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Abstract

Understanding how features interact with each other is of paramount importance in
many scientific discoveries and contemporary applications. Yet interaction identification
becomes challenging even for a moderate number of covariates. In this paper, we suggest
an efficient and flexible procedure, called the interaction pursuit (IP), for interaction
identification in ultra-high dimensions. The suggested method first reduces the number
of interactions and main effects to a moderate scale by a new feature screening approach,
and then selects important interactions and main effects in the reduced feature space
using regularization methods. Compared to existing approaches, our method screens
interactions separately from main effects and thus can be more effective in interaction
screening. Under a fairly general framework, we establish that for both interactions
and main effects, the method enjoys the sure screening property in screening and oracle
inequalities in selection. Our method and theoretical results are supported by several

simulation and real data examples.
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1 Introduction

In many scientific discoveries, a fundamental question is how to identify important features
within or across sources that may interact with each other in order to achieve better un-
derstanding of the risk factors. For instance, there is growing evidence in genome-wide
association studies supporting the presence of interactions between different genes or sin-
gle nucleotide polymorphisms (SNPs) towards the risks of complex diseases (Cordell, 2009;
Musani et _al., 2007; [Schwender and Ickstadt, 2008; Xu et al.,[2004). It has also been increas-
ingly recognized that the aetiology of most common diseases relates to not only genetic and
environmental factors, but also interactions between the genes and environment (Hunter,
2005). In these problems, ignoring interactions by considering main effects alone can lead
to an inaccurate estimate of the population attributable risk associated with these factors.
Identifying important interactions can also help improve model interpretability and predic-
tion.

Interaction identification with large-scale data sets poses great challenges since the num-
ber of pairwise interactions increases quadratically with the number of covariates p and that
of higher-order interactions grows even faster. In the low-dimensional setting, one may in-
clude all possible interactions in a model and find significant ones by multiple testing or
variable selection methods. This simple strategy, however, becomes impractical or even in-
feasible when p is moderate or large, owing to rapid increase in dimensionality incurred by
interactions. There is a growing literature developing regularization methods to identify
important interactions and main effects, with a focus on the low- or moderate-dimensional
setting. Most of existing methods are rooted on a natural structural condition in certain
applications, namely the strong or weak heredity assumption, and impose various constraints
on coefficients to enforce the heredity assumption. Specifically, the strong heredity assump-
tion requires that an interaction between two variables be included in the model only if both
main effects are important, while the weak one relaxes such a constraint to the presence

of at least one main effect being important. To name a few, Yuan et al! (2009) employed



the non-negative garrote (Breimanl, [1995) for structured variable selection and estimation by
imposing multiple inequality constraints on coefficients. (Choi et al! (2010) reparameterized
the coefficients of interactions to enforce the strong heredity constraint and showed that the
resulting method enjoys the oracle property when p = o(nl/lo), where n is the sample size.
Bien et all (2013) extended the Lasso (Tibshirani, 1996) by adding a set of convex constraints
to enforce the strong or weak heredity constraint.

The aforementioned methods with delicate design on the interaction structure are effec-
tive in identifying important interactions when the number of covariates p is not large. In the
regime of ultra-high dimensionality, that is, p growing nonpolynomially with sample size n,
those methods may, however, become inefficient or even fail, because they need to deal with
complex penalty structures or multiple inequality constraints and thus the computational
cost can be excessively expensive. In addition, it is unclear whether the theoretical results
on variable selection for those methods can still hold when p is ultra high. To reduce the com-
putational cost, Hall and Xue (2014) proposed a two-step recursive approach rooted on the
strong heredity assumption to screen interactions based on the sure independence screening
(Fan_and Ly, 2008). [Hao and Zhang (2014) introduced a forward selection based procedure
to identify interactions in a greedy fashion under the heredity assumption and developed two
algorithms iIFORT and iFORM. Hao et al! (2015) studied regularization methods based on
the Lasso for quadratic regression models under the heredity assumption and proposed a new
algorithm RAMP for interaction identification. Although the heredity assumption is desired
and natural in many applications, it can also be easily violated in some situations as doc-
umented in the literature. For example, ICulverhouse et al. (2002) discussed the interaction
models displaying no main effects and examined the extent to which pure epistatic inter-
actions whose loci do not display any single-locus effects could account for the variation of
the phenotype. In the Nature review paper (Cordell (2009), concerns were raised that many
existing methods may miss pure interactions in the absence of main effects. Efforts have
already been made on detecting pure epistatic interactions in [Ritchie et al. (2001), where a
real data example was presented to demonstrate the existence of such pure interactions. In
these applications, methods that are released from the heredity constraint can enjoy better
flexibility and be more suitable for models with pure epistatic interactions.

To address the challenges of interaction identification in ultra-high dimensions and broader



settings, we present our ideas by focusing on the linear interaction model

P p—1 p
Y =B+ Y BiXi+> Y. meXeXo+e, (1)
j=1 k=1¢=k+1
where Y is the response variable, x = (X, -- ,Xp)T is a p-vector of covariates X;’s, Sy

is the intercept, B;’s and 7/’s are regression coefficients for main effects and interactions,
respectively, and € is the mean zero random error independent of X;’s. Denote by B, =
(Boj)i<j<p and vo = (Yo,ke)1<k<r<p the true regression coefficient vectors for main effects
and interactions, respectively. To ease the presentation, throughout the paper XX, is
referred to as an important interaction if its regression coefficient v ¢ is nonzero, and Xy
is called an active interaction variable if there exists some 1 < ¢ # k < p such that XX,
is an important interaction. Under the above model setting, we suggest a new approach,
called the interaction pursuit (IP), for interaction identification using the ideas of feature
screening and selection. The IP is a two-step procedure that first reduces the number of
interactions and main effects to a moderate scale by a new feature screening approach, and
then identifies important interactions and main effects in the reduced feature space, with
interactions reconstructed based on the retained interaction variables, using regularization
methods. A key innovation of IP is to screen interaction variables instead of interactions
directly and thus the computational cost can be reduced substantially from a factor of O(p?)
to O(p). Our interaction screening step shares a similar spirit to the SIRI proposed in
Jiang and Liu (2014) in the sense of detecting interactions by screening interaction variables.
An important difference, however, lies in that SIRI was proposed under the sliced inverse
index model and its theory relies heavily on the normality assumption.

The main contributions of this paper are threefold. First, the proposed procedure is
computationally efficient thanks to the idea of interaction variable screening. Second, we
provide theoretical justifications of the proposed procedure under mild interpretable condi-
tions. Third, our procedure can deal with more general model settings without requiring the
heredity or normality assumption, which provides more flexibility in applications. In partic-
ular, two key messages that we try to deliver in this paper are that a separate screening step
for interactions can significantly improve the screening performance if one aims at finding

important interactions, and screening interaction variables can be more effective and efficient



than screening interactions directly due to the noise accumulation. We also would like to
emphasize that although we advocate a separate screening step for interactions, we have no
intension to downgrade the importance of main effect screening or even a joint screening of
main effects and interactions. In fact, our interaction screening idea can be coupled with
any main effect or joint screening procedure to boost the performance of feature screening
in interaction models.

The rest of the paper is organized as follows. Section 2lintroduces a new feature screening
procedure for interaction models and investigates the theoretical properties of the proposed
screening procedure. We exploit the regularization methods to further select important inter-
actions and main effects and study the theoretical properties on variable selection in Section
Bl Section @ demonstrates the advantage of our proposed approach through simulation stud-
ies and a real data example. We discuss some implications and extensions of our method
in Section The proofs of all the results and technical details as well as some additional

simulation studies are provided in the Supplementary Material.

2 Interaction screening

We begin with considering the problem of feature screening in interaction models with ultra-

high dimensions. Define three sets of indices

T ={(kl):1<k<{<pwith v # 0},
A={1<k<p: (k) or ({,k) € T for some £}, (2)

B={1<j<p:B;#0}.

The set Z contains all important interactions and the set A consists of all active interaction
variables, while the set B is comprised of all important main effects. We combine sets A and
B, and define the set of important features as M = AU B. As demonstrated in Section B
of Supplementary Material, the sets A, Z, and M are invariant under affine transformations
X7 = bj(X; — a;j) with a; € R and b; € R\ {0} for 1 < j < p. We aim at recovering

interactions in Z and variables in M and thus there is no issue of identifiability.

*We would like to thank a referee for helpful comments on the issue of invariance.



2.1 A new interaction screening procedure

Without loss of generality, assume that EX; = 0 and EXJ2 = 1 for each random covariate X;.
To ensure model identifiability and interpretability, we impose the sparsity assumption that
only a small portion of the interaction and main effects are important with nonzero regression
coefficients ;¢ and f; in interaction model (IJ). Our goal is to effectively identify all important
interactions Z and important features M, and efficiently estimate the regression coefficients
in (I) and predict the future response. Clearly, Z is a subset of all pairwise interactions
constructed from variables in A. Thus, as mentioned before, to recover the set of important
interactions Z we first aim at screening the interaction variables while retaining active ones
in set A.

Let us develop some insights into the problem of interaction screening by considering the

following specific case of interaction model (I):
Y = X1Xs +e, (3)

where x is further assumed to be N(0,3X) with covariance matrix 3 having diagonal entries
1 and off-diagonal entries —1 < p < 1. Simple calculations show that corr(X;,Y) = 0 for
each j. This entails that screening the main effects based on their marginal correlations with
the response can easily miss the active interaction variable X;. An interesting observation
is, however, that taking the squares of all variables leads to cov(X?,Y?) = 2 4 10p? and
cov(XJ?,YQ) = 4p*(1 + 2p) for each j > 3, where the former is always larger than the
latter in absolute value regardless of the value of —1 < p < 1. Thus, the active interaction
variable X7 can be safely retained by ranking the marginal correlations between the squared
covariates and the squared response, that is, X]2 and Y2. By symmetry, the same is true for
the other active interaction variable Xs.

Model (@) is a specific model with only one interaction. The following proposition provides

justification for more general interaction models.

Proposition 1. In interaction model ([Il) with x ~ N(0,1,), it holds that for each j,

Jj—1 P
cov(X7,Y?) = 2@31‘ X Wkt D 734!)- (4)
k=1 r=j+1



Proposition [l shows that for the specific case of ¥ = I,, the correlation between X ]2 and
Y2 is always nonzero as long as X; is an active interaction variable, regardless of whether
or not X; is an important main effect. In contrast, such a correlation becomes zero if X is
neither an important main effect nor an active interaction variable. In fact, it is seen from
@) that (:ov(ij7 Y2) measures the cumulative effect of X as an important main effect or an
active interaction variable.

Motivated by the simple interaction model [B]) and Proposition [I, we propose to iden-
tify the set of active interaction variables A by first ranking the marginal correlations
corr(Xz,YQ) in magnitude, and then retaining the top ones with absolute correlations
bounded from below by some positive threshold. This gives a new interaction screening pro-
cedure which is the first step of IP. More specifically, suppose we are given a sample (x;,y;)7;
of n independent and identically distributed (i.i.d.) observations from (x,Y) in interaction
model (). Observe that corr(X2,Y?) = wy,/{var(Y?)}!/2 with wy, = cov(X2,Y?)/ {Var(X,%)}l/Q.
Denote by &y the empirical version of the population quantity ws by plugging in the corre-
sponding sample statistics, based on the sample (x;,y;)’ ;. Then the screening step of IP is
equivalent to thresholding the absolute values of &y’s; that is, we estimate the set of active

interaction variables A as
A={1<k<p:|ou>r1} (5)

for some threshold 7 > 0. The choice of threshold 7 will be discussed later. Based on the

retained interaction variables in .Z, we can construct all pairwise interactions as
f:{(k,@);k,@eﬁandkd}. (6)

It is worth mentioning that 7 generally provides an overestimate of the set of important
interactions Z, in the sense that some interactions in the constructed set 7 may be unimpor-
tant ones. This is, however, not an issue for the purpose of interaction screening and will be
addressed later in the selection step of IP.

For completeness, we also briefly describe our procedure for main effect screening. We

adopt the SIS approach in [Fan and Lv (2008) to screen unimportant main effects outside the



set B; that is, we first calculate the marginal correlations corr(X;,Y’) and then keep the ones
with magnitude at or above some positive threshold 7. Since we have assumed FX; = 0 and
EXJ2 = 1 for each covariate X, thresholding the marginal correlation between X; and Y is

equivalent to thresholding w; = £ (X;Y). Thus, we estimate the set B by

B={1<j<p:|&} >7}, (7)

*

J
Finally the set of important features M can then be estimated as M= AUB. Although

where @* is the sample version of the population quantity w;f and 7 > 0 is some threshold.
our approach for estimating the set B is the same as SIS, the theoretical developments on
the screening property for main effects are distinct from those in [Fan and Lv (2008) due to

the presence of interactions in our model.

2.2 Sure screening property

We now turn our attention to the theoretical properties of the proposed screening procedure
in IP. It is desirable for a feature screening procedure to possess the sure screening property
(Fan_and Ly, 2008), which means that all important variables are retained after screening
with probability tending to one. We aim at establishing such a property for IP in terms of

screening of both interactions and main effects. To this end, we need the following conditions.

Condition 1. There erist constants 0 < &,& < 1 such that s; = |I| = O(n®') and

59 = |B] = O(n%2), and |Bol, 1Bolleo, |Volleo = O(1) with || -||ee denoting the vector Log-norm.

Condition 2. There exist constants oy, aa,c1 > 0 such that for any t > 0, P(|X;| > t) <
crexp(—c; 1to1) for each 1 < j < p and P(lg| > t) < cjexp(—cy 't°2), and var(ij) are

uniformly bounded away from zero.

Condition 3. There exist some constants 0 < k1, k2 < 1/2 and ¢ > 0 such that minge 4 |wy|

> 2con™" and minjep \w}k] > 2con 2,

Condition [I] allows the numbers of important interactions and important main effects to
grow with the sample size n, and imposes an upper bound on the magnitude of true regression

coefficients. See, for example, |Cho and Fryzlewicz (2012) and Hao and Zhang (2014) for



similar assumptions. Clearly, Condition [ entails that the number of active interaction
variables is at most 2s1, that is, |A| < 2s;.

The first part of Condition [2] is a usual assumption to control the tail behavior of the
covariates and error, which is important for ensuring the sure screening property of our
procedure. Similar assumptions have been made in such work as [Fan and Song (2010),
Chang et al. (2013), and Barut et all (2016). The scenario of a1 = ag = 2 corresponds to
the case of sub-Gaussian covariates and error, including distributions with bounded support
and light tails.

Condition Bl puts constraints on the minimum marginal correlations, through different
forms, for active interaction variables and important main effects, respectively. It is analo-
gous to Condition 3 in [Fan and Lv (2008), and can be understood as an assumption on the
minimum signal strength in the feature screening setting. Smaller constants k1 and kg corre-
spond to stronger marginal signals. This condition is crucial for ensuring that the marginal
utilities carry enough information about the active interaction variables and important main
effects. To gain more insights into Condition Bl consider the specific case of x ~ N(0,I,).
Note that var(X z ) are uniformly bounded by Condition [2l Then it follows from Proposition

[ that the constraint of minge 4 |wg| > 2con™" in Condition Bl is equivalent to that of

k-1 p
(52 2 2 —r
. </80,k + Z%,jk + Z 70,1%) =>cn” "t
j=1 (=k+1

where ¢ is some positive constant which may be different from cy. Thus Condition 3] can be

understood as constraints imposed indirectly on the true nonzero regression coefficients.
Under these conditions, the following theorem shows that the sample estimates of the

marginal utilities are sufficiently close to the population ones with significant probability,

and establishes the sure screening property for both interaction and main effect screening.

Theorem 1. (a) Under Conditions THZ, if 0 < max{2k1 +4€1,2k1 +46} < 1 and E(Y?) =
O(1), then for any C > 0, there exists some constant C1 > 0 depending on C such that for
logp = o(n®") with n = min{(1 — 2k — 4&)/(8 + 1), (1 — 2k1 — 4&1)/(12 4+ 1)},

P O — wi| > Cn~") = o(n~°1). 8
(lr%lggplwk wg| > Cn™") = o(n™"") (8)



(b) Under ConditionsIHZ, if 0 < max{2ka +2£1,2Ke +26} < 1 and E(Y?) = O(1), then
for any C' > 0, there exists some constant Cy > 0 depending on C such that

O — wk| > Cn ") = o(n~ 2
P(lrél?%(p’wj wj| = Cn~") = o(n™"2) 9)

for logp = o(n®") with ' = min{(1 — 2ky — 2£2)/(4 + a1), (1 — 262 — 261)/(6 + a1)}.
(¢) Under Conditions [IH3 and the choices of T = con™ " and T = con™"2, if 0 < &1,& <

min{1/4 — k1/2,1/2 — ka} and E(Y*) = O(1), then we have
P(I c7Z and McC /\7) - 1- o(n—min{ch@}) (10)

for logp = o(n® ™'}y with constants Cy and Co given in ®) and @), respectively. In
addition, it holds that

P (7] < O[n™ N2 (B9} and ] < O{n™ A (5% + 02 00(2)) )

=1-o0 <n7 min{cl’CQ}) ) (11)

where Amax(-) denotes the largest eigenvalue, 3 = cov(x), and X* = cov(x*) for x* =

(X7, X7 with X} = (X? - EX?)/{var(X?)}\/2.

Comparing the results from the first two parts of Theorem [l on interactions and main
effects, respectively, we see that interaction screening generally requires more restrictive
assumption on dimensionality p. This reflects that the task of interaction screening is intrin-
sically more challenging than that of main effect screening. In particular, when oy = 2, IP

can handle ultra-high dimensionality up to

logp = 0 <nmin{(172/£174§2)/5, (1-2k1—4€1)/7, (1-2k2—2€2) /3, (172@7261)/4}) ) (12)

It is worth mentioning that both constants C and Cj in the probability bounds (8)—() can
be chosen arbitrarily large without affecting the order of p and ranges of constants x; and
ko. We also observe that stronger marginal signal strength for interaction variables and main
effects, in terms of smaller values of k1 and ko, can enable us to tackle higher dimensionality.

The third part of Theorem [ shows that IP enjoys the sure screening property for both

10



interaction and main effect screening, and admits an explicit bound on the size of the
reduced model after screening. More specifically, an upper bound of the reduced model
size is controlled by the choices of both thresholds 7 and 7, and the largest eigenvalues of
the two population covariance matrices $* and 2. If we assume Apay(Z*) = O(nf) and
Amax(E) = O(n) for some constants &3,&4 > 0, then with overwhelming probability the
total number of interactions and main effects in the reduced model is at most of a polynomial
order of sample size n.

The thresholds 7 = con ™" and T = con "2

given in Theorem 1 depend on unknown
constants ¢y, K1, and kg, and thus are unavailable in practice. In real applications, to estimate
the set of active interaction variables A, we sort |@wx|, 1 < k < p, in decreasing order and then
retain the top d variables. This strategy is also widely used in the existing literature; see, for
example, [Fan and Lv (2008), [Li et al. (2012), He et all (2013), [Shao and Zhang (2014), and
Cui et al! (2015). The set of main effects B is estimated similarly except that the marginal
utility |@;| is used. Following the suggestion in [Fan and Lv (2008), one may choose the
number of retained variables for each of sets A and B in a screening procedure as n — 1 or
[en/(logn)] with ¢ some positive constant, depending on the available sample size n. The
parameter ¢ can be tuned using some data-driven method such as the cross-validation.

It is worth pointing out that our result is weaker than that in [Fan and Lv (2008) in
terms of growth of dimensionality, where one can allow logp = o(n'~2%2). This is mainly
because they considered linear models without interactions, indicating the intrinsic chal-
lenges of feature screening in the presence of interactions. Moreover, our assumptions on the
distributions for the covariates and errors are more flexible.

The results in Theorem [l can be improved in the case when the covariates X;’s and the
response Y are uniformly bounded. An application of the proofs for [)—(@) in Section D of
Supplementary Material yields

P( Jnax. |0, — wi| > czn_’“> < pCsexp(—Cy 'n!=2F1),

P( max |W; —wj| > 02n7“2> < pCyexp(—Cy 'nt=22),
1<j<p

where ('3 is some positive constant. In this case, IP can handle ultra-high dimensionality

log p = o(nf) with & = min{1 — 2k, 1 — 2k }.

