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Abstract

Two problems involving stochastic partial differential equations (SPDEs) are considered:
nonlinear filtering of diffusion processes and parameter estimation for SPDEs.

A new approach to nonlinear filtering is developed using the Wiener chaos decomposition
of the optimal filter. Based on this approach, two recursive algorithms are suggested for
computing an approximation of the optimal filter. While both approximations converge
to the optimal filter, one provides high resolution in space and the other in time. The
computational complexity of the algorithms is studied and the approximation errors are
derived. The existing algorithms require on-line solution of partial differential equations and
evaluation of integrals, which is time consuming. The on-line performance of both proposed
algorithms can be significantly improved by performing all the time consuming operations
off line.

In the second part of the dissertation, the parameter estimation problem for a stochastic
partial differential equation is considered. The estimate is based on a finite dimensional pro-
jection of the solution, and the dimension of the projection is the only asymptotic parameter
to guarantee consistency and asymptotic normality of the estimate (both the observation
time interval and the amplitude of noise are fixed). So far the problem has been studied
under the assumption that all the operators in the equation have a common system of eigen-
functions, which effectively reduces the model to the equation with constant coefficients. It
is proved that the estimate is consistent and asymptotically normal without any restrictions
on the eigenvalues of the operators.
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Chapter 1

Stochastic Partial Differential Equations and Problems
in Statistics

1.1 Forward and Inverse Problems or Differential
Equations

The problems in statistics of stochastic differential equations studied in this dissertation are
related to nonlinear filtering and parameter estimation.

The objective of filtering is estimation of a component of a partially observed stochastic
system. Under certain assumptions, this problem is reduced to the determination of a special
random field called the unnormalized filtering density, which satisfies a stochastic partial
differential equation driven by the observable component of the system the equation is
usually called the akaiequation. Inthe canonical setting, the coefficients of the equation are
known, but in most cases the solution cannot be computed explicitly. The filtering problem
then becomes a forward problem for the stochastic partial differential equation meaning that
an approximate solution of the equation must be computed.

The parameter estimation is an example of an inverse problem when the solution of
the equation is observed and the conclusions must be made about the coefficients of the
equation. In the deterministic setting, numerous examples of such problems in ecology,
material sciences, biology, etc. are given in the book by Banks and Kunisch 4 . The stochastic
term is usually introduced to take into account those components of the model that cannot be
described exactly. A typical example is the heat balance equation describing the sea surface
temperature anomalies. According to Frankignoul 19 , the equation is

cH) ¢ ) c)roHyc ) ) () (1.1)

where  represents the deviation of the temperature form the given average value,

( ) R, () ( ( ) )) is the velocity field of the top layer of the ocean,
is thermodiffusivity, is the cooling coefficient, and the random perturbation ()

represents the short time atmospheric changes. A priory, , , and are unknown, but

usually some assumptions are made about one or two of them in order to estimate the rest.
It is worth mentioning that in its original setting, the nonlinear filtering problem can be

viewed as an inverse problem of nonparametric estimation for nonlinear stochastic ordinary

differential equations and the akai equation reduces it to the forward problem for a linear



partial differential equation. More detailed discussion of the filtering problem is given in the
next section.

1. onlinear Filtering and iener Chaos
Decomposition

If the unobserved state process () is a Markov process with the generator  and the

observation process () is

() ) ()

where the Wiener process is independent of |, then the optimal filter | i.e. the best
mean square estimate of ( ( )) given the trajectory of () 0 , is given by

((y —LC) (1.2)

with the unnormalized filtering density () satisfying the akai equation

() C) ) O (1.3)

This equation was studied by many authors: Baras 5, Benesh 6 , Bennaton 7, Bensoussan
et al. 8, Clark 13, Elliott and Glowinski 17 , Florchinger and LeGland 18 , Ito 31 , Krylov
and Rozovskii 38 , Kunita 41, Kushner 42, Rozovskii 61, akai 66 , etc.

The explicit solution of the akai equation exists only in a few special cases
when the function admits a finite dimensional sufficient statistics. One such example is
when both the state and the observations are linear diffusion processes, in which case the
solution is given by the Kalman - Bucy filter 34, 47 . Another example, the diffusion with
a cubic drift, was discovered by Benesh 6. The general description of the unnormalized
filtering density admitting a finite dimensional sufficient statistics is given in Daum 14 , but
there are many problems that cannot be solved using this approach.

In the general nonlinear setting, an approximate solution of the akai equation must be
computed, and there are two major approaches to doing this.

The first approach uses the existing numerical methods for deterministic partial and
stochastic ordinary equations. These methods are applied either directly to equation (1.3)
or to its form 7,13, 31 , which means that the original akai equation is first reduced
to a random partial differential equation (a deterministic partial differential equation with
random coefficients). Among the proposed algorithms are the splitting-up approximation
based on the Trotter type product formula 8, 17, 18 ; the implicit Euler scheme 31 , the
Galerkin approximation 7, 31 , the finite element method 21 , and the hidden Markov model

16, 42 . All these algorithms have to deal with the same difficulty — the fast growth of
computational complexity when the dimension of the state process is increased. As a result,
the on-line solution of the akai equation, which is necessary in many applications, is almost
impossible using this approach if the dimension of the state process is more than three.



The idea of the second approach is to separate the deterministic and stochastic compo-
nents of the equation. The result is a representation of the solution either as a sum of multiple
Wiener integrals (i.e. Ito integrals with deterministic integrands) or as an orthogonal series
with respect to the Cameron - Martin basis in the space of square integrable functional of the
Winer process. In both cases the representation is known as the Wiener chaos decomposition
and an important property of this representation is that it allows a part of the computa-
tions (usually the most time consuming part involving partial differential equations) to be
performed off line before the observations become available. By shifting part of the compu-
tations off line, it should be possible to improve the on-line performance of the corresponding
algorithm.

As an analytical tool to study stochastic differential equations, the Wiener chaos de-
composition was first used by Krylov and Veretennikov 39 to derive a representation of a
functional of the solution of a nonlinear stochastic ordinary differential equation as a sum
of multiple Wiener integrals with deterministic kernels. Kunita 41 used this method to
prove the uniqueness of the solution of the akai equation, Wong 64 — to derive an explicit
solution to certain class of nonlinear filtering problems (this solution, however, is not, in gen-
eral, computable), and Ocone 59 — to study the original optimal filter (1.2). A numerical
algorithm for computing a recursive approximation of the unnormalized filtering density and
the optimal filter independently of each other was suggested by Lototsky and Rozovskii 51 .
Budhiraja and Kallianpur 9 studied the expansion of the unnormalized filtering density
using multiple Stratonovich integrals they also considered a computable approximation of
the expansion.

An equivalent form of the Wiener chaos decomposition uses the result of Cameron and
Martin 11 about the orthonormal basis in the space of square integrable functionals of the
Wiener process. This form, however, can have computational advantages because it requires
only simple Wiener integrals. Lo and Ng 48 used the Cameron - Martin version of the
decomposition to study the optimal filter (1.2) the expansions of the numerator and
the denominator. The expansion of the unnormalized filtering density using the Cameron -
Martin theory was introduced by Mikulevicius and Rozovskii 53 , and a numerical algorithm
for computing a recursive approximation of the unnormalized filtering density using this
expansion was suggested and investigated in Lototsky et al. 50 . Further investigation of the
various algorithms based on this expansion, and numerical simulations were done by Fung

20 .

1. Parameter Estimation or Stochastic Differential
Equations

Parameter estimation is a particular case of the inverse problem when the coefficients of the
equation depend on a certain number of unknown scalar parameters that must be estimated
from the observations of the solution. An estimate is a functional of the observations, and
the objective is to find a consistent estimate, i.e. the estimate that it in some sense close to
the true value of the parameters.

The formal statement of the problem leads to the notion of a family of statistical experi-
ments indexed by a parameter . Each experiment gives rise to an estimate, and the properties



of the estimate are studied in the limit 0. The notions of consistency, asymptotic nor-
mality, and asymptotic efficiency are introduced to characterize and compare the limiting
behavior of different estimates. The general asymptotic theory of statistical estimation was
developed by Ibragimov and Khasminskii 29 .

Parameter estimation problems for stochastic differential equations are usually formulated
for evolution equations of the form

() AC ) C ) 0 (1.4)

where  takes values in some Hilbert space H (finite or infinite dimensional), A and  are
operators in that space, 1is the unknown parameter belonging to some domain in R , and
() is a random perturbation.
The following questions usually must be addressed before any estimate of is considered:

1. What are the properties of the solution of (1.4) This question is especially important if
the space H is infinite dimensional.

2. What is the observation process It can be itself or some transformation of | possibly
with additional noise.

3. What is the asymptotic parameter of the estimate It can be decreasing amplitude of
noise, increasing time of observations, or, in the case of infinite dimensional observa-
tions, the dimension of the projection used to construct the estimate.

In the case of ordinary differential equations (i.e. when the space H is finite dimensional)
the parameter estimation problems were studied by Kutoyants 43, 44 in both direct and
partial observation settings and in both small noise and large observation time asymptotics.
A somewhat intermediate case is when the original process is infinite dimensional, but the
observation process is finite dimensional of fixed dimension. Aihara 2 and Loges 49 studied
the asymptotic properties of the estimates for this model as the observation time interval
tends to infinity.

In the case of infinite dimensional observations it is possible to get consistent estimates
on a fixed time interval with a fixed amplitude of noise. To achieve this, the estimate is con-
structed using a finite dimensional projection of the observation process, and the asymptotic
properties of the estimate are studied as the dimension of the projection tends to infinity. This
approach was first suggested by Huebner et al. 26 and further developed by Huebner 27,
Huebner and Rozovskii 28 , Piterbarg and Rozovskii 60 .

1. Summar o ain esults
The major part of the dissertation deals with orthogonal expansions for stochastic evolution

equations with applications to nonlinear filtering of diffusion processes. In the last chapter,
a parameter estimation problem for a partial differential equation is considered.



The general theory of the Wiener chaos decomposition of the solution of a stochastic
evolution equation is presented in Chapter 2. Consider a random process () with
values in a Hilbert space H, satisfying the evolution equation

() () () ) (1.5)

where  and ... are linear (possibly unbounded) operators on H and
( ()... (1)) is a standard Wiener process. Then for every fixed and all
the solution can be written as

() — () (1.6)

where the coefficients satisfy a recursive system of deterministic evolution equations and
the random variables  are Wick products (certain products of Hermite polynomials) of the

Wiener integrals () (), is an orthonormal basis in ) summation

in (1.6) is over all -dimensional multi-indices. The rate of convergence of the series in (1.6)
is established and a recursive (step-by-step) version of the expansion is studied. The relation
to the multiple Wiener integral expansion is also discussed.

