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Summary. We propose a new algorithm, DASSO, for fitting the entire coefficient path of the
Dantzig selector with a similar computational cost to the least angle regression algorithm that
is used to compute the lasso. DASSO efficiently constructs a piecewise linear path through
a sequential simplex-like algorithm, which is remarkably similar to the least angle regression
algorithm. Comparison of the two algorithms sheds new light on the question of how the lasso
and Dantzig selector are related. In addition, we provide theoretical conditions on the design
matrix X under which the lasso and Dantzig selector coefficient estimates will be identical for
certain tuning parameters. As a consequence, in many instances, we can extend the powerful
non-asymptotic bounds that have been developed for the Dantzig selector to the lasso. Finally,
through empirical studies of simulated and real world data sets we show that in practice, when
the bounds hold for the Dantzig selector, they almost always also hold for the lasso.
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1. Introduction

Consider the standard linear regression model,
Y=XB+e, )]

where Y is an n-vector of responses, X = (X1,X2,...,Xp) isan n x p design matrix, 8= (0,...,
ﬁp)T is a p-vector of unknown regression coefficients and ¢ is an n-vector of random errors
with standard deviation o. An interesting problem in this setting is that of variable selection, i.e.
determining which 3 #0. Traditionally, it has generally been assumed that we are dealing with
data where p <« n in which case several standard approaches, such as ‘best subset selection’, have
been proposed. Recently, situations where p is of similar size to n, or even possibly significantly
larger than n, have become increasingly common. Some important examples include functional
regression where the predictor is itself a function, functional magnetic resonance imaging and
tomography, gene expression studies where there are many genes and few observations, signal
processing and curve smoothing. In such situations classical approaches, such as best subset
selection, will generally fail because they are usually not computationally feasible for large p.
As a result there has been much development of new variable selection methods that work with
large values of p. A few examples include the non-negative garrotte (Breiman, 1995), the lasso
(Tibshirani, 1996; Chen et al., 1998; Donoho, 2006; Donoho et al., 2006; Bickel et al., 2008;
Meinshausen et al., 2007), the adaptive lasso (Zou, 2006), smoothly clipped absolute deviation
(Fan and Li, 2001), the elastic net (Zou and Hastie, 2005), least angle regression (the LARS
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algorithm) (Efron et al., 2004), adaptive model selection (Shen and Ye, 2002) and the Dantzig
selector (Candes and Tao, 2007a, b; Bickel et al., 2008; Meinshausen et al., 2007).

The Dantzig selector has already received a considerable amount of attention. It was designed
for linear regression models such as model (1) where p is large but the set of coefficients is sparse,
i.e. most of the /3;s are 0. The Dantzig selector estimate B is defined as the solution to

min(||3]1) subject to [ XT(Y — XB) oo < AD, )

where ||-||; and ||| oo Tespectively represent the L- and Loo-norms and Ap is a tuning parameter.
The L-minimization produces coefficient estimates that are exactly 0 in a similar fashion to the
lasso and hence can be used as a variable selection tool. This approach has shown impressive
empirical performance on real world problems involving large values of p. Candes and Tao
(2007a) have provided strong theoretical justification for this performance by establishing sharp
non-asymptotic bounds on the Lj-error in the estimated coefficients. They showed that the error
is within a factor of log(p) of the error that would be achieved if the locations of the non-zero
coefficients were known.

For any given Ap, the Dantzig selector optimization criterion (2) can be solved fairly efficiently
by using a standard linear programming procedure. However, producing the entire coefficient
path currently requires solving problem (2) over a fine grid of values for Ap. This grid approach
can become computationally expensive when, for example, performing cross-validation on large
data sets. By comparison, in their landmark paper Efron ez al. (2004) introduced a highly efficient
algorithm called LARS. They demonstrated that the coefficient path of the lasso is piecewise
linear and, with a slight modification, LARS fits the entire lasso path. Note that when we refer
to LARS in this paper we mean the modified version.

This paper makes two contributions. First, we prove that a LARS-type algorithm can be
used to produce the entire coefficient path for the Dantzig selector. Our algorithm, which we
call DASSO for ‘Dantzig selector with sequential optimization’, efficiently constructs a piece-
wise linear path through a sequential simplex-like algorithm that identifies the break points
and solves the corresponding linear programs. DASSO can be thought of as a modification of
LARS, because a small change in one of its steps produces the LARS algorithm. DASSO has a
similar computational cost to that of LARS and produces considerable computational savings
over a grid search. Second, we establish explicit conditions on the design matrix under which
the Dantzig selector and the lasso will produce identical solutions. We demonstrate empirically
that at the sparsest points of the coefficient path, where most coefficients are 0, these conditions
usually hold.