11



3 Interaction selection

3.1 Interaction models in reduced feature space

We now focus on the problem of interaction and main effect selection in the reduced feature
space identified by the screening step of IP. To ease the presentation, we rewrite interaction

model () in the matrix form
y = Bol + X0 + ¢, (13)

where y = (y1,--- ,%,)T is the response vector, 8 = (fy,--- ,05)T is a parameter vector
consisting of p = p(p + 1)/2 regression coefficients 5; and gy, X is the corresponding n X p
augmented design matrix incorporating the covariate vectors for X;’s and their interactions in
columns, and € is the error vector. Hereafter, for the simplicity of presentation and theoretical
derivations, we slightly abuse the notation and still use y and X to denote the de-meaned
response and column de-meaned design matrix, respectively, which leads to Sy = 0. Denote
by A = {ky,--- ,kp, } and B = {j, ,Jps } the sets of retained interaction variables and
main effects, respectively, and H a subset of {1,--- ,p} given by the features in M=AUB
and constructed interactions in Z based on A as defined in (@). To estimate the true value
0o = (60,1, - ,90,5)T of the parameter vector @, we can consider the reduced feature space
spanned by the ¢ = 271p;(p; — 1) + p3 columns of the augmented design matrix X in H with
p3 the cardinality of M , thanks to the sure screening property of IP shown in Theorem [11
When the model dimensionality is reduced to a moderate scale ¢, one can apply any fa-
vorite variable selection procedure for effective selection of important interactions and main
effects and efficient estimation of their effects. There is a large literature on the developments
of various variable selection methods. Among all approaches, two classes of regularization
methods, the convex ones (e.g., [Candes and Tao (2007); [Tibshirani (1996); [Zou (2006)) and
the concave ones (e.g., [Fan and Li (2001); [Lv and Fan (2009); Zhang (2010)), have been
extensively investigated. To combine the strengths of both classes, [Fan and Ly (2014) in-
troduced the combined L and concave regularization method. Such an approach can be
understood as a coordinated intrinsic two-scale learning, in the sense that the Lasso com-

ponent plays the screening role, in terms of reducing the complexity of intrinsic parameter

12



space, whereas the concave component plays the selection role, in terms of refined estimation.
Following [Fan and Lv (2014), we consider the following combined L; and concave regu-

larization problem

i 2n) "y — X012 + Xol|0- 0.}, 14
R GO P RPN LA TR PACHITY: (1)

where 04 denotes a subvector of @ given by components in the complement H¢ of the re-
duced set H, Ag > 0 is the regularization parameter for the Li-penalty, p(6.) = par(|0«]) =
(pa(1071), - - - ,p>\(|9%|))T with 0, = (07,...,0%)7, and py(t) is an increasing concave penalty
function on [0, 0o) indexed by regularization parameter A > 0. Here, 8, = DO = n~'/2(||X1 |20y,
-+, |IX5ll205)T is the coefficient vector corresponding to the design matrix with each column
rescaled to have Ly-norm n'/2, where X = (X, - - ,Xp) and D = diag{Dq1,--- , Dz} with
D, = n*I/Q\\imHg, m = 1,---,p, is the scale matrix. The computational cost of solv-
ing the regularization problem (I4)) in ¢ dimensions after screening from ultra-high scale to
moderate scale is substantially reduced compared to that of solving the same problem in p
dimensions without screening. Moreover, important theoretical challenges arise in investigat-
ing the asymptotic properties of the resulting regularized estimator for IP. Fan and Lv (2014)
considered linear models with deterministic design matrix and no interactions, whereas we
now need to study the interaction model with random design matrix. The presence of both
interactions and additional randomness requires more delicate analyses.

We remark that although the combined L; and concave penalty is used in (I4]), one can
in fact use any favorite variable selection method in the selection step of IP. In particular,
note that (I4]) does not automatically enforce the heredity constraint. If one believes in such
constraint, other penalties, such as the ones in [Yuan et all (2009), |Choi et all (2010), and
Bien et all (2013), can be used in the selection step of IP to achieve this goal. As specified
in the Introduction, one major goal of our paper is to provide a methodological framework

such that effective and efficient interaction screening can be conducted. So the penalty in

(I4)) is just for demonstration purpose.
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3.2 Asymptotic properties of interaction and main effect selection

Before presenting the theoretical results, we state some mild regularity conditions that
are needed in our analysis. Without loss of generality, assume that the first s = [|8]|o
components of the true regression coefficient vector 6y in (I3) are nonzero. Through-
out the paper, the regularization parameter for the L; component is fixed to be A\g =
¢o{(log p) /nere2/(e1+202)11/2 with & some positive constant. Some insights into this choice
of Ao will be provided later. Denote by pu(t) = 271{\? — (A — )2}, t > 0, the hard-

thresholding penalty, where ()4 denotes the positive part of a number.

Condition 4. There exist some constants ko, k, L1, Ly > 0 such that with probability 1 — a,

satisfying a, = o(1), it holds that MmNy g1 8]j0<2s n~12||X4|2 > ko,

i YKo/ (18112 V (I82]2) | >
min n 2 11|12 212) =2 K
070, [162[1 <7[[61x { }
for & = (67,887 € RP with §; € R® and 8 a subvector of &5 consisting of the s largest

components in magnitude, and Dy, s are bounded between L1 < Lo.

Condition 5. The concave penalty satisfies that px(t) > pa a(t) on [0, ], ph{(1 —c3)A} <
min{Ao/4, cs\} for some constant c3 € [0,1), and —p\(t) is decreasing on [0, (1 — c3)A].

Moreover, miny << |0 ;| > L7 max{(1 — c3)), 2L2nalpi/2(oo)} with py(oc0) = tlim pa(t).
>J)> —00

Condition [l is similar to Condition 1 in [Fan and Lv (2014) for the case of deterministic
design matrix, except that the design matrix is now random in our setting and also aug-
mented with interactions. We provide in Section 3.3 some sufficient conditions ensuring that
Condition [ holds. Condition [B] puts some basic constraints on the concave penalty py(t)
as in [Fan and Lv (2014). Under these regularity conditions, the following theorem presents
)T

the selection properties of the IP estimator 0= (51, e ,55 including an explicit bound on

the number of falsely discovered signs FS(8) = [{1 < m < p: sgn(b,) # sgn(6o,m)}|, which
provides a stronger measure on variable selection than the total number of false positives

and false negatives.

Theorem 2. Assume that the conditions of part ¢) of Theorem [ and Conditions [{H3 hold,

log p = o{n@102/(C1+202) Y wyith oy ap /(o 4 2ai2) < 1, and py(t) is continuously differentiable.
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Then the global minimizer 0 of (I4)) has the hard-thresholding property that each component
is either zero or of magnitude larger than (1 — c3)A, and with probability at least 1 — a,, —

o(n~mind{CLC2} 4 p—ea) it satisfies simultaneously that

n~1/2 H)N((/é — 00)H2 — O(ff_l)\osl/z),
[o - 00], = 0t-=nst. a2

FS(6) = 0 {x™*(No/N)?s},

and furthermore sgn(0) = sgn(6o) if A > 56(1 — c3) "1k ~2X\osY/2, where ¢4 is some positive
constant. Moreover, the same results hold with probability at least 1 — a,, — o(p~*) for the

reqularized estimator 0 without prescreening, that is, without the constraint @yec = 0 in (1))

The results in Theorem [2] also apply to the regularized estimator with p; = ps = p and
g =p = p(p+ 1)/2, that is, without any screening of variables. Theorem [2] shows that
if the tuning parameter \ satisfies \g/A — 0, then the number of falsely discovered signs
FS(@) is of order o(s) and thus the false sign rate FS(@) /s is asymptotically vanishing with
probability tending to one. We also observe that the bounds for prediction and estimation
losses are independent of the tuning parameter A\ for the concave penalty.

As shown in Theorem [ the regularization parameter for the L; component \g =
¢o{(log p) /n1@2/(e1+2a2)11/2 plays a crucial role in characterizing the rates of convergence
for the regularized estimator 6. Such a parameter basically measures the maximum noise
level in interaction models. In particular, the exponent ajas/(ag + 2a3) is a key parameter
that reflects the level of difficulty in the problem of interaction selection. This quantity is
determined by three sources of heavy-tailedness: covariates themselves, their interactions,
and the error. To simplify the technical presentation, in this paper we have focused on
the more challenging case of ajas/(a; + 2a2) < 1. Such a scenario includes two specific
cases: 1) sub-Gaussian covariates and sub-Gaussian error, that is, a1 = e = 2 and 2) sub-
Gaussian covariates and sub-exponential error, that is, &1 = 2,0 = 1. We remark that in
the lighter-tailed case of ayan /(v + 2as) > 1, one can simply set \g = co{(logp)/n}/? and
the results in Theorem [2] can still hold for this choice of Ag by resorting to Lemma [6] and

similar arguments in the proof of Theorem [2
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3.3 Verification of Condition (4]

Since Condition [ is a key assumption for proving Theorem 2 we provide some suffi-
cient conditions that ensures this assumption on the augmented random design matrix
X = (X1, ,Xp). Denote by > the population covariance matrix of the augmented co-

variate vector consisting of p main effects X;’s and p(p — 1)/2 interactions X3 X,’s.

Condition 6. There exists some constant K > 0 such that for § = (67,60)T € RP,

min ~ 67%6 > K and min 876/ (1612 v [|02]l2) > K,
19]12=1, [0lo<2s 8£0, 0211 <7101 ]1x < )

where &1 € R® and 8 is a subvector of 82 consisting of the s largest components in magnitude.

Condition [0l is satisfied if the smallest eigenvalue of 3 is assumed to be bounded away
from zero. Such a condition is in fact much weaker than the minimum eigenvalue assumption,
since it is the population version of a mild sparse eigenvalue assumption and the restricted
eigenvalue assumption. The following theorem shows that under some mild assumptions,
Condition @] holds for the full augmented design matrix X and thus holds naturally for any

n X q sub-design matrix with ¢ < p and the sure screening property.

Theorem 3. Assume that Condition [0 holds, there exist some constants ay,c1 > 0 such
that for any t > 0, P(|X;| > t) < ciexp(—c;'t®) for each j, s = O(n%), and logp =
o(n™inder/41}=20) with constant 0 < & < min{ay/8,1/2}. Then Condition [ holds with
pminfe1/411=26 — O(—logay,).

4 Numerical studies

In this section, we design two simulation examples to verify the theoretical results and
examine the finite-sample performance of the suggested approach IP. We also present an

analysis of a prostate cancer data set.

4.1 Feature screening performance

We start with comparing IP with several recent feature screening procedures: the SIS, DC-

SIS (Liet al), 2012), and SIRI (Jiang and Liu, 2014). The SIRI is an iterative procedure
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that alternates between a large-scale variable screening step and a moderate-scale variable
selection step when the dimensionality p is large. Since all other screening methods are non-
iterative, in this section, we compare the initial screening step of SIRI with other methods
and name the screening only procedure as SIRI*. The full iterative SIRI will be included in
Section later for comparison of variable selection. SIRI*, SIS, and DC-SIS each return a
set of variables without distinguishing between important main effects and active interaction
variables. Thus, for each method, we construct interactions using all possible pairwise inter-
actions of the recruited variables. By doing so, the strong heredity assumption is enforced.
We name the resulting procedures as SIRI*2, SIS2, and DC-SIS2 to distinguish them from
their original versions.

For IP, as mentioned in Section 222 we retain the top [n/(logn)] variables in each of sets
A and B defined in () and (7)), respectively. The features in the union set M = AUB are
used as main effects while variables in set A are used to build interactions in the selection
step of IP. To ensure a fair comparison, the numbers of variables kept in SIRI*2, SIS2, and

DC-SIS2 are all equal to the cardinality of M, which is up to 2[n/(logn)].

Example 1 (Gaussian distribution). We consider the following four interaction models
linking the covariates X;’s to the response Y:

e M1 (strong heredity): Y = 2X; 4+ 2X5 + 3X1 X5 + €1,

e M2 (weak heredity): Y = 2X; +2X79 + 3X; X5 + &2,

e M3 (anti-heredity): Y = 2X30 + 2X15 + 3X1 X5 + €3,

e M4 (interactions only): Y = 3X1 X5 + 3X30X15 + €4,

where the covariate vector x = (X1, , X,)’ ~ N(0,%) with & = (pV7*);<; 1<, and the
errors £1 ~ N(0,2.5%), &3 ~ N(0,22), e3 ~ N(0,22), and g4 ~ N(0,1.5%) are independent of
x. The first two models M1 and M2 satisfy the heredity assumption (either strong or weak),
while the last two M3 and M4 do not obey such an assumption. Different levels of error
variance are considered since the difficulty of feature screening varies across the four models.
A sample of n i.i.d. observations was generated from each of the four models. We further
considered four different settings of (n,p, p) = (200,2000,0), (200, 2000,0.5), (300,5000,0),
and (300, 5000, 0.5), and repeated each experiment 100 times.
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[Table [I] about here.]

Table [ lists the comparison results for all screening methods in recovering each impor-
tant interaction or main effect, and retaining all important ones. For model M1 satisfying
the strong heredity assumption, all procedures performed rather similarly and all retaining
percentages were either equal or close to 100%. Both DC-SIS2 and IP performed similarly
and improved over SIS2 and STRI*2 in model M2 in which the weak heredity assumption
holds. In models M3 and M4, IP significantly outperformed all other methods in detecting
interactions across all four settings, showing its advantage when the heredity assumption is
not satisfied. We also observe that SIS2 failed to detect interactions, whereas SIRI*2 im-
proved over DC-SIS2 in these two models. These results suggest that a separate screening
step should be designed specifically for interactions to improve the screening accuracy, which

is indeed one of the main innovations of IP.

Example 2 (Non-Gaussian distribution). The second example adopts the same four
models as in Example 1, but with different distributions for the covariates X;’s and error ¢.
We added an independently generated random variable U; to each covariate X; as given in
Example 1 to obtain new covariates, where U;’s are i.i.d. and follow the uniform distribution

on [—0.5,0.5]. The errors & ~ t(3), €2 ~ t(4), €3 ~ t(4), and €4 ~ t(g) are independent of x.
[Table 2] about here.]

The screening results of all the methods are summarized in Table Pl Similarly as in
Example 1, IP outperformed SIS2 in interaction screening. When the heredity assumption is
satisfied, IP performed comparably to DC-SIS2. In particular, both approaches were better
than SIS2 and SIRI*2 when the weak heredity assumption is satisfied. The improvement
of IP over all other methods in detecting interactions became substantial when the heredity
assumption is violated.

We also calculated the overall signal-to-noise ratio (SNR) and the individual SNR for
each model, where the former is defined as var(X” ) /var(e) with X the augmented covariate
vector defined in Section Bl e the error term and @ given in model (I3]), and the latter
is defined similarly by replacing Var(iTB) with the variance of each individual term. The

overall and individual SNRs for the models considered in both Examples 1 and 2 are listed
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in Table Bl In particular, we see that although the overall SNRs are at decent levels, the
individual ones are weaker, reflecting the general difficulty of retaining all important features

for screening.

[Table B about here.]

4.2 Variable selection performance

We further assess the variable selection performance of IP. For all screening methods but
SIRI*2, with each data set generated in Examples 1 and 2, we can employ regularization
methods such as the Lasso and the combined L; and concave method to select important
interactions and main effects after the screening step. As shown in |[Fan and Lvi (2014), dif-
ferent choices of the concave penalty gave rise to similar performance. We thus implemented
the combined L; and SICA (L;+SICA) for simplicity. The approach of SIS2 followed by
Lasso is referred to as SIS2-Lasso for short. All other combinations of screening and selection
methods are defined similarly. We also paired up the hierNet (Bien et al., [2013) with the IP
for interaction identification. For SIRI, we used the full iterative procedure as described in
Jiang and Liu (2014). Since SIRI only returns a set of important variables, we added an addi-
tional refitting step using the selected variables to calculate model performance measures. We
also included additional competitor methods iFORT and iFORM in Hao and Zhang (2014)
and RAMP in [Hao et al! (2015) in our simulation studies. The oracle procedure based on
the true underlying interaction model was used as a reference point for comparisons. The
cross-validation (CV) was used to select tuning parameters for all the methods, except that
the BIC was applied to L1+SICA related procedures for computational efficiency since two
regularization parameters are involved.

To evaluate the variable selection performance of each method, we employed three per-
formance measures. The first one is the prediction error (PE), which was calculated using an
independent test sample of size 10,000. The second and third measures are the numbers of
false positives (FP) and false negatives (FN), which are defined as the numbers of included

noise variables and missed important variables in the final model, respectively.

[Tables @ and [5 about here.]
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Table [ presents the medians and robust standard deviations (RSD) of these measures
based on 100 simulations for different models in Example 1. The RSD is defined as the
interquartile range (IQR) divided by 1.34. We used the median and RSD instead of the
mean and standard deviation since these robust measures are better suited to summarize the
results due to the existence of outliers. When the strong heredity assumption holds (model
M1), both DC-SIS2-L+SICA and IP-L;+SICA followed closely the oracle procedure, and
outperformed the other methods in terms of PE, FP, and FN across all four settings. In
model M2 with the weak heredity assumption, variable selection methods based on both
DC-SIS2 and IP performed fairly well. In the cases when the heredity assumption does
not hold (models M3 and M4), the IP-L;+SICA still mimicked the oracle procedure and
uniformly outperformed the other methods over all settings. The inflated RSDs, relative to
medians, in model M4 were due to the relatively low sure screening probabilities (see Tables
[ and 2). When the sure screening probability is low, a nonnegligible number of replications
can have nonzero false negatives, which inflated the corresponding prediction errors. The
comparison results of variable selection for Example 2 are summarized in Table Bl The

conclusions are similar to those for Example 1.

4.3 Real data analysis

In addition, we illustrate our procedure IP through an analysis of the prostate cancer
data studied originally in [Singh et all (2002) and analyzed also in [Fan and Fan (2008) and
Hall and Xue (2014). This data set, which is available at http://www.broad.mit.edu/cgi-bin/cancer/datasets
contains 136 samples with 77 from the tumor group and 59 from the normal group, each of
which records the expression levels measured for 12,600 genes. [Hall and Xue (2014) applied
a four-step procedure to preprocess the data. Their procedure includes the truncation of
intensities to make them positive, the removal of genes having little variation in intensity,
the transformation of intensities to base 10 logarithms, and the standardization of each data
vector to have zero mean and unit variance. An application of the four-step procedure results
in a total of p = 3,239 genes.

We treated the disease status as the response and the resulting 3, 239 genes as covariates.
The data set was randomly split into a training set and a test set. Each training set consists

of 69 samples from the tumor group and 53 samples from the normal group, and the test
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set is formed by the remaining samples. For each split, we applied the screening method IP
to the training data and retained the top d = [en/(log n)] = [25.4c] genes in each of sets A
and B with ¢ chosen from the grid {0.5,1,2}. For SIS2 and DC-SIS2, we retained the top
|M\ | = |./Zl\ UB| | variables in the screening step. Because of the limited sample size, to increase
the stability we constructed interactions in a more conservative way by using variables in
set M instead of only A to build interactions in the selection step of IP. In addition, to
overcome the difficulty caused by potential high collinearity, in our real data analysis we
used the elastic net penalty introduced in Zou and Hastie (2005). We then tuned ¢ in terms
of minimizing the classification error calculated using the test data. We also repeated the

random split 100 times.
[Table [6 about here.]

Three competing methods SIS2-Enet, DC-SIS2-Enet, and IP-Enet were considered, where
SIS2-Enet denotes the approach of SIS2 followed by the elastic net, and the latter two meth-
ods are defined similarly. Since the same penalty is used for the step of variable selection,
the difference in performance should come mainly from the screening step. Table [6l summa-
rizes the classification results and median model sizes for each method. We observe that the
approach of IP-Enet yielded lower classification errors. Paired t-tests of classification errors
on the 100 splits of IP-Enet against SIS2-Enet and DC-SIS2-Enet gave p-values 4.95 x 10710
and 1.62 x 1078, respectively. These results show that our proposed method outperformed

significantly SIS2-Enet and DC-SIS2-Enet in classification error.
[Table [7 about here.]

We also present in Table[7lthe top 10 interactions and top 10 main effects that were most
frequently selected over 100 splits. We see from Table[Tlthat a set of genes, such as SERINCS5,
HPN, HSPD1, LMO3, and TARP, were selected by all methods as main effects, revealing
that those genes may play a significant role in the etiology of prostate cancer. For example,
Holt et _al. (2010) claimed Hepsin (HPN) as one of the most consistently overexpressed genes
in prostate cancer. In addition, evidence of the association between TARP gene variants

and prostate cancer risk has been shown in Wolfgang et al. (2000), |Oh et al/ (2004), and
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Hillerdal et al. (2012). Note that the gene ERG was missed by both SIS2-Enet and DC-
SIS2-Enet in the top 10 main effects, but it was selected by IP-Enet as a main effect and
part of an interaction (SLC7TA1XERG). There are a wide range of studies investigating the
effect of ERG on prostate cancer (Furusato et al., 12010; [Klezovitch et all, [2008).