In 50, 51, 53 , the Wiener chaos decomposition was studied for the akai equation with
independent noise, which essentially corresponds to equation (1.5) with commuting operators

. Chapter 2 provides generalization and further development of those results, in particular,
the analysis of the approximation error and of the multiple Wiener integral expansion.

In Chapter 3, the solution of equation (1.5) is expanded with respect to an orthonormal
basis in the space H. Two approximations of the solution are constructed using this expansion
and the corresponding errors are estimated. In a very special form, one of the approximations
was introduced in 50 . The other is the Galerkin approximation, for which, in spite of
frequent use in nonlinear filtering algorithms, no reliable error bound has been known.

In Chapter 4, the results of the previous two chapters are used to study the filtering
problem for a diffusion filtering model. Two algorithms are suggested for computing a re-
cursive approximation of the optimal filter. The first algorithm was essentially suggested in
Lototsky et al. 50 , and the idea of the second algorithm belongs to Fung 20 . The novelty
of the approach is that the major part of the computations in both algorithms can be done
off line making the algorithms suitable for on-line implementation. The rate of convergence
of both algorithms is established and certain computational aspects are discussed.

In Chapter 5, a parameter estimation problem is considered for a stochastic partial
differential equation on a compact smooth manifold . The equation is

() ) () ()0 0 ) 0



where and are known differential operators and  is a cylindrical Brownian motion.
An estimate of 1is constructed using finite dimensional projections of the solution:

( 0 0 )
()

If the operators and have a common system of eigenfunctions and the projection
operator commutes with both and ,then  isthe maximum likelihood estimate of

studied in 26, 27, 28 . It is proved that the estimate remains consistent and asymptotically
normal, as , without any assumptions about the eigenfunctions of the operators
and . The obtained results are applied to the estimation problem for the heat balance
equation (1.1) in which the velocity field no longer has to be constant.




Chapter

iener Chaos Decomposition or Stochastic Evolution
Equations

.1 Introduction

One of the principal tools in the study of partial differential equations is separation of vari-
ables. The idea of the method for the deterministic partial differential equations is to separate
the time and the space variables, and the result is usually a Fourier type series representation
of the solution.

For a stochastic equation, the same idea can also be used to separate the deterministic
and stochastic components of the solution. This separation is possible if the underlying
probability space has a orthonormal basis. If the only source of randomness in
the equation is the Wiener process, then, under the conditions of existence and uniqueness,
the solution is usually a square integrable functional of that process. Then it is possible to
use the classical result of Cameron and Martin 11 , which provides an explicit construction
of the orthonormal basis in the space of square integrable functionals of a Wiener process.
The corresponding representation of the solution is called the Wiener chaos decomposition.
The objective of this chapter is the study of this decomposition for a stochastic evolution
equation in a Hilbert space.

In Section 2 2, the general results are presented about the properties of the solution of
a general parabolic equation in a Hilbert space. These results are used throughout the rest
of the dissertation.

In Section 2 3, the construction of the orthonormal basis in the space of square integrable
Wiener functionals is presented and then the solution of the equation

() () () ) (2.1)

is expanded with respect to the basis for , Where is fixed. After that, the
expansion is truncated to a finite sum and the error of the truncation is derived.
In Section 2 4, a recursive version of the expansion is constructed on the fixed time grid
. . As in Section 2.3, a finite truncation of the expansion is studied.
This step- by step expansion reduces the overall approximation error over the interval
as compared to the one step expansion.



In Section 2 5, an alternative version of the Wiener chaos decomposition is considered
using a theorem by Ito 30 . This expansion is based on the multiple Wiener integrals and,
when applied recursively, can be used to construct approximations of the solution
with the prescribed rate of convergence in time.

. Stochastic Evolution Equations An verview

In this section, the main results are presented concerning the existence, uniqueness, and other
properties of the solutions of stochastic evolution equations in a Hilbert space. All definitions
and theorems are stated in the form most suitable for future references. The more general
versions of all presented results can be found in 61, Chapter 3 .

Let () be an - dimensional Wiener process on a complete probability space
( P) with a right continuous filtration ,and let  and ...
be linear operators defined on a dense subset of a real separable Hilbert space H.

Consider the stochastic evolution equation

() () o0 0O ) 0 (2:2)

where isan -measurable random element with values in H and () is a continuous
square integrable martingale on ( P) with values in H.
Let H be a scale of Hilbert spaces ( or a Hilbert scale) so that H H. The

main facts about the Hilbert scales can be found in 37, Section IV.1.10 or 61, Sections 2.4
and 3.2. If R 0, then the collection H H H is a normal triple. The
canonical bilinear functional of the triple will be denoted by H H
Also, the norm and the inner product in H are denoted by and () respectively.

221 De nition Assume that is a linear bounded operator from H to H and
each 1... is a linear bounded operator from H to H . A random element

( ) with values in  ( H) C( H ) is called a solution of (2.2)
if there exists a subset ~ of with P( ) 1 such that on the set

(( ) ) ) ( )

(2.3)
( ) ) ) O C))
for every H .
To establish existence of such a solution, some additional assumptions must be made.
222 De nition  The stochastic evolution equation (2.2) is called coercive if the

following conditions are fulfilled:

(C1) The operator is linear and bounded from H to H | and the operators
1 ... are linear and bounded from H to H



(C2) () is a continuous square integrable martingale with values in H
- measurable and ( H)

(C3) There exist positive numbers  and  so that

2 for all H.

The operator is called coercive if it satisfies (C3) with 0.

223 Remark Condition (C3) is trivially fulfilled if the operators  and
and bounded from H to H (in this case, the Hilbert scale is degenerate: H
R).

For the rest of this section, denotes a real constant independent of and

2214 heorem

Proof This follows from Theorem 3.1.4 and Remark 3.1.3 in 61 .

is

are linear

H for all

225 De nition The stochastic evolution equation (2.2) is called dissipative if the

following conditions are fulfilled:

(D1) The operator is linear and bounded from H to H and from H to H | and the
operators 1 ... arelinear and bounded from H to H and from H to H
(D2) () is a continuous square integrable martingale with values in H is
- measurable and ( H)
(D3) There exists a positive number  so that
2 for all H 0 1.
The operator is called dissipative if it satisfies (D3) with 0 and 0.
226 heorem
( ) ( H) ( ¢ H))
E sup ( ) E () (2.5)



Proof This follows from Theorem 3.2.2, Remark 3.1.3, and Proposition 3.1.7 in 61 .

227 heorem

( )

Proof Property (P1) and the first part of property (P2) follow directly from the uniqueness

and the definition of the solution, property (P3) is implied by the construction of the solution,

and the second part of property (P2) is the consequence of the Markov property of the solution
. The details of the proof can be found in 61, Chapter 3 .

The homogeneous deterministic evolution equation is a special case of (2.2) with a determin-
istic initial condition, 0 1 ... yand () 0, and therefore all the above results
are valid for such equations. In particular, the following can be said about the semigroup
generated by the operator

22 heorem
(2.7)
0 H
Proof Assumethat () 0andall 1 ... arezerooperators. Then the existence

of the semigroup follows from the existence statements of Theorems 2.2.4 and 2.2.6. The
semigroup is time homogeneous because the operator  does not depend on time. Finally,
(2.7) follows from either (2.4) or (2.5) (in the case of a dissipative equation, (2.5) is combined

with the fact that H is dense in H , so that  can be extended to H by continuity).

10



. ne Step E pansion

Let ( )bean - dimensional Wiener process on a complete probability space ( P)
and let  and 1 ... belinear operators in the Hilbert scale H . It is assumed
that the operator  is linear and bounded from H to H and each  is a linear bounded
operator from H to H . The - algebra generated by () () will be
denoted by

Consider the following stochastic evolution equation:

() () () ) (2.8)

or in the differential form

() () () 0) .
) (2.9)

where  is independent of . Assume that equation (2.8) is either coercive or dissipative.
Then there is a unique solution of (2.8) this solution is denoted by ( ).

To begin with, assume that is deterministic. In what follows, the Wiener chaos
decomposition of ( ) will be derived and the properties of the decomposition studied.

As a first step, recall the construction of an orthonormal basis in  ( P). Let be
an -dimensional multi-index, i.e. a collection () of nonnegative integers
such that only finitely many of  are different from zero. The set of all such multi-indices
will be denoted by . For define ().

For a fixed choose a complete orthonormal system

() in ) and define

() )

so that are independent Gaussian random variables with zero mean and unit variance.

If
(): (1 — (2.10)

is the -th Hermite polynomial, then the collection

( ) #

is an orthonormal system in  ( P). A theorem by Cameron and Martin 11 shows
that ( ) is actually a basis in that space.

11



231 heorem ( P)

E () ( ) (2.11)

E E ().

Proof This theorem is proved in 11 and 23 .

232 Remark The representation (2.11) is known as (the Cameron - Martin version of)
the Wiener chaos decomposition of the random variable

By property (P3) from Theorem 2.2.7 and the Pettis theorem 15, Theorem II1.6.11 , if
and H , then the random variable ( ( ) ) belongs to
( P). Therefore it follows from Theorem 2.3.1 that

(( ) ) E(( ) ) ) ) (2.12)

and

E(( ) ) E(( ) ) ) (2.13)
The properties of the solution of (2.8) imply that for every the expectation
E ( ) ( ), as a function of , is a well defined element of  ( H)
C( H ) this element will be denoted by L_ ( ) (the normalizing factor L_

is introduced for technical reasons). It is shown in the following theorem that the functions
( ) satisfy a recursive system of deterministic evolution equations.

233 heorem

( ) — ) ) (2.14)

E ( ) — ) . (2.15)

12



(2.16)
( ) 1
() () ()
max(0 1) (2.17)
Proof Let be an orthonormal basis in H . Then (2.13) and the Fubini theorem
imply
1
E ( ) — ) )
1
— )
which proves (2.15). After that,
1 1
—=( ) ) — )
for all H and (2.14) follows from (2.12).
To prove that the coefficients satisfy (2.16), define
1
() ex OO ()
where () and ... 1 2 ... is asequence of real numbers
such that . Then direct computations show that
1
( ) —— ()
where
)

and also, that
E ) —E ()

for every ( P). Consequently,

13



where the second equality follows from the martingale property of () on

( P). It follows from the definition of () that

() () ) ) () L

Then (2.2) and the Ito formula imply that

Taking the expectation on both sides of the last equality and setting

( ): E ( ) () results in
(( ) ) ) ( )
(0« ) )
Applying the operator L_— and setting 0 yields that the functions  ( ) satisfy
(2.16).
234 Corollar
( )
1 <
( ) — ) ( ) (2.18)
1 <
E ( ) —E ) (2.19)
Proof Equality (2.18) follows directly from (2.14) and the first part of property (P2) form
Theorem 2.2.7. To prove (2.19), define () E ( ) so that
1
() — )

By the second part of property (P2) from Theorem 2.2.7,

E ) E ()

which proves the result.

