly(M, dx) of square integrable functions on M. With no loss of generality
it can be assumed that each eg(z) is real. Then for every f € Ly(M,dx) the representation

f=2Uu(fex

k>1

holds, where
() = [ f@en(a)da.

If I, > 0 is the eigenvalue of £ corresponding to e; and Ay := l,lc/@m), then, for s > 0,
H° = {f € Ly(M,dz) : X1 AP|x(f)]P < oo} and for s < 0, H? is the closure of Ly(M, dx)
in the norm || f]|s = \/Ek21 A28 |Ye(f)|?. As a result, every element f of the space H®, s € R,

can be identified with a sequence {tx(f)}r>1 such that Y5 AP[1e(f)]* < oo. The space
H?, equipped with the inner product

(f,9)s = D Aive(f)elg), f,9 € B, (5.3)

k>1

is a Hilbert space.

A cylindrical Brownian motion W = (W (t))o<;<r on M is defined as follows: for
every t € [0,T], W(t) is the element of U;H? such that ¥z (W(t)) = wg(t), where {wg}r>1
is a collection of independent one dimensional Wiener processes on the given probability
space (0, F,IF,P) with a right continuous filtration ' = {F;}o<i<r. Since by Theorem
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11.15.2 in [62] A\p < kY9, k — oo,' it follows that W (t) € H® for every s < —d/2. Direct
computations show that W is an H® - valued Wiener process with the covariance operator
A?*. This definition of W agrees with the alternative definitions of the cylindrical Brownian
motion [57, 63].
Let A, B, and N be differential operators on M of orders order(A), order(B), and
order(N') respectively. It is assumed that max(order(A), order(B), order(N)) < 2m.
Consider the random field u defined by the evolution equation

du(t) 4+ [01(L+ A) + 028 + Nu(t)dt = dW(t), 0 <t < T, u(0) =0. (5.4)

Here 6, > 0, 6, € R, and the dependence of v and W on z and w is suppressed.
If the trajectory u(t), 0 <t < T is observed, then the following scalar parameter esti-
mation problems can be stated:

1). estimate #; assuming that 6, is known;

2). estimate 63 assuming that 6; is known.

5.2.1. Remark. The general model
du(t) + [01Ao + 0241 + Nu(t)dt = dW(t), 0 <t < T, u(0) =0

is reduced to (5.4) if operator 6, Ag + 024, is elliptic of order 2m for all admissible values
of parameters 0y, 6, and order(Ag) # order(A;). For example, if order(A;) = 2m, then
L=(A14+A))/24(c+ 1), A= (A1 —A})/2—(c+1)I, B = Ag, where c is the lower bound
on eigenvalues of (A; 4+ A7)/2 and [ is the identity operator. Indeed, by Corollary 2.1.1 in
[40], if an operator P is of even order with real coefficients, then the operator P — P* is of
lower order than P.

Before discussing possible solutions to the above parameter estimation problems, it seems
appropriate to mention the analytical properties of the field u. The following result will be
used.

5.2.2. Lemma. I[IfP s a differential operator of order p on M, then for every s € R there
are positive constants Cy and Cy, possibly depending on s, so that for every f € C=(M),

(L 4P f)s = Crllfllzgm — CallFII5- (5.5)

Proof. Clearly, ((L+P)f, f)s=(Lf, f)s+ (Pf, f)s. By the definition of the norm || - |5,

IAI5 = (A*f, A% f)o.

INotation ay < by, k — co means

0<e < lin}cinf(ak/bk) < limsup(ag/bg) < 2 < 0.
k
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Since £ = A?™,
(LS s = 1 flls4m-
Next,
(P sl = (AP LA ol < ([ fllstm 1 Flls=mes-
If p < m, then ||f|ls—m+p < C||f]|s so that

(P, Dsl < Clliflstm [1£lls < Cellfll24m + CTAR, € >0,

and (5.5) follows if € is sufficiently small.
If mm < p < 2m, then use the property of the Hilbert scale [37, Definition I11.1.1], according
to which

p—m 2m—p
[ Flls=ptm < MFllsfom 1N ™

and also the following inequality

x| 1 yl|?
lzy| < ¢ u+6—q/q %’
q q

which is valid for every ¢ > 0 and ¢,¢' > 1, 1/¢+ 1/¢' = 1. Taking 1/¢ = p/(2m),
1/¢"=1—p/(2m) results in

Hf”s—}—m —q/q' Hf”i
;o

q

(PF, )] < IIFIIZ52,

and (5.5) follows if e is sufficiently small.