The most frequently selected interaction DPT xS100A4 by SIS2-Enet and DC-SIS2-Enet
is also among the top 10 list by IP-Enet. Two more interactions, RARRES2xKLK3 and
MAFxNELL2, are also among the top 10 lists by both IP-Enet and SIS2-Enet. However,
some interactions involving PRKDC (PRKDCxCFD and PRKDCxKLK3) were very often
selected by IP-Enet but missed by the other two methods. There are studies showing that
PRKDC is associated with prostate cancer (McCarthy et al., 2013). Such a finding favors
the results of TP that the interactions PRKDCxCFD and PRKDCxKLK3 were identified

to be associated with the phenotype.

5 Discussion

We have considered in this paper the problem of interaction identification in ultra-high di-
mensions. The proposed method IP based on a new interaction screening procedure and
post-screening variable selection is computationally efficient, and capable of reducing dimen-
sionality from a large scale to a moderate one and recovering important interactions and
main effects. To simplify the technical presentation, our analysis has been focused on the
linear pairwise interaction models. Screening for main effects in more general model settings
has been explored by many researchers; see, for example, [Fan and Song (2010), [Fan et al.
(2011), IChang et all (2013), and |Cheng et all (2014). It would be interesting to extend the
interaction screening idea of IP to these and other more general model frameworks such as
the generalized linear models, nonparametric models, and survival models with interactions.

The key idea of IP is to use different marginal utilities to screen interactions and main
effects separately. As such, it can suffer from the same potential issues as the SIS. First,
some noise interactions or main effects that are highly correlated with the important ones
can have higher marginal utilities and thus priority to be selected than other important ones
that are relatively weakly related to the response. Second, some important interactions or

main effects that are jointly correlated but marginally uncorrelated with the response can
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be missed after screening. To address these issues, we next briefly discuss two extensions of
IP that enable us to exploit more fully the joint information among the covariates.

Our first extension of IP, the iterative IP (IIP), is motivated by the idea of two-scale
learning with the iterative SIS (ISIS) in [Fan and Lv (2008) and [Fan et all (2009). The IIP
works as follows by applying large-scale screening and moderate-scale selection in an iterative
fashion. First, apply IP to the original sample (x;,y;)!"_; to obtain two sets fl of interactions
and B\l of main effects, and construct a set ./Zl\l of interaction variables based on fl as in (2)).
Second, update the sets of candidate interaction variables as {1,--- ,p} \.21 and candidate
main effects as {1,--- ,p}\ gl, treat the residual vector from the previous iteration as the
new response, and apply IP to the updated sample to obtain new sets fg, 3\2, and ./Zt\Q defined
similarly as before. Third, iteratively update the feature space for candidate interaction
variables and main effects and the response, and apply IP to the updated sample to similarly
obtain sequences of sets (Z;), (Bg), and (Ay), until the total number of selected interactions
and main effects in sets ik’s and gk’s reaches a prespecified threshold. Fourth, finally select
important interactions and main effects using a regularization method in the reduced feature
space given by the union of fk’s and B\k’s.

The second extension of IP, the conditional IP (CIP), exploits the idea of the conditional
SIS (CSIS) in Barut et all (2016), which replaces the simple marginal correlation with the
conditional marginal correlation to assess the importance of covariates when some variables
are known in advance to be important. Suppose we have some prior knowledge that two given
sets Ao, By C {1,--- ,p} contain some active interaction variables and important main effects,
respectively. For interaction screening, the CIP regresses the squared response Y2 on each
squared covariate X,% with & outside 4 by conditioning on (X g) te Ay, and retains top ones in
the conditional marginal utilities as interaction variables. Similarly, in main effect screening
it employs marginal regression of the response Y on each covariate X with k outside By
conditional on (Xy)sep,. After screening, CIP further selects important interactions and
main effects using a variable selection procedure in the reduced feature space. The approach
of CIP can also be incorporated into IIP by conditioning on selected variables in previous
steps when calculating the marginal utilities along the course of iteration.

The investigation of these extensions is beyond the scope of the current paper and will

be interesting topics for future research.
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Table 1: The percentages of retaining each important interaction or main effect, and all
important ones (All) by all the screening methods over different models and settings in
Example 1.

Method M1 M2 M3 M4
X1 X5 X1X5 All X1 Xw X1X5 All XIO X15 X1X5 All X1X5 X10X15 All

Setting 1: (n,p, p) = (200,2000,0)
SIS2 1.00 1.00 100 1.00 1.00 1.00 0.09 0.09 1.00 1.00 0.02 0.02 0.02 0.02 0.00
DC-SIS2 1.00 1.00 1.00 1.00 1.00 1.00 0.88 0.88 1.00 1.00 0.04 0.04 0.15 0.16 0.03
SIRI*2 1.00 1.00 100 100 1.00 1.00 0.67 0.67 1.00 1.00 0.13 0.13 0.34 0.29 0.13

IP 1.00 1.00 097 097 1.00 100 088 088 1.00 1.00 0.93 0.93 0.80 0.79 0.59
Setting 2: (n,p, p) = (200,2000, 0.5)
SIS2 1.00 1.00 1.00 1.00 1.00 1.00 0.15 0.15 1.00 1.00 0.01 0.01 0.01 0.04 0.00

DC-SIs2  1.00 1.00 1.00 1.00 1.00 1.00 0.85 0.85 1.00 1.00 0.03 0.03 0.14 0.11 0.03
SIRI*2 1.00 1.00 1.00 1.00 1.00 1.00 0.62 0.62 1.00 1.00 0.09 0.09 0.36 0.31 0.11

IP 1.00 100 096 0.96 1.00 1.00 0.85 085 1.00 100 084 084 0.75 0.84 0.59
Setting 3: (n,p, p) = (300, 5000, 0)
SIS2 1.00 1.00 1.00 1.00 1.00 1.00 0.07 0.07 1.00 1.00 0.01 0.01 0.00 0.00 0.00

DC-SIS2  1.00 1.00 1.00 1.00 1.00 1.00 093 0.93 1.00 1.00 0.03 0.03 0.14 0.16 0.01
SIRI*2 1.00 1.00 1.00 1.00 1.00 1.00 0.72 0.72 1.00 1.00 0.15 0.15 0.40 0.43 0.16

1P 1.00 1.00 097 097 1.00 1.00 090 090 1.00 1.00 096 096 0.83 0.82 0.65
Setting 4: (n,p, p) = (300,5000,0.5)
SIS2 1.00 100 100 100 1.00 1.00 0.17 0.17 1.00 1.00 0.04 0.04 0.02 0.00 0.00

DC-SIs2  1.00 1.00 1.00 1.00 1.00 1.00 095 0.95 1.00 1.00 0.07 0.07 0.13 0.18 0.02
SIRI*2 1.00 1.00 1.00 1.00 1.00 1.00 0.83 083 1.00 1.00 0.18 0.18 0.46 0.47 0.18
1P 1.00 1.00 099 0.99 1.00 1.00 090 090 1.00 1.00 0.94 094 0.79 0.85 0.64

Table 2: The percentages of retaining each important interaction or main effect, and all
important ones (All) by all the screening methods over different models and settings in
Example 2.

Method M1 M2 M3 M4
X1 X5 XuXs Al Xy X XiXs Al X0 Xz XiXs Al X1 X5 XXz All

Setting 1: (n,p, p) = (200,2000,0)
SIS2 1.00 100 100 100 100 100 0.13 0.13 1.00 1.00 0.02 0.02 0.00 0.01 0.00
DC-SIS2 1.00 1.00 1.00 1.00 1.00 1.00 0.91 091 1.00 1.00 0.06 0.06 0.17 0.20 0.01
SIRI*2 1.00 100 100 100 1.00 100 0.75 0.75 1.00 1.00 0.18 0.18 0.36 0.40 0.11

1P 1.00 1.00 096 096 1.00 1.00 0.95 095 1.00 1.00 0.97 097 0.80 0.83 0.63
Setting 2: (n,p, p) = (200,2000,0.5)
SIS2 1.00 1.00 100 100 1.00 1.00 0.18 0.18 1.00 1.00 0.01 0.01 0.00 0.00 0.00

DC-SIs2  1.00 1.00 1.00 1.00 1.00 1.00 095 0.95 1.00 1.00 0.10 0.10 0.14 0.14 0.02
SIRI*2 1.00 1.00 1.00 1.00 1.00 1.00 0.85 085 1.00 100 0.16 0.16 0.41 0.43 0.18

1P 1.00 1.00 095 095 1.00 1.00 0.97 097 1.00 1.00 096 0.96 0.80 0.81 0.61
Setting 3: (n,p, p) = (300,5000,0)
SIS2 1.00 1.00 100 1.00 1.00 1.00 0.14 0.14 1.00 1.00 0.02 0.02 0.00 0.01 0.00

DC-SIs2  1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.10 0.10 0.18 0.20 0.01
SIRI*2 1.00 1.00 1.00 1.00 1.00 1.00 0.93 093 1.00 1.00 032 032 0.63 0.65 0.43

IP 1.00 1.00 098 098 1.00 1.00 098 098 1.00 1.00 0.97 097 0.86 0.85 0.71
Setting 4: (n,p, p) = (300,5000, 0.5)
SIS2 1.00 1.00 1.00 1.00 1.00 1.00 0.09 0.09 1.00 1.00 0.02 0.02 0.00 0.01 0.00

DC-S1IS2 1.00 1.00 1.00 100 1.00 1.00 100 1.00 1.00 1.00 0.16 0.16 0.32 0.25 0.05
SIRI*2 1.00 1.00 1.00 1.00 1.00 1.00 0.92 092 1.00 1.00 034 034 0.70 0.57 0.36
1P 1.00 1.00 0.99 099 100 1.00 094 094 1.00 1.00 097 097 081 0.89 0.70
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Table 3: The overall and individual signal-to-noise ratios (SNRs) of each model in Examples
1 and 2.

Example 1 Example 2

Settings 1,3 Settings 2,4 Settings 1,3 Settings 2,4

M1 X1 0.64 0.64 1.44 1.44
X5 0.64 0.64 1.44 1.44

X1 X5 1.44 1.45 3.52 3.53
Overall 2.72 2.81 6.41 6.59

M2 X1 1.00 1.00 2.17 2.17
X10 1.00 1.00 2.17 2.17

X1X5 2.25 2.26 5.28 5.30
Overall 4.25 4.26 9.61 9.64

M3 X0 1.00 1.00 2.17 2.17
X5 1.00 1.00 2.17 2.17

X1X5 2.25 2.26 5.28 5.30
Overall 4.25 4.32 9.61 9.76

M4 X Xj5 4.00 4.02 7.92 7.95
X10X15 4.00 4.00 7.92 7.93
Overall 8.00 8.02 15.84 15.88
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Table 4: Variable selection results for all the selection methods in terms of medians and robust standard deviations (in parentheses)
of various performance measures in Example 1.

Method M1 M2 M3 M4
PE FP PE FP FN PE FP FN PE FP FN
Setting 1: (n,p, p) = (200, 2000,0)

&
Z

STS2-Lasso 8002 (0.560) 81 (10.8)  0(0) 15.928 (1.003) 885 (8.6)  1(0) 15877 (0.981) 90 (86)  1(0)  22.673 (0.672) 96 (7.1) 2 (0)
SIS2-L,+SICA 9.705 (2.388) 125 (104) 0 (0) 21013 (3.354) 15 (104)  1(0) 21.320 (3.220) 20.5 (11.2) 1(0)  32.605 (3.190) 16 (9.7) 2 (0)
DC-SIS2-Lasso 7.957 (0.475) 82 (9.7)  0(0) 5151 (0.328) 82 (10.1)  0(0) 15850 (0.969) 90 (7.1)  1(0)  22.440 (6.808) 94 (82) 2 (0.7)
DC-SIS2-L1+SICA  9.043 (2.174) 105 (9.7)  0(0) 6332 (1.721) 115 (82)  0(0) 20.693 (3.704) 155 (10.4) 1(0)  31.637 (9.652) 17 (11.2) 2 (0.7)
SIRI 6472 (0.193) 3 (9.0)  0(0) 4326 (0.319) 7(6.7)  0(0) 14443 (0.874) 8 (6.7)  1(0) 21026 (6.344)  6(2.1) 2 (0.7)
RAMP 6.370 (0.089) 0 (0) 0(0) 13692 (0245 0 (0) 1(0) 13.653 (0.219) 0 (0) 1(0) 22856 (0.906) 2 (L5) 2 (0)
iFORT 6.387 (2.020)  0(02)  0(0.3) 13211 (0.408)  1(0.2)  2(0.1) 13379 (0.561)  1(0.5)  2(0.1) 20.304 (0422)  0(0.1) 2 (0)
iFORM 6.374 (0.147)  0(02)  0(0.3) 13.199 (0.398)  1(0.2)  2(0.1) 13.266 (1.092)  1(0.5)  2(0.1) 20304 (0.377)  0(0.1) 2 (0)
IP-hierNet 8.525 (0.836) 555 (347) 0 (0) 6557 (0.853) 82 (28.5)  0(0)  7.81 (0.912) 95(27.2)  0(0)  6.149 (3.304) 115 (21.3) 0 (0.7)
IP-Lasso 8420 (0.807) 795 (16.8) 0 (0) 5302 (0.455) 75 (14.6)  0(0)  5.386 (0.422) 745 (13.1) 0(0)  3.135 (7.909) 79 (11.2) 0 (0.7)
IP-L1+SICA 7301 (1509) 3 (5.2)  0(0) 4358 (0.964) 1(41)  0(0) 4640 (0.890) 2(52)  0(0)  3.108 (8847)  3(6.0)  0(0.7)
Oracle 6.340 (0.111) 0 (0) 0(0) 4051 (0.080) 0 (0) 0(0) 4058 (0.081) 0 (0) 0(0) 2269 (0.037) 0 (0) 0 (0)
Setting 2: (n,p, p) = (200,2000,0.5)
STS2-Lasso 7003 (0.472) 83 (104)  0(0) 15.625 (1.358) 89 (104)  1(0) 15997 (0.965) 89 (8.6)  1(0) 22.973 (0.724) 94 (5.6) 2 (0)
SIS2-L;+SICA 0.355 (2.791) 12 (1.6)  0(0) 20.120 (4.690) 17.5 (116) 1 (0) 21.274 (2612) 18 (9.0)  1(0)  33.225 (3.600) 17 (104) 2 (0)
DC-SIS2-Lasso 7.007 (0.518)  82(9.3)  0(0) 5154 (0417) 83 (127)  0(0) 15943 (L.115) 89 (9.0)  1(0)  22.804 (1492) 92 (6.7) 2 (0)
DC-SIS2-L, +SICA  8.661 (2.526) 9 (9.7)  0(0)  6.046 (1.995) 10 (82)  0(0) 20477 (3.891) 155 (119) 1(0)  3L69L (8.200) 16 (10.4) 2 (0)
SIRI 6.550 (0.353) 3 (5.2)  0(0) 4293(0258) 7(37)  0(0) 14.097 (0.600) 8 (6.2)  1(0) 21740 (1.209) 6 (3.7) 2 (0)
RAMP 6.360 (0.076) 0 (0) 0(0) 13397 (0265 0 (0) 1(0) 13.423 (0.223) 0 (0) 1(0) 22862 (0.836) 1(0.7) 2 (0)
iFORT 6.397 (1.699)  0(0.2)  0(0.3) 13288 (0471)  1(0.2) 2 (0.1) 13400 (0.504)  1(0.5) 2 (0.1)  20.309 (0.306) 0 (0) 2 (0)
iFORM 6.375 (0.103)  0(0.2)  0(0.3) 13288 (0457)  1(0.2) 2 (0.1) 13.266 (1.201)  1(0.5)  2(0.1)  20.309 (0.306) 0 (0) 2 (0)
IP-hierNet 8310 (0.705) 37 (32.5)  0(0)  6.441 (1.004) 71 (224)  0(0)  6.891 (L.179) 85.5 (22.6) 0(0)  5.467 (8.654) 109 (21.1) 0 (0.7)
IP-Lasso 8487 (0.698) 735 (164) 0 (0) 5423 (0482) 76 (134)  0(0) 5375 (0577) 7L5 (168) 0(0)  3.053 (8.036) 77 (16.0) 0 (0.7)
IP-L,+SICA 7.343 (1.603)  3(6.0)  0(0) 4373 (0970)  1(3.7)  0(0) 4561 (1.380)  2(5.6)  0(0)  2.826(9.292)  3.5(67) 0 (0.7)
Oracle 6.335 (0.115) 0 (0) 0(0) 4057 (0.073) 0 (0) 0(0)  4.06(0.082) 0 (0) 0(0) 2270 (0.041) 0 (0) 0 (0)
Setting 3: (n,p, p) = (300, 5000,0)
SIS2-Lasso 7.686 (0.307) 123 (16.4) 0 (0) 15.365 (0.798) 138 (8.6)  1(0) 15491 (0.613) 139 (10.4) 1(0)  22.582 (0.622) 145 (6.3) 2 (0)
SIS2-L, +SICA 10047 (1277) 19 (5.6) 0 (0) 21.666 (2.105) 29 (7.8)  1(0) 21748 (2.205) 205 (8.6) 1(0) 32550 (3.175) 325 (14.9) 2 (0)
DC-STS2-Lasso 7.660 (0.203) 120 (16.8) 0 (0) 4919 (0.221) 127 (149) 0 (0) 15419 (0.608) 136 (9.7)  1(0)  22.383 (7.327) 139.5 (10.4) 2 (0.7)
DC-SIS2-L1+SICA  10.248 (1.705) 205 (82) 0 (0)  6.098 (0.986) 14 (5.6)  0(0) 21694 (2437) 30 (82)  1(0) 3L714 (10.652) 30 (123) 2 (0.7)
SIRI 6.360 (0.192) 3 (5.2)  0(0) 4156 (0.158)  7(6.7)  0(0) 14011 (0.607) 4 (3.0)  1(0)  13.357 (7.306) 15  1(0.7)
RAMP 6.306 (0.053) 0 (0) 0(0) 13.603 (0.137) 0 (0) 1(0) 13576 (0.081) 0 (0) 1(0) 22461 (0.754) 07 20
iFORT 6.316 (0.074)  0(0.7)  0(0) 13067 (0.224)  1(0.1)  2(0) 13.285 (0.306)  1(0.4)  2(0) 20284 (0.374)  0(0.1) 2 (0)
iFORM 6316 (0.091)  0(0.7)  0(0) 13067 (0217)  1(0.1)  2(0) 13123 (1.608)  1(0.4)  2(0) 20284 (0.355) 0 (0.1) 2 (0)
IP-hierNet 8435 (0.003) 103 (44.8) 0 (0) 5879 (0.608) 105 (37.7) 0(0)  6.241 (0.660) 122.5 (33.8) 0(0)  4.735 (8.426) 1565 (29.9) 0 (0.7)
IP-Lasso 8.105 (0.474) 1155 (17.5) 0 (0) 5140 (0.371) 1095 (27.6) 0(0) 5118 (0.371) 105 (25.7) 0(0) 2903 (8.092) 118 (17.2) 0 (0.7)
IP-L;+SICA 6.986 (1.404) 3 (7.8)  0(0) 4.624 (1.325)  4(9.7)  0(0) 4653 (L243)  4(9.7)  0(0) 2859 (9.151)  7(9.3)  0(0.7)
Oracle 6.307 (0.093) 0 (0) 0(0) 4036 (0.054) 0 (0) 0(0)  4.034 (0.056) 0 (0) 0(0) 2261 (0.033)  0(0) 0 (0)
Setting 4: (n,p, p) = (300,5000, 0.5)
SIS2-Lasso 7733 (0.383) 123 (14.6) 0 (0) 15.250 (1.363) 133 (13.8) 1(0) 15510 (0.562) 137 (11.2) 1(0)  22.717 (0.638) 143 (6.0) 2 (0)
SIS2-L;+SICA 9.999 (L706) 19 (8.2)  0(0) 20.051 (3.688) 23.5 (11.2) 1(0) 21.494 (3.002) 29 (104)  1(0) 33411 (2.945) 34 (112) 2 (0)
DC-SIS2-Lasso 7.633 (0.376) 123 (18.7) 0 (0) 4852 (0.238) 127.5 (13.8) 0 (0) 15486 (0.601) 134 (127) 1(0)  22.349 (7.051) 1385 (10.8) 2 (0.7)
DC-SIS2-Li+SICA  10.013 (1510) 19 (6.7)  0(0)  6.082 (0.834)  15(6.3)  0(0) 21.585 (3.663) 27 (10.4)  1(0) 31448 (10.427) 32 (9.3) 2 (0.7)
STRI 6.374 (0.206)  3(52)  0(0) 4143 (0.133)  7(6.7)  0(0) 13.865(0.730) 8 (6.7)  1(0) 12710 (7.244) 5 (445) 1(0.7)
RAMP 6.305 (0.063) 0 (0) 0(0) 13.374 (0.156) 0 (0) 1(0) 13.355 (0.083) 0 (0) 1(0) 22616 (0.705)  1(0.7) 2 (0)
iFORT 6.325 (1375)  0(0.1)  0(0.2) 13090 (0225  1(0.1)  2(0) 13.237 (0.281)  1(0.4)  2(0)  20.257 (0.376) 0 (0.1) 2 (0)
iFORM 6.325 (0.095)  0(0.1)  0(0.2) 13071 (0.220)  1(0.1)  2(0) 13.110 (L664)  1(0.4)  2(0) 20257 (0.349)  0(0.1) 2 (0)
TP-hierNet 8.097 (0.470) 76 (41.0)  0(0)  5.776 (0.536) 96 (25.6) 0 (0)  5.978 (0.538) 105 (29.9) 0 (0)  4.647 (8700) 151 (27.6) 0 (0.7)
IP-Lasso 7.975 (0.465) 112 (19.0)  0(0) 5115 (0.417) 109.5 (30.6) 0 (0)  5.095 (0.285) 106 (28.0) 0 (0)  2.860 (7.827) 113.5 (19.4) 0 (0.7)
IP-L;+SICA 6.753 (1271)  1(6.7)  0(0) 4470 (1.182)  2.5(9.0)  0(0) 4450 (0.801)  3(7.5)  0(0)  3.121 (9.126) 7.5 (9.0) 0 (0.7)
Oradle 6.305 (0.091) 0 (0) 0(0) 4039 (0.060) 0 (0) 0(0) 4033 (0.067) 0 (0) 0(0) 2261 (0.033) 0 (0) 0 (0)
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Table 5: Variable selection results for all the selection methods in terms of medians and robust standard deviations (in parentheses)

of various performance measures in Example 2.