As an example, consider the coefficient paths that are plotted in Fig. 1. These plots corres-
pond to the diabetes data set that was used in Efron ez al. (2004). The data contain 10 baseline
predictors, age, sex, body mass, blood pressure and six blood serum measurements (S1,...,S6),
for n =442 diabetes patients. The response is a measure of progression of disease 1 year after
baseline. Fig. 1(a) contains the entire set of possible lasso coefficients computed by using the
LARS algorithm. Fig. 1(b) illustrates the corresponding coefficients for the Dantzig selector
computed by using DASSO. The left-hand sides of each plot represent the sparsest fits where
most coefficients are 0, and the extreme right-hand sides reflect the ordinary least squares esti-
mates. The left 40% of each plot are identical, with the first six variables entering the models
in the same fashion. However, the fits differ somewhat in the middle portions where S1 enters
next using the lasso whereas S2 enters using the Dantzig selector, before the two fits converge
again near the ordinary least squares solution. This pattern of identical fits for the sparsest
solutions occurs for every data set that we have examined. Other researchers have noted similar
relationships (Efron et al., 2007). In fact we provide general conditions on the design matrix
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Fig. 1. (a) Lasso and (b) Dantzig selector coefficient paths on the diabetes data: the regions with standard-
ized L 1-norms between 0 and 0.4 are identical

X, under which a given lasso solution will be identical to the corresponding Dantzig selector
solution. This equivalence allows us to apply the impressive non-asymptotic bounds of Candes
and Tao (2007a) to the lasso in addition to the Dantzig selector.

The paper is structured as follows. In Section 2 we present our DASSO algorithm and draw
connections to LARS. Both algorithms are demonstrated on three real world data sets. Section 2
also provides the theoretical justification for DASSO. General conditions are derived in
Section 3 under which the lasso and Dantzig selector solutions will be identical. In particular, we
show that the strong similarities between the two approaches allow us, in many circumstances,
to extend the Dantzig selector bounds to the lasso estimates. A detailed simulation study is
provided in Section 4. Finally, we end with a discussion in Section 5. The proofs of all our
results are provided in Appendix A.

2. DASSO algorithm

In Section 2.1 we present the key elements of our DASSO algorithm. We give the theoretical
justification for this algorithm in Section 2.2. Using suitable location and scale transformations
we can standardize the predictors and centre the response, so that

S Y =0, > X;;=0, > X7=1, for j=1,...,p. 3)
j i=1 i=1

Throughout the paper we assume that conditions (3) hold. However, all numerical results are
presented on the original scale of the data. For a given index set / we shall write X; for the
submatrix of X consisting of the columns that are indexed by 1.

2.1. The algorithm
As with LARS, the DASSO algorithm progresses in piecewise linear steps. At the start of each
step the variables that are most correlated with the residual vector are identified. These variables
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make up the current active set A and together with the current set of non-zero coefficients B
determine the optimal direction that the coefficient path should move in. Along this direction,
the maximal correlations are reduced towards 0 at the same rate. We then compute the exact
distance that can be travelled before there is a change in either A or B. At this point we adjust
the two sets, and continue. Formally, the algorithm consists of the following steps (to simplify
the notation, we omit superscript ‘/” whenever possible).

Step I initialize 3" as the zero vector in R? and set [=1.

Step 2: let B be the set indexing the non-zero coefficients of 61 .Sete=XT(Y-Xx73", let Abe
the active set indexing the covariances in ¢ that are maximal in absolute value and let s 4 be
the vector containing the signs of those covariances.

Step 3: identify either the index to be added to B or the index to be removed from A. Use
the new A and B to calculate the |5|-dimensional direction vector hg = (XT4X B) 's4.Leth
be the p-dimensional vector with the components corresponding to 5 given by hi and the
remainder set to 0.

Step 4: compute +, the distance to travel in the direction h until a new covariance enters the
active set or a coefficient path crosses zero. Set ﬁl“ <3 +~handl<1+1.

Step 5: repeat steps 2—4 until ||¢||oo =0.

The details for steps 3 (‘direction’) and 4 (‘distance’) are provided in Appendix A. As can be
seen from the proof of theorem 1 in Section 2.2, the adjustments to .4 and B in step 3 exactly
correspond to the changes in the active set and the set of non-zero coefficients of the estimate.
Below we discuss the one at a time condition, under which |A| =|B|+ 1 after step 2 and, as a
result, | A| = |B| after step 3. The entire Dantzig selector coefficient path can be constructed by
linearly interpolating 8!, 32, ..., 3%, where L denotes the number of steps that the algorithm
takes. Typically, L is of the same order of magnitude as min(n, p).

Note that both LARS and DASSO start with all the coefficients set to 0 and then add the var-
iable that is most correlated with the residual vector. The only difference between the algorithms
is in step 3. In LARS A and B are kept identical, but DASSO chooses B so that the direction
(X /T4X B)~'s 4 produces the greatest reduction in the maximal correlations per unit increase in
IB31l1. It turns out that A and B are often identical for DASSO as well, for at least the first few
iterations. Hence, the sparsest sections of the lasso and Dantzig selector coefficient paths are
indistinguishable.

To illustrate this point we compared the Dantzig selector and lasso coefficient paths on three
real data sets. The first was the diabetes data that were discussed in Section 1. The second was
a Boston housing data set with p =13 predictors and n = 506 observations where the aim was
to predict median house value. The final data set, on intelligence quotient 1Q, considered the
more difficult situation where p >n. The IQ data contained n =74 observations and p =134
predictors. The response was a measure of IQ for each individual and the predictors measured
various characteristics of the brain as well as gender and race. The coefficient paths for each data
set are plotted in Fig. 2 with full lines for the lasso and broken lines for the Dantzig selector.
All three data sets have identical paths at the sparsest solutions, differ to varying degrees in
the middle stages and then converge again at the end. These plots also show that the Dantzig
selector paths are less smooth than those for the lasso.