5.2.3. Remark. Inequality (5.5) is one of many forms of the G%rding inequality.

5.2.4. Theorem. For every s < —d/2, equation (5.4) has a unique solution u = u(t) so
that

w € La(S % [0, T]; H*™) (1 Lo(; C([0, T]; H?)) (5.6)
with
E sup [Ju(t)]? + E/ HII2,.dt < CT'S A < oo, (5.7)
tef0,T] k>1

Proof. By assumption, max(order(A), order(B),order(N')) < 2m and 6; > 0. Then Lemma
5.2.2 implies that for every s € R there exist positive constants C; and C; so that for every
JeC”
—((0(L+A) +0:B+N)f, f)s < =Cill fll3pm + Cll 15

which means that the operator —(61(L + A) + 6,8 + N) is coercive in every normal triple
{H**™ H* H* ™}. The statement of the theorem now follows if Theorem 2.2.4 is applied
withH=H?* A= —(6,(L+A)+0,B+N), B, =0, M(t) = W(t) (so that W is an H*-valued
martingale for every s < —d/2).

O
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5.3 The Estimate and Its Properties

Both parameter estimation problems for (5.4) can be stated as follows: estimate § € © from
the observations of

du® (1) + (Ao + 0.A)d’ (t)dt = dW (1). (5.8)

Indeed, if 6, is known, then Ag = 6,8+ N, 6 = 6,, © = (0, +0), Ay = L + A and if 4, is
known, then Ag = 6,(L + A)+ N, 8 =6, © =R, A = B. All main results will be stated
in terms of (5.4), and (5.8) will play an auxiliary role.

It is assumed that the observed field u satisfies (5.8) for some unknown but fixed value
0° of the parameter §. Depending on the circumstances, #° can correspond to either #; or
0y in (5.4), the other parameter being fixed and known. Even though the whole random
field u?° (t,x) is observed, the estimate of §° will be computed using only finite dimensional
processes 15 u? | TIX Aqu® | and TIX A;u” . The operator I used to construct the estimate
is defined as follows: for every f = {¥&(f)}r>1 € UsH?,

K
I F = 3 gl e
k=1

By (5.8), ) ) )
AR u? (1) + T (Ag + 0.4 (1) dt = dWE (1), (5.9)
where WE(t) = IIEW(t). The process II*u’ = (HKue(t),ft)oStST is finite dimensional,
continuous in the mean, and Gaussian, but not, in general, a diffusion process because

the operators Ay and A; need not commute with II*. Denote by P%"* the measure in
C([0, T]; TIX(HY)), generated by the solution of (5.9). The measure P*® is absolutely con-
tinuous with respect to the measure P for all € © and K > 1. Indeed, denote by
FI? the o-algebra generated by MEuf(s), 0 < s <t and let Ute’K(X) be the operator from
C([0, T}; TIK(HY)) to C([0, T]; I¥(H)) such that for all ¢ € [0,7] and 6 € O,

USK (K u?) = B (HK(AO n 0A1)u€|ftK’9) (P—a.s.)
Then by Theorem 7.12 in [47] the process 1% u? satisfies
dHKue(t) — Utﬁ,f((ﬂﬁ'u@)dt + dWe’I{(t), HIx"uﬁ(O) — O7

where We’K(t) = 28 @wl(t)er and @i(t), k = 1,..., K, are independent one dimensional
standard Wiener processes in general different for different 8. Since (IT* (Ao + 0.4, )u’, W)
is a Gaussian system for every 6 € O, it follows from Theorem 7.16 and Lemma 4.10 in [47]
that

JPOK
JP?° K

o T - a 0K (. 60 <o 0°
(") = exp { | () — o ) an e (1), -

LT K K 60 0 K L
S [ Qo sy — o< (nu®) 2) dt}'
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By definition, the maximum likelihood estimate (MLE) of ° is then equal to
arg max (dPe’K/ang0 ’K) (HKueo), but since, in general, the functional U7"* (X) is not known

explicitly, this estimate cannot be computed. The situation is much simpler if the operators
Ao and A; commute with IT¥ so that A =TIR AR, ¢ =0,1, and Ute’B (X) = - (Ao +
0.A,)X (t); in this case, the MLE 6% of 6° is computable and, as shown in [28],

i _ Jo (S Ay (2), A1 u® (1) — T Agu” (1)d o
Jo I Ayuf (2)]|[3dt

(5.10)

with the convention 0/0 = 0.