Method M1 M2 M3 M4
PE FP FN PE FP FN PE FP FN PE FP FN
Setting 1: (n,p, p) = (200, 2000,0)
SIS2-Lasso 3.652 (0.422) 735 (15.3) 0 (0) 15.003 (LO77) 88 (127)  1(0) 15317 (0.779) 885 (9.0) 1(0) 25252 (0.812) 93 (6.3) 2 (0)
SIS2-L1+SICA 3.081 (0.584)  0(3.0)  0(0) 19573 (3.202) 135 (11.9) 1(0) 20.181 (3.209) 14 (10.4) 1 (0)  35.674 (3.862) 14 (10.1) 2 (0)
DC-SIS2-Lasso 3.678 (0.393) 755 (13.1) 0(0) 2470 (0.248) 73 (17.5)  0(0) 15.305 (1.029) 87 (9.7)  1(0)  24.950 (8.620) 93 (8.6) 2 (0.7)
DC-SIS2-L1+SICA  3.092 (0.800) 0 (45)  0(0)  2.089 (0.532) 0 (49)  0(0) 20.506 (3.600) 155 (11.9) 1(0) 32404 (12479) 155 (9.0) 2 (0.7)
SIRI 2973 (0.235) 0 (0) 0(0) 21689 (0.081)  3(3.0)  0(0) 13.169 (0.763) 4 (3.0)  1(0) 21.832 (8.210) 4.5 (28) 2 (0.7)
RAMP 2980 (0.277) 0 (0) 0(0) 12709 (0.353) 0 (0) 1(0) 12.604 (0.172) 0 (0) 1(0) 23535 (0.837)  1(0.7) 2 (0)
{FORT 2074 (1.725)  0(0.2)  0(0.2) 13732 (0415)  1(0.2) 2 (0.1) 13961 (0.543) 1(0.5)  2(0) 24107 (0.551)  0(0.1) 2 (0)
iFORM 2968 (1.715)  0(0.2)  0(0.2) 13728 (0.578)  1(0.2)  2(0.1) 13.775 (2.646)  1(05)  2(0) 24107 (0.551)  0(0.1) 2 (0)
IP-hierNet 4487 (0.624) 465 (38.4) 0 (0)  3.108 (0.545) 57 (24.3)  0(0)  3.399 (0.583) 72 (21.3)  0(0)  3.557 (10.816) 110 (21.1) 0 (0.7)
IP-Lasso 3777 (0.438) 765 (14.9) 0 (0) 2595 (0.275) 71 (19.4)  0(0)  2.609 (0.202) 72(13.8) 0(0) 1719 (9.417) 64 (19.0) 0 (0.7)
IP-I,+STCA 3061 (0.579)  0(L9)  0(0) 2076 (0.342)  0(22)  0(0) 2058 (0.399) 0 (34)  0(0) 1543 (10.135) 15 (45) 0 (0.7)
Oracle 2929 (0.237) 0 (0) 0(0)  2.002 (0.069) 0 (0) 0(0) 2017 (0.065) 0 (0) 0(0)  1.339 (0.035) 0 (0) 0 (0)
Setting 2: (n,p, p) = (200,2000,0.5)
SIS2-Lasso 3.643 (0.430) 765 (14.2) 0(0) 15314 (1.863) 87 (10.8)  1(0) 15285 (0.958) 88 (7.5) 1(0)  25.151 (0.881) 95 (7.1) 2 (0)
SIS2-L1+SICA 3152 (0.887)  0(52)  0(0) 19485 (3.944) 13 (11.9) 1(0) 20.731 (3.278) 19(9.7)  1(0)  36.600 (2.672) 16.5 (10.4) 2 (0)
DC-SIS2-Lasso 3.668 (0.422) 785 (15.7) 0 (0) 2481 (0.192) 745 (21.6) 0 (0) 15163 (1.150) 87 (12.7)  1(0)  24.997 (7.947) 90.5 (10.8) 2 (0.7)
DC-SIS2-L1+SICA  3.183 (0.717) 0 (3.7)  0(0)  2.226 (0.560) 1 (49)  0(0) 18800 (5.117) 12 (12.3) 1(0) 34.958 (10.563) 19 (10.1) 2 (0.7)
SIRI 3.001 (0.236) 0 (0) 0(0) 2198 (0.064)  3(3.0)  0(0) 13.312 (0.577) 4 (3.0)  1(0) 22190 (8575)  4(3.9)  2(0.7)
RAMP 2992 (0.250) 0 (0) 0(0) 12938 (0293) 0 (0) 1(0) 12.853 (0.177) 0 (0) 1(0) 24072 (1.078)  2(0.9) 2 (0)
iFORT 2984 (2.020)  0(0.2)  0(0.3) 12834 (0.379)  1(0.3)  2(0.1) 13.104 (1.493)  1(05) 2 (0.1) 23.197 (0.401)  0(0.1) 2 (0)
iFORM 2084 (2.508) 0 (0.2)  0(0.3) 12.815(0.330)  1(0.3)  2(0.1) 12.876 (2248)  1(0.5)  2(0.1) 23.197 (0.401)  0(0.1) 2 (0)
IP-hierNet 4306 (0.560) 28 (205) 0 (0) 2881 (0.497) 52 (21.5) 0 (0)  3.286 (0.300) 64 (24.3)  0(0)  3.442 (10.716) 107 (22.9) 0 (0.7)
IP-Lasso 3.829 (0.406) 71 (194)  0(0) 2516 (0.266) 685 (15.7) 0 (0)  2.543 (0.247) 71 (145) 0(0)  1.727 (9.245) 60 (17.2) 0 (0.7)
IP-L;+SICA 3.028 (0549)  0(3.7)  0(0) 2079 (0220) 0(23)  0(0) 2056 (0.303) 0(30)  0(0) 1492 (9.988) 1(45)  0(0.7)
Oracle 2941 (0.238) 0 (0) 0(0) 2021 (0072)  0(0) 0(0) 2007 (0.061) 0 (0) 0(0)  1.345(0.033) 0 (0) 0 (0)
Setting 3: (n,p, p) = (300, 5000,0)
SIS2-Lasso 3481 (0.361) 115 (24.6) 0 (0) 14.708 (0.678) 133 (14.2) 1 (0) 14.861 (0.639) 132 (11.2) 1(0)  24.988 (0.751) 1435 (6.7) 2 (0)
SIS2-L1+SICA 3146 (0.792)  0(5.2)  0(0) 19.613 (3.332) 24 (14.6)  1(0) 20.765 (1.990) 28.5 (5.2) 1(0)  36.206 (3.241) 33 (14.9) 2 (0)
DC-SIS2-Lasso 3475 (0.345) 1095 (26.5) 0 (0) 2396 (0.135) 126 (26.5) 0 (0) 14.724 (0.703) 131 (153) 1(0)  24.635 (8786) 140 (12.7) 2 (0.7)
DC-SIS2-Li+SICA  3.092 (0.671) 0 (45)  0(0) 2136 (0.327)  1(41)  0(0) 19.987 (3.224) 26 (13.1) 1(0) 34.206 (13.298) 27 (127) 2 (0.7)
SIRI 2043 (0.251) 0 (0) 0(0) 2170 (0.040)  3(3.0)  0(0) 13212 (0.507) 7(6.0)  1(0) 12.263 (2749) 5 (5.4)  1(0.2)
RAMP 2.934 (0.246) 0 (0) 0(0) 12.848 (0.192) 0 (0) 1(0) 12790 (0.105) 0 (0) 1(0) 23749 (0.631)  1(0.7) 2 (0)
{FORT 2925 (0.644) 0 (0.2) 0(0) 12.671 (0.287) 1 (0.3) 2(0) 12.836 (0.889) 1 (0.4)  2(0.7) 23.150 (0.411) 0 (0.1) 2 (0)
{FORM 2034 (0.946)  0(0.2)  0(0) 12651 (0.262)  1(0.3)  2(0) 12.648 (2042) 1 (0.4) 2(0.7) 23152 (0.394)  0(0.1) 2 (0)
IP-hierNet 3753 (0.534) 42 (27.6) 0 (0) 2725 (0.253) 615 (26.9) 0 (0)  2.955 (0.366) 79 (34.5) 0(0)  2.587 (10.023) 138 (36.0) 0 (0.7)
IP-Lasso 3.620 (0.400) 1125 (24.6) 0 (0)  2.441 (0.192) 96 (21.3)  0(0)  2.445 (0.185) 985 (19.4) 0(0) 1574 (8975) 78 (35.4) 0 (0.7)
IP-L;+SICA 3117 (0.850)  0(6.7)  0(0) 2071 (0.171)  0(22)  0(0) 2074 (0.228) 0(3.0)  0(0)  1.377 (9.704)  0(34)  0(0.7)
Oracle 2.924 (0.251) 0 (0) 0(0)  2.006 (0.055) 0 (0) 0(0) 2007 (0.064) 0 (0) 0(0) 1347 (0.031) 0 (0) 0 (0)
Setting 4: (n, p, p) = (300,5000,0.5)
SIS2-Lasso 3457 (0.320) 1095 (25.4) 0 (0) 14.505 (1.194) 133 (14.9) 1 (0) 14.947 (0.596) 136 (9.7)  1(0)  25.174 (0.702) 144 (7.1) 2 (0)
SIS2-L,+SICA 3.005 (0.823) 0 (45)  0(0) 19.140 (3.153) 26 (9.0)  1(0) 20.824 (2.960) 28.5 (104) 1(0) 36423 (3.332) 315 (14.6) 2 (0)
DC-SIS2-Lasso 3492 (0.358) 112 (26.1) 0 (0)  2.384 (0.134) 1185 (35.1) 0 (0) 14.929 (0.784) 135 (10.4) 1(0)  14.477 (8.994) 140 (14.9) 1 (0.7)
DC-SIS2-L;+SICA  3.204 (0.963) 0.5 (7.8)  0(0)  2.074 (0.274)  0(3.4)  0(0) 19.962 (3.679) 26 (13.4) 1(0) 21.558 (13.215) 27 (13.4) 1 (0.7)
SIRT 3017 (0.034)  0(22)  0(0) 2166 (0.0384)  3(30)  0(0) 13238 (0.598) 7.5(6.0) 1(0) 12350 (7.679) 5 (4.478) 1 (0.7)
RAMP 2961 (0.254) 0 (0) 0(0) 12902 (0.182) 0 (0) 1(0) 12.861 (0.133) 0 (0) 1(0) 24173 (0.694)  1(0.7) 2 (0)
iFORT 2037 (1.669)  0(0.2)  0(0.2) 12066 (0.206)  1(0.2)  2(0) 12179 (0.434) 1 (0.4)  2(0) 22540 (0.368) 0 (0) 2 (0)
iFORM 2926 (1L113)  0(0.2)  0(0.2) 12066 (0.275)  1(0.2)  2(0) 12,097 (L764)  1(0.4)  2(0) 22540 (0.368) 0 (0) 2 (0)
TP-hierNet 3.727 (0.484)  38(30.6) 0 (0) 2762 (0.284) 58 (23.1)  0(0)  2.863 (0.357) 69.5 (31.0) 0(0)  2.483 (10.133) 130.5 (28.0) 0 (0.7)
IP-Lasso 3590 (0.319) 100 (20.5) 0 (0)  2.491 (0.220) 100 (20.5) 0 (0)  2.433 (0.203) 97 (18.3)  0(0) 1555 (9.057)  71(39.2) 0 (0.7)
IP-L;+SICA 3108 (0.769) 0 (45)  0(0) 2061 (0.255)  0(3.0)  0(0) 2072 (0.173) 0(2.2)  0(0) 1381 (9.257) 0 (45)  0(0.7)
Oracle 2.921 (0.245) 0 (0) 0(0) 2000 (0.064) 0 (0) 0(0) 2009 (0.070) 0 (0) 0(0)  1.343 (0.028) 0 (0) 0 (0)




Table 6: The means and standard errors (in parentheses) of classification errors and median
model sizes in prostate cancer data analysis.

Method Classification error Median model size
SIS2-Enet 0.0754 (0.0030) 75
DC-SIS2-Enet 0.0745 (0.0031) 70
IP-Enet 0.0681 (0.0033) 106
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Table 7: List of top 10 genes in main effects and top 10 gene-gene interactions selected by
SIS2-Enet, DC-SIS2-Enet, and IP-Enet in prostate cancer data analysis.

SIS2-Enet DC-SIS2-Enet IP-Enet
Main effects
Gene name Frequency Gene name Frequency Gene name Frequency

SERINC5 100 SERINC5 100 HPN 100

HPN 100 HPN 100 HSPD1 100

HSPD1 100 HSPD1 100 LMO3 100

LMO3 100 LMO3 100 ERG 100
TARP 100 ANGPT1 100 TARP 98
ANGPT1 99 TARP 100 SERINC5 86
S100A4 95 PDLIM5 98 ANGPT1 86
CALM1 93 CALM1 97 RBP1 85
PDLIM5 89 RBP1 92 CALM1 82
RBP1 85 S100A4 89 S100A4 70

Interactions
Interaction Frequency Interaction Frequency Interaction Frequency

DPTxS100A4 70 DPTxS100A4 71 SLC7A1xERG 75
GUCY1A3xMAF 64 DPTxCFD 57 PRKDCxCFD 67
RARRES2xKLK3 60 HSPD1xLMO3 56 PRKDCxKLK3 64
AGR2xEPCAM 60 PDLIM5x CFD 53 AFFX-CreX-3x CHPF 64
FOXA1xSIM2 51 LMOD1xRGS10 53 RASSF7xPRKDC 59
RBP1xTGFB3 49 PENKxGSTP1 50 DPTxS100A4 54
MAFxNELL2 49 RBP1xEPCAM 50 KANKIXERG 51
HSPD1xLMO3 46 DPYSL2xEPCAM 49 RBP1xMAF 49
FOXA1xEPCAM 44 ALCAMXxEPCAM 45 MAFxNELL2 49
DPTxCFD 44 SLC25A6xKLK3 44 RARRES2xKLK3 48
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Supplementary Material to “Interaction Pursuit with

Feature Screening and Selection”
Yingying Fan, Yinfei Kong, Daoji Li and Jinchi Lv

This Supplementary Material consists of five parts. Section A presents some additional sim-
ulation studies. We establish the invariance of the three sets A, Z, and M under affine
transformations in Section B. Section C illustrates that in the presence of correlation among
covariates, using corr(ij, Y2) as the marginal utility still has differentiation power between
interaction variables (that is, variables contributing to interactions) and noise variables (vari-
ables contributing to neither interactions nor main effects). We provide the proofs of Propo-
sition [Iand Theorems [IH3]in Section D. Section E contains some technical lemmas and their
proofs. Hereafter we use C; with i = 1,2,--- to denote some generic positive or nonneg-
ative constants whose values may vary from line to line. For any set D, denote by |D| its

cardinality.

Appendix A: Additional simulation studies

A.1. Lower signal-to-noise ratios in Example 1

In Section .1l we investigated the screening performance of each procedure at certain noise
levels. It is also interesting to test the robustness of those methods when the signal-to-noise
ratio (SNR) becomes smaller. Therefore, keeping all the settings in Example 1 the same as

before, we now consider three more sets of noise level:
Case 1: 1 ~ N(0,32), &3 ~ N(0,2.5%), e3 ~ N(0,2.5%), ¢4 ~ N(0,22);
Case 2: €1 ~ N(0,3.52), g5 ~ N(0,3%), e3 ~ N(0,32), g4 ~ N(0,2.5%);
Case 3: 1 ~ N(0,42), &3 ~ N(0,3.5%), e3 ~ N(0,3.5%), ¢4 ~ N(0, 3%).

Following the same definition of SNR as in Section 4.1, the SNRs in the settings above are
listed in Table 8 and far lower than before. For example, the SNRs in the third set of noise

levels for models M1-M4 are 0.39, 0.33, 0.33, and 0.25 times as large as before, respectively.



[Table B about here.]

The corresponding screening results for those three sets of noise levels are summarized
in Table @ It is seen that our approach IP performed better than all others across three
settings in models M2-M4, where the strong heredity assumption is not satisfied. In model
M1, the IP did not perform as well as other methods, since it kept only [n/(logn)] variables
for constructing interactions while the other methods kept up to 2[n/(logn)| interaction

variables in the screening step.

[Table @ about here.]

A.2. Computation time

To demonstrate the effect of interaction screening on the computational cost, we consider
model M2 in Example 1 with n = 200, p = 0.5 and p = 200, 300, and 500, and calculate the
average computation time of hierNet and IP-hierNet. The only difference between these two
methods is that IP-hierNet has the screening step whereas hierNet does not. Table[IOlreports
the average computation time of hierNet and IP-hierNet based on 100 replications. We see
from Table [I0] that when the dimensionality gets higher, the ratio of average computation
time of hierNet over IP-hierNet becomes larger. In particular, the average computation time
for hierNet reaches 292.77 minutes for a single repetition when p = 500, while that for IP-
hierNet is only 6.05 minutes. As expected, our proposed procedure IP is computationally

much more efficient thanks to the additional screening step.

[Table [0l about here.]

A.3. Feature screening with main effect only model

As suggested by the AE and one referee, we now consider the following additional simu-
lation example to compare the feature screening performance when the model contains no

interactions

M5:Y = X1+ X5+ X9+ X5 + ¢,



where the covariate vector x = (X1,---,X,)T ~ N(0,%) with ¥ = (p/=*);.;,<,, and
the random error ¢ is independent of x and generated from N(0,22) or t(3). Four different
settings of (n,p,p) = (200,2000,0), (200,2000,0.5), (300,5000,0), and (300,5000,0.5) are
considered and we repeated each experiment 100 times.

Table [I1] below presents the feature screening results. As expected, SIS2, DC-SIS2, and
IP performed very similarly and were able to retain almost all important main effects across
all the settings. Interestingly, these three methods also outperformed SIRI*2 when the error

follows Gaussian distribution N(0,22) in settings 1 and 2.

[Table [[I] about here.]

A.4. Feature screening with equal correlation model

Following the suggestion of the AE and one referee, we also consider the following additional

simulation example with equal correlation among covariates
e M3 Y =2Xg+2X15 + 3X1 X5 + €3,
o M4': Y =3X, X5+ 3X10X15 + &4,

where x = (X1, -+, X,)T ~ N(0,%) with ¥ having diagonal entries 1 and off-diagonal
entries 0.2, and (n,p) = (200,2000). Here, the equal correlation 0.2 was suggested by a
referee. Models M3’ and M4’ are the same as settings 1 and 2 of models M3 and M4 in the
main text, respectively, except for the covariance matrix 3. Table [[2] below summarizes the
feature screening performance of all methods. Comparing Table with Table 1 (settings
1 and 2) in the main text, we see that the problem of interaction screening becomes more
difficult in this new setting. This is reasonable and expected because of higher collinearity in
models M3’ and M4'. Nevertheless, IP still improved over other methods in retaining active

interaction variables.

[Table 2] about here.]