2.2. Theoretical justification
We have performed numerous comparisons of the DASSO algorithm with the coefficient path
that is produced by using the Dantzig selector applied to a fine grid of Aps. In all cases the
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results have been identical. Theorem 1 provides a rigorous theoretical justification for the accu-
racy of DASSO. As Efron et al. (2004) did for LARS, we assume the following one at a time
condition: along the DASSO path the increases in the active set and the decreases in the set of
non-zero coefficients happen one at a time. This situation is typical for quantitative data and
can always be realized by adding a little jitter to the response values. Note that both LARS and
DASSO can be generalized to cover other scenarios, e.g. the case of several coefficient paths
crossing zero simultaneously. We choose to avoid this generalization, because it would provide
little practical value and detract from the clarity of the presentation.

Theorem 1. If the one at a time condition holds, the DASSO algorithm produces a solution path
for the Dantzig selector optimization problem (2), with 3" corresponding to Ap = | XTY |ls
and B% corresponding to Ap =0.

Theorem 1 can be derived by an inductive argument. The base case is provided by the zero
vector 3!, which solves optimization problem (2) for all Ap at or above the level || XTY || . The
induction step is established in Appendix A. It follows from the proof that | A| = |B| = rank(X) at
the end of the algorithm. Theorem 1 has an interesting connection with the regularized solution
paths theory that was developed in Rosset and Zhu (2007). Their results imply that, if the Dantzig
selector is viewed as the minimizer of the penalized criterion function | XT (Y — X8)|l00 + 5181,
then the solution path ,é'(s) is piecewise constant. We work with the definition of the Dantzig
selector as the solution to the optimization problem (2), and we parameterize the coefficient
paths by Ap. Our theorem 1 shows existence of a continuous piecewise linear solution path
B(p) with Ap = X1 (¥ — X B(AD))llco-

3. The Dantzig selector versus the lasso

In this section we investigate the relationship between the Dantzig selector and the lasso. Sec-
tion 3.1 gives general motivation for the similarities between the two approaches. In Section
3.2 formal conditions are provided that guarantee the equivalence of the Dantzig selector and
the lasso. Section 3.3 then uses these conditions to extend the non-asymptotic Dantzig selector
bounds to the lasso.

3.1. Connections

Assume that the data are generated from the linear regression model (1). The Dantzig selector
estimate Bp = Bp (Ap) is defined as the solution to the Dantzig selector optimization problem
(2). The lasso estimate BL = BL (Ap) is defined by

By =arg ngn(%HY—XB”%-F)\L“B”l)a “)

where ||-]|» denotes the Ly-norm and Ap is a non-negative tuning parameter. We can define the
lasso estimate equivalently as the solution to

min(||3]1) subject to |Y — X813 <, (5)

for some non-negative s.

The Dantzig selector and lasso share some similarities in view of problems (2) and (5). The
only difference is that the Dantzig selector regularizes the sum of absolute coefficients || 3]
with the Lso-norm of the p-vector XT(Y — X3) whereas the lasso regularizes |31 with the
residual sum of squares. Furthermore, note that vector —2X T (Y — X/3) is exactly the gradient
of the residual sum of squares. As we show in Appendix A, when the tuning parameters A\ and
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Ap are chosen to be the same, the lasso estimate is always a feasible solution to the Dantzig
selector minimization problem, although it may not be an optimal solution. Therefore, when
the corresponding solutions are not identical, the Dantzig selector solution is sparser, in terms
of the Li-norm, than the lasso solution.

These similarities can be made even more striking by noting that the solutions to problems
(2) and (5) are respectively equal to those of

min(||Bll1) subject to [ XTX (B~ Biy) oo <D (6)
and
min(||3]1) subject to | X(B— B3 < )

for some tp and 11, where [315 is the least squares estimate. From equations (6) and (7) we see that
the Dantzig selector minimizes the L;-norm of 3 subject to lying within a certain diamond that
is centred at BIS, whereas the lasso solution lies within an ellipse with the same centre. Despite
the different shapes, the solutions for the two methods will often be the same. Fig. 3 provides
a graphical illustration in p =2 dimensions. We have generated six plots corresponding to cor-
relations between the two columns of X ranging from —0.5 to 0.9. For each plot the broken
ellipses represent the lasso constraint, whereas the full diamonds correspond to the Dantzig
selector. The dotted line is the Li-norm that is being minimized. In all six plots, despite the

(d) (e) ()
Fig. 3. Lasso (— — —) and Dantzig selector (¢) solutions in a p =2 dimensional space (------- , L{-norm
that is being minimized): (a) p=—0.5; (b) p=—-0.2; (c) p=0;(d) p=0.2;(e) p=0.5; (f) p=0.9
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differences in the shapes of the feasible regions, both methods give the same solution, which is
represented by the larger dot on the L1-line. We show in Section 3.2 that in p =2 dimensions the
two methods will always be identical, whereas in higher dimensions this will not always be so.
In fact, the situation where p > 3 can be different from the case where p=2, as demonstrated
in, for example, Donoho and Tanner (2005), Plumbley (2007) and Meinshausen ez al. (2007).