14



235 Corollar

E ( ) — ). (2.20)
Proof Since by definition

( ) E ( ) )

the properties of the expectation imply that  ( ) I is an orthonormal

C ) ( P)

for every 1, and by Theorem 2.3.1,

basis in , then

whence (2.20).

236 Remark Clearly, existence and uniqueness of the solution of (2.16) is implied
by the existence and uniqueness of the solution of (2.8). On the other hand, existence
and uniqueness for (2.16) can often be established under less restrictive assumptions than
the conditions of Theorems 2.2.4 or 2.2.6. Then representation (2.14) can be taken as a

of the solution of (2.8), leading to the notion of the soft solutions of stochastic
evolution equations 54, 56 .

The next natural question is the rate of convergence of (2.14). To answer this question, it is
necessary to have an explicit formula for the solution of (2.16). To derive this formula, some
additional notations and definitions are introduced.

For a multi-index define

(length of )

(): max 1: 0 for some 1 (order of ).
Every multi-index  with can be identified with the set
( ) oo ( ) so that . and if , then . The
first pair ( ) in is the position numbers of the first nonzero element of . The second

pair is the same as the first if the first nonzero element of is greater than one otherwise,
the second pair is the position numbers of the second nonzero element of and so on. As a

15



result, if 0, then exactly  pairs in are (). The set will be referred to as the

characteristic set of the multi-index . For example, if 2 and

0102300

1 200010
then the nonzero elements are 1 2 3 and the characteristic
set 1s

(12 (21)(22) (22) 41) 41) (51) (51) (5b1) (62). In the future,
when there is no danger of confusion, the superscript in and  will be omitted (i.e.
( ) will be used instead of ( ).
Let be the permutation group of the set 1 ... . For a given with
and the characteristic set ( ) oo ( ) define

C ) (1 ()l

The following notations are introduced to simplify the further presentation:
, the ordered set (... )
, the ordered set (... )

( ) 1 H

237 heorem

(2.21)

) ( ) (2.22)

16



Proof For the sake of simplicity, the arguments  and will be omitted wherever possible.
Representation (2.21) is obviously true for 0. Then the general case 1 follows by
induction from the variation of parameters formula.

To prove (2.22), first of all note that

()1 ()1
() (1

Indeed, every term on the left corresponding to a given coincides with the term on
the right corresponding to
Then (2.21) can be written as

() C ) C )

Using the notation

( ) . 1
it can be rewritten as

() - ( ) ) (2.23)

Since for every . ( ) is a symmetric function from  ((

1 ... ) H) with H separable, and the collection is a CONS

for the symmetric part of the space, it is possible to write

with some () H . This and (2.23) imply () and so

() 1 1

which proves (2.22).

17



23 Corollar

( ) —( ) (2.24)

( ) (2.25)

E ( ) E . (2.26)

Proof The same arguments as in the proof of (2.22) show that

( ) ( )

The assumptions and the definition of ( ) imply

( ) ()

Therefore
( )

whence (2.24) and (2.25). After that, inequality (2.26) follows from (2.25), Corollary
2.3.5, and the Markov property of , because (2.25) implies the convergence of (2.14) in

( P ) sothat ( ) ( P ) for every
To study the truncation of (2.14), it is necessary to note that the summation is double
infinite:

(2.27)
and there are infinitely many multi-indices with 0. To begin with, the truncation
of the length of is considered.

Define : and

( ) — ) ) (2.28)

Note that the summation in (2.28) is still infinite.

18



239 heorem

( ) 5
sup E ) ( ) ( 1 E . (2.29)
Proof To simplify the presentation, the arguments and will be omitted wherever
possible.

By Theorem 2.3.7,

0 ( ) (2.30)

Since the random variables  ( ) are uncorrelated and are independent of | formulas

(2.18) and (2.28) imply

E () () E O

By inequality (2.24),

which completes the proof.

For , the truncation of the sum can be performed as follows. Define

() and then

C) = O (231)

Now the summation in (2.31) is finite: if ( ) , then there are at most () multi-indices
with
The error analysis for this truncation is more delicate.

2310 heorem
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cos 1 . (2.32)

(2.33)
(g
() 0
11 () 4

Proof To simplify the presentation, the arguments and will be omitted wherever
possible and all constants are determined up to an absolute constant factor (e.g., 2 ).
If is a multi-index with and the characteristic set ( ) ( ) then

(), the order of , and so the set can be described as

Since the random variables  are uncorrelated and are independent of |

()

The problem is thus to estimate

By Theorem 2.3.7 the corresponding solution of (2.16) can be written as

() ( ) ) (2.34)

According to (2.17), the characteristic set of ( ) is
( ) o | ) , therefore it is possible to write

() ()1 C )

where  (resp. ) denotes thesameset ( ... ) (resp. ( ... ))with omitted (resp.
) for example, ( ... ).

20



As a result, (2.34) can be rewritten as

() ( ) ()1 C ) (2.35)

where : . (Change the order of integration in the multiple integral.)
Denote

( )

integral on the right hand side of (2.35) yields:

and also . Then, as long as 1, integration by parts in the inner

( ) () ( ) ()

For each | let us rename the remaining variables  in (2.35) as follows:

1 : 1, or, symbolically, : . We will set , and
denote by ... 1 the set in which  is repeated twice (e.g.

( ) etc.) also c ) N G ).

The similar changes will also be made with the set : for fixed , there are 1 free
indices ... ... and they are renamed just like  to form the set (in this
case, the same symbols are used). Similarly, denotes the set (... e ).
After these transformations, ( ) becomes ( ) - independent of |
and

(o ()
( ) ) | ) () L.
Therefore, if () 1 and 0, then
() ( )
( ) ( )
where

21



0 if 1 because () () 0 (this is the only place where the choice
of really makes the difference), and

( ) ( ) ()

Note that if the operators ~ commute with one another, then ( ) is identically
equal to zero for all
Since  ( ) 1 and ( ) , it now follows from (2.35) that

and arguments similar to those used in the proof of Theorem 2.3.7 show that the last expres-
sion is equal to

( ) ( ) . (2.36)

Definition of and the assumptions of the theorem imply

0 1 () ()« ) 2. (2.37)

Next, direct computations yield

( )

so that by assumption (3) of the theorem,

( ) ()

After that the definition of and the obvious inequalities

(. ) ()

22



and

imply:

() ( ) O ()

A )

(1)
s0, since ( ) ( 1), (2.36), (2.37) and the last inequality yield
B () () £ U
0 e 2 ()
Coye LC (1
N C

This completes the proof of the theorem.

2311 Corollar

()
EC ) () 1 ® .

Proof It follows from (2.18), (2.28), (2.31), and the orthogonality of  that

E ) ) E | ) )
E ) )

and then (2.38) follows from (2.29) and (2.33).

Recall that if () , then defines the degree of the Hermite polynomial of
() () used in the construction of ( ). I () , then 0 for all

, so the truncation of the order of is equivalent to keeping only the first  elements
of the (deterministic) basis () :

On the other hand, by restricting the length of ., we eliminate a number of elements of
the stochastic basis ( ) , which are otherwise available with the retained collection

of

23



Thus, restriction of the order of makes the inner sum in (2.27) finite and is equivalent
to the truncation of the deterministic basis while restriction of the length of makes
the outer sum in (2.27) finite and is equivalent to the truncation of the stochastic basis

().

Note that the error bound in (2.29) holds for every point and does not depend
on the choice of the basis . The reason is that the only property used in the proof of
(2.29) was E ( ) ( ) 0 for , which is true for every orthogonal system

. On the other hand, the error bound in (2.33) is valid only at the end point , depends
crucially on the choice of the basis , and requires extra regularity assumptions. Since the
truncation in the order of is related to the truncation of the Fourier series of the function

( ), these additional restrictions are not surprising, and neither is the slow rate
of convergence in

. Step b Step E pansion

In this section, a recursive version of the Wiener chaos decomposition is studied for equation
(2.8). There are two main reasons to consider the recursive expansion:

1. Representation (2.18) cannot be applied when , so, to extend the time interval, it

is necessary to choose another basis and again solve system (2.16)

2. It follows from (2.38) that the error of the truncation of (2.18) increases rapidly as
increases, so the application of (2.18) to solving (2.2) is limited to short time intervals.

Let be a partition of the interval and assume that
() isa CONSin ( ). In principle, the partition can be not uniform
and the collections can be different for different . Define random variables

( ) : _ ) (2.39)

where () ()and is the th Hermite polynomial (2.10).
The following is the recursive analog of Theorem 2.3.3.

241 heorem

( ) — ( ) ) L. (2.40)

(2.41)
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Proof If , then by property (P1) from Theorem 2.2.7,

( ) ( )

and by Corollary 2.3.4, ( ) is independent of , so that (2.40) follows directly
from (2.18).

242 Corollar

( ) — ) ) L. (2.42)

(2.43)
o) 1
Proof With this special choice of the basis , Theorem 2.3.7 implies that  ( )
( ) and then (2.42) follows from (2.40).

It will be shown next that the recursive application of the truncated expansion (2.31) results
in an approximation that converges to the exact solution on the given time interval as the
size of the partition tends to zero.

Assume that

() L_ () 2 cos ( ( ) 1 . (2.44)
Define () and then by induction

() — () ( ) (2.45)

where  ( ) is the solution of (2.43) with the corresponding initial condition and the
functions are chosen according to (2.44). As before, : ()

243 heorem
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1 H H 02
H H
H H 0
02
0
max E () ( ) E
( 1 (2.46)
( )—E —E
max () O
11 () 4
Proof To simplify the presentation, the arguments and will be omitted wherever

possible and all constants are determined up to an absolute constant factor.
It follows from (2.42), (2.45), and the linearity of (2.43) that

E () () B () ()
—E ()
(2.47)
—E C ) C )
—E ()
By (2.42) from Corollary 2.4.2,
B0 () ) )
E ( C ) )
and by (2.26) from Corollary 2.3.8,
EC () () E () (). (2.49)
Next, by Corollary 2.3.11,
—E () —— B
_— (2.50)
( )—E —E
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and by (2.26),
E () 0 2. (2.51)

tE () () is denoted by ,then (2.47) (2.51) imply

E
(1
( )—E —E
E
( D
( )—E —E
Since 0, the statement of the theorem follows from the discrete Gronwall lemma.