Appendix B: Invariance of sets A, 7, and M

Consider the linear interaction model

p p—1 p
Y=B+> BX;+> > mXpXe+e
=1 k=1 (=k+1

given in (). For any k,£ € {1,--- ,p}, define ~}, = y¢/2 for k < £, v}, = 0 for k = ¢, and

Yo = Yer/2 for k > £. Then ~}, = 7}, and our model can be rewritten as

p p
Y =B+ > BiXj+ > viXnXete
j=1 k=1

Under affine transformations X7 = b;(X; — a;) with a; € R and b; € R\ {0} for

j=1,---,p, our model becomes

p p
Y = Bo+ Y B0 X7 ag) + Y vy XR 4 ar) (b X7+ ap) + e

=1 kf=1
p p p p p
= (Bo+ 3 Bias+ D vieanae) + D (85 + 3 vjeac+ D vijan)by X7
=1 k=1 i=1 =1 k=1
p
b3 AR
k=1
_ P p=1 p
G+ S 3 e e
=1 k=1 (=k+1
where
_ p p p
Bo=Bo+ Y Biaj+ Y viearar=PBo+ Y Bjaj+ Y eeaxar, (B.1)
=1 k=1 i=1 1<k<t<p
_ p p
Bi= B+ > viae+ Y vean)b; =B+ D wjar+ > vwar)b; (B.2)
(=1 k=1 1<k<yj J<k<p
Yie = Yreby, 10y (B.3)



Similar to the definitions of sets Z, A, B, and M in (2)), we define index sets

Z={(k,0):1<k<<pwith 3 # 0},
A={1<k<p: (k1) or ({,k) € T for some £},

E:{lﬁjﬁptgj#o}-

Then from (B3), we have Z =7 and thus A = A.

Next we show M = M. It is equivalent to show that AN B¢ = A°N B To this end,
we first prove A¢ N B¢ C A°N B¢ For any j € A°N B, we have Bj = 0 and v, = 0 for
all 1 <k # j < p. In view of (B2) and (B3], we have Ej = 0 and 7;; = 0, which means
j € A°NB°. Thus A°NB¢ C A°NBE holds. Similarly, we can also show that A°NB¢ C ANBC.
Combining these results yields A°n B¢ = A°N B¢ and thus M = M.

Therefore, the three sets A, Z, and M are invariant under affine transformations Xjew =

bj(X; —aj) with a; € R and b; € R\ {0} for j =1,--- ,p.

Appendix C: cov(X?,Y?) under specific models

Without loss of generality, we assume that 5y = 0 and the s true main effects concentrate
at the first s coordinates, that is, B = {1,--- ,s}. Here we slightly abuse the notation s for
simplicity. Due to the existence of O(p?) interaction terms, it is generally too complicated
to calculate cov(ij,Y2) explicitly. Since our purpose is to illustrate that in the presence
of correlation among covariates, using corr(XJ?, Y2) as the marginal utility still has differen-
tiation power between interaction variables (i.e., variables contributing to interactions) and
noise variables (variables contributing to neither interactions nor main effects), we consider
the specific case when there is only one interaction and x = (X1,---, X,,)T ~ N(0,X) with
Y. = (og¢) being tridiagonal, that is, oy = 1 for k = ¢, oy = p € [-1,1] for |k — ¢| = 1, and
ore = 0 for |k —¢] > 1. In addition, assume that all nonzero main effect coefficients take the
same value 3, that is, fp1 =--- = By s = B # 0.

We consider the following three different settings according to whether or not the heredity

assumption holds:

Case 1: A = {1,2} — strong heredity if s > 2,



Case 2: A= {1,s+ 1} — weak heredity,
Case 3: A= {s+1,s+ 2} — anti-heredity.

Here, in each case, the set of active interaction variables A is chosen without loss of generality.
For the ease of presentation, denote by J; = 2;21 Bo,jX; and Jy = v X, X, with £,/ € A
and k # ¢. Then, Y = J; + Jo + € and

cov(X?, Y2 = COV(XJZ, J) + (:ov(X?7 J3).

Direct calculations yield

26%,  j=1
(:ov(XJZ7 Ji) =14 282p%, j=2 whens=1,
0, Jj=3

cov(Xf, J) =14 2822, j=3 when s = 2,

26%(1+ p)?, j=1lors

26%(14+2p)?, 2<j<s-—1

COV(X]?, J?) = . 2 =)= when s > 3.
2/3%p?, j=s+1

0, j>s+2




Next, we deal with cov(X ]2, J2). By Isserlis’ Theorem, we have

E(XF X XXy Xor) =04i0k40 10 + 050k Ter + 050k ok
+ 0,000k ¢ + O kO Oppr + O 100 okt
+ 00 jkOk' ¢ + Tje0jk/ Oppr + 0500 Ok
+ Ok OjkO + O/ Tj00kp + O Ojp T

+ 00 0jk0ek + Ojpr0je0kk + Ojpr Ok Ok
and E(Xy X X Xp) = 0ke0oprer + 0gpr 0o + ogpoprr. Combining these two results above gives

cov (X7, X X X Xp)
=E(X; X X XwXy) — B(X7)E(Xp X X Xp)

:2(0'3‘]90']‘40']9/@ + 0jkOjk O + 010000k + 0400k Okpr + Tjp0 0 Okl + O'jk/O'jg/O'kg).

Next, we calculate the value of cov(ij, J2) according to the three different model settings
discussed above.

Case 1: A= {1,2}. Then Jy = vX; X5 and cov(X]Z, J2) = 272(0?1022 + 401052012 +

2
O'j20'11). Thus

29*(145p%), j=1lor2,
cov(X3,J5) =19 2v2p2, j=3,
0, Jj =>4

In summary, cov(X?%,Y?) > 0 and cov(X3,Y?) > 0 for all =1 < p < 1, while cov(X]Z, Y?2)=0
for j > max{s + 2,4}.
Case 2: A={1,s+1}. Then Jo = vX;X,;1 and COV(XJZ,JQZ) = 272(0]2»105+1,3+1 +

2
40_j10-j,s+10-1,s+1 + O-j,s—l—lo-ll)‘ Thus

2v2(1 +5p%), j=1or?2
COV(XJZ, J3) :272(%2-1 + 4010520 + 0]2-2) =19 292, j=3 when s =1,
0, J=4



292 j=1lor3
Ay%p? j =2
COV(XJZ, J3) :272(%2-1 + 0]2»3) = 272/)2 J ) when s = 2,
Y, g =
0, Jj=5

272, j=1lors+1
COV(nga J22) = 272(032‘1 + 0]2‘,54-1) = 272/)2, j=2orsors+2 when s > 3.

0, 3<j<s—1lorj>s+3

So it holds that cov(X]z, Y?2) =0 for all j > s+3, and cov(X]?,Y2) >0forje A= {l,s+1}.
Case 3: A={s+1,s+2}. Then Jy = yX ;X ;1 and cov(X]Z, J2) = 272(0]2303“7%1 +

2 .
4050 s+10s,64+1 + 0j75+1ass). Thus

2v2(145p?), j=sors+1,
COV(X]Z;JQQ) = ¢ 29202, j=s—1ors+2,

0, otherwise.

So we have that cov(XJZ,Y2) = 0 for all j > s+ 3, and cov(ij,Y2) >0 forje A=
{s+1,5s+2}.

Therefore, cov(X]Z,Y2) > 0 for all j € A, whereas cov(Xj?,Y2) =0 for all j > max{s +
2,4} for Case 1, and cov(XJZ,Y2) = 0 for all j > s+ 3 for Cases 2 and 3. Note that

corr(XJZ, Y?) = cov(X]Z, Y?)/ Var(XjZ)var(YQ). This ensures that the correlations between
X]2 and Y2 are nonzero for those active interaction variables. In other words, using corr(XJZ, Y?)

as the marginal utility can still single out active interaction variables.

Appendix D: Proofs of Proposition [Il and Theorems 1H3|

D.1. Proof of Proposition [I]

Let J1 = Z§:1 BjX; and Jy = Zz;i > i1 VeeXpXe. Then our interaction model (I)) can
be written as Y = By + J; + Jo +¢. For each j € {1,--- ,p}, the covariance between X]2 and



Y2 can be expressed as

cov(ng, Y?) = cov(X]z, JE) + COV(X;, J3) + cov(ng,62) + Qﬁocov(Xf, J1)
+ 250C0V(X]2, Ja2) + Qﬁocov(XJZ, ) + QCOV(X]?, J1J2)

+ 2COV(XJZ, Jie) + QCOV(X]?, Jae). (D.1)

Recall that € is independent of X;. Thus (:ov(ij7 e?) = 0 and COV(XJZ, e) = 0. With the

assumption of E(e) = 0, we have
cov(X?, Jie) = E(X}Jie) — E(X?)E(Jie) = BE(XJ1)E(e) — E(X;)E(J1)E(e) = 0.

Similarly, (:ov(XJZ7 Joe) = 0. Note that (:ov(ij7 JiJy) = E(XJ?JlJQ) — E(XJZ)E(JlJQ). Since
Xi,--+,Xp are iid. N(0,1), direct calculation yields E(X?Jng) = E(J1J2) = 0, which
leads to cov(X7,J1J2) = 0. Similarly, cov(X?,.J;) = 0. Thus, (D.1)) reduces to

COV(X]z,Y2) = cov(XJZ, J?) + COV(X]z, J3) + Qﬁocov(X]z, J2). (D.2)

It remains to calculate the three terms on the right hand side of (D.2]).

We first consider COV(XJZ, J?). For each fixed j = 1,--- ,p, denote by J3 = Zk#j B X
Then J; = §;X; + J3 and COV(XJZ, JE) = cov(ij,ﬁjzXf) + (:ov(ij7 28;X;J3) + (:ov(ij7 J2).
Since X is independent of J3, it follows that cov(ij, J2) = 0. Note that COV(X]Z,BJZ»X]Z) =
ﬂ?var(ij) = Qﬂ]? and

cov(X2,20,X,.J) = 26 [E(X3J5) — B(X2)E(X; J3)]

=20;[E(X})E(J3) — E(X;)E(X;)E(J3)] = 0.
Therefore, we obtain
cov(X]?, J?) = 2532 (D.3)

Next, we deal with COV(XJ?,JQQ). For a fixed j = 1,---,p, let Jy = Zi;ll Y X +
Zé’:ﬂ_l vjeX¢ and J5 = Zg;ik;ﬁj Zé):kﬂ,é;éj Ve XpXe. Then Jo = J4X; + J5. Since X is



independent of Jy and J5, we have cov(X]?, J2) =0 and
2 72y _ 2 712 y2 2
cov(X7, J3) = cov(X7, J{ X7) + cov (X, 2J, X J5). (D.4)
The first term on the right hand side of (D.4) can be further calculated as
cov(X}, JEXF) = B(X}J}) - BE(X])E(JiX]) = B(X})E(Jf) - E(X])E(J;)E(X])
J-1 p
=2B(J7) = 2var(Ja) =200 77+ D 7o)

k=1 l=k+1

The second term on the right hand side of (D.4) is

cov(X7,24X;J5) = 2B(X3 JuJ5) — 2E(X;)E(J4X; J5)

= 2E(X})E(J4J5) — 2B(X3)E(J4J5)E(X;) = 0,

since E(ng) = E(X;) = 0. Therefore, it holds that

cov ( X2 nyk] + Z ,w (D.5)

l=k+1

Finally, we handle (:ov(ij7 J2). Recall that J = J4X; + J5 and X; is independent of J4

and J5, we have

cov(X7, Ja) = cov(X7, JuX;) + cov(X7, J5) = E(X} Jy) — E(X7)E(J4X;)

= E(X])E(Js) — E(X})E(J1)E(X;) =0,

which together with (D.2)), (D.3)), and (D.5) completes the proof of Proposition [II

10



D.2. Proof of part a) of Theorem [I]
n n n n

Let Sp1 =n"t Y X2Y2 Sk =n"1Y X2, Sks=n"1t> X}, and Sy =n~' Y Y Then
i=1 i=1 i=1 =1

wi and Wy, can be written as

_ E(Sk1) — E(Sk2)E(S4) . Sk1— Sk2Sy
E = and W = ———.
VE(Sk3) — E*(Ska) Sks — S%,

To prove (§), the key step is to show that for any positive constant C, there exist some

constants 5’1, e ,54 > 0 such that the following probability bounds

P( max 1Skt — E(Sk1)| > Cn™") < pCy exp (—CN'Qnalm) + Cyexp <—5’4n°‘2m> , (D.6)
<p

1<k

P(max |Spy — E(Sk2)| 2 Cn™"1) < pC exp[—Cyn@1(1-2m1)/(A+a1)] (D.7)
SRSp

P(max |Sgs — E(Sks)| 2 On™™) < pCy exp[—Cont(1-2e1)/(ran)], (D.8)
SRSp

P(|Sy — E(Sy)| > Cn™ ") < o exp (—6’2n°‘1<1) + 53 exp <—5’4n°‘2%> (D.9)

hold for all n sufficiently large when 0 < 2x; +4&; < 1 and 0 < 2Ky + 4& < 1, where
m = min{(1—2k; —4&)/(8+a1), (1 -2k —4&1)/(12+aq)}, ¢ = min{(1 —2k; —4&2)/(4+
1), (1-2r1 —4&)/(8+a1)}, ¢ = min{(1—2k1—26)/(4+aq), (1-2k1—2&)/(6+a1)}, and
(y = min{Cy, (1-2k1)/(4+a2)}. Define n = min{ni, (1-2r1)/(4+a1), (1-2k1)/(8+ 1), (1}
and ¢ = min{n,¢5}. Then n = n; and ¢ = min{n, (1 — 2x;1)/(4 + a2)}. Thus, by Lemmas
BHIZl we have

P(fggg{ Ok — wi| > Cn™") < pCy exp(—Cyn®) + Cy exp(—Cyn®2°). (D.10)
<k<p

Thus, if log p = 0{n*'"}, the result of the part (a) in Theorem [I] follows immediately.

It thus remains to prove the probability bounds (D.6)—(D.9)). Since the proofs of (D.6])—
(D.9) are similar, here we focus on (D.6) to save space. Throughout the proof, the same
notation C is used to denote a generic positive constant without loss of generality, which
may take different values at each appearance.

Recall that V; = By + x! By + 2l vg + & = fo + XZB,@QB + ZZI’YO,I + i, where x; =
(Xit, - Xip) T 2o = (X Xio, -, Xip1 Xip) o xi8 = (Xij,5 € B), 25,7 = (XinXae, (K, 0) €

11



DT, Bos = (Bo; € B)T, and vo1 = (Y0, ke, (k,€) € I)T. To simplify the presentation, we

assume that the intercept 5y is zero without loss of generality. Thus

-1 ZX VZ=n"t ZX 2,350,6 + ZZI’YO,I +&)?

n n
—1 2 T T 2 —1 2 T T —1
=n Z X351 5Bos + 2 1702)> + 207> Xi(x! sBos + 7 tv00)E + 0t Y Xiied
= i=1 i—1

£Sk11 + 2Sk12 + Sk13-

Similarly, E(Sk1) can be written as E(Sk1) = E(Sk1,1)+2E(Sk1,2) +E(Sk1,3)- S0 Sp1—E(Sk1)
can be expressed as Skl — E(Skl) = [Skl,l — E(Skl,l)] —{—Q[SkLQ — E(Sk;LQ)] + [S]d,g — E(S]d,g)].
By the triangle inequality and the union bound we have

3
P(fggg |Sk1 — E(Sk1)] > Cn™") L_J{lfggg |Sk1,5 — E(Sk1,5)| > Cn™"/4})

3
ZP max ]Sklj E(Sk1,)| > Cn™"/4). (D.11)

In what follows, we will provide details on deriving an exponential tail probability bound for
each term on the right hand side above. To enhance readability, we split the proof into three
steps.
Step 1. We start with the first term maxj<g<p|Sk1,1 — E(Sk1,1)|. Define the event
Q = {|Xi| < Miforallj € MU {k}} with M = AU B and M; a large positive num-
ber that will be specified later. Let Tp; = n~* in‘Zk(XZB:@O,B + z;{fyo’z)zﬂgi and Tpo =
i=

n1 z X2 (x i TaBos + zZ 170.1)*Tae, where I(-) is the indicator function and € is the com-

plement of the set €2;. Then
Sk11— E(Sk11) = [Tk1 — E(Tk1)] + Tho — E(Tk2). (D.12)

Note that E(Ty2) = E[X%k(xlT B0 + z1T71707I)2]IQ§]. By the fact (a + b)? < 2(a® + b%) for

12



two real numbers a and b, the Cauchy-Schwarz inequality, and Condition [, we have

(XlT, BBos + ZlT, 1’70,1)2 < 2[(X1T, 8130,8)2 + (ZlT 170,1)2]
< 26§ (s2lx1, 81> + s1llz1,z]1?), (D.13)

where Cp is some positive constant and || - || denotes the Euclidean norm. This ensures that
E(Ty2) is bounded by QCg[SQE(Xlzk |X17B||ZHQ§) + le(Xlzk |Z17_’[H2HQ§)]. By the Cauchy-

Schwarz inequality, the union bound, and the inequality (a + b)? < 2(a® + b?), we obtain

that
1/2
1/2
B(XTy %1, 8T ) < [BE(XTyllx1, s POQ)] 7 < |52 ) BE(XHXT) | P()
jEB

1/2 1/2

<275y Y [E(XE) + BE(X)] > P(IXy] > M)

JEB JEMU{K}

<Csa(1 + s9 + 251)/% exp[— M2 /(2¢1))]

for some positive constant C , where the last inequality follows from Condition 2] and Lemma
2 Similarly, we have E(X3|z1,7]]?Ioc) < Cs1(1 + so + 251)/2 exp[— M2 /(2¢1)]. This

together with the above inequalities entails that
0 < E(Tho) < 2080 (s + s3)(1 + 52+ 251) 2 exp[— M/ (2¢1))-

If we choose My = n™ with 17 > 0, then by Condition [, for any positive constant C', when

n is sufficiently large,
|E(Thy)| < 2C2C (0% + n%2)(1 4 n&2 4 2n81)2 exp[—n®1" /(2¢1)] < Cn™"1 /12 (D.14)
holds uniformly for all 1 < k < p. The above inequality together with (D.I12]) ensures that

P( max ‘Skl 1 — (Skl,l)’ Z Cn_"“/4)

1<k<
< - > Cnp M > Cp ,
_P(lréll?%cp |T1 — E(T1)| > Cn= "1 /12) + P(lréll?%cp |Tia| > Cn™"1/12) (D.15)

13



for all n sufficiently large. Thus we only need to establish the probability bound for each
term on the right hand side of (D.I5]).
First consider maxi<g<p |Tk1 — E(T}1)|. Using similar arguments for proving (D.13)), we

have (<7 5805 + 77 170.2)% < 2C3(s2llx, sl + sl zIP) and thus
0< X5(x X;, 81308 +z; I’YOI) I, < 2C5 X5 (s2llxi, 8]1* + s1llzi, 7]|*)l, < 205 M7 (s5 + sTMT).