3.2. Conditions for equivalence

Define I1, as the set indexing the non-zero coefficients of BL. Let X1 be the n x |Ir| matrix
that is constructed by taking X, and multiplying its columns by the signs of the corresponding
coefficients in BL. The following result provides easily verifiable sufficient conditions for equality
between the Dantzig selector and the lasso solutions.

Theorem 2. Assume that X has full rank |/ | and Ap = Ap. Then BD =BL if
u=(X{Xp)"'1>0 and [XTXpufe<1, ®)

where 1 is an | Iy |-vector of 1s and the vector inequality is understood componentwise.

In theorem 4 in Appendix A we provide a necessary and sufficient condition (14) for the equal-
ity of the two solutions, which is in general weaker than the sufficient condition (8). We placed
this theorem in Appendix A because its condition is somewhat difficult to check in practice.
The proof of theorem 2 is also given in Appendix A. It should be noted that theorem 2 provides
conditions for the lasso and Dantzig solutions to be identical at a given point on the coefficient
path. However, if condition (8) holds for all possible sets |/ |, or even just the sets that are
generated by the LARS algorithm, then the entire lasso and Dantzig selector coefficient paths
will be identical.

Next we list some special cases where condition (8) will hold at all points of the coefficient
path.

Corollary 1. Assume that X is orthonormal, i.e. XTX =1 ». Then the entire lasso and Dantzig
selector coefficient paths are identical.

Corollary 1 holds, because, if X is orthonormal, then X} X; = I, for each index set 1. Hence,
condition (8) will hold at all points of the coefficient path. Corollary 1 can be extended to the
case where the columns of X have non-negative correlation, provided that the correlation is
common among all pairs of columns, which is shown to imply condition (8).

Theorem 3. Suppose that all pairwise correlations between the columns of X are equal to the
same value p that lies in [0, 1). Then the entire lasso and Dantzig selector coefficient paths are
identical. In addition, when p =2, the same holds for each p in (-1, 1).

When p > 3 the common correlation p cannot be negative because a matrix of this type is no
longer positive definite and thus cannot be a covariance matrix. We stress that in p >3 dimen-
sions the equivalence of the Dantzig selector and lasso in general does not hold, and it holds if
and only if condition (14) in Appendix A on the design matrix is satisfied.

We would like to point out that, after the paper was submitted, two recent references, Bickel
et al. (2008) and Meinshausen et al. (2007), came to our attention. Bickel ez al. (2008) established
an approximate equivalence between the lasso and Dantzig selector and derived parallel ora-
cle inequalities for the prediction risk in the general non-parametric regression model, as well
as bounds on the L -estimation loss for 1 <¢ <2 in the linear model under assumptions that
are different from ours. Meinshausen ef al. (2007) gave a diagonal dominance condition of the
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p x p matrix (XTX)~! that ensures the equivalence of the lasso and Dantzig selector. Clearly,
this diagonal dominance condition implicitly assumes that p <n, whereas our conditions (8)
and (14) have no such constraint.

3.3. Non-asymptotic bounds on the lasso error

A major contribution of Candes and Tao (2007a) is establishing oracle properties for the Dant-
zig selector under a so-called uniform uncertainty principle (Candes and Tao, 2005) on the
design matrix X. They proved sharp non-asymptotic bounds on the Ly-error in the estimated
coefficients and showed that the error is within a factor of log(p) of the error that would be
achieved if the locations of the non-zero coefficients were known. These results assume that the
tuning parameter is set to the theoretical optimum value of A\p =o./{2 log(p)}.

Recently, there have also been several studies on the lasso with different foci. See, for example,
Meinshausen and Biihlmann (2006), Zhang and Huang (2007) and Zhao and Yu (2006). Some
of this work has developed bounds on the lasso error. However, most existing results in this area
are asymptotic. In theorem 2 we identified conditions on the design matrix X under which the
lasso estimate is the same as the Dantzig selector estimate. Under these conditions, or under
a weaker general condition (14), the powerful theory that has already been developed for the
Dantzig selector directly applies to the lasso.

4. Simulation study

We performed a series of four simulations to provide comparisons of performance between the
Dantzig selector and lasso. For each set of simulations we generated 100 data sets and tested six
different approaches. The first involved implementing the Dantzig selector by using the tuning
parameter Ap that was selected via Monte Carlo simulation as the maximum of |XTZ| over 20
realizations of Z ~ N(0, c2I) as suggested in Candes and Tao (2007a). The second approach
used the lasso with the same tuning parameter as that suggested for the Dantzig selector.
The next two methods, DS CV and LASSO CV, implemented the Dantzig selector and lasso
in each case using the tuning parameter giving the lowest mean-squared error under tenfold
cross-validation. The final two methods, double Dantzig and double lasso, use ideas that were
proposed in James and Radchenko (2008) and Meinshausen (2007). First, the Dantzig selector
and lasso are fitted by using the theoretical optimum. We then discard all parameters with zero
coefficients and refit the Dantzig selector and lasso to the reduced number of predictors with
the tuning parameters chosen by using cross-validation. This two-step approach reduces over-
shrinkage of the coefficients. In all cases o> was estimated by using the mean sum of squares
from the DS CV and LASSO CV methods.