Using the properties of the solution of (2.41), the recursive relation (2.40) can be applied
repeatedly resulting in

1 (2.52)

Continue () to by setting () 0 if . Then the collection
becomes a CONS in ) and it is possible to consider the one step expansion (2.18)
using this CONS.

244 heorem ( )

( ) )
( ) )

Proof Even though representation (2.40) is recursive, representation (2.52) is not, and nei-
ther is (2.18), so the natural proof by induction (anchor step induction step) is not appli-
cable. The equivalence can be verified directly by considering consequetively 12...
To simplity the presentation, the proof will be given for the partition
For the general partition, the same approach is used but the notations are far more compli-
cated.
To begin with, consider system (2.16) when the basis is given by , where
is supported on 1 2. Recall that if 0 for some 1 ... , then the
function is present on the right hand side of (2.16).

27



Let us break the multi-index into two parts: , where both and  are multi-

indices so that the nonzero elements of and correspond to and respectively.
Then equation (2.16) can be rewritten as
( )
— ( ) () ( )
( ) 1
If ,then () 0 and (2.53) becomes
( )
( ) () ( )
( ) 1
It 0 and 0 denotes the zero multi-index, then satisfies
( )
( ) () ( )
( ) 1
Comparing this with (2.41) yields
( ) ( )
If 0, then 0 and (2.53) implies that satisfies
( )
( ) () ( )
( ) 0
and therefore ( ) 0 by the uniqueness of the solution. As a result, if
, then
1 1
( ) — ) ) — ) | )
which is the same as (2.52) with 1.
Next, consider system (2.53) for . In this case, () 0and
—) () O C )
()i
( ) 0 if 0
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For every fixed  this system is of the type (2.41) so that the solution is given by

( ) ( ))-

Since by definition

~—~
~—
~—~
~—

it follows that for

() = )C )
—— oy o0
and the last expression is the same as (2.52) with 2.

The advantages of (2.52) as compared to (2.40) are:

1. Representation (2.52) provides complete separation of the deterministic and stochastic
data of equation (2.8). This separation can be used for solving some filtering problems.

2. Representation (2.52) provides more exibility in truncating the infinite sum.

The main disadvantage, which effectively rules out any practical application of (2.52), is that
the representation of the solution on (2.52) is not recursive and the number of terms in any
reasonably truncated sum becomes too large after very few steps. As a result, both numerical
schemes for the akai filtering equation that are presented below in Chapter 4 are based on
representation (2.40).

. ultiple iener Integral E pansion

In this section, an alternative representation of the solution of (2.8) will be presented using
the relation between the Cameron - Martin basis in =~ ( P) and the multiple (or, more
precisely, iterated) Wiener integrals. Recall that equation (2.8) is

( ) ( ) ( ) O) (2.54)

considered in the Hilbert scale H ,and is independent of

Assume that is fixed and recall that the Cameron - Martin basis in
( P)is ( ) , where is the set of -dimensional multi-indices,
1

C ) — () )
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and isa CONS in  ( ). If , then by Theorem 3.1 in 30,
() = C) ) O
where
() () ()

(the notations were introduced before Theorem 2.3.7).

251 heorem

Proof For simplicity, the arguments  and  will be omitted wherever possible.

It follows from (2.18) and (2.21) that for ,
() — () )

and by (2.23),

where

and is defined in (2.56). Next, it was shown in the proof of Theorem 2.3.7, that

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)
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Substitution of (2.55) and (2.59) for  ( ) and (), respectively, into (2.58) results in

() —

Together with (2.60) and (2.61), the last equality implies (2.57).

Note that
1
— ) )
(2.62)
( ) () () 1
With the notations
( )
( ) ( ) () () 1
representation (2.57) becomes
( ) ( )- (2.63)
If ) is defined by (2.28), then (2.62) implies
( ) ( )- (2.64)
It follows from the definition of that, for 1,
( ) () (2.65)
and consequently the collection is the solution of the recursive system of evolution

equations

( ) ( ) (2.66)
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This means that the approximation  ( ) becomes computable as long as the solution
of (2.66) can be obtained.

As usual, the recursive versions of (2.63) and (2.64) are desirable. Let

be a partition of . The relation ( ) ( ( ))s
implies that for such
( ) ( ( )

and then the recursive approximation () is defined as follows:

()

() ( ()
252 heorem

max 0
sup E ) () O B E . (2.67)
(1
Proof The same type of arguments is used as in the proof of (2.46) from Theorem 2.4.3.
For simplicity, and  are omitted wherever possible.
Orthogonality of  and formula (2.62) imply E( ) 0 . Then for

E () () E )y )
E () E )y ()

By (2.63),

E () ) E( ) )

and by Corollary 2.3.8,

sup B O ) EC ) ()
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Next, by Theorem 2.3.9,
sup E () E ()
and by Corollary 2.3.8,

As a result, max sup E ( ) () satisfies

E
(1
E
(1
Since 0, the statement of the theorem follows from the discrete Gronwall lemma.
From now till the end of the section, all constants will be denoted by . Approximation
(2.64) can be used to construct higher order approximations of ( ), i.e. approximations ()
for which sup E () () for some 1. A computable version of such

approximations requires a high order approximation to the solution of (2.66). If the objective
is an approximation that simplifies the computations involving the Wiener process (which is
desirable in many applications), then the natural approach is to use (2.65) and approximate
the integral on the right with the prescribed accuracy. In fact, approximation (2.45) is a
particular case of this approach, when the integrand in (2.65) is expanded in a Fourier series
on . The next lemma shows that if the Taylor series is used instead, then it is possible
to obtain approximations of arbitrarily high order.

253 Lemma

H H H H 2 1 H

sup — — (2.68)

sup B ( () () () : (2.69)
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Proof Inequality (2.68) follows from the Taylor formula and the following equality:

Inequality (2.69) is obvious.

Note that

( ) (). (2.70)

Using this observation and the previous lemma, it is possible to construct an approximation
of with the prescribed rate of convergence in time.

254 heorem 1
H H H
H H H 2 2 ( H )
() )
sup E ( ) () : (2.71)

Proof It follows from the proof of Theorem 2.5.2 that, to achieve (2.71), it is sufficient to
consider with I and it is assumed that the semigroup can
be computed with the prescribed accuracy, then each of ) can be approximated
by first using (2.68) to approximate (2.70) and then repeatedly applying (2.65) followed by
(2.68). If the approximation is denoted by  ( ), then, for sufficiently regular |

o

so that (2.69) implies that the approximation of the integral in (2.65) by (2.68) requires

2 1 or ( 1 ) 2 meaning that the larger the , the lower order
approximation of the integral is needed. To have  ( ) preserving the H -norm, the
operator  can be approximated (if necessary) by from the relation

(pl—2L

where is the identity operator. If  ( ) is the resulting approximation of ),
then the approximation is given by

()
() () ( C )
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The time integrals in involve only the Wiener processes () and the integer powers of

. Some methods of computation of these integrals are discussed in 35, 36, 58 . The exact
formulas that produce the approximation are complicated and hardly add anything to the
subject of the discussion.

In reality, the approximation of the semigroup can be computed only at finitely many
time moments so that provides an approximation of at the points of the partition. The
following is an example of such an approximation when the partition is uniform. FEven though
the proof of Theorem 2.5.4 describes the general procedure of constructing an approximation
with the given rate of convergence in time, the actual computations must be performed for
each problem separately.

Consider the equation

( ) ( ) ( ) (O)

which corresponds to (2.54) with 1. Assume that conditions of Theorem 2.5.4 are fulfilled
with 3, 2. Define () by

N =

Direct computations show that

max E ( ) ()

This example shows that, even for simple equations, the higher order approximation
schemes can result in complicated expressions, which can lead to numerical instability.
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Chapter

orthogonal Pro ections o Solutions o Stochastic
Evolution Equations

.1 Introduction

The results presented in this chapter describe the standard time-space separation of variables
technique for partial differential equations, applied to the stochastic evolution equations. The
idea of this separation of variables is to represent the solution of the equation as a Fourier
series with respect to an orthonormal basis in the underlying Hilbert space. The orthonor-
mal basis usually consists of the eigenfunctions of some operator that is not necessarily the
operator from the equation. The truncated version of the expansion can be used to construct
a computable approximation of the solution as far as the space discretization is concerned.

In Section 3 2, the general construction of an orthonormal basis in a Hilbert space is
described and examples are given to illustrate the presentation.

In Section 3 3, the evolution equation is reduced to a discrete time recursive relation
which is then expanded with respect to an orthonormal basis in the corresponding Hilbert
space. The result is a recursive relation for the coefficients of the expansion. A truncated
version of the expansion is considered and the error of the approximation is derived. The term

is used to distinguish the result from the Galerkin
approximation.

In Section 3 4, the standard Galerkin approximation of the solution of the evolution
equation is considered and the error of the approximation is derived.

. rthonormal ases in ilbert Spaces

Consider the stochastic evolution system

() () () (). (3.1)

The notations and main assumptions are the same as in Chapter 2. In particular, ()
is an - dimensional standard Wiener process on a complete probability space ( P),

is independent of ,and  and 1 ...  are linear operators on a real separable
Hilbert space H. The corresponding Hilbert scale H with H  His also given. Recall
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that the inner product and the norm in H are denoted by () and , respectively. It
will be assumed that equation (3.1) is either coercive or dissipative so that there is a unique
solution ( ) in the space  ( H) ( C( H)).

In Chapter 2, various representations of the solution of (3.1) and various approximations
of that solution were considered under the assumption that the semigroup
generated by the operator  can be computed exactly. However, in many problems where
equation of the type (3.1) must be solved, including the nonlinear filtering, the operator
is a partial differential operator so that the explicit formula for  is available only in a very
few examples. As a result, finite dimensional approximations of  and of the solution are
necessary.

Assume that there is an orthonormal basis in the space H so that each  is an
eigenfunction of a linear operator

and for some 0, i.e.
0 liminf— limsup —

This in particular implies that  is an unbounded operator on H. The adjoint of  will be
denoted by

In the following examples of the bases is the set of multi-indices

?

with  non-negative integer. The ordering of the set is defined by if
or if and , for some 1.
Example 1
For and R define

() ()

where
()
2
Then 22, 24 the collection is an orthonormal basis, called the Hermite basis
in the space H (R). If (1 ), where is the Laplace operator in R
and , then

(2( ) 1)
With the above ordering of the set | the eigenvalue  satisfies . The approximation

of the akai filtering equation using the Hermite basis is studied in Chapter 4.