For any 0 > 0, by Hoeffding’s inequality (Hoeffding, [1963), we obtain

nd? no?
T8 2 T 2e | = 28XP | T I s A A
2C5 M7 (s5 + s7M7) 4CG M7 (s5 + s7M7)

<9 nd? 49 nd?
eXp | —=—=r—=7 eXp | ==~
=P\ T8oITsl P\ 7scimzst )

where we have used the fact that (a + b)? < 2(a? 4 b?) for any real numbers a and b, and

P({Tis — E(Tyy)| > 6) <2exp {—

exp|—c/(a + b)] < exp|—c/(2a)] + exp[—c/(2b)] for any a,b,c > 0. Recall that M; = n™.
Under Condition [} taking § = Cn™"1/12 gives that

p
P T, T > TM/12) (IT; E(T, > f1/12
(fggg! i — E(Tin)| = Cn™"/ Z (i1 = E(Tin)| = Cn™"/12)
<2pexp (—5711_2“1_8”1_452) + 2pexp <—Cn1_2“1_12771_4§1) . (D.16)

Next, consider maxj<g<p |Tko|. Recall that Tjo = n~? z X2 (x ; T sBos + Z@ 7701)°Toe >
0. By Markov’s inequality, for any § > 0, we have P(|Tk2| > §) <6 E(|Tia|) = 6 1 E(Tys).
In view of the first inequality in (D.14]), taking 6 = Cn~"1 /12 leads to

P(|Tya| > Cn~"1/12) <24C~1C2CN" (n%* 4+ n*2)(1 + n&2 + 2n8)Y2 exp[—n®" /(2¢1))]

for all 1 < k < p. Therefore,

P
> - > —h
P(max [Tio| = O™ /12) < ;P(ITmI > Cn="/12)
<24pC~ 2O (n®8 + n%2) (1 + n€ + 2n81) /2 exp[—n®™ /(2¢1)]. (D.17)
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Combining (D.15), (D.I6), and (D.I7) yields that for sufficiently large n,

P(lrél]?%{p |Sk171 — E(Sk171)| Z Cninl/ll)

Szp exp (_6n1—2H1—8U1—4§2) + 2]9 exp (_5n1—2f€1—12m—4§1>

+ 24pC 7 C2CN 1 (N6 + n%2) (1 4 n&2 + 2n81) 12 exp[—n®1™ /(2¢1)]. (D.18)

To balance the three terms on the right hand side of (D.I8]), we choose 171 = min{(1 — 2k —
48)/(8 + 1), (1 —2k1 — 4&1)/(12 4 1)} > 0 and the probability bound (D.I8]) becomes
P(max [Sk11— E(Sk1,1)] > Cn " /4) < pC~'5 exp <—5’6n0‘1’71> (D.19)

1<k<p

for all n sufficiently large, where C5 and Cg are two positive constants.
Step 2. We establish the probability bound for maxi<y<p [Sk1,2 — E(Sk1,2)|- Define the
event V; = {|X;;| < Myfor allj € MU {k}} with M = AU B and let

n
Tis =n~" Y XA(x] pBos + 2l rvor)edv, I(e:] < Ms),
=1
n
Tha =01 X5.(x] 5Bos + 71 7v0.1)eilw L(|ei] > Ms),
i=1
n
Ths =n~ 'Y Xi.(x] 5Bos + 2 7v0,1)eillue,
i=1

where M, and M;s are two large positive numbers which will be specified later. Then
Sk12 = T3 + Tha + Tys. Similarly, E(Sg12) can be written as E(Sg12) = E(Tk3) +
E(Ty4) + E(Ty5). Since &1 has mean zero and is independent of X j,---,X;,, we have

E(Tys) = E[ka(x{ 8Bos + z{ Yor)eilye] = E[ka(x{ 5Bos + z{ Yo lwe]E(e1) = 0.

Thus Sk1,2 — E(Sk1,2) can be expressed as
Sk12 — E(Sk1,2) = [Tks — E(Tk3)] + Tha + Tis — E(Ta)- (D.20)
Note that E(Tgy) = E[X%k(xlT sBos + lejfyOl)gl]Iq,lH(]El] > M3)]. Thus
|B(Tka)| < E[X3[xT pBo,s + 21,7770 z/Tws |e1[I(ler| > Ms)].

15



It follows from the triangle inequality and Condition [ that

21.T T 2 (1T T
Xiklx1, 8808 + 21,770,z /1w, < Xip(Ix1,880.8! + |21, 270,z Ly,

< C0M23(82 + SlMQ) (D21)

for all 1 < k < p and some positive constant Cy. By the Cauchy-Schwarz inequality,

Condition 2, and Lemma [2] we have
Elle1[I(e1| > M)] < [E(1)P(|er| > M3)]'/? < C exp[—M5*/(2e1)]. (D.22)
This together with the above inequalities entails that
|E(Ty)| < CoM3 (s + 51 M) Elje1|I(|e1] > M3)] < CO&MQS(SQ + s1M3) exp[— M52 /(2¢1)].

If we choose My = n™ and M3 = n'B with 19 > 0 and n3 > 0, then under Condition [, for

any positive constant C, when n is sufficiently large,
|E(Thy)| < CoCn®™ (n&2 4+ n&17) exp[—n®2™ /(2¢1)] < Cn~"1 /16
holds uniformly for all 1 < k < p. This together with (D.20]) ensures that

P(max |Sk12 = E(Sk12)| 2 Cn™™/4) < P(max [T — E(Tks)| 2 Cn=™ /16)

P Tosl > Cn~"1/16) + P Tw:| > Cn~"1/16 D.23
+ (lrélggp\ ka| > Cn™"/16) + (@??p‘ k5| > Cn~"/16) (D.23)

for all n sufficiently large. In what follows, we will provide details on establishing the
probability bound for each term on the right hand side of (D.23]).
First consider maxi<j<, [Ths — E(Ts)|. In view of (L21)), we have | X3 (x] 3805 +

ZZI’707I)€Z‘H\I/1.]I(‘€Z" < M3)| < CoM3Ms(s2+ s1Mz). For any § > 0, by Hoeffding’s inequality

16



(Hoeffding, 11963), it holds that

nd? nd?
P(|T.: — E(T; > ) <2 — <92 —
(s = ETis)] 2 0) < e"p[ 203M§M§<82+81M2>2} < e"p{ ICIMSME(E & S00D)

né? né?
=2e0\ “gemgnzsy) PO\ sensas)

where we have used the fact that exp[—c/(a + b)] < exp[—c/(2a)] 4+ exp[—c/(2b)] for any
a,b,c > 0. Recall that My = n? and M3 = n". Thus, taking § = Cn~"1/16 gives

hS]

- > O~ - > O~
P(lfggf Tk — E(Ts)| = Cn™ "™ /16) < Z (|Tks — E(Ty3)| = Cn™"*/16)

<9pexp (_5711—2&1—6712—2773—252) + 2pexp < nl—2R1—8n2—2n3— 251) ) (D.24)
Next we handle max;<g<j |Tk4|. Using similar arguments as for proving (D.2I]), we have
Xi2k|XZBBO,B + ZZI'YO,IUI‘IG < C0M23(82 +s1Ms) for all 1 <i<nand 1<k <pand thus

n

3 -1 . .
Jnax |Tia| < CoMs5(so + s1Ma)n Zl leill(|ei| > Ms).
1=

It follows from Markov’s inequality and (D.22]) that

P Tra| > 8) <P CoM. Myt I( M3) >
(max |Tka| 2 9) < {Co 3 (s2+ s1M2) Z;!&‘z\ (leil > Ms) 5}
(2

<6 'E

C()M2 (82 + 81M2 -1 Z |€Z|H |€Z| > Mg)]
i=1

:57100M§’(82 + SlMg)E[|61|H(|61| > Mg)]

<67YCHOM3 (59 + s1My) exp[— M2 /(2¢1)].
Recall that My = n™ and M3 = n™. Thus, taking 6 = Cn™"1 /16 results in

P(lrgax |Tka| > Cn™"1/16)

<16CLCuCn® 11 (082 4 nS14m2) exp[—n 2™ /(2¢1)]. (D.25)

n
We next consider max;<g<p|Tks|. Since [Tgs| < n~! Z:le‘QkKXZBI@O,B + ZZI’YO7I)€i|H\p1¢,
1=
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by Markov’s inequality we have

n
P(|Tys| = 6) <P {nl ZX’?k|(Xg:BBO7B + ZZ:I’YO,I)giM‘Pf > 5}
=1

<6 'E

n
n~' Y XEI(x pBos + ZZ:I7O,I)6i|H‘I’f]
i=1
- T T
=0~ B[X1,|(x1, 5805 + 21, 770, 1)€1 [Twg)-

It follows from the Cauchy-Schwarz inequality and (D.13]) that

[Xlk’(xl BBos + Z1 7Y0,2)€1[Twe] < {E[Xlk(xl BBos + Z1 %0, 7)%et]P (‘I’c)}l/Q
<{2C§ [s2E(X 1y |Ix1,8]%€1) + s1E(X 1y ||z1,7]e1)] P(W5)}H/2.

Applying the Cauchy-Schwarz inequality again gives

1/2
1 2 1/2
E(Xilx1,51%3) < [BCGxslVEED]? < |23 B(XRXE) | [BED]Y
JEB
1/2
<{27ls, SEEXE) + B b [EED]? < Csa,

JjEB

where the last inequality follows from Condition 2] and Lemma 2l Similarly, we can show
that E(X{, ||z, z]/%€?) < Cs;. By Condition B and the union bound, we deduce P(¥¢) =
P(|X;;] > Msfor somej € MU {k}) < (1+ 2s1 + sg)crexp(—My" /c1). This together with

the above inequalities entails that
P(|Tys| > 6) < 67{2C5C(s7 + 55)(1 + 251 + s9)er exp(— M5 feq) /2.

Recall that My = n™. Under Condition [I], taking § = Cn~"1/16 yields

p

> —K1 > —k1
P(max |Tis| = Cn™™/16) < kz_lp(|Tk5| > Cn™"1/16)
<16pC {202 Cer (n® 4+ n2)(1 + 20t + n2)}/2 exp[—n®"™ /(2¢1)). (D.26)
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Combining (D.23), (D.24)), (D:25), and (D.26)) yields that for sufficiently large n,

P(lIél]?%{p |Sk172 — E(Sk172)| Z Cninl/ll)

<9pexp <_én1—znl—6n2—2n3—2§2> + 2pexp (_6n1—2m—8n2—27;3—2§1)
+ 16pC~ "1 {202 Cey (n®6 + n%2)(1 + 208 + n82) 12 exp[—n®1 /(2¢1)]

+ 160 CuCn®™H 1 (02 4 nS412) exp[—n®2™ /(2¢1)]. (D.27)
Let ny = n3 = min{(1 —2k1 —2&2)/(8+ 1), (1 —2k1 —2&1) /(104 1) }. Then (D.27)) becomes

P(éll?%(p ‘SkLQ — E(SkLg)’ 2 C?”L_Hl/ﬁl)

< pCiexp <—C~'8n°‘1"2> + Cy exp[—Cpon®2™]. (D.28)

for all n sufficiently large, where C~'7, CN'S, C~'9, and 510 are some positive constants.

Step 3. We establish the probability bound for maxj<k<p [Sk1,3 — E(Sk1,3)|- Define

n
Ths =n"" > X3 I(| Xa| < M)I(ei] < M),
=1

n
Tir =n~" ) XZ(Xa| < M)l(|es| > M),

i=1

n
Tirs = n1 ZXEMS?H(’XZK’ > M4),
i=1

where M4 and Msy are two large positive numbers whose values will be specified later. Then
Sk1,3 = Tke + Tir + Tis. Similarly, E(Sk13) can be written as E(Sk1.3) = E(Tke) + E(Tk7) +
E(Tys) with E(Tis) = E[X7,e71(1X1| < Mo)I(ler] < Ms)], E(Tir) = EIX7e71(| X1x| <
My)I(le1| > Ms)), and E(Tys) = E[X7%e(| X1k > My)]. Thus Sg13 — E(Sk13) can be

expressed as
Sk1,3 — E(Sk1,3) = [Tke — E(Tke)| + Tk + Ths — [E(Tkr) + E(Tks)]- (D.29)

First consider the last two terms E(Ty7) and E(Tgs). It follows from 0 < X7 e31(] X1y | <
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My)I(le1| > Ms) < M2e21(|eq| > Ms) that
0 < E(Tyy) < MPE[31(|e1| > Ms))]. (D.30)

An application of the Cauchy-Schwarz inequality leads to E[e?1(|e1| > Ms)] < [E(e])P(|e1| >
Ms5)]'/2. By Condition Bl and Lemma [, we have

BEN(e1| > My)] < {E(eb)er} "/ exp(—er M2 /2) < Cexp[-MZ/(2¢1)]  (D.31)
Combining (D.30)) with (D.31)) yields
|E(Tyr)| < C M3 exp[—MS?/(2¢1)). (D.32)
Similarly, by the Cauchy-Schwarz inequality and Lemma ] we obtain

[E(Ths)| = [kaE?H(\Xlk! > Ma)] < {B(Xiyel) P( Xux| > M)}/

< { E(X$) + B exp[—M /(2¢1)] < Cexp[—M /(2¢1)].  (D.33)
Combining (D.32)) and (D.33)) results in
|E(Tir) + E(Trs)| < CM; exp[—Mg* /(2¢1)] + C exp[— M /(2c1)].

If we choose My = n™ and My = n® with 4 > 0 and n5 > 0, then for any positive constant

C, when n is sufficiently large,
|E(Th7) + E(Tis)| < Cn®™ exp—n®2™ /(2¢1)] + C exp[—n®1" /(2¢1)] < Cn™"1/16
holds uniformly for all 1 < k < p. The above inequality together with (D.29]) ensures that

P(lrgl?x |Sk1,3 — E(Sk1,3)| > Cn™"/4)

< — > Cn~™ >Cn~ ™
—P(lrél]?%{p|Tk6 E(Tye)| > Cn /16)+P(1r§g§plel_Cn /16)

P Tis| > Cn™"1/16 D.34
+ P(max |Tis| > Cn™"/16) (D.34)
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for all n sufficiently large.
In what follows, we will provide details on establishing the probability bound for each
term on the right hand side of (D.34). First consider maxi<p<p [The — E(Tks)|. Since 0 <
X2 e2(| Xak| < My)(Je;| < Ms) < MZM2, by Hoeffding’s inequality (Hoeffding, [1963) we
have for any 6 > 0 that

2n?2

1—dny—An; 52
P(|Tke — E(Tke)| > 6) < 2exp <_W> = 2exp (—2n' MBS

by noting that My = n and M5 = n'5. Thus, taking § = Cn~"1/16 gives

p

_ > —k1 _ > K1
P(lfggg Tk — E(Tks)| = Cn™ " /16) < Z: ([Tke — E(Tie)| = Cn™"" /16)
< 2pexp (—6’7117%17477474"5) . (D.35)

Next we handle maxi<g<, [Tx7|- Since maxi<p<, [Tr7| < n M2 Y0, 21(|e;| > Ms), i

zlz

follows from Markov’s inequality and (D.31]) that for any ¢ > 0,

1372 2 1 —1ar2 2
p(lrggg Tyr| > 6) <P{n~'M; 25115,\>M5)>5}<5 En M4Z;aﬂyg,y>M5)]
1= (2

=6 'MZE[21(|e1| > Ms)] < Co M2 exp[—ME2/(2¢1)).

Recall that My = n™ and Mz = n"s. Setting 6 = Cn~"1/16 in the above inequality entails

P(lrga<x |Thr| > Cn71/16) < 160~ Cn>M+" exp[—n®2"™ /(2¢1)]. (D.36)

We then consider maxj<g<p |Tis|- By Markov’s inequality and (D.33), for any ¢ > 0,

P(|Tys| > 6) < 67 E| _1ZX ef1(| Xuk| > My)] = 0~ E[XTe11(| X | > My)]
i=1

< 67 C exp[— M2 /(2¢1)). (D.37)
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Recall that My =n™. In view of (D.31), taking § = Cn~"1/16 leads to

p
P Tig| > Cn~"1/16) <Y P(|Tis| > Cn~ "1 /1
(qoax Tis| > Cn /6>_; (Tks| > Cn=/16)

<16pC~1Cn exp[—n®1™ /(2¢1)]. (D.38)

Combining (D.34)), (D.35), (D.36) with (D.38) yields that for sufficiently large n,

P(lrggéc |Sk1,3 — E(Sk1,3)| > Cn~"/4) < 2pexp <—5n1_2”1_4"4_4"5)
<k<p

+ 16pC~ Cn exp[—n®1™ /(2¢1)] + 16C~ Cn1H 1 exp[—n®2"5 /(2¢1)]. (D.39)
Let ng =15 = (1 — 2k1)/(8 + 1). Then (D.39) becomes

P( max |Sk173 — E(Sk173)| Z C’I’L_Hl/ll)

1<k<p

< pén eXp[—amnalm] + 613 exp[—C~'14na2’74] (D.40)

for all n sufficiently large, where CN'H, 512, C~'13, and 514 are some positive constants.

Since 0 < 11 < 2 = n3 and 11 < 1y, it follows from (D.I7)), (D.I19), (D.28]), and (D.40)

that there exist some positive constants 51, e ,54 such that

P(lr;?%(p |Sk1 — E(Sk1)] > Cn™ ") < pCy exp (—52720‘”71) + Cyexp <—5’4n°‘2m>

for all n sufficiently large. This concludes the proof of part a) of Theorem [II

D.3. Proof of part b) of Theorem [I

n
We recall that w? = E(X;Y) and @j =n"! 'ZlXini. Note that Y; = Bo+x! By +2zl vy +ei =
1=
Bo + x| pBos + 2] 770z + €ir where x; = (Xir, -+, Xip)T, 20 = (Xa Xz, -+, Xip 1 Xip)7,
x5 = (Xi,t € BT, zi7 = (XX, (k,0) € T)', Bos = (87,0 € B)', and ~vo7 =

(Yre, (K, €) € T)T. To simplify the proof, we assume that the intercept fy is zero without loss
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of generality. Thus

n n
1 —1 T T
P=n ZijYz =n ZXij(Xi,BIBO,B +2; 7%07) + ZXmez = Sj1 + Sje.
i1 i1

&)

Similarly, w} can be written as w} = E(X;Y) = E(Sj1)+E(Sj2). So w; —wj can be expressed

as W —w; = [Sj1 — E(Sj1)]+ [Sj2 — E(Sj2)]. By the triangle inequality and the union bound,

it holds that
P(max |&] —wj| > Cn™")
1<5<p

<P(mas [Sj1 — B(Sjp)| > Cn™"/2) + P(max [Sjp — B(Sp)| > Cn"2/2).  (DA1)
SISp S)Sp

In what follows, we will provide details on deriving an exponential tail probability bound for
each term on the right hand side above. To enhance readability, we split the proof into two
steps.

Step 1. We start with the first term maxj<y<,|Sj1 — E(S;1)|. Define the event ®; =
{|Xi¢| < Mg for alll € ./\/lU{j}} with M = AUB and Mg a large positive number that will be
specified later. Let Tj; = n~ z Xij (x5, TsBo, B+ZiTI’Yo 7)o, and Tjo = n~ Z Xij(x; T sBost

ZZTI'VO,I)HCI’,@’ where [(+) is the 1ndlcator function and ®f is the complement of the set ®;. Then

an application of the triangle inequality yields

|Sj1 — E(Sj1)| =|[Tj1 — E(Tj1)] + Tjo — E(T)2)| < |Tj1 — E(Tj)| + |Tja| + |E(Tj2)|

<|Ty1 — E(Tp)| + |Tya| + E(|Tpe)). (D.42)

Note that [Tja| <n~! Z | X35 (%] gBo.s+2] 770.17)Tee and thus E(|Tjs|) < E[|X1;(x] 3Bo s+

z{ Y0z)|lac]. By the trlangle inequality and Condition [Il we have

X1 (x1, 8805 + 21, 7700 < Co(IXullIx1, sl + [ X5l zllh), (D.43)

which ensures that E(’TyQ’) is bounded by CQ[E(‘XU’HXLBHlHQ(l:) + E(‘leH’ZLIHlHQf)]'

Here || - ||; is the Ly norm. By the Cauchy-Schwarz inequality and the triangular inequality,
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we deduce

1/2
P(@‘f)}

1/2

1/2
E(|1X1llx1,8lhLee) < [B(X7;llx,5]7)P(@F)] " < {[82ZE(X12jX12z)
eB

1/2
—{ ') [B(XE) +E Xu)]} > P(1 Xl > M)
teB Le MU{j}

<Cs(1 + s + 251)"/? exp[—Mg" /(2¢1)]

for some positive constant C , where the last inequality follows from Condition 2l and Lemma
2l Similarly, we have F(|X1;|l|z1,z/1lec) < Cs1(1 + s + 251)Y/2 exp[—Mg" /(2¢1)]. This

together with the above inequalities entails that
E(|Tj2|) < CoCl(s1 + 52)(1 + s+ 2s1)"/% exp[—Mg" /(2¢1)].