The results for the six approaches applied to the four simulations are summarized in Table 1.
Five statistics are provided. The first,

25 2

> (B =By
2 J=l
=

> min(83, o)

j=1 ‘
represents the ratio of the squared error between the estimated and true 3-coefficients to the
theoretical optimum squared error assuming that the identity of the non-zero coefficients was
known. The second statistic, pred, provides the mean-squared error in predicting the expected
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Table 1. Simulation results measuring accuracy of coefficient estimation p2, prediction accuracy pred, num-
ber of predictors selected S, false positive rate F* and false negative rate F~ for six different methodst

Method Results for simulation 1 Results for simulation 2

P pred N F+ F~ P pred N Ft F~

Dantzig selector ~ 5.07  0.130 7.08  0.059 0.114 742  0.153 7.13  0.058  0.092

Lasso 5.07  0.130 7.08 0.059 0.114 7.36  0.152 7.11 0.057  0.090

DS CV 3.82  0.099 1447 0220 0.082 473  0.103 13.96  0.206  0.064

LASSO CV 3.81 0.098 13.76 0.204 0.082 4.65 0.101 13.78 0.202 0.064

Double Dantzig ~ 2.24  0.060 465 0.010 0.160 2.85  0.066 508 0.016 0.128

Double lasso 224 0.060 465 0.010 0.160 2.83  0.066 508 0.016 0.128
Results for simulation 3 Results for simulation 4

Dantzig selector ~ 6.77  0.141 6.88  0.057 0.138  23.01 2.345 886  0.026  0.260

Lasso 6.77  0.141 6.89  0.057 0.138 2242 2283 9.01 0.027  0.256
DS Cv 4.57  0.100 1516 0236  0.094 942 0969 28.04 0.122  0.142
LASSO CV 450  0.099 1418  0.215  0.100 882 0913 2497 0.106 0.138
Double Dantzig 298  0.066 479  0.014 0.164 893 0917 1583  0.060  0.164
Double lasso 299  0.066 479 0.014  0.164 9.23  0.947 16.14  0.061 0.168

tEach simulation consisted of 100 different data sets.

response over a large test data set. The next value, S, provides the average number of variables
selected in the final model. The final two statistics, F™ and F~, respectively represent the frac-
tion of times that an unrelated predictor is included and the fraction of times that an important
predictor is excluded from the model.

The first three sets of simulations used data that were generated with n =200 observations
and p =50 predictors of which only five were related to the response with the true 3-coefficients
generated from a standard normal distribution. The design matrices X in the first simulation
were generated by using independent and identically distributed (IID) standard normal random
variables and the error terms were similarly generated from a standard normal distribution. As a
result of the IID entries, the correlations between columns of X were close to 0 (the standard
deviations of the correlations was approximately 0.07). The results of Section 3 suggest that the
lasso and Dantzig selector should give similar performance in this setting. This is exactly what
we observe with the statistics for simulations with the Dantzig selector, DS CV and double
Dantzig almost identical to their lasso counterparts. The Dantzig selector and lasso results are
the worst in terms of coefficient estimation and prediction accuracy. However, both methods
perform well at identifying the correct coefficients (F™ and F~ are both low), suggesting over-
shrinkage of the true parameters. The cross-validation versions have lower error rates on the
coefficient estimates and predictions but at the expense of including many irrelevant variables.
The double Dantzig and double lasso methods provide the best performance, both in terms of
the coefficients and prediction accuracy and in terms of a low F*-rate with approximately the
correct number of variables.

The second simulation used data sets with a similar structure to those in the first simulation.
However, we introduced significant correlation structure into the design matrix by dividing the
50 predictors into five groups of 10 variables. Within each group we randomly generated pre-
dictors with common pairwise correlations between 0 and 0.5. Predictors from different groups
were independent. As a result, the standard deviation of the pairwise correlations was twice
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that of the first simulation, which caused a deterioration in most of the statistics. However, all
three versions of the Dantzig selector and lasso still gave extremely similar performance. Addi-
tionally, the double Dantzig and double lasso performed best followed by the cross-validated
versions. The third simulation aimed to test the sensitivity of the approaches to the Gaussian
error assumption by repeating the second simulation except that the errors were generated from
a Student ¢-distribution with 3 degrees of freedom. The errors were normalized to have unit
standard deviation. The Dantzig selector and lasso as well as the DS CV and LASSO CV meth-
ods actually improved slightly (though the differences were not statistically significant). The
double Dantzig and double lasso both showed small deterioration but still outperformed the
other approaches.

Finally, the fourth simulation tested out the large p, small n, scenario that the Dantzig selec-
tor was originally designed for. We produced design matrices with p =200 variables and n =50
observations, using IID standard normal entries. The error terms were also IID standard nor-
mal. As with the previous simulations, we used five non-zero coefficients, but their standard
deviation was increased to 2. Not surprisingly, the performance of all methods deteriorated.
This was especially noticeable for the Dantzig selector and lasso approaches. Athough these
methods included roughly the right number of variables, they missed over 25% of the correct
variables and hence had very high error rates. In terms of prediction accuracy, the CV and double
Dantzig or double lasso methods performed similarly. However, as with the other simulations,
the CV methods selected far more variables than the other approaches. In this setting the LASSO
CV outperformed the DS CV but the double Dantzig outperformed the double lasso method.
Both differences were statistically significant at the 5% level. None of the other simulations
contained any statistically significant differences between the lasso and Dantzig selector.