Of course, expression (5.10) is well defined even when the operators Ay and A; do not
commute with IT¥, and if the whole trajectory u? is observed, then the values of II* Aqu® (1)
and IT% A;u® () can be evaluated, making (5.10) computable. Even though (5.10) is not, in
general, the maximum likelihood estimate of #°, it looks like a natural estimate to consider.

To simplify the notations, the superscript §° will be omitted wherever possible so that u(¢)
is the solution of (5.4) or (5.8), corresponding to the true value of the unknown parameter.
To study the properties of (5.10), note first of all that for all sufficiently large K,

T .
P{/O K Ayu(t)||2dt > 0} = 1. (5.11)

Indeed, by assumption, the operator A; is not identical zero and therefore neither is 1% A,
for all sufficiently large K. Then (5.11) is a direct consequence of the following result.

5.3.1. Lemma. I[fP is a differential operator of order p on M, then
P{w: Pu(t) =0 for all t € [0,7]} = 0. (5.12)

Proof. On the set {w : Pu(t) =0 for all ¢t € [0,T]},
t
[ PIOL+A) + 6:Blu(s)ds = PW (1), 0<t<T, (5.13)
0
and consequently, if r +p 4+ 2m < —d/2 and 0 # f € H", then

/;(73[01(,5 + A) + 0.Blu(s), f)ds = (W (), P*f),.

According to (5.6), the left hand side of the last equality is a real valued process having, as
a function of ¢, P- a.s. bounded variation. On the other hand,

(W), P 1),

U = e,

is a standard one dimensional Winer process and therefore has unbounded variation, as a
function of ¢, with probability 1. This means that equality (5.13) is possible only on a set of

P - measure 0.
O
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It follows from (5.10) and (5.12) that

Jo (X Ayu(t), dW (1))

é]&" — 00 + ,
S MK Avu(t) |3t

(P—a.s.) (5.14)

Representation (5.14) will be used to study the asymptotic properties of 0K as K — oo.
T

To get a consistent estimate, it is intuitively clear that / |ITT* Ay u(t)||2dt should tend to

infinity as K — oo, and this requires certain non-degeneracy of the operator A;.

5.3.2. Definition. A differential operator P of order p on M is called essentially non-
degenerate if

IPAIS = ell 154, = LIS ogpms (5.15)
for all f € C*(M), s € R, with some positive constants ¢, L, 6.

If the operator P*P is elliptic of order 2p, then, by Lemma 5.2.2, the operator P is essentially
non-degenerate because in this case the operator P*P is positive definite and self-adjoint so
that the operator (P*P)'/ (%) generates an equivalent scale of Sobolev spaces on M. In
particular, every elliptic operator satisfies (5.15). Since, by Corollary 2.1.2 in [40], for every
differential operator P the operator P*P —PP* is of order 2p—1, the operator P is essentially
non-degenerate if and only if P* is.

Let us now formulate the main result concerning the properties of the estimate (5.14).
Recall that the observed field u satisfies

du(t) + [0:(L + A) + 028 + Nu(t)dt = dW(t), 0 <t <T; u(0) =0, (5.16)

with one of ; = 69 or §; = 6y known. According to (5.14), the estimate of the remaining
parameter is given by

jic _ Jo (F(L + AJu(t), IR du(t) — dII¥ (635 + N Ju(t))o (5.17)
1 [T (L + A)u(t)|2dt ! -

i (L% Bu(t), dIT* du(t) — dIS (69(£ + A) + NJu(t))s
ST T Bu(t) 34t |

NK _
0y =

(5.18)

5.3.3. Theorem. Assume that equation (5.16) is considered on a compact d-dimensional
smooth manifold M, 09 > 0, L is a positive definite self-adjoint elliptic operator of order 2m,
and

max(order(A), order(B),order(N')) < 2m.