If we choose Mg = n' with ng > 0, then by Condition [, for any positive constant C', when

n is sufficiently large,
E(|Tj2]) < CoC(né + 1) (1 + n + 2n8)Y2 exp[—n®1"6 /(2¢1)] < Cn~"2 /6 (D.44)
holds uniformly for all 1 < j < p. The above inequality together with (D.42]) ensures that

P(max [Sj;1 — E(Sj1)| =2 Cn™"/2)

1<5<p
<P(max [Ty = E(Tj1)| = Cn™"/6) + P(max |Tjo| = Cn™/6)  (D.45)
<j<p 1<5<p

for all n is sufficiently large. Thus we only need to establish the probability bound for each
term on the right hand side of (D.45]).
First consider maxi<j<p [Tj1 — E(T}j1)|. Using similar arguments as for proving (D.43)),

we have

X5 (% 880 5 + 2 770, 2)1a.] < CollXisllIxi,5ll1 + | Xijlllz, zll1)Ie, < Co(s2Mg + s1Mg).
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For any 0 > 0, an application of Hoeffding’s inequality (Hoeffding, 1963) gives

nd? } <9 [ nd?
ex —
2C2ME (s + s1Mg)2 | =~ | ACEME( + 30

<9 no? 49 nd?
ex ——— 5 1 5 ex ——— 5 &
=P\ T8 P\ "sczngs? )

where we have used the fact that (a + b)? < 2(a? + b?) for any real numbers a and b, and

PMh—EGhMZ@g%m{—

exp[—c/(a + b)] < exp[—c/(2a)] + exp|—c/(2b)] for any a,b,c > 0. Recall that Mg = n's.
Under Condition [T taking § = Cn™"2/6 results in

P
Plige T = BTyl 2 On™™2/6) < 3 P(ITya = B(T;a)| 2 Cn™/0)
<2pexp (—6n1_2“2_4"6_2§2) + 2pexp (—Cnl_zm_ﬁ%_%l) ) (D.46)

Next, consider maxi<j<p |Tj2|. By Markov’s inequality, for any § > 0, we have P(|T}2| >

§) <6 1E(|Tj2|). In view of the first inequality in (D.44), taking § = Cn="2/6 gives that
P(|Tj2| > Cn™"2/6) <6C1CHCn"2 (n& 4 n&2)(1 4 n&2 + 2n5) /2 exp[—n®1 /(2¢1)]

for all 1 < j < p. Therefore,

bS]

P(max [To] 2 Cn™"/6) < ) P(|Tyo| 2 Cn™"/6)

<6pCrCHCN"2 (n + n%2)(1 4+ n® + 2n8) Y2 exp[—n1 /(2¢,)]. (D.47)

Combining (D.45), (D46), and (D.47) yields that for sufficiently large n,

— . —k2
P(max |Sj1 — E(Sj)| = Cn"2/2)

< 2pexp (_5711—2&2—4716—252) + 2pexp <_5n1—2m—6n6—251>

+ 6pC 1 CoCn 2 (nt + n2) (1 + n2 + 2nf)Y2 exp[—n®1"6 /(2¢1)]. (D.48)

To balance the three terms on the right hand side of (D.48]), we choose 17g = min{(1 — 2xy —
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289)/(4+aq), (1 —2Kky —2&1)/(6+ 1)} > 0 and the probability bound (D.48)) then becomes

P(max [Sj1 — E(Sj1)] > Cn "2 /2) < pCl exp (—6’2710‘“76) (D.49)
1<j<p

for all n sufficiently large, where Ci and C are two positive constants.

Step 2. We establish the probability bound for maxi<j<;,|Sj2 — E(Sj2)|. Define

n
Tjs =n~">  Xijed(|Xi;| < Mp)I(Je;| < Ms),
=1

n
Tjy=n""! ZXijEiH(!Xij\ < M7)I([es| > Ms),

i=1

n
Tjs =n"' Y Xyeil(|Xy| > My),

i=1

where M7 and Mg are two large positive numbers whose values will be specified later. Then
Sjo = T3 + Tja + Tj5. Similarly, E(Sj2) can be written as E(Sj2) = E(T)3) + E(Tja) +
E(Tjs). Since €1 has mean zero and is independent of X 1,---, X1 ,, we have E(Tj5) =
EXyjel(|X15] > Mr)] = E[X,;I(|X1] > My7)]E(e1) = 0. Thus Sjo — E(Sj2) can be
expressed as Sjy — E(Sj2) = [Tj3 — E(T}3)] + Tja + Tj5 — E(Tj4). An application of the

triangle inequality yields

1Sj2 — E(Sj2)| <|Tjs — E(Tj3)| + |Tja| + |Tjs| + |E(Tj4)|

<|Tjz = E(Tj3)| + |Tjal + [Tjs| + E(|Tjal)- (D.50)

First consider the last term E(|Tjs]). Note that |Tja| < n™ 130 |Xyell(| X5 <
M7)I(|ei] > Ms) and thus

E(|Tjal) < E[| Xy [I(1 Xy, < M7)I(ler| > Mg)] < M7E[|e1[I(le| > Ms)]. (D.51)

An application of the Cauchy-Schwarz inequality gives E[|e1|I(|e1| > Mg)] < [E(e2)P(|e1| >
Mjg)]'/2. By Condition @ and Lemma B, we have

Eller[I(|er] > Ms)] < {E(ed)er}'/? exp(—ey ' Mg?/2) < Cexp[-Mg2/(21)]  (D.52)
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Combining (D)) with (D.52) yields
B(Ta]) < CMy expl- M= (261)]. (D.53)

If we choose M7 = n"" and Mg = n'® with 1y > 0 and ng > 0, then for any positive constant

C, when n is sufficiently large,
E(Tul) < On™ expl-n®®™ /(2e1)] < Cn~"2/8
holds uniformly for all 1 < j < p. The above inequality together with (D.50) ensures that

P(max [Sj2 — E(Sj2)| > Cn™"/2)
1<j<p

SP(lrgax Tjs — E(Tj3)| = Cn™"/8) + P(max [Tjs| = Cn™"/8)
sjsp 1<j<p

+ P(max |Tj5| > Cn~"2/8) (D.54)
1<j<p

for all n sufficiently large.

In what follows, we will provide details on establishing the probability bound for each term
on the right hand side of (D.54)). First consider maxi<j<p, [Tj3—E(T}3)|. Since | X;;e,1(1X;5] <
M)I(|e;| < Mg)| < M7Mg, for any 6 > 0, by Hoeffding’s inequality (Hoeffding, 1963) we

obtain

no?

P(|Tjs — E(Ty3)| = ) < 2exp (‘W

) = 2exp (—27171172’7772’7852) ,

by noting that M7 = n'” and Mg = n"®. Thus, taking § = Cn~"2/8 gives

1<y

P
P(max [Tjs — E(Tjs)| > Cn™"/8) <y P(|Tjs — B(Ij3)] > Cn™"2/8)
<p :
7j=1
<2pexp (—5’n1_2"‘2_2"7_2"8> . (D.55)

Next we handle maxi<;<p ’7}4’ Since maxi<;<p ’7}4‘ < n*1M7 Z?:l ‘&“Z‘H(’EZ’ > Mg), it
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follows from Markov’s inequality and (D.52]) that for any § > 0,

n n
P(max [Tja| > ) <P{n~'M7 ) |eill(lei| > Mg) > 6} < 5" Eln~" My ) |eil(|es] > Mg)]
T =1 =1

=6 My El|e1[I(le1| > Mg)] < C6~ My exp[—MZ2 /(2¢1)).

Recall that M7 = n and Mg = n™. Setting 6 = Cn~"2/8 in the above inequality entails

P(max [Ty| > Cn™"™/8) < 16C~1Cn 52 oxp[—n®2" /(2¢1)]. (D.56)
ISP

We now consider maxi<j<, |Tj5|. By the Cauchy-Schwarz inequality and Lemma 2 we

deduce that

E|Tj5| = E|X1je1l(|X 15| > M7)| < {E(X1;e})P(1X1;| > Mq)|}?

<{ G + B} expl-M57"/(200)] < Cexpl[-M" /(2c1)].
An application of Markov’s inequality yields
P(Tj5| > 6) < 87 E[Ty5] < 67 expl—M{* /(261)] (D.57)
for any § > 0. Recall that M7 = n". In view of (D.57), taking § = Cn~"2/8 gives that

p
Pl [Tl > On™/8) < 32 P(1Ta] > On 9
J:

<8pC L Cn"2 exp[—n™" /(2¢1)]. (D.58)

Combining (D.54)), (D.55), (D.56]), and (D.58) yields that for sufficiently large n,

P(fgfgp |Sj2 — E(Sj2)| > Cn™"?/2) < 2pexp (—5711_2”2_2"7_2778)

+ 8pC L Cn"2 exp[—n" /(2¢1)] + 16C IO 2 exp[—n2™ /(2¢1)]. (D.59)
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Let n7 = ng = (1 — 2k2)/(4 + 1). Then (D.59) becomes
P(max |Sj2 — E(Sj2)| = Cn™"/2)
1<j<p

<pCs exp|—Cyn®1"] + Cs exp[—Cen®?"| (D.60)

for all n sufficiently large, where C~'3, C~'4, C~'5, and 56 are some positive constants.

Since 0 < ng < 1y, it follows from (D.41]), (D.49)), and (D.60]) that

P(lrgaéc |} — wi| > Cn™"2) <pC} exp (—52710‘“76) + pCs exp|—Cyn®"] 4 Cs exp|—Cn 2]
<j<p

§p5’7 exp (—58710‘”76) +Cs exp[—éﬁn””"]

with C; = C; + C5 and Cs = min{Cy, Cy} for all n sufficiently large. If logp = o(n®")
with ' = min{(1 — 2k — 2&2) /(4 + aq), (1 — 2k — 2€1) /(6 + 1)} > 0, then for any positive

constant C, there exists some arbitrarily large positive constant Cy such that

A~k * — —C
P(pmax 07 = wj| > Cn™") < o(n~)

for all n sufficiently large, which completes the proof of part b) of Theorem [l

D.4. Proof of part c¢) of Theorem [I]

The main idea of the proof is to find probability bounds for the two events {Z C f} and
{M C M}, respectively. First note that conditional on the event {.A4 C A}, we have {Z C Z}.
Thus it holds that

P(ICI)>PACA). (D.61)
Define the event & = {maxge4 |Or — wi| < 2 1can™"}. Then, with 7 = con "1, the event

& ensures that A C A. Thus,

PACA) >PE)=1-PE)=1— P(r]?ajc@k —wi| > 27 epn ).
€
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Following similar arguments as for proving (D.I0), it can be shown that there exist some

constants C; > 0 and Cy > 0 such that for all n sufficiently large,

P(Iglaj( |k — wg| > 2*102717’“) < 25,0 exp[—égnmm{al’a?}”]. (D.62)
€

Note that the right hand side of (D.62) can be bounded by o(n~¢1) for some arbitrarily large

positive constant C7. This gives
PACA)>1—o(n ). (D.63)

Thus combining (D.61]) and (D.63)) yields
P(ZCI)>1—-o0(n ). (D.64)

Using similar arguments as for proving part b) of Theorem [I] and (D.63]), we can show

that there exist some positive constants 51, 52, and Cy such that for all n sufficiently large,

A~

P(BCB)> P(maéc i — w3l < 27 eon2) > 1 — 59C) exp(—Cyn®"?)
jE

>1—o(n~%?), (D.65)

Combining (D.63]) and (D.6G5)) leads to

PMcM)>P(AC A and BCB)>P(AcC A +PBcB) -1

>1 — o(n~™in{CLC2y, (D.66)
In view of (D.64) and (D.66), we obtain
P(ZIcT and MCM)>PIZCI)+PMCM)—1>1—o(n mn{Cr.02})

for all n sufficiently large. This completes the proof for the first part of Theorem [ ¢).

We proceed to prove the second part of part c¢) of Theorem[Il The main idea is to establish

the probability bounds for two events {|A] = O[n%' Apax (E)]} and {|B] = O[n2> Amax ()]},
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respectively. If we can show that

P {|,1| - O[n2“1)\max(2*)]} >1 — o(n~C1), (D.67)

P 1B = O[> Aax(2)] } 21 = o(n=) (D.68)
with C and Cy defined in () and (@), respectively, then it holds that
PLIZI = 0 [0 22, (2] } = P{IA] = O [n** Aax(57)] } 2 1= o(n™)
and

P {W | = O [0 Ao (%) + 125 A ()] }

>Pp {\fu = O A (5*)] and |B| = O[nz"‘?)\max(E)]} > 1 — o(n~min{C1.Ca}y,
Combining these two results yields

P (Z] = O1n*™ A2,0(Z)} and [M] = O{n Apax (%) + % Apas ()}

—1_0 <n_min{cl,02}> .

It thus remains to prove (D.67) and (D.68). We begin with showing (D.68). The key
step is to show that

> (@) = |EEY)|3 < CsAmax(Z) (D.69)
7j=1

for some constant C > 0. If so, conditional on the event £ = {lrga<x |07 —wi| <27 czn””?},
i<p

the number of variables in B = {j : |&%| > con™"2} cannot exceed the number of variables in
{j : [wj| > 27 ean™"2}, which is bounded by 4C3¢5 20 Aoy (). Thus it follows from (@)

that for all n sufficiently large,
P {\E\ < 463c2—2n2mmax(2)} > P(&) =1— P(E5) > 1 — o(n~C2). (D.70)

Now we further prove (D.69). Let ug = argmin,E (Y — xTu)z. Then the first order
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equation E[x(Y —xTug)] = 0 gives BE(xY) = [E(xxT)]ug = Sug. Thus
|E(xY)|3 = ud o < Anax(E)uo” Bug = Amax(Z)var (x" u) - (D.71)
It follows from the orthogonal decomposition that
var (Y') = var (XTUO) -+ var (Y — XTuO) > var (xTuo) .

Since E%(Y?) < E(Y*) = O(1), we have var(Y) < E(Y?) = O(1). Then the above inequality
ensures that var (xTuo) < 5’3 for some constant C~'3 > 0. This together with (D.7I)) completes
the proof of (D.69)).

We next prove (D.67). Recall that Y* = Y? and X} = [X? — E(X?)]/y/var(X?). Then
from the definition of wy, in Section 1], we have wy, = E (XY ™). Following similar arguments

as for proving (D.69), it can be shown that

P P
dowi = BAXGYY) = [EEYY)E < Crdmax(EY), (D.72)
k=1 k=1

where Cy is some positive constant, x* = (X}, - - ,X;)T, and X* = cov(x*). Then, on the

event & = {maxi<p<p |0 — wi| < 27 ean™"1}, the cardinality of {k : || > can™"'} cannot
exceed that of {k : |wy| > 27 Lean 1}, which is bounded by 4C4¢; 202 Aoy (£*). Thus, we
have

P {|,1| < 45402—%2%%((2*)} > P(&) =1— P(ES) > 1 — o(n~ %),

where the last equality follows from (§]). This concludes the proof of part c¢) of Theorem [

and thus Theorem [l is proved.

D.5. Proof of Theorem

Recall that X = (X1, ,Xp) is the corresponding n x p augmented design matrix in-
corporating the covariate vectors for X;’s and their interactions in columns, where xX; =
(X1j,-++ , Xpnj)T for 1 < j < pis the jth covariate vector and X; for p+1 < j < p = p(p+1)/2
is X, 0 Xy with some 1 < k < £ < p and o denoting the Hadamard (componentwise) product.

1/2

We rescale the design matrix X such that each column has Ly-norm n , and denote by
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Z = XD~ the resulting matrix, where D = diag{D1, - - - , Dz} with Dy = 72X, 12
is a diagonal scale matrix.

Define the event &4 = {L; < min;<;<5|Dj;| < max;<;j<5|Dj;| < Lo}, where Ly and Ly
are two positive constants defined in Condition @l Then by the assumption in Condition @]
event &, holds with probability at least 1 — a,. In what follows, we will condition on the
event &y.

Note that conditional on &, we have
1X6]|2 ~ [Z6]]2, (D.73)

where the notation f, ~ g, means that the ratio f,/g, is bounded between two positive
constants. Thus, conditional on &4, Condition 4 holds with matrix X replaced with Z. More

specifically, with probability at least 1 — a,, it holds that

min nY2||Z8|); > Fo, min n Y2282/ ([161]]2 V 1|62]l2) t > R,
[6112=1, [|d]lo<2s 0#0, (1021 <7161 1 { }

where kg and K are two positive constants depending only on , kg, L1, and L. In addition,
conditional on &4, the desired results in Theorem [2] are equivalent to those with X and 6
replaced by Z and 6* = D@, respectively. Thus, we only need to work with the design matrix
Z and reparameterized parameter vector 6*.

By examining the proof of Theorem 1 in [Fan and Lv (2014), in order to prove Theorem

in our paper, it suffices to show that the following inequality
,1~T
[n™"Z €llo > Ao/2 (D.74)

holds with probability at most a, + o(p~®), where \g = ¢o{(log p)/n®12/(@1+202)11/2 for
some constant ¢y > 0 and ¢4 is some arbitrarily large positive constant depending on ¢y.
Then with (D.74)), following the proof of Theorem 1 in [Fan and Lv (2014), we can obtain
that all results in Theorem [2 hold with probability at least 1 — a,, — o(p~).

It remains to prove (D.74)). We first show that |]n*1iT€HOO > L1)\g/2 holds with an

overwhelming probability. To this end, note that an application of the Bonferroni inequality
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gives
~T P
P(|n™'X elloo > L1X0/2) <> P(In7'Xj €lloo > L1ho/2) (D.75)
j=1

for any Ag > 0. The key idea is to construct an upper bound for P(||n_1§?€\|m > L1Ao/2).
We claim that such an upper bound is C; exp{—égna1“2/(“1+2a2))\g} for any 0 < L1)\g < 2,
where 51 and 5’2 are some positive constants. To prove this, we consider the following two
cases.

Case 1: 1 < j <p. In this case, X; = (X1, -+ , Xp;)T. Thus n_li;‘-rs =n"t3 0 Xjjei
By Lemma [ we have P(|X;je;| > t) < 2¢; exp{—cy 't@102/(@ta2)} for all 1 < i < n and
1 < j < p. Note that E(Xj;e;) = 0. Thus it follows from Lemma [0 that there exist some

positive constants 5’3 and Cy such that
P(|n_1§]T€| > LiAg/2) < Cs exp{—54nmi“{“1“2/(“1+0‘2)’1}/\3}

for all 0 < L1Ag < 2.

Case 2: p+1 < j < p. In this case, X; = (X1 X1, - , Xk Xne)T. Thus n_lijrs =
nt Yo X Xiee; with some 1 < k < ¢ <pifp+1<j<p. By Lemmall we have
P(|Xix Xieei] > t) < 4dey exp{—cytterez/(@+202)) for all 1 < i <nand 1 <k < j < p. Note
that E(X;xXci) = 0. Thus it follows from Lemma [ and ajas/(a1 + 2a2) < 1 that there

exist some positive constants 55 and 5’6 such that
P(|n71§f€| > L1X\o/2) < Cs exp{—Cgn®12/(01+202) \21

for all 0 < LiAg < 2.

Under the assumption that ayae /(1 +2a) < 1, we have ajas /(a1 +2a2) < min{agas /(a1 +

a3),1}. Thus combining Cases 1 and 2 above along with (D.75)) leads to
~T P ~ ~
P(|n"'X ellos > L1Xo/2) <Y P(In"'X] €| > L1Xo/2) < C1p® exp{—Con®122/(014202) )5}
j=1
for all 0 < L1\ < 2, where C; = max{C3,C5} and Cy = min{Cy, Cs}. Here we have used
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the fact that p = p(p+1)/2 < p?. Set Mg = co{log p/n12/(1+202)11/2 with &) some positive
constant. Then 0 < LiAg < 2 for all n sufficiently large. Thus, with the above choice of g,
it holds that

~T
P([n'X elloc > L1o/2) < o(p™*),

where ¢4 is some positive constant. Note that P(A) < P(A|B) + P(B¢) and P(A|B) <
P(A)/P(B) for any events A and B with P(B) > 0. Thus,

~T ~T
P(In™Z" elloc > Xo/2) < P(In"'Z €l > Ao/2IE4) + P(EF)

P
~T

P(|n™'X" oo > L1Xo/2|E4) + P(ES)

P

<

ST
< P(|n7'X elloc > L1do/2)/P(E4) + P(£F)
<o(p™™) + an,

which completes the proof of Theorem [2

D.6. Proof of Theorem [3

We first prove that the diagonal entries D,,,;,,’s of the scale matrix D are bounded between two
positive constants L; < Lo with significant probability. Since P(|X;;| > t) < ¢; exp(—cj 't®1)
forany t >0 and all 1 <i<nand 1< j <p, by Lemmal[f and noting that EX% =1, there

exist some positive constants C~'1 and 5’2 such that
P(1/2 <n Y242 < V7/2) = P{-3/4 <n”! Z [EXE — X2) < 3/4)
=1—P{n! Z — EX2]| > 3/4} > 1 — Oy exp(—Con™nter/2:1}) (D.76)

forall 1 <j <np.