Overall, the simulation results suggest very similar performance between the Dantzig selec-
tor and the lasso. To try to understand this result better we computed the differences between
the lasso and Dantzig selector paths for each simulation run at each value of A. For all four
simulations the mean differences in the paths, averaged over all values of \, were extremely low.
The maximum differences were somewhat larger, especially for the fourth simulation. However,
among the approaches that we investigated, these differences tended to be in suboptimal parts
of the coefficient path. Amazingly, among the 300 data sets in the first three simulations, there
was not a single one where the lasso and Dantzig selector differed when using the theoretical
optimum value for A. Even in the fourth simulation, where we might expect significant differ-
ences, only about a quarter of the data sets resulted in a difference at the theoretical optimum.
This seems to provide strong evidence that the non-asymptotic bounds for the Dantzig selector
also hold in most situations for the lasso.

5. Discussion

Our aim here has not been definitively to address which approach is superior: the lasso or
Dantzig selector. Rather, we identify the similarities between the two methods and, through
our simulation study, provide some suggestions about the situations where one approach may
outperform the other.

Our DASSO algorithm means that the Dantzig selector can be implemented with similar
computational cost to that of the lasso. Modulo one extra calculation in the direction step,
the LARS and DASSO algorithms should perform equally fast. As a result of its optimization
criterion, for the same value of || 3| the Dantzig selector does a superior job of driving the
correlation between the predictors and the residual vector to 0. In searching for these reduced
correlations the Dantzig selector tends to produce less smooth coefficient paths: a potential
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concern if the coefficient estimates change dramatically for a small change in Ap. Our simu-
lation results suggest that in practice the rougher paths may cause a small deterioration in
accuracy when using cross-validation to choose the tuning parameter. However, averaged over
all four simulations, the performance of the double Dantzig method was the best of the six
approaches that we examined, suggesting that this method may warrant further investigation.
Finally, it is worth mentioning that, although our focus here has been on linear regression, the
DASSO algorithm can also be used in fields such as compressive sensing (Baraniuk et al., 2008;
Candes et al., 2006), where the Dantzig selector is frequently applied to recover sparse signals
from random projections.
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Appendix A: Direction step

Write 3% and 3~ for the positive and negative parts of 3. Suppose that the indices in A are ordered
according to the time that they were added and write S4 for the diagonal matrix whose diagonal is given
by s 4. The set-up of the algorithm and the one at a time condition ensure that | 4| =|B| 4 1. If the set 5 is
empty, add to it the index of the variable that is most correlated with the current residual. In all other cases,
the index to be either added to B or removed from A is determined by the calculations in the following
three steps.

Step I: compute the |A| x 2p+| Al matrix A=(—S4 X4 X SaX4X I),wherel istheidentity matrix.
The first p columns correspond to 3" and the next p columns to 3~

Step 2: let B be the matrix that is produced by selecting all the columns of A that correspond to the
non-zero components of 3% and 3~, and let A, be the ith column of A. Write B and A; in the following

block form:
= (B
b= ( By )

A
A= "
l (Aiz )’
where B) is a square matrix of dimension | A| — 1, and A, is a scalar. Define

i* = arg max ("B Ay, —1cop))lail ™ ®
i:q;#0,0/q;>0

where g; = A;, — BzBl_lA,-l and a= BzB,_'l —1.

Step 3: if i* <2p, augment B by the index of the corresponding 3-coefficient. If i* =2p+m form > 1,
leave B unchanged, but remove the mth element from the set A.

Note that By is typically the (X% X5)~! matrix from the prev10us iteration of the algorithm. In addition,
the current (X X5)~ ! matrix can be efficiently computed by using a simple update from Bl , as can be
seen from the proof of lemma 1 in Appendix C.1.

Appendix B: Distance step

The following formulae for computing the distance until the next break point on the coefficient path are
exactly the same as those for the LARS algorithm. There are two scenarios that can cause the coefficient
path to change direction. The first occurs when
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max |x]{Y — X(8'+~h) }| =max [x]{Y — X (8" +~vh)},
JjeA® jeA

because this is the point where a new variable enters the active set .4. Standard algebra shows that the first
point at which this will happen is given by

—m+in Cr—¢Cj ¢t
=R (xx —x;)TXh* (x, +x;)TXh J°

where min™ is the minimum taken over the positive components only, ¢ and ¢; are the kth and jth com-
ponents of ¢ evaluated at ,@ and x; represents any variable that is a member of the current active set.
The second possible break in the path occurs if a coefficient path Crosses zero, i.e. 61, +vh;=0. It is easily
verified that the corresponding distance is given by v, =min; - ﬂl /h;}. Combining the two possibilities,

we set y=min{~y;,72}.