In the case 83 is known, the estimate (5.17) of 69 is consistent and asymptotically normal:

P — lim (6 — 69| = 0;

Wiea (69 — 61) 5 N(0,1),
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where Wiy = \/(1/(209)) oK 1.
In the case 0y is known, the estimate (5.18) of 69 is consistent and asymptotically normal
if the operator B is essentially non-degenerate and order(B) =b> m — d/2. In that case,

P — lim (6 — 6| =0;

Wiea (65 — 05) 5 N(0,1),

E[{ Z(b—m)/m

where Vi 5 < P
The proof of this theorem is rather long and technical and is given below in Section 5.5.
5.3.4. Remark.

1. Since [, < k:)m/d, the rate of convergence for 9{"’ s W1 < Km/d+1/2, and for 9%", it is

U, o J KO b > — d)2,
22 VinK if b=m —d/2.

2. All the statements of the theorem remain true if, instead of differential operators, pseudo-
differential operators of class .5, ; are considered with p > 6 [40, 62].

5.3.5. Theorem. If#? is known and order(B) = b < m—d/2, then the measures generated
in C([0,7]; H?), s < —d/2, by the solutions of (5.16) are equivalent for all ; € R and

T 7
P lim 6 = g9 4 Jo (Bl AW{E))o,
K—x fo HBU(t)HOdt

(5.19)

Proof. By (5.7),
T
E/ 1Bu(t)||2dt < oo (5.20)
0

T
for all #; € R, and therefore the stochastic integral / (Bu(t),dW (t))o is well defined [57, 63].
0

Then (5.19) follows from (5.18) and the properties of the stochastic integral.
Next, denote by P’ the measure generated in C([0,7]; H?*), s < —d/2, by the solution
of (5.16) corresponding to the given value of ;. Inequality (5.20) implies that

T
/ 1Bu(t)|2dt < 0o (P—ass.) (5.21)
0
and therefore by Corollary 1 in [57] the measures P% are equivalent for all 6, € R with the

likelihood ratio

dP?%

exp (6~ 08) [ (Bult), dW()o — (1/2)(0, — 83)7 [ [1Bu(t)liet),

(5.22)
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where u(t) is the solution of (5.16) corresponding to #3. Note that

i _ g 4 Jo (Bu(t), dW(1))o
92 - 02
T T Bu(n

maximizes the likelihood ration (5.22).
O

If the operators A, B, N have the same eigenfunctions as £, then the coefficients ¥y (u(t))
are independent (for different k) Ornstien-Uhlenbeck processes and
I8 Au(t) = X AR u(t), with similar relations for B and A'. As a result, other properties
of (5.17) and (5.18) can be established, including strong consistency and asymptotic effi-
ciency [27, 28, 60], and, in the case of the continuous time observations, all estimates are
computable explicitly in terms of ¢y (u(t)),k=1,..., K.

In general, computation of #X and 6K using (5.17) and (5.18) respectively requires the
knowledge of the whole field u rather than its projection. Still, the operators
5 (L + A), IXB, and ITIX N have finite dimensional range, which should make the compu-
tations feasible. Another option is to replace u by II*u. This can simplify the computations,
but the result is, in some sense, even further from the maximum likelihood estimate, because
some information is lost, and the asymptotic properties of the resulting estimate are more
difficult to study. In general, the construction of the estimate depending only on the projec-
tion 1% u(t) is equivalent to the parameter estimation for a partially observed system with
observations being given by (5.9). Without special assumptions on the operators Ay and A;,
this problem is extremely difficult even in the finite dimensional setting.

5.4 An Example

Consider the following stochastic partial differential equation:
du(t,z) = (DV?u(t,z) — (0(z), Vu(t,z) — Au(t, z))dt + dW (¢, z). (5.23)

It is called the heat balance equation and describes the dynamics of the sea surface tem-
perature anomalies [19]. In (5.23), 2 = (21, 22) € R,

d(x) = (vi(xy,22),v2(x1,22)) is the velocity field of the top layer of the ocean (it is
assumed to be known), D is thermodiffusivity, A is the cooling coefficient. The equa-
tion is considered on a rectangle |z;| < a; |z3] < ¢ with periodic boundary conditions
u(t, —a,xy) = u(t,a,zs), u(t,z1,—c) = u(t,z1,¢) and zero initial condition. This reduces
(5.23) to the general model (5.16) with M being a torus, d = 2, £L = —A = —9*/da}— 0%/ 03,
A = 0, B = I (the identity operator), N' = (¥,V) = vi(xy1,22)0/0x1 + va(xy, x2)0 /02,
6, = D, 03 = X\. Then order(L) = 2 (so that m = 1), order(A) = 0, order(B) = 0 (so that
b =0), and order(N') = 1. The basis {ex}r>1 is the suitably ordered collection of real and
imaginary parts of

1
gn17n2($17$2) = \/M

exp {\/ —1r(ziny/a + $2n2/c)} , ny,ng > 0.
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By Theorem 5.3.3, the estimate of D is consistent and asymptotically normal, the rate
of convergence is W 1 < K; the estimate of A is also consistent and asymptotically normal
with the rate of convergence Wy 5 < VIn K, since b =0 =m — d/2 and (5.15) holds.