Example 2
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Let () cos( arccos ) 1 be the th Chebychev polynomial. For and

1 1 define
() ()
where if 0 and C2if 0. Then 22 the collection is
an orthonormal basis in the space H (11 ) with the measure () (1
) . If  is defined by

then

and, with the above ordering of the set , the corresponding eigenvalue  satisfies
The domains of the operators and  include C ( 11 ).

Example 3
This is a generalization of the previous two examples. Consider the Hilbert space H
( ), where with R, ,and () () (). Assume
that is an orthonormal basis in ) so that for some linear
operator  and for all . Define and () () () for
. Then the collection is an orthonormal basis in H, ( ),

and with, the above ordering of the set |

In the next two sections, the solution of (3.1) is approximated by a finite linear combination

of the first  basis functions ... and the quality of this approximation is studied. As
it might be expected, the rate of convergence (as ) of such an approximation depends
on the regularity of relativeto | i.e. the larger the number for which isin the domain

of (), the faster the convergence.

. orthogonal Pro ection o the First ind
Let e be a partition of and . The solution of
(3.1) satisfies ( ) ( ( ).
Let be an orthonormal basis in the space H and define

() ) )
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Then ( ) () , and the properties of the solution of (3.1) imply that

or

For a fixed 0 denote by the projection operator on the span of ... . Define

() by
()
() ( ()

The sequence () will be referred to as the H-orthogonal projection of the
rst kind of the solution . It follows from the definition that

where

Introduce the following notation: for ( H), : E . Recall that under
the assumption of coercivity or dissipativity

( ) (3.2)
for some constant
To study the approximation (), the following result is used.

331 Lemma ( H)
Proof It suffices to verify the triangle inequality. For ( H),

E 2( )
E ‘

and the result follows.

332 heorem
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max 0

Proof By the definition of and inequality (3.2),

( ) () ( ) ()
o) ) ) -
( ) ( ) ( ) ()
( ) ( )
Next, using the assumptions of the theorem,
1
() (( ) ) — ) ) .
3.5
1
Loy ooy
and consequently
1
( ) ( ) E () () ) — _
(3.6)
max () ( ) ——
As a result, if ( ) () ,then (3.4) and (3.6) imply
max () ) ——
max () ( ) ———
and (3.3) follows from the discrete Gronwall lemma.
333 Corollar max E( ) ( ) 1
0 ()
B () () —U (5.7)
334 Remark The proof of Theorem 3.3.2 shows that the following more general result
is true.
Assume that () is a sequence of elements from ( H) with the properties:
L. () ( ( )), where s a linear bounded operator on H and
E (()) E ()
2. max E( ) () for every positive integer

If () is defined by
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then for every 0 there is a constant () so that

O

E () () (3.8)

This result will be used below in Section 4.3 to study the approximation error for the
akai equation.

. orthogonal Pro ection o the Second ind
alerkin Appro imation

The Galerkin approximation was used in 61 to prove the existence and the regularity of the
solution of (3.1). Now that the properties of the solution are known, it is possible to use the
approximation for computational purposes. In 20 , the Galerkin approximation was used to
study the filtering equation in a bounded domain. In what follows, the approximation error
of the Galerkin approximation will be studied for (3.1).

Assume that the elements of the orthonormal basis in H belong to H . Consider
the following system of stochastic ordinary differential equations:

(3.9)

Then the function

is called the alerkin approximation or the H-orthogonal projection of the second
kind of the solution of (3.1). It is proved in the following theorem that

lim sup E ( ) () 0

and the rate of convergence is determined.

341 heorem
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wp BE () () swE()( ) -1 (3.10)
1 ...

Proof To simplity the notations, the arguments and  will be omitted wherever possible.

it (): (() ). then
E() () E () (O E (). (3.11)
By (3.5) and assumption 4 of the theorem,
o LU (3.1

so that
sup E () sup E () () ——

sup E () () ——

For 0 define () () () so that E () () E

and also define

(): () (): ( ) O

Both () and () are well defined due to (3.12) and the assumptions 3 and 4 of the
theorem. Then

() () ( ) O ()
() () (3.14)
() 00
and by the Ito formula,
E () 2 E () ()
E ( ) () 2 E () () (3.15)
2 ( JE () () EC ()
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It follows from assumption 1 of the theorem that

2 E () ()
(3.16)
E ) () E( (1))
(by coersivity or dissipativity inequlaity) and also, using assumptions 2 and 3,
( )
so that by (3.12),
() () O () O
After that,
E(C () EC () .
(s () () P
and (3.15) (3.17) and the obvious inequality 2 imply
B () B () ( smBE() () Y
so that by the Gronwall inequality
B () () sw B() () LD

Together with (3.11) and (3.13), the last inequality implies (3.10).

342 Corollar sup E( ) ( )
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Chapter

onlinear Filtering o Diffusion Processes Spectral
Separating Schemes or the akai Equation

.1 Introduction

In a typical filtering model, a non-anticipative functional ( ) of the unobserved signal
process ( ()) is estimated from the observations () . The best mean
square estimate is known to be the conditional expectation

E () () called the optimal Iter. When the observation noise is additive,
the Kallianpur-Striebel formula (Kallianpur 33 , Liptser and Shiryayev 47 ) provides the
representation of the optimal filter as follows:

E () () —

where is a functional called the unnormali ed optimal Ilter. In the particular case
() ( ()), there are two approaches to computing

In the first approach (Lo and Ng 48, Mikulevicius and Rozovskii 55, Ocone 59 ), the
functional is expanded in a series of multiple integrals with respect to the observation
process. This approach can be used to obtain representations of general functionals, but
these representations are not recursive in time. In fact, there is no closed form differential
equation satisfied by

In the second approach (Kallianpur 33, Liptser and Shiryayev 47 , Rozovskii 61 ), it is
proved that, under certain regularity assumptions, the functional can be written as

() ) (4.1)

for some function (), called the unnormali ed Itering densit (UFD). Even though
the computation of () can be organized recursively in time, and there are many numerical
algorithms to do this (Budhiraja and Kallianpur 9, Elliott and Glowinski 17 , Florchinger
and LeGland 18, Ito 31, Lototsky et al. 50, etc.), these algorithms are time consuming
because they involve evaluation of () at many spatial points. Moreover, computation of
using this approach requires subsequent evaluation of the integral (4.1).

In this chapter, two algorithms are constructed to compute approximations of both the

UFD ( ) and the unnormalized optimal filter recursively in time and, in some sense,
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independently of each other (meaning that the computations of do not require the
evaluation of ( ) at the points of the spatial domain). The basic assumption is that
both the state and the observation processes are stationary diffusions with smooth bounded
coefficients so that the unnormalized conditional density satisfies a certain stochastic partial
differential equation. The main results concerning this filtering model are summarized in
Section 4 2.

One algorithm, called the spectral separating scheme of the first kind, is described in
Section 4 3. In this algorithm, the solution of the original equation satisfied by ( ) is
approximated using the (Cameron-Martin version of the) Wiener chaos decomposition. The
result is then approximated further using the H-orthogonal projection of the first kind. The
error of the approximation is computed for both the UFD and the unnormalized optimal
filter.

The other algorithm, called the spectral separating scheme of the second kind, is described
in Section 4 4. In this algorithm, the equation for () is first reduced to a system of
stochastic ordinary differential equations using the Galerkin approximation and after that
the solution of the system is approximated using the Wiener chaos decomposition. The error
of the approximation is computed for both the UFD and the unnormalized optimal filter.

The computational aspects of the algorithms are studied in Section 4 5, where both
spectral separating schemes are also compared with the splitting-up approximation — an
existing scheme for computing an approximation of the UFD.

. he Diffusion Filtering odel

Let ( P) be a complete probability space with independent standard Wiener processes

() and () of dimensions  and respectively. In the diffusion ltering
model, the unobserved - dimensional state (or signal) process () and the -
dimensional observation process () are defined by the stochastic ordinary differential
equations

() C0) ()0 (4.2)
(0) (0) 0.

If () is a scalar measurable function on R so that
sup E ( () , then the ltering problem for (4.2) is to find the best mean square
estimate of ( ()) given the observations () 0

421 De nition The parameters of the filtering model (4.2) are the functions
, the random variable |, the dimensions and of the state and the ob-
servation processes, and the length  of the time interval.

422 De nition The filtering model (4.2) is called regular if the following conditions
are fulfilled:

(R1) The functions () R, () R | () R ,and
( ) R are infinitely differentiable and bounded with all the derivatives
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(R2) The random variable and the Wiener processes and  are independent of one

another

(R3) The random variable has a density () R so that the function ()
is infinitely differentiable and decays at infinity with all the derivatives faster than any
power of

(R4) The function () is of polynomial growth, i.e. there exist positive numbers
and  so that

() (1 ) for all R .
423 Lemma
sup B (1 ()

Proof This follows from Theorem 4.6 in 47 .

Throughout the rest of the chapter, the filtering model (4.2) will be considered, and the
model is assumed to be regular in the sense of Definition 4.2.2. All constants will be denoted
by and are either absolute constants or depend only on the parameters of the model. The
value of  can be different in different places and dependence of  on other parameters will
be explicitly indicated.

Denote by the -algebra generated by () 0 . Then the properties of the
conditional expectation imply that the solution of the filtering problem is

E ()

To derive an alternative representation of , some additional constructions will be necessary.

Define a new probability measure P on ( ) as follows: for ,
P( ) P
where |
exp cey 0 5 C0)
(here and below, if R , then isa vector, ( ... ) and ).

Since the function is bounded, the measures P and P are equivalent. The expectation with
respect to the measure P will be denoted by E.
The following properties of the measure P are well known 33, 61 :
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1. Under the measure P, the distributions of the Wiener process

and the random

variable are unchanged, the observation process is a standard Wiener process,

and the state process  satisfies

() 0) Coy O e 0 ) 0
(0)
2. Under the measure P the Wiener processes and  and the random variable are
independent of one another
3. The optimal filter  satisfies
2 o) “
Next, consider the partial differential operators
O 5 Oy O on—2 oY
O 00 O
and their adjoints
()% — () )y ) CC) ) () — ) ())
() C)() —C () ()
The following result is well known 61, Theorem 6.2.1 .
424 heorem
() 0 R
E ( () () ) (4.4)
()
() () ()0 R (15
0 ) ()
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425 De nition Equation (4.5) is called the Zakai equation, the random field
(), the unnormali ed ltering densit (UFD), and the random variable

E ( () , the unnormali ed optimal lter.