Appendix C: Proof of theorem 1

As we have mentioned, 3' solves the Dantzig selector oPtlmization problem (2) for Ap = | XTY||o0. We
need to establish the induction step between 8 and 3! for I < L. Throughout this section we assume
that the one at a time condition holds, .4, B and c are defined as in step 2 of the DASSO algorithm and
h is defined as in step 3 of the algorithm. Suppose that we have established that 3’ solves problem (2) for
Ap = llelloo. It is left to show that 3 + rh solves problem (2) for Ap = ||¢||s — 7 and ¢ in [0, ~]. This fact is a
consequence of the following result, which we prove at the end of the section.

Lemma 1. For each ¢ in [0, ~], vector 8'(f) = ' + th solves the optimization problem
min()|311) subject to S4 X5 (Y — XB) < llello — 1. (10)

Optimization problems (2) and (10) have the same criterion, but the constraint set in problem (2) is a
subset of the constraint set in problem (10). Hence, if 3'(7) is a feasible solution for problem (2), it is also
an optimal solution. The Dantzig selector constraints that remain active throughout the current iteration
of the algorithm are satisfied for 3' (), because the corresponding covariances do not change their signs in
between the two break points. The remaining constraints are automatically satisfied because of the choice
of 7y in the distance step of the algorithm. This completes the proof of theorem 1.

C.1. Proof of lemma 1

For concreteness assume that the /th break point occurred because of an increase in the active set .A. The
proof for the zero-crossing case is almost identical. Denote the size of .A by K and recall the definitions
from appendices A and B. Note that the K columns of X given by A are linearly independent because, for
a column to enter the active set, it must be linearly independent from the columns that are already in it.
Consequently, rank(A) = K. Let d stand for the (2p + K)-vector with 1s for the first 2p components and
0Os for the remaining components, and write b for the K-vector (||c|loc — )1 — SAXTAY. Problem (10) can
be reformulated as a linear program:

min(d"x) subject to Ax=b, x>0. (11)

The correspondence between vectors x and 3 is as follows: the first p components of x contain the positive
parts of 3, the second p components of x contain the negdtive parts and the remaining K components
are slack variables that correspond to the K constraints in optimization problem (10) Write x' for the
vector corresponding to 8’ and let X' stand for the subvector of non-zero elements of x' with one extra 0
at the bottom. Note that x’ has K — 1 non-zero components, but the number of active constraints has just
increased to K; hence we must increase the number of non-zero components to satisfy the constraints.
We shall search for an optimal solution to the linear program (11) among those vectors that have exactly
K non-zero components. Write B for a K x K submatrix of 4 whose first K — 1 columns correspond to the
K — 1 non-zero components of x'. We shall consider solutions whose non-zero components correspond
to the columns of B. Each feasible solution of this form is represented by the subvector x of length K
that satisfies xz = B~'b. Such B is necessarily invertible, because otherwise its last column is just a linear
combination of the rest; thus continuing the solution path through the /th break point along the original
direction would not violate the constraints, which is impossible. The following fact is established by stand-
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ard linear programming arguments; for example see page 298 of Bazaraa et al. (1990). The last column of
B can be assigned in such a way that, if we define x(f) = %' —tB~'1 and let 6 be the first positive ¢ at which
a component of x(f) crosses zero, then vector x(f) represents an optimal solution to the linear program
(11) for each ¢ in [0, §]. We shall now check that the index of the correct last column to be assigned to B is
the index that is specified by equation (9) in the direction step of the algorithm.

Suppose that we try A; as the last column of matrix B. Simple algebra shows that B is invertible if and
only if ¢; #0, and the inverse has the following four-block form:

gl <31‘+BHA” BB/ g —BHAilqﬂ) (12)

~BB'q;" o' )
Observe that when an A; corresponding to a ﬁf is replaced by the column corresponding to 87, or vice
versa, the sign of «/g; is flipped; hence the set {i:q; #0,a/q; >0} is non-empty. Write dp for the sub-
vector of d corresponding to the columns of B. The cost value that is associated with xz(¢) is given by
d}B~'b=d"x! —td} B~'1. Formula (12) implies that

dyB"1=1"B"1+ (A" B'A;, — 11000/ qi (13)

For each ¢ in [0, 8], the last component of xz(#) has the same sign as the last component of —B~'1, which
is given by «/¢;. Thus, x(?) is a feasible solution if and only if a/g; > 0. Note that a =0 would imply that
the first K — 1 components of B~'1 are given by B;'1, which again leads to a contradiction. Consequently,
using A;+ as the last column of B will produce an optimal solution if and only if i* maximizes the second
term on the right-hand side of equation (13) over the set {i:q; #0, a/q; >0}, as is prescrlbed indeed, by
the direction step. Because v < § by the definition of ~ in the distance step, 3’ + th is an optimal solutlon
to problem (10) for each ¢ in [0, ~].

Appendix D: Proof of theorem 2

Define two index sets, 1 ={1<j<p:(;=A}and L={1<j<p:{;=—A.}, where XT(Y — XBL) =
(C1y---,¢)T, and let I =1, U L,. For notational convenience, we let f(3) = |8];. Let X, be an
n x |I| matrix that is generated from the columns of X that correspond to the indices in I after multi-
plying those columns in index set I; by —1. Define two index sets I? =1 NI and 13 =L NI.. We show
in the proof of theorem 4 that I C I =1, U L, and thus it follows that 19U I9 = I; . Define matrix X 0 j0
analogously to X, ;,. Note that X 1010 and X are identical. Hence, it is easy to see that, provided that
1= I, condition (14) holds whenevér condition (8) is true. By setting certain elements of u to 0 the same
result also holds at the break points where I is a subset of 1. Therefore, theorem 2 is a direct consequence
of the following result.