Unlike the case of the commuting operators, the proposed approach allows non-constant
velocity field. Still, a significant limitation is that the value of ¢(2) must be known.

5.5 Proof of Theorem 5.3.3.

Hereafter, u(t) is the solution of (5.16) corresponding to the true value of the parameters (6
and 69) and C' is a generic constant with possibly different values in different places.
The following result can be found in [27] and is essential for the proof.

5.5.1. Lemma. [fP is a differential operator on M and

T K, 2

P - . =
W= B f IR Pu(t)]

then S .
I Jo (II%Pu(t), dW ™ (t))odt

K=o VB [T MK P 2dt

= N(0,1) (5.25)

in distribution.
Proof.
If . )
_ fg(HI‘Pu(s),dWﬁ (t))ods

VE 3 |15 Pu(s)|3ds

K
ME

then (MtK, Fi)o<i< is a continuous square integrable martingale with quadratic characteristic

<MK>t — f(;s HHAPM(S)H?)CZS ]
E [y [[I%Pu(t)||3dt

By assumption, P — lims_ . (M%) = 1.

On the other hand, if (w(t), F¢)o<i<7 is a one dimensional Wiener process (e.g., wq(t) =
1 (W(t))) and M, := 'wl(t)/\/T, then (M, F;)o<i<r is a continuous square integrable mar-
tingale, (M) = 1.

As a result,

lim M& = My

K—oo

in distribution by [32, Theorem VIIL.4.17] or [46, Theorem 5.5.4(11)]. Since My is a Gaussian
random variable with zero mean and unit variance, (5.25) follows.
O

Once (5.24) and (5.25) hold and
T -
Jim E/ K Pu2dt = +oo,
K — 00 0
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the convergence

P Iim SR Py, WK (1 Jodt _
K—oo f || TTE Pu||3dt
follows. Thus, it suffices to establish (5.24) and compute the asymptotics
of E/T |11 Pul|2dt for a suitable operator P.
It S/Jk(t) := ¥(u(t)), then (5.16) implies

dipi(t) = —000abi(t) — i ((07A + 03B + N)u(t))dt + duwy(t), ¥4 (0) =

According to the variation of parameters formula, the solution of this equation is given by

Yi(t) = Ee(t) 4+ ni(t), where
(0) = [ Ry (s),
n(®) = _/Ot A= (08 A + 0,8 + N)u(s)) ds.

If £(¢) and 7(t) are the elements of U,H?® defined by the sequences {£x(¢)}r>1 and {ni(t)}r>1
respectively, then the solution of (5.16) can be written as u(t) = £(¢) + n(?).
The following technical result will be used in the future.

5.5.2. Lemma. [fa >0 and f(t) >0, then

/T (/t e_a(t—s)f(s)dS)Zdt < foTLQ(t)dt

(/Ot a8 (3)d3)2 _ 2/0t /Os easeauf(u)f(S)duds,

U= [ ( bemalt= S)f(s)ds) th, then direct computations yield:

_2/ / / a(2t=s=u) f(4,) f(s)dudsdl =
2/ / / e dt) ™ f(u) u)e‘“f(s)ds -
/0 ( /0 a™ (e — T ¢ flu)du) e f(s)ds <
0! /0 ' ( /0 T f(w)du) f(s)ds <
) (e wan)as) " =

a_l ( /OT fQ(S)dS) 1/2U1/27

Proof. Note that

and the result follows.
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It is shown in the next lemma that, under certain conditions on the operator P, the asymp-

T . T .
totics of E/ | T Pu(t)||2dt is determined by the asymptotics of E/ [T PE(t)||2dt.
0 0