It follows from (4.3) and (4.4) that the optimal filter  satisfies

()
) 1

and the filtering problem is solved once the UFD () (or an approximation of ( )) is
computed.

Let H be the Sobolev space (R) 1, 37, 45, 61 . Under assumption (R1) from
Definition 4.2.2, for every R the operator is linear and bounded from H to H
and each operator 1 ... s linear and bounded from H to H . The akai

equation (4.5) will be considered on the probability space ( P) so that () is
a standard Wiener process on this space. Therefore equation (4.5) is a particular case of
the stochastic evolution equation studied in the previous two chapters. Direct computations
show that equation (4.5) is (at least) dissipative, and then Theorem 2.2.6 implies that the
solution () exists, is unique, and

(0 H) ( C0 H)

(with H (R )). In fact, the regularity assumptions (R1) and (R3) imply much higher
regularity of the random field . To state the corresponding result, another definition is
necessary.

426 De nition For R, the space (R ) is defined by
( R) - ) ()
The norm in the space (R ) is defined by

(1 ) ()

The weighted Sobolev space H ( ), 0 1 ... is the collection of (generalized) func-

tions which belong to the space (R ) together with all their generalized derivatives up

to order . For every and , H ( ) is a separable Hilbert

space 61, Theorem 3.4.7 the norm and the inner product in this space will be denoted by
and () respectively. If H (), then

) () O )

where ( ... ), ,
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Clearly, H ( ) ( R)and H (0) H .

427 heorem R

(C(0 H()

E ()
Proof This follows from Theorem 4.3.2 in 61 .

42 Corollar
0 H() H()

. he Spectral Separating Scheme o the First ind

Consider the regular filtering model

() () ()0 (4.6)
(0) (0) 0 estimate ( ())

which is a particular case of (4.2) under an additional assumption that ( ) 0 for all R .
This assumption means that the observation noise is independent of the state process. Then
the akai equation (4.5) becomes

() ) (V) ()0 R (1.7)

so that the operators () 1 ... commute with each other and are linear and
bounded from H ( ) to H ( ) for every R and every non-negative integer

In this section, a recursive approximation of the solution of (4.7) will be constructed
using the Cameron-Martin version of the Wiener chaos decomposition followed by the -
orthogonal projection of the first kind. This approach also provides a recursive approximation
of the unnormalized optimal filter. The corresponding algorithm is referred to as the spectral
separating scheme of the first kind (or S for short). Equation (4.7) is considered on the

probability space ( P) so that all error bounds are given in terms of the expectation E.
The properties of the approximation on the original probability space ( P) are studies
below in

Section 4.5.
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Let 0 be a uniform partition of the interval 0 with step |

and define an orthonormal basis in (0 )by
1 2 1

() = () e LU 10 . (4.8)
Recall that  denotes the collection of -dimensional multi-indices, and for ()
stands for the multi-index () with

if or or both
max(0 1) if and
Also, for , , () max 0 for some , and
() . Define
1

— ( ) () (4.9)

where () (1) — :
By Corollary 2.4.2, the solution of (4.7) can be written as

() — C ) L.

where the coefficients  ( ) are the solutions of

(4.10)

431 Lemma H () ( ) H () 0

Proof This follows from Corollaries 2.3.8 and 4.2.8.

Let be the Hermite basis in R so that

() ()

o1



where

(1

()

2
The function  is the eigenfunction of the self-adjoint operator (1 ):
(2 1) (4.11)

where is the Laplace operator. The domain of ( -th power of ) includes H (2 ).
Indeed,
()( ) ()

and so by induction
() . (4.12)
Define by

The integral is well defined because the function is of polynomial growth and ( ) decays
exponentially fast as .
The following is a representation of the unnormalized optimal filter.

432 heorem

() (P as) (1.13)

Proof By definition,

and by Theorem 4.2.7,
() () () (P as)

Therefore, (4.13) will follow if the series () converges absolutely P- a.s. so that
it is possible to interchange the order of summation and integration. Since the measures P
and P are equivalent, it is sufficient to establish P - a.s. convergence of the series, which will

follow if
E () ) (4.14)

By the regularity assumption (R4),

(1 ) () (1 ) ()
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and it follows from 25, paragraph (21.3.3) that

(1 ) ()
whence
(4.15)

On the other hand, by (4.11), (4.12), and Theorem 4.2.7, for every 0 thereisa ()
so that
)

E () ECC) ) —

Combining the last inequality with (4.15) and taking sufficiently large implies (4.14).

For a positive integer . the set : will be denoted by . If
is the number of elements in ., then is the number of non-negative integer
solutions ... of the inequality e and is equal to ( ) (the proof

can be found in 12 ).
The approximation ( )of ()isdefined by

() ( ) ()
where
( ) )
( ) ( ) ) )
Also define an approximation of the unnormalized optimal filter by
( )-
433 heorem
()
C ) ()
max E () () ( 1 (4.16)
C ) ()
max E ( 1 . (4.17)
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Proof Define operators by

and then the sequence ()

By Theorem 2.4.3 and Corollary 4.2.8,

max E () () () . (4.18)

Next, if is the orthogonal projection on the span of , then

C ) C O D)

By Lemma 4.3.1,
E () E ()

and by (4.12) and Lemma 4.3.1,

E () (OFE ()

Then, according to Remark 3.3.4, for every 0 there is a () so that

max E () () (7
Since , the last inequality implies
()
max E () () . (4.19)

Combining (4.18) and (4.19) results in (4.16).
To prove (4.17) note that the assumption

() @ )
implies
2
( R ) for every 5
Fix an even integer satisfying 2 . Since both and  are the parameters of the
model, the dependence of all constants on  will be suppressed. For every ( R ) the

integral () () is well defined and will be denoted by () . The Cauchy-Schwartz
inequality implies that
)
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and then

E EC( ) C ) )
E () () 2 E () () (4.20)
E () ()
The regularity assumption (R1) implies that for 0 2 the operator islinear and bounded
fromH ( )to H (), the operators 1 ... are linear and bounded from H ( )

to H (), and by Corollary 4.2.8 the operator  is linear and bounded from H ( ) to H ( ).
Therefore by Theorem 2.4.3,

wx B () () 4k

and, according to (4.20), inequality (4.17) will follow if for every 0 thereisa () so
that

E () () _O), (4.21)

To verify (4.21) note that if ( R)yand ( ): (1 ), then

The properties of  imply that

(1 ) () () () (4.22)
where () is a finite subset of  with the number of elements bounded from above by
a constant independent of , and () is a constant with () . Indeed, (1

) () (2 () () () (), and
() 1 - — N
L ()10 (1.29

whence (4.22). Since 2 is an integer, proceeding by induction results in

() () () ()
where () is a finite subset of  with the number of elements bounded from above by a
constant independent of |, and () is a constant with () . Therefore,
( ) C )
and
( ) ()
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EC () (1)) EC () ) (£.24)

By (4.19),
max E () () L (4.25)

and by Lemma 4.3.1, since () is in the domain of every power of

EC () ) —

so that taking sufficiently large results in

max E( () ) Q (4.26)

After that, (4.21) follows from (4.24), (4.25), and (4.26). This completes the proof of the

theorem.

The algorithm for computing and is presented below.
(( ) ) () ( ) )
() ( ) () ( )
( ) () ) (4.27)
()
() ( ) () (4.28)
( ) (4.29)
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- (4.30)

This algorithm will be referred to as the spectral separating scheme of the rst kind

(or S for short).

434 Remark  The main advantage of S as compared to the existing schemes for
solving the akai equation is that the time consuming computations, including solving partial
differential equations and computing integrals, are performed off line, while the on-line part
is relatively simple even when the dimension of the state process is large. Here are some
other features of the algorithm:

1) The overall amount of the off-line computations does not depend on the number of the
p p
on-line time steps

(2) Formulas (4.29) and (4.30) can be used to compute an approximation to  (e.g. con-
ditional moments) without the time consuming computations of () and the
related integrals

(3) Only the coefficients  ( ) must be computed at every time step while the
approximate filter and or UFD () can be computed as needed, e.g. at the
final time moment.

(4) The on-line part of the algorithm can be easily parallelized.

(5) An obvious limitation is that all the parameters of the model must be known in advance.
Also, in the above form, the algorithm cannot be used if 0 or the coefficients of the
equations (4.6) depend on time or are random.

435 Remark By Theorem 4.3.3, the algorithm converges in the limit lim lim for

all positive integers and . If 1, then each depends only on the increments
() () of the observation process. In this form the algorithm can be used in the
model with discrete time observations 52 . The question of approximating the integrals

( ) () for 1 and other computational aspects of the algorithm, including

the complexity, are studied in Section 4.5.
. he Spectral Separating Scheme o the Second
ind

Consider the regular filtering model

() C0) ()0 (4.31)
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The akai equation describing the time evolution of the UFD () is

() ) () ()0 R 2

where

In this section, a recurcive approximation of the solution of (4.32) will be constructed using
the Galerkin approximation followed by the Cameron-Martin version of the Wiener chaos
decomposition applied to the resulting system of stochastic ordinary differential equations.
The idea was first used by Fung 20 to study the akai equation in a bounded domain of R .
This approach also provides a recursive approximation of the unnormalized optimal filter.
The corresponding algorithm is referred to as the spectral separating scheme of the second
kind (or S for short). Equation (4.32) is considered on the probability space ( P) so that
all error bounds are given in terms of the expectation E. The properties of the approximation

on the original probability space ( P) are studies below in Section 4.5.
Let be the Hermite basis in R so that  is the eigenfunction of the selt-adjoint
operator (1 ):
(2 1)
where is the Laplace operator. For a positive integer  define the set :
. The number of elements in is denoted by . Define the matrices
() and ( ) , 1... Dby
( ) ( ) -
Since H for all ., the scalar products are well defined. The Galerkin approximation

( )of ( )isgiven by
() () )

where the vector () ( () is the solution of the system of stochastic ordinary
differential equations

() () () ) (4.33)

with the initial condition  (0)  ( ) . System (4.33) is a particular case of the stochastic
evolution equation studied in Chapters 2 and 3 with the operators and linear and
bounded in a finite dimensional space. Note that the matrices 1... donot,in
general, commute with each other evenif () 0.
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Let 0 be a uniform partition of the interval 0 with step
Define an orthonormal basis in (0 )by

() — () —cos ———— 10

and

where () (1) — :
By Corollary 2.4.2, the solution of (4.33) can be written as

() — () L.
where the coefficients  ( ) are the solutions of
L) () () ()0
(0 ) 1 R

For fixed positive integers  and  define the approximation ( )of ()by

)y () = () L
and also
() () ()
()
where () ()
441 heorem
max sup ()
0 ()
maxE () () - |
(1 ) ) ( (1 ) (4.34)
(1
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max E —
4.
OO N ) o) | (4.85)
(1
Proof To simplify the presentation, denote 1 by . It follows from (4.23) that
H and

Consequently, by Theorem 3.4.1, for ever 0 thereis a ( ) so that
. 0 ..
sup E- () () : (4.36)

To prove (4.34), it remains to show that

C )
E () ()
( D

and by Theorem 2.4.3 this inequality holds if for every vector R .