Theorem 4. Assume that XTX,1 1, has full rank |7] and Ap =Ar. Then ,BD BL if and only if there is an
|1]-vector u with non-negative components such that

0€d;£(BL)— X" X1, 1,0, (14)

where agf(ﬁL) ={(v,...,v,)T:v; :sgn(ﬁL, N if jel, and v; €[—1, 1] otherwise}.

We spend the remainder of this section _proving theorem 4. Denote by l(,@ AL) the objective func-
tion in equation (4). It is easy to see that l(,6‘ AL) is a convex function in 3, and thus the zero p-vector 0
belongs to the subdifferential ;5 l(,BL, AL) since ,6]_ minimizes (3, A). The subdifferential of (3, \.) in 3 is
given by

951(B. M) =3 V5IIY — XBII3 +ALds 11 Bl
=—X"(Y—XB)+AL9;181h.

where it is a known fact that, for ﬁ: Bis--5 87,

83||B||1={V=(v1,... v,)" v =sgn(B)) if 3;#0 and v; €[-1,1]if 3;=0, i=1,..., p}.

Thus, there is some ve 35 ||,8||1 at ,BL such that XT(Y — XBL) ALv=0. In particular, we see that | XT(Y —
X8 lloe <AL. Note that the set of indices I = {1 < j < p: By ;#0} that is selected by the lasso is a subset
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of the index set I={1<j<p:[(jl=AL} and, for any jel, ¢;= sgn(ﬁL‘j))\L, where ((,...,(,)T=
XT(Y - XBy). .

Now take Ap = Ar. Then, we have shown that 3; is a feasible solution to the minimization problem
(2), but it might not be an optimal solution. Let us investigate when 3, is indeed the Dantzig selector, i.e.
a solution to problem (2). We make a simple observation that the constraint | XT(Y — X3)l < Ap can
equivalently be written into a set of 2p linear constraints, xJT.(Y —XB) < Ap and —xJT.(Y —XB) < p,
j=1,....p.

Suppose that the p x |I| matrix XTX,, ;, has full rank |/|, which means that all its column p-vectors
are linearly independent. Clearly, this requires that |I| <min(n, p). Since the minimization problem (2)
is convex, it follows from classical optimization theory that 3; is a solution to problem (2) if and only if
it is a Karush—Kuhn-Tucker point, i.e. there is an |/|-vector u with non-negative components such that
0c 93 f(BL) — XTXII,,Zu, where the matrix XTX,IJ2 is associated with the gradients of the linear constraints
in the Dantzig selector.

Appendix E: Proof of theorem 3

When all the column n-vectors of the n x p design matrix X have unit norm and equal pairwise correlation
p it will be the case that

X"X=A=1-p,+pl1". 15)

A direct calculation using the Sherman—Morrison—Woodbury formula gives

-1 1 14 T
A 1—p1” (1—0){1+(p—1)p}11 ' 1o
which shows that A is invertible for each p €[0, 1). Thus, equation (15) in fact entails that p <n.

Now, we show that equation (15) implies condition (8). Note that all principal submatrices of A have
the same form as A. Thus, to show that the first part of condition (8) holds, without loss of generality we
need only to show that it holds for Iy ={1,..., p}. Let v=(vy,..., v,,)T be a p-vector with components
lLor—1,where {I<j<p:v;=1}=1and {1<j<p:v;=—1}=L. It follows from equation (15) that
u=(X_Xy) '1= diag(v)A~!v, where diag(v) denotes a diagonal matrix with diagonal elements being the
components of vector v. Then, we need to prove that diag(v)A~'v > 0. Note that diag(v)v=1, diag(v)1=v
and |17v| < p. Thus, by equation (16), we have, for any p [0, 1),

1 17
diag(v) A~ lv= 1-— M v)] >0,
l—p l—p+pp

which proves the first part of condition (8).
It remains to prove the second part of condition (8). We need only to show that, foreach je{l,..., p}\ IL,

|xJT.XLu|<1. a7

Let v be an | I |-vector with components 1 or —1, where {1 < j<|I |:v;=1} and {1 <j< I |:v;=—1}
correspond to /Y and I? in the index set I, respectively. We denote by A, = A to emphasize its order. Then,
we have shown that

1 1Mvp
= (XTX,)""1=diag(V)A; v = 1- >0. 18
u=(X; Xy) 1ag(v)A v 1—p 1_,o-|—|IL|pv {19

Note that all the off-diagonal elements of A are p. Hence it follows from equation (18), equality vIv=|1I |
and inequality |vT1| < |1 | that, for each p€]0, 1),

lT
|XJT.XLu|:|vau|:‘ p (1— ve v)‘
l—p l—p+IiLlp

R [IL1p lp  1—p
=|—uVv'l1 1— X

l—p l—p+I|Llp l—pl—p+IiLlp
___Ihlp

l—p+Iilp

which proves inequality (17).
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