5.5.3. Lemma. If P is an essentially non-degenerate operator of order p on M and
p>m—d/2, then
T ; N
E/ ITEPE()|2dt = S 1P/ K — oo, (5.26)
0 k=1
Ry _ o)
Koo B o [[IPEgde
T 11K 2
II t||5dt
P— lim fO 1“ 17’)7]( )HO2 =0, (528)
k=00 E Jy [[IIFPE(H)][5d
T K 2
II || dt
P— jb " 795( )”0 (5‘29)

Koo B [T |IEPE()|2dt
o | Ol

Proof.
Proof of (5.26). It follows from the independence of £ (t) for different k that

‘ 2

B [PE = B | T 6(0(en Pecl
>0

k=1n>1

1

(1= ) e, Pres)ol
1'n

Integration yields:

(7= 01— 40 Kew P

T K
K 2 _ _
B[ I PR = Y 3 TN

k=1n>1

1
2091,

Since [, — oo and only asymptotic behavior, as K — oo, of all expressions is studied, it
can be assumed that 1 — e=2%%T > ( for all k. Then the last inequality and the definition of

the norm || - ||s imply

T K . K . T .

s 2 IPrerl = C Y P erllP, < E [ IIFPe() Rt <
1 klz'l k=1 0

T - * 2

ﬁkz::l [P el 2

Since P satisfies (5.15),
1P el > ellerlZ,, — Kllerll?,._s = A" (1 = (K/2)Ag™).

In addition, ||P*ex||? < CHeka_I_p and A\, = l,lc/(Qm). The result (5.26) follows.
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Proof of (5.27). By assumptions,

¢ := max(order(A), order(B),order(N)) < 2m.

By Lemma 5.5.2,

[ o0t < i [ (024 + 035 + ) P,

which implies that for every r € R,

S [ Pan i = [ IPaold < © [ o2,

n>1

Z)\i(T‘F?)/O | dt < C/ 7’ 2m+tc+p*

If ¢4 :=2m —¢ > 0 and r = —z where © = max(0,d/2 + ¢1/2 + p + ¢ — 3m), then
—z—=2m4c+p=m—d/2—c/2and, by (5.6), E f] ||u(t)]*,_ amterp < 00. As a result,
since \p =< k¢,

E o [UXPy()lgdt _ Sy A AFE o [9a(Pa(t))Pdt _

n=1""'n
E [ |TIEPE(t)|[3dt E [y |[TIEPE(t)|[3dt -
CK*M 551 B Jy [9a(Py(t))[Pdt . K/ !
T Ok 5 < S apom — Oas K — oo,
E [y [[TIEPE(L)||5dt k1 Ak

because if p—m = —d/2, then d/2 +¢;/24+p+c—3m = —¢;/2 < 0 so that = 0,
while for p —m > —d/2 the sum S5, )\i(p_m) is of order N2(=m)/d+1 and 2(p —m)/d 4+ 1 >
(d+2(p —m) —¢1/2) = 2z /d. This proves (5.27). Then (5.28) follows from (5.27) and the
Chebychev inequality.

Proof of (5.29). There are two steps in the proof. Writing
Xx(t) := ||TIEPE(#)])3, the first step is to show that, for all ¢ € [0,7],

K
var(Xg(t)) < C 3 A e, (5.30)

k=1

This will imply that (5.29) holds (the second step), i.e. that

T
X{ t dt
P — lim foT K ( ) _
K—oo Efo X]{(t)dt
. If XM(t) = S8 ISM 6. (t) (en, Prer)ol?, then XM(1) is a quadratic form of the
Gaussian vector (&(¢),. .. ,fM( )). The matrix of the quadratic form is A = [Apn]|npi=1,..M

with
K

Ann' = Z(ena ,P*Gk)o(en', ,P*ek)(b

k=1
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and the covariance matrix of the Gaussian vector is

. 1_6—26’?17115
R = diag W7 n=1,...,M]|.

It is still assumed that 1 — ¢=21%7 > ( for all k.
Direct computations yield

et )|(en773*€k)0|2 = trace(AR).