(4.37)

(4.38)
and

(4.39)
where .

These inequalities are verified below. For the vector |, () denotes the function
() ()

and is the orthogonal projection on the span of

Proof of (4.37). By the definition of the matrix

whence (4.37).
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Proof of (4.38). By the definition of the matrix |

whence (4.38).
Proof of (4.39). The dissipativity of the operator  implies

( )
The vector () is the solution of the ordinary differential equation
() () (0
so that
() 2 () () ()
and by the Gronwall lemma,
() (0)

whence (4.39).
This completes the proof of (4.34).

To prove (4.35), the same arguments are used as in the proof of (4.17) from Theorem

4.3.3. Choose an even integer 2 so that
E 2 E () ()
E () ()
Next, by the inequality
( ) (4.40)
which was established during the proof of Theorem 4.3.3,
E () () ECC ) () )
B () () B () 441)
E () () E ()
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By (4.36),
max E () () Q (4.42)

and since () is in the domain of every power of
()
E () —

so that taking sufficiently large results in

max E () Q (4.43)

After that, (4.41), (4.42), and (4.43) imply

max E () () Q
It remains to show that
max E () ()
( ) ‘ (4.44)
(D
Since (1 2 ) , inequality (4.40) implies
E () () E
Define the diagonal matrix () by . Then define the matrices
and the vectors () () () (). With these definitions, the vector () is
the solution of
() () () ()
with the initial condition (0) ( ) and the vector () satisfies
1
() (O () — C ) L.
Direct computations show that the matrices and  satisfy
(4.45)
(4.46)
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and

(4.47)

for all R . One possible way to verify this is by using the calculus of pseudo-differential

operators in R 62, Chapter 4 . The (left) principal symbols of the operators | and

’
are

(1 )
These symbols determine the continuity properties of the corresponding operators, and it fol-
lows from formulas (5.17) and (23.56) in 62 that the operators and
have the same principal symbols as the operators  and respectively. After that, the ar-
guments are the same as in the proof of (4.37) (4.39). In particular, the operator
is dissipative (because  is), which implies (4.47). Also,

( ) ( )

so that

which proves (4.45) and (4.46).

As a result, Theorem 2.4.3 implies

max E () () S N (0)

and

(0) C )

which proves (4.44) and the theorem as a whole.

Let be the standard unit basis in R
The vector () can then be written as

() ()

, 1.e. 1if and 0 otherwise.

and by the recursive definition of (),

) ( ()
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so that

() () (4.48)

where ( ) is the component of the vector  ( ) in the direction of the basis
vector . Formula (4.48) is the foundation of the algorithm for computing () and the
approximation of the unnormalized optimal filter. The following is the description of

the algorithm.

() () ) (4.49)

) () () (4.50)

() (4.51)

- (4.52)

This algorithm will be referred to as the spectral separating scheme of the second kind

(or S for short).

442 Remark  The main advantage of S as compared to the existing schemes for
solving the akai equation is that the time consuming computations, including solving partial
differential equations and computing integrals, are performed off line, while the on-line part
is relatively simple even when the dimension of the state process is large. Here are some
other features of the algorithm:

1) The overall amount of the off-line computations does not depend on the number of the
p p
on-line time steps

(2) Formulas (4.51) and (4.52) can be used to compute an approximation to  (e.g. condi-
tional moments) without the time consuming computations of () and the related
integrals
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(3) Only the coeflicients () must be computed at every time step while the approximate

filter and or UFD () can be computed as needed, e.g. at the final time
moment.

(4) The on-line part of the algorithm can be easily parallelized.

(5) An obvious limitation is that all the parameters of the model must be known in advance.
Unlike S | the spectral separating scheme of the second kind can be used when 0.
Still, there is no substantiation of S if the coefficients of the equations (4.31) are
random and or depend on time.

443 Remark By Theorem 4.4.1, the algorithm converges in the limit lim lim for

all positive integers and . If 1, then each depends only on the increments
() () of the observation process. The question of approximating the integrals
( ) () for 1 and other computational aspects of the algorithm, including

the complexity, are studied in Section 4.5.

. Computational Aspects o the Spectral Separating
Schemes

IfS orS isused with 1, then the integrals

with

() e D |

must be computed approximately. As a result, the random variables

L ()

are also computed with some error. The contribution of this error is studied below.

To approximate | the integrals are reduced to the Riemann integrals by integrating by
parts and the result is then approximated using the rectangular rule.
It _
2 1) . 1
. (. (1
then
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Let e be a uniform partition of the interval with step .
Define the approximation of by

2

«cH ) ) C ) )
and also |
— ()
so that
() C ) )
( ) )
where ( ) and ( ) are polynomials in and of degree at most . If
, then
E () E( ) )
- (4.53)
( Jmax E max E )

and the degree of does not exceed . To estimate the right hand side of (4.53), the
following result is used.

451 Lemma C ( ) ()
( P)
() ) ) () () ()
E () ) ( ) )
max () max ()

Proof Since is continuously differentiable,

66



Then

where
() ) () )
so that
E () () (2 ) E E : (4.54)
By direct computation,
E E () ) E () )
(4.55)
()
E () E () ()

(4.56)

and since ( ), the statement of the lemma follows from (4.54) (4.56).

452 Remark Higher order approximations that are used for deterministic integrals
(trapezoidal rule, Simpson s rule, etc.) will not improve the asymptotic quality of  because
the integrand () () is not smooth enough.

453 heorem 1 1
max E ( )
Proof Use inequality (4.53). By the previous lemma, if , then
E —_— — ()—. (4.57)
Indeed, () is a Wiener process on ( P), ,
() — () —
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Next, with respect to the measure P, each of is a Gaussian random variable with zero
mean and unit variance and is a Gaussian random variable with zero mean and variance

so that for every integer

Consequently

RN —

which together with (4.57) proves the theorem.

454 Remark The main asymptotic parameters of both 5 and S are and .
Approximation of the Wiener integrals introduces another asymptotic parameter, , which
depends on ., ,and . It follows from the discrete Gronwall lemma that if  is replaced
by , then the error bound in (4.16), (4.17), (4.34), and (4.35) will have an extra term

C )

and this additional error can be controlled by choosing sufficiently small (after  has been
chosen). It is also worth repeating that the approximation of  can be avoided altogether
by choosing 1, and the asymptotic rate of convergence in  is not affected by this choice

of

Both S and S have the same asymptotic parameters — and  — that assure the con-
vergence of the algorithms. Still, all error bounds contain other parameters — , | and
. It follows from (4.16), (4.17), (4.34), and (4.35) that, as long as 1 and 2, the
particular choice of and  does not change the rate of convergence. The construction of the
algorithms also shows that the small values of and can improve the numerical stability
by reducing the number of terms in the sums. Thus, 2 and 1 can be thought of as
the typical values of these parameters.
On the other hand, is not used in the construction of the algorithms and the choice of
is not so obvious: the larger the |, the faster the convergence in , but the constant ()
also becomes large. The natural question to ask is the following: given 0, what is the
value of  so that 0)

and the growth of as 0 is as slow as possible
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The error bound

() L for every 0 (4.58)

implies that, as 0, () will tend to infinity slower than any power of 1 . The exact
growth rate depends on how fast () grows with . Analysis of the proofs of Theorems
4.3.3 and 4.4.1 shows that

() max E () (4.59)

where  depends only on the parameters of the model.

To simplify the further analysis, assume that 1, 0, and the operator is of
the form
() () ) )
where 0 is a constant. The akai equation becomes

c) C ) o) () ) O (4.60)

Assume also that

1
() 5 exp g (4.61)
and that the derivatives of and satisfy

sup () sup () (4.62)

(here and below in this subsection, denotes the th derivative of the function  with
respect to ).
It follows by induction that

()—

where is a polynomial of degree at most 2 with the coefficients not exceeding

4 (2 ). Consequently, () 2 4(2)(1 ) and

)2 ) (4.63)

(4.64)
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Assume that

sup E () () (4.65)

for all and some constant  independent of |, where () is a bound on

)

Standard parabolic estimates imply that (4.65) is true for every it will be shown
by induction that it is possible to find a constant  independent of and  so that (4.65)
is true for and

By assumption (4.61),

C ) C ) ) (4.66)

Then (4.64), the Ito formula, and the induction assumption (4.65), together with the bounds
(4.62) on the derivatives of and , imply

(4.67)
1
exp 1) LD e )
C )
where the constant is independent of and can very independently of . Since

grows faster than () for every , it follows from (4.67) and the Gronwall lemma that
sup E () exp In ( 1) ( ).

This means that  should satisty

In ( 1) ( )

or
2 1 2) In . (4.68)
Given  and it is clearly possible to choose  so that (4.68) holds for all 1.
Combining (4.63), (4.65), and (4.66) results in
sup () 1.
The computations also show that the slower growth, say , cannot be achieved using

the above method.
In view of (4.59), the error bound (4.58) can now be written as
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Minimizing the expression with respect to for fixed yields

In
2
Then the condition

implies
or In In(1 ).
Another way to express the result is
(1 ) where In(1 ).
Given 0 1, it is now possible to give the asymptotic values of and which make
the left hand sides of (4.16), (4.17), (4.34), and (4.35) less than . Assume that 2 and

1 are fixed.
Spectral Separating Scheme of the First Kind: since the left hand side of both (4.16) and
(4.17) is bounded by () ( ) ,

(r ) where In(1 )
Spectral Separating Scheme of the Second Kind: assume that 0 and 1 so that
the left hand side of both (4.34) and (4.35) is bounded by () ( ) . Then
(1) where In(1 )

It is obvious that in the case of S the required value of  is smaller than in the case of
S ., and is smaller yet if 0. The value of , on the other hand, can be expected to be
larger for S . This means that S provides better resolution in space and S in time.