EXY(=) -

k=1n=1

901

Analysis of the proof of (5.26) shows that for every t € [0,7] and k = 1,..., K the series

Z £.()(€n, P7er)o converges with probability one and in the mean square. Consequently,
n>1

Jim X =X() (Pas)
hm EXA E Z E|&. () |(en, P ek)0|2 = EXgk(). (5-31)

k=1n>1

Next,

;=

var( XY (1)) = 2trace((AR)?) < CZ T Z ) A

K

Z |(Pe, e o2 AP ~™ <ZH7>e 12X m)<OZA pmm)

k,k!'=

where P := PA~2mP*A2(m=7) is a bounded operator in H°. After that, inequality (5.30)
follows from (5.31) and the Fatou lemma:

var(Xg(t)) =B lim [Xi () — B lim XI(1) =

im XM - & M) < limi M~ M <
E lim Xz (1)] ]\/IIE%OJFXA O <liminf E[XG (1) — lim [EXG (1) <
liminfvar( Xy (t) < C > Ai(p_m).

— 00 k:l
2). If Yi := [J(Xg(t) — EXg(1))dt/E [] Xg(t)dt then

I Xge(t)dt

- 7 =1 _|_ Y{
E [T Xx(t)dt F

and

T fy (var(Xpc(t)dt _ ., S A

7 = - N2
(B Jo" Xxe(t)at) (T )
By the Chebychev inequality, P — limg o Yx = 0, which implies (5.29).

—0 as K — .

EYg <
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5.5.4. Corollary. If P is an essentially non-degenerate operator of order p on M and
p>m—d/2, then

S =T S~ yo-m)/
E/ IS Pu(t)|fdt < o Yo 1", K = oo, (5.32)
0

1 k=1

and T ;
Jo ITT%Puft)|[3dt
— nms ~ =
R B T TPl 3
Proof. By the inequality |2zy| < ex? 4+ e 'y?, which holds for every ¢ > 0 and every real

T,Y,

P (5.33)

T K 2 1 T K 2
(1= OE [ IU*Pe(t)l3dt + (1 = D) [ |1 Py(o)]dt <
T
E/O T Pu(t)|[2dt <
T 1 T
(1+OE [ IUPE)]3de+ (1 + 2 [ [5Py()]at
0 € 0

Since e is arbitrary, (5.32) follows from (5.27) and (5.26). After that, (5.33) follows from
(5.29).
O

To prove the first part of Theorem 5.3.3, it now suffices to apply Lemma 5.5.1 and Corollary
5.5.4 with P = £ + A; the non-degeneracy condition (5.15) holds with p =2m, e =1, 6 =
m — order(A)/2, because

LA Ns = 1 Nls2m

and, since the order of the operator A*L is 4m — 26,

(ALS, f)s = (ACT DAL A0 f), <
HA_(Zm_é)A*'Cst ”A2m_6f”5 S CHfH?—i—Zm—é"

Similarly, the second part of the theorem follows with P = B; now (5.15) is assumed.

Analysis of the proof shows that

LI}%{,Q el
1m —— 5 .
K—oo 2K (b=m)/m = 909

91



92



Chapter 6

Directions of Future Research

The open questions concerning the Wiener chaos decomposition of the stochastic evolution
equations include:

1. Derivation and analysis of the expansion for equations with unbounded diffusion operator
(this corresponds to the Zakai equation for the filtering model with correlated noise or
unbounded observation function).

2. Derivation and analysis of the expansion for equations with infinite dimensional noise.
This expansion can lead to new parameter estimation algorithms.

3. Further analysis of the multiple integral expansion, in particular, derivation of explicit
formulas for higher order approximation schemes.

4. Analysis of the filtering equation with unbounded coefficients (in addition to the ob-
servation function, this includes unbounded drift and diffusion coefficients in the state
equation).

5. Derivation of the filtering algorithms for models other than diffusion.

There are a number of open questions concerning the spectral separating schemes for the
diffusion filtering model:

1. Is it possible to modity the algorithms so that the approximate unnormalized filtering
density remains non-negative?

2. How to organize the off-line computations and the storage of data?
3. What is the efficient way to perform the on-line computations?

The next obvious step in the investigation of the parameter estimation problem is to
consider the multi-dimensional parameter case (with the commuting operators, this problem
was studied in [27]). Other directions include nonparametric estimation, nonlinear equations,
and partially observed systems. Some problems of target tracking require the solution of
the filtering problem with unknown coefficients of the state equation. The corresponding
algorithm will have to include efficient on-line procedures for both filtering and estimation.
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essentially non-degenerate, 83
Optimal filter, 2, 45

Splitting-up approximation, 74
S3, 57
$3 64

Stochastic evolution equation, 8

101