For fixed and , one on-line step of either S or S includes
1. Computation of the coefficients  ( ) or for
2. Computation of the random variables  for
3. Possible evaluation of the approximate UFD ( )or ( )
4. Possible computation of the approximate optimal filter.

Computation of the coefficients  ( ) or for involves matrix -
vector multiplications and the same number of vector - scalar multiplications. Since the size
of each vector is ( ) , the total number of operations to compute the coefficients
is about ops. Here and below, a op is a oating point operation consisting of one
scalar multiplication and one scalar addition.
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Computation of  is relatively simple. It can be easily parallelized or even implemented

on the hardware level, and the number of operations is of order , which is negligible
compared to

Evaluation of the approximate UFD requires about ops, where is the number
of points on the corresponding spatial grid. Still, all available information about the UFD is
contained in the coefficients  ( ) or for and therefore this evaluation
can be avoided altogether.

Computation of the approximate optimal filter requires about ops, which is again
negligible compared to . Thus, one on-line step of either S or S requires about

ops, and the estimate is quite accurate. This number can be expected to be smaller

for S because the error bound shows that the algorithm requires smaller values of

Assume now that for fixed 2, 1, and 0, a prescribed precision is to be
achieved at the end of the interval 0 . As before, the precision is measured by the value
of the E-expectation of the square of the corresponding difference. Since the number of steps
is , 1t follows that the total number of on-line operations is
It 0 and 1, then, in the case of S , ~and in the case of S , , while
grows slower than any power of 1  for both algorithms. This means that, on the fixed time
interval, the total number of on-line operations required by S can be expected to be larger
than the corresponding number required by S .

So far the error analysis was carried out on the reference probability space ( P), where
P( ) P

and

x> () O 5 ()

The relation between the expectations E and E is given in the following lemma.

455 Lemma E

E E

sup ()
Proof By the Cauchy - Schwartz inequality,

E E E E
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Since () is a standard Wiener process on ( P),

E  Eexp 2 C ) ) ()
E exp () exp2  C0) ()2  (0)

which competes the proof.

456 Corollar S S
P
Even though the UFD () is non-negative with probability one for all 0o
R , both approximations () and () do not have this property and can
be negative with positive probability. As a result, the value of 1 or 1 can be

zero, which can cause numerical instability when the approximate optimal filter is computed
according to (4.30) or (4.52). On the other hand, since the (normalized) optimal filter is
given by

1
very small values of 1 can cause computational problems evenif 1 is computed exactly
and therefore it is desirable to have 1 for some 0. Detine
P( 1 ).
The number  can be viewed as the probability of reliable work of the exact optimal filter.
Let be some approximation of the unnormalized optimal filter. Consider
P( 1 )

the probability of reliable work of the approximate optimal filter. Elementary computations
show that

E 1 1 (4.69)

Consider the approximations and that are produced by S and S respectively.
Assume that for both algorithms 2 and 1 are fixed, 0, 1, and the random
variables  are computed exactly. Then by (4.16), (4.34), and Lemma 4.5.5,

E 1 1 Q
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Inequality (4.69) then implies that for both S and S it is possible to choose the parameters
and  so that the probability of the reliable work of the approximate filters is arbitrarily
close to the probability of the reliable work of the exact filter.

The splitting-up approximation is one of the well known time discretization algorithms for
solving the akai equation. Assume that 0 . is a uniform partition of the
interval 0 with step . According to Florchlnger and LeGland 18, the solution ( )
of

() () () ()0 R

0 ) ()
is approximated by

C ) (0)
() CCone ) 0
where R, is the semigroup generated by the operator
( ) Gocc ) ) )y ()
() — 0

o —Y
L O O
() — U
If () 0, then (4.70) becomes
() e () () 2O ()
It is proved in 18 that
maE () ()
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and

max E () ()
Therefore the splitting-up approximation has the same rate of convergence,
as 0, as the spectral separating schemes.
The main advantage of the splitting-up approximation is that ( ) is positive for

all and so that the algorithm is numerically more stable than S or S . On the other hand,
every on-line step of the splitting-up approximation includes solving the partial differential
equation

()

() (4.71)

with the initial condition depending on the computations from the previous step. So far,
it is practically impossible to solve (4.71) on line if 3 because the required number of
operations is too large. If  is the number of the points of the spatial grid, then the realistic
lower bound on the number of operations to solve (4.71) is  (In ) . Indeed, assume
that the equation is reduced to a system of linear equations, and the system is solved by
an iterative procedure without preconditioning. The matrix of the system is of dimension
, sparse and non-symmetric (since the operator is not self-adjoint). Then one
iteration requires about ops, where 1 is a constant depending on  and on the
particular numerical algorithm 3, and the total number of iterations is proportional to the
condition number of the matrix 65 . For non-symmetric matrices, the condition number is
proportional to at least (In ) 3, 10 . Thus the total number of operations required to
solve the equation is (In ) . All other computations can be done much faster, and
so the total number of on-line operations per step is (Imn ) . If 6 and
10 , i.e. only 10 points are taken in each direction, then the result is 5 10
It is worth mentioning that the theoretical bound on the number of operations required
to solve (4.71) using the multi-grid methods is . On the other hand, according to 3, a
scheme for 3 requires operations. Note also that the operator is not
self-adjoint and need not be uniformly elliptic, which further complicates the problem. Last
but not least, the computation of the optimal filter requires the numerical evaluation of the
integral

C ) 0)

for different functions (), and this is also very difficult to do on line if is large. In
the spectral separating schemes, all these problems are dealt with off line and therefore S
and S seem more appropriate for on-line implementation. The first numerical experiments
20 show that the implementation is possible.
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The main features of S , S , and the splitting-up approximation are summarized below.

S S Splitting-up
( 0 1) (0
parameters
P - mean error — — o
on-line operations (In )
(per step)
numerical values, 10,
10 , 10
3 8.2 10 8.2 10 4.8 10
6 6.4 10 6.4 10 5.0 10
9 8.5 10 8.5 10 3.4 10




Chapter

Parameter Estimation or Stochastic Evolution
Equations with on commuting perators

.1 Introduction

In this chapter, a parameter estimation problem is considered for a stochastic partial differ-
ential equation

() ) () ()0 0 ) 0 (5.1)

where is a compact smooth - dimensional manifold (without boundary), are
differential operators on () is a white noise process modeled by a cylindrical
Brownian motion on  , and is the unknown parameter belonging to an open subset of the
real line.

An estimate of is constructed using the finite dimensional projections of the solution

. Asymptotic properties of the estimate are studied as the dimension  of the projection

tends to infinity while the length  of the time interval and the amplitude of noise remain
constant.

In 27,28 , the maximum likelihood estimate (MLE) of was studied in the situation when
equation (5.1) is considered on a bounded domain in R with zero boundary conditions and
the operators are self-adjoint and elliptic with a common system of eigenfunctions.
It was proved that the MLE of is consistent if and only if

() 50 ) ) (5.2)

in which case the estimate is also asymptotically normal and asymptotically efficient.

A similar problem was studied in 60 , where the observations are in discrete time and the
operators are not necessarily self-adjoint but still have a common system of eigenfunctions.

In this chapter, some of the results from 27, 28 are obtained for equation (5.1) under
less restrictive assumptions on the operators. The main assumption used here is that the
operators and are of different orders and the operator is elliptic for all
admissible values of . The model is described in Section 5 2 and the main results are
presented in Section 5 3. If is the leading operator, then the estimate of is consistent
and asymptotically normal (as ). On the other hand, if is the leading operator,
then the estimate of is consistent and asymptotically normal if condition (5.2) holds and

7



operator satisfies a certain non-degeneracy property. In particular, condition (5.2) is
necessary for consistency. When (5.2) does not hold, the asymptotic shift of the estimate is
computed. The proof of the main theorem about the consistency and asymptotic normality
is given in Section 5 5.

In Section 5 4 an example is presented, illustrating how the obtained results can be
applied to the estimation of either thermodiffusivity or the cooling coefficient in the heat
balance equation with a variable velocity field.

. he Setting

Let  bea -dimensional compact orientable C manifold with a smooth positive measure
. If  is an elliptic positive definite self-adjoint differential operator of order 2 on
then the operator () is elliptic of order 1 and generates the scale H of
Sobolev spaces on 40, 62 . All differential operators on are assumed to be non-zero
with real C () coeflicients, and only real elements of H will be considered. The variable
will usually be omitted in the argument of functions defined on
In what follows, an alternative characterization of the spaces H  will be used. By
Theorem 1.8.3 in 62, the operator  has a complete orthonormal system of eigenfunctions
in the space  ( ) of square integrable functions on . With no loss of generality
it can be assumed that each () is real. Then for every ( ) the representation

holds, where

It 0 is the eigenvalue of  corresponding to and : , then, for 0,
H ( ) () and for 0, H is the closure of ( )
in the norm () . Asaresult, every element of the space H R
can be identified with a sequence () such that () . The space

H , equipped with the inner product
() () ) H (5.3)

is a Hilbert space.

A ¢ lindrical rownian motion ( () on is defined as follows: for
every 0 , ()is the element of H such that ( ()) (), where
is a collection of independent one dimensional Wiener processes on the given probability
space ( P) with a right continuous filtration . Since by Theorem
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I1.15.2 in 62 it follows that () H for every 2. Direct
computations show that is an H - valued Wiener process with the covariance operator
. This definition of  agrees with the alternative definitions of the cylindrical Brownian
motion 57, 63 .
Let , , and be differential operators on of orders (), (), and
() respectively. It is assumed that max( () () () 2
Consider the random field defined by the evolution equation

() ) () ()0 0) 0. (5.4)

Here 0 R and the dependence of and  on and is suppressed.
If the trajectory () 0 is observed, then the following scalar parameter esti-
mation problems can be stated:

1). estimate  assuming that is known

2). estimate  assuming that  is known.

521 Remark The general model

) () ()0 (0) 0

is reduced to (5.4) if operator is elliptic of order 2 for all admissible values
of parameters and () (). For example, if () 2 , then

( )2 (1) ( )2 (1) , where is the lower bound
on eigenvalues of ( ) 2 and is the identity operator. Indeed, by Corollary 2.1.1 in
40 , if an operator  is of even order with real coefficients, then the operator is of

lower order than

Before discussing possible solutions to the above parameter estimation problems, it seems
appropriate to mention the analytical properties of the field . The following result will be
used.

522 Lemma R
C ()

(( ) ) : (5.5)
Proof Clearly, (( ) )| ) ) . By the definition of the norm

( ) -
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