Since var(X;;X;¢) is a diagonal entry of the population covariance matrix i, it follows
from Condition [0 that var(X;X;;) > K > 0 for all 1 < k < ¢ < p. Thus, there exists a
constant 0 < Ky < 1 such that E(XE,CXZ?[) > var(X;p X)) > K > Ko forall 1 <k < {<p.
Meanwhile, it follows from X2 X2 < (X3 + X})/2 and Lemma B that E(X3 X2) < Cs,
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where C5 > K is some positive constant. Note that P(|X;;] > t) < ¢1 exp(—cj ') for any
t>0andall1 <i<mnand1l<j<p. Thusit follows from Lemma [ that there exist some

positive constants Cy and C~'5 such that for all 1 < k < ¥ <p,

P(\/Ko/z < V2% 0 %yl|a < 763/2)

> P(V/Ko/2 < 07 2[R 0 Rella < \/3Ko /4 + Cs)

n
>1- P{\rr1 N XEXE - B(XEX2)| > 3K0/4}
=1

> 1 — Cy exp(—Cgn™infer/41}) (D.77)

Let L; = 27} min{l,Kéﬂ} = VKy/2 and Ly = ﬁ/QmaX{l,ééﬁ}. Then combining
(D76) with (D.77) yields that with probability at least 1 — Cypexp(—Cynmin{oa/21}y
Cup? exp(—C~'5nmin{a1/4’1}), it holds that

Ly < min D] < D,.|<L D.
1_@%1 ﬂ!_lrg%\ jjl < Lo, (D.78)

which shows that D,,,,’s are bounded away from zero and infinity with large probability.
We proceed to show that the first two parts of Theorem [BJhold with significant probability.
For any 0 < € < 1, define an event & = {||n_1)~(T}~( — 3o < €}, where || - ||so stands for
the entrywise matrix infinity norm and X and 3 are defined in Section 331 Recall that
p=p(p+1)/2. Since P(|X;j| > t) < c1exp(—c; ') for any t > 0 and all 1 < i < n and
1 < j <p, it follows from Lemma [7 that there exist some positive constants 56 and 5’7 such

that

P&)=1- P(|(n71)~(T)~( - i)jk| > € for some (j,k) with 1 < j,k <p)
Y o
2133 P KR -S> o

> 1 — Cgp? exp(—Crn™inter/41} 2) (D.79)

for any 0 < € < 1, where A denotes the (j, k)-entry of a matrix A.

Next, we show that conditional on the event &, the desired inequalities in Theorem [3]
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—~ ~T ~
hold. From now on, we condition on the event . Note that (n~1/2||Xd|2)? = 67 (n~'X X—
i)é + 67885, Let 47 be the subvector of § formed by putting all nonzero components of §
together. For any & satisfying ||d]2 = 1 and ||d]|o < 2s, by the Cauchy-Schwarz inequality

we have
9Ty
67(n "X X = 2)6] < €|8]]] = €|l 6,7 < €lldlloll6s115 = €lldlloll8]f5 < 2se. (D.80)

It follows that (n~/2[|Xd]2)2 > 6758 — 2se for any & satisfying ||8]]z = 1 and ||8]lo < 2s.

Thus we derive

min (V2| X8]|2)? > min  (8728) — 2se > K — 2se, (D.81)
19]12=1,/|0]l0<2s 19]12=1,/|0]l0<2s

where the last inequality follows from Condition [

Meanwhile, for any § # 0 we have

~ 2 o " "
(M) 8T X' X - 5)8 L
11112 V|82l 18413 V [|92]13 18413V [|02]13
T X' X-%)5 6756
> = + -
104115 v (10213 1613

Under the additional condition ||d2||; < 7][d1]]1, by the first inequality of (D.80) it holds that

ST (' X'X — )5

S cllf _ elldall + [182]11)* _ 64el|os I}
18113 V119213

~ el 16113 ~ l1li3

< 64se,

where the last inequality follows from the Cauchy-Schwarz inequality. This entails that for
any & # 0 with H(52H1 < 7”(51”1,

— b64se.

~ 2 ~T ~ ~
no12|X6l, T nleTX X6 | o'
181]]2 v/ [|82]12 184013 v (182013 — 116113
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Thus, by Condition [6] we have
~1/2)1% 2 T
. n~1/2||X 4| . LA
min —_—— >
00,1101 <7/81]lx \ [|1]|2 V [[02]]2
> K — 64se. (D.82)

Recall that s = O(nf) with 0 < & < min{ay/8,1/2} by assumption and thus s < Cgn
for some positive constant 58. Take e = Kn=%/ 69 with 59 some sufficiently large positive

constant such that € € (0,1) and K — 64se > 0. In view of (D.78]), (D.79), (D.81]), and
([D-82), since log p = o(n™ir{e1/41}=260) by agsumption, we obtain that

ay = élpexp(_6w2nmin{a1/2,l}) + 6«4p2 exp(_6«5nmin{o¢1/4,1})

+ 5652 eXp(_67K26§2nmin{a1/471}_2§0) — 0(1)

with the above choice of €, and that with probability at least 1 — a,, the desired results in
the theorem hold with kg = K (1 — 2Cs/Cy) and k = K (1 — 64Cs/Cy). This concludes the
proof of Theorem [l

Appendix E: Some technical lemmas and their proofs

Lemma 1. Let Wy and Wy be two random variables such that P(|[Wy| > t) < Cy exp(—Cat™)
and P(|Wy| > t) < Csexp(—Cyt®) for all t > 0, where a1, oy, and C;’s are some positive
constants. Then P([WiWa| > t) < Cs exp(—Cgt®1@2/(1+02)y for qil t > 0, with C5 = C1+Cj
and Cg = min{Cs, Cy4}.

Proof. For any t > 0, we have

P(’W1W2’ > t) < P(’Wl‘ > toz2/(041+042)) +P(’W2‘ > tal/(a1+a2))
< 51 exp(_5'2toz1a2/(oz1+a2)) + 53 exp(_54ta1a2/(a1+a2))

S 55 eXp(—éﬁtQIQQ/(alJraQ))

by setting Cs=Cy +C5 and Cg = min{CN'Q, C~'4}.
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Lemma 2. Let W be a nonnegative random variable such that P(W > t) < Cy exp(—Cat®)
for all t > 0, where a and Ci’s are some positive constants. Then it holds that E(eéSWa) <
C~'4, E(Wom) < éngNQ;m! for any integer m > 0 with 5’3 = C~'2/2 and Cy = 1+ 6’1, and

E(WF) < Cs for any integer k > 1, where constant Cs depends on k and a.

Proof. Let F(t) be the cumulative distribution function of W. Then for all ¢ > 0,
1— F(W) = P(W > t) < Cyexp(—Cyt®). Recall that W is a nonnegative random variable.

Thus, for any 0 < T < 52, by integration by parts we have

BTV = — / T — F(1)] =1+ / Tat* e [1 — F(t)] dt
0 0
Tél
Co—T

o0 =~ ~ 'e%
<1 +/ Tat® 1. Cre (@~ gt =1 +
0

Then, taking 5’3 =T= 52 /2 and 54 =1+ 51 proves the first desired result.

Note that 6’§”E(W“m)/m! <> 5’§E(W“k)/k:' = E(eé?’wa) for any nonnegative in-
teger m. Thus E(W™) < 53_ ™Cym!, which proves the second desired result.

For any integer k > 1, there exists an integer m > 1 such that k¥ < am. Then applying

Hoélder’s inequality gives

BW*) < {B[(Wh)=m/ ’“]}k/(am) { E[wm/(am—k)]}(o‘m*’“)/ (am)

~ ~ k/(am)
= {B(wermFem) < (5 Cymt) .
Thus the kth moment of W is bounded by a constant 5’5, which depends on k£ and «. This

proves the third desired result.

Lemma 3. Let W be a nonnegative random variable with tail probability P(W > t) <
Cy exp(—CN'QtO‘) for all t > 0, where a and C;’s are some positive constants. If constant
a>1, then E(eGSW) < Cy and Ewm™) < 5’3_7”54m! for any integer m > 0 with 53 = 5’2/2

and 5’4 = 662/2 + 5’16*52/2.

Proof. Let F(t) be the cumulative distribution function of nonnegative random variable
W. Then 1 — F(t) = P(W > t) < Crexp(—Cat®) for all t > 1. If @ > 1, then ¢t < ¢
for all ¢ > 1 and thus 1 — F(t) < 4 exp(—égt) for all ¢ > 1. Define 53 = 52/2 and
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Cy= eC2/2 + 5’16_52/2. By integration by parts, we deduce

B(eSWy = - /0 T Ot — P =14 /0 " GOt — F()dt
1 - o] ~
=1+ [ Cse®81 — F(t))dt + / C3e®3U[1 — F(t))dt
0 1

| 0 .~ o~ ~ . ~ .
<1+ / Cse3tdt + / C1C3e @3Nt gt = £C2/2 4 C1e=2/2 = Oy,
0 1

which proves the first desired result.
Note that églE(Wm)/m' <3 o ééfE(Wk)/k" = E(e@W) for any nonnegative integer

m. Thus E(W™) < C3™Cym!, which proves the second desired result.

Lemma 4. For any real numbers by, by > 0 and a > 0, it holds that (by +b2)® < Cy (b +b%)
with Cy =1 if0 < a <1 and 27 ifa > 1.

Proof. We first consider the case of 0 < o < 1. It is trivial if by = 0 or by = 0. Assume
that both b; and by are positive. Since 0 < b1/(by + b2) < 1, we have [b1/(b1 + b2)]* >
b1/(by + b2). Similarly, it holds that [ba/(by + b2)]* > ba/(b1 + bz). Combining these two

results yields

b “ b “ b b
1 n 2 L B S
b1 + b2 b1 + b2 by +by b+ by
which implies that (b 4 b2)® < b + b9.
Next, we deal with the case of @ > 1. Since z® is a convex function on [0, c0) for a given

a > 1, we have [(by + b2)/2]* < (b + b)/2, which ensures that (by + bg)® < 297 1(bg + b9).

Combining the two cases above leads to the desired result.

Lemma 5 (Lemma B.4 in |[Hao and Zhang (2014)). Let W1y, --- , W, be independent random
variables with EW; = 0 and EeTWil™ < A for some constants T,A >0 and 0 < o < 1. Then

for0<e<1, P(In 'Y Wil >¢) < C1 exp(—Can®e?) with Cy,Cy > 0 some constants.

Lemma 6. Let Wq,--- ,W,, be independent random variables with tail probability P(|W;| >

t) < Cy exp(—Cat®) for all t > 0, where a and C;’s are some positive constants. Then there
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exist some positive constants 5’3 and Cy such that
n ~ ~ .
P{n~! Z:(VVZ — EW;)| > €} < Cy exp(—Cyn™{1}e2) (E.1)
=1

for0<e<1.

Proof. Define W, = W; — EW,;. Then by the triangle inequality and the property of

expectation, we have
(Wil = |Wi — EW;| < [Wi| + |EW;| < |Wi| + E|W;. (E.2)

Next, we consider two cases.

Case 1: 0 < o < 1. It follows from Lemma 2 that E(e7Wil") < 1+ €} and E|W;| < Cy
for all 1 <i < n, where T = 52 /2 and Cj is some positive constant. In view of (E.2]) and
by Lemma H we have [W;|® < (|W;] + E[W;|)® < |[W;|® + (E|W;|)®. This ensures

E(eTIWil™y < TEIWD g TIWil™y < JTC8 (1 4 &),
Thus, by Lemma Bl there exist some positive constants 55 and 5’6 such that

P(ln~! Z:[I/VZ —EWj]| >€)=P(n! ZWA > €) < Csexp <—6’6na62> (E.3)
i=1 i=1

for any 0 < e < 1.
Case 2: > 1. In view of (E.2)), it follows from Lemma [ and Jensen’s inequality that

for each integer m > 2,

E([Wi|™) < E[(IWi + E[W;|)™] < 277 B [[Wi|™ + (E|W;|)™]

—om U B(WA™) + (BIWA)™) < 2" E(W™) + E(Wi™)] = 2" E(Wil™).  (E.4)

Recall that P(|W;| > t) < C1 exp(—Cat®) for all ¢ > 0 and a > 1. By Lemma [} there exist
some positive constants C7 and Cg such that E(|W;|™) < m!é}”é’g. This together with (E.4)

41



gives
E([W;™) < m!(2C7)™2(8C2Cs) /2

for all m > 2. Thus an application of Bernstein’s inequality (Lemma 2.2.11 inivan der Vaart and Wellner

(1996)) yields

P{n 'Y (Wi — EW;)| > e} = P(In ™' > W;| > ¢)
i=1 i=1

2 2
< 2€Xp — = 116 = < 2€Xp —% (E5)
16C2Cs + 4Cre 16C2Cs + 4C7

for any 0 < € < 1. Let C3 = max{Cs, 2} and Cy = min{Cs, (16C2Cs + 4C7)~'}. Combining
(E.3) and (E.5) completes the proof of Lemma [6l

Lemma 7. Assume that for each 1 < j < p, Xy, - ,Xy; are n i.i.d. random variables
satisfying P(|X1;] > t) < C1 exp(—Cat®) for any t > 0, where C1,Cy and oy are some

positive constants. Then for any 0 < e < 1, we have

P{ n'Y X Xae — B(Xy X)) | > e} < Oy exp(—Cyn™nlor/21} ¢2), (E.6)
i=1

n
P { nt Z (X3 Xin Xie — E( X35 X Xir)]
i1

> e} < Cs exp(—Cgnir{on/3:13 2y (E.7)

$

< Oy exp(—Cgn™in{on/4:1} 2y (E.8)

n
P{ n”Y Xk X Xiw Xier — E(Xip Xio Xio X))
i=1

where 1 < j, k, 0,k . 0/ <p and él ’s are some positive constants.

Proof. The proofs for inequalities (E.6)—(E.8) are similar. To save space, we only show
the inequality (E8) here. Since P(|Xy;| > t) < Cyexp(—Caqt®) for all ¢ > 0 and all i and j,
it follows from Lemma [Il that X;5 X0 X1 X admits tail probability P (| Xk Xe X Xier| >

t) < 4C) exp(—Cyt®/4). By Lemma B there exist some positive constants Cs and Cy such
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that

n
P(jn~ " Y [Xip Xio Xiw Xior — E(Xip Xio Xy Xigr)]| > €) < Cgexp <—54nmin{a1/4’1}62>
i=1

for any 0 < € < 1, which concludes the proof of (E.S§).

Lemma 8. Let A;’s with j € D C {1,--- ,p} satisfy maxjep |A;| < L3 for some constant
Ls > 0, and Xj be an estimate of A; based on a sample of size n for each j € D. Assume

that for any constant C > 0, there exist constants C~'1, Cy > 0 such that

A — A > —K1 | < o _Conf (k1)
P <rjn€z%<|A] Aj| > Cn ) < |D|Cy exp{ Can }

with f(k1) some function of k1. Then for any constant C > 0, there exist constants 63, Cy >

0 such that
12 2 K ~ ~ .
i (%"AJ —4jlzCn ) < |DICy exp { ~Cun’ )}

Proof. Note that max;cp ’X? — A% < maxjep ‘j](j] — Aj)| + max;ep ](g] — Aj) Al

Therefore, for any positive constant C,

12 2 —K TA —K
Planas |42~ A3 > Cn~) < Plamas 1,4, ~ A4, = Cn ™ 2)

+ P(max|(4; — A4j)4;] > Cn™"1/2). (E.9)
Jje

We first deal with the second term on the right hand side of (E.9). Since max;ep |A;| < Ls,

we have

P(max |(A; — Aj)A;| > Cn™™ /2) < P(max |A; — A;|Ls > Cn™"/2)
Jj€ED j€D

:P{man\ij — A;| > (2L3)"'Cn "1} < [D|C) exp {—égnf(“l)}7 (E.10)
je

where 5’1 and 52 are two positive constants.

43



Next, we consider the first term on the right hand side of (E.9)). Note that
P(max |4;(A; - 4)| = Cn ™" /2)
j€D

<P(max |4;(4; — A;)] > Cn™" /2, max |4;] > Ls + Cn ™" /2)
jED jED
+ P(max|A;(4; — A;)| = Cn =" /2,max | 4;| < Lg+ Cn "1 /2)

jED jED

<P(max |4;] > Ly + Cn™" /2) + P(max |A;(A; — 4j)| = On™" /2, max | 4] < L3 + O)
J€ je

71€D
<P(max|Aj > Ly + Cn~"/2) + P(max|(Ls + C)(4; — A;)| = Cn™"1/2). (E.11)
J€ j€E

Let us bound the two terms on the right hand side of (E.11]) one by one. Since max;ep |4;] <

L3, we have

P Aj| > Ly+Cn"™/2) <P Aj— A Aj| > Ly + Cn™1/2
(max|4;| > Ly + Cn™"/2) < P(max|A; — Aj[ + max|4;] > Ly + Cn™"/2)

gP(max\gj — Aj| > 271Cn™"1) < |D|Cs exp {—éﬁnf(’"”l)} , (E.12)
j€D

where 5’5 and C~'6 are two positive constants. It also holds that

P(max|(Ls + C)(4; — 4j)| = On™"/2) = P{max |4; — Aj| > (2Ls +20)'Cn™ "1}
J€ Jje

<|D|Cy exp {—6’871“’“)} ,
where C; and Cg are two positive constants. This, together with (E3)—(EIZ), entails

12 2 —K ~ -~ P ~ ~ Ii

+ |D|C~'7 exp {—égnf(m)} < |D|C~'3 exp {—54nf(“1)},
where C3 = Cy + Cs + C7 > 0 and Cy = min{CN’Q,éﬁ,CN'g} < 0.

Lemma 9. Let A\j and B\j be estimates of A; and Bj, respectively, based on a sample of size

n for each j € D C {1,--- ,p}. Assume that for any constant C > 0, there exist constants
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C~'1, e ,68 > 0 except 6’3,6’7 > 0 such that

A — Al >Cn ) < IDIC _Conf (k1) O _Oynd)
P <r]n€aDX|A] Aj| > Cn ) < |D|Cy exp{ Con } +Cs exp{ Cyn },

P <rjn€an |B; — Bj| > Cn’“) < |D|C5 exp {—Cﬁnf(’“)} + C7exp {—ang(’“)}

with f(k1) and g(k1) some functions of k1. Then for any constant C > 0, there exist

constants 59, e ,C~’12 > 0 except 511 >0 such that

g {max‘@i —Bj) — (A; = Bj)| = C“m} < |D|Cyexp {_510nf(m)}
Jj€ED

+ Oy exp {—5’12719(’“)} .

Proof. Note that max;ep |(A\J —Ej) —(A4; - Bj)| < maxjep |A\] —Aj|+maxjep |§] —Bj|.

Thus, for any positive constant C,

P(max |(4; — Bj) — (4; — B))| = Cn™™)
j€D
<P(max |4; = Aj| > Cn™"1/2) + P(max|B; — Bj| > Cn ™" /2)
jeb j€D
§|D|51 exp {—52nf(“1)} + Cyexp {—5’4719("‘1)} + |D|6'5 exp {—éﬁnf(fil)}
+ Crexp {—égng("“)}

<|D|Cy exp {—élonf(m)} + Chy exp {—5'12”9(“1)} ;

where 59 = 51 + 55 > 0, 510 = min{CN'Q,C~'6} > 0, 511 = 53 + 57 > 0, and 512 =
min{Cj, Cg} > 0.

Lemma 10. Let B;’s with j € D C {1,--- ,p} satisfy minjep Bj > L4 for some constant
Ly >0, and §j be an estimate of B; based on a sample of size n for each j € D. Assume

that for any constant C > 0, there exist constants C~'1, Cy > 0 such that

P (f]%ag!Bj ~ Bj| > Cn‘“l) < |D|C) exp {_Can(m)} _
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Then for any constant C > 0, there exist constants 53, Cy > 0 such that

> K1) <« 0 —_Cynf (k1)
(rjnezgc Cn~ )_ |D|Cgexp{ Cyn }

Proof. Since minjep B; > Ly > 0, there exists some constant Ly such that 0 < Lo < Ly.

Note that, for any positive constant C,

P(maxh/gj —Bj| >Cn™")
j€D
<P(max ]\/Ej — /Bj| > Cn™" min \Ej] < Ly— Lon™ ")
jeD jeD
+ P(maxh/gj - VBj| > Cn*’“,min\ﬁj] > Ly — Lon™"1)
j€D j€D

<P Bi| < Ly— Lgn™"™
(grggll 14— Lon™"1)

B: — B.
—}—P(maXM

j€D fay
7 1\ Bj + /Bl

Consider the first term on the right hand side of (EI3]). For any positive constant C, we

> Cn~" min|B;| > Ly — Lo). (E.13)
j€D

have

P(min |B;j| < Ly — Lyn™"™) < P(min |B;| — B, — Bj| < Ly — Lon™"™
(min | Bj| < Ly — Lon™"") < P(min | Bj| — max|B; — Bj| < Ly — Lon™™)
SP(ma% \Ej — Bj| > Lon™ ™) < |D|C) exp {—5271“’“)} , (E.14)
je
by noticing that minjcp Bj > L4, where 5’1 and 52 are some positive constants.

Next consider the second term on the right hand side of (E.I3]). Recall that minjep B; >

Ly. Then, for any positive constant C,

B — B, ~
P(max ———— | i > C’n_’“,milr)l |Bj| > L4 — Lo)
jE

Jj€D \/7 + \/7’

<P{max|B; — By > C(v/Li = Lo+ VLon ™} < [D|Csexp {~Con’ ™ |, (E.15)
J

where Cs and Cg are some positive constants. Combining (E13), (EI4), and (E.I5) gives

P(max |\/ —Bj| >Cn™") < |D|C5 exp {—6’4nf(’“)}, (E.16)

Jj€D
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where Cs = Cy + Cs and Cy = min{CN'Q, 6’6}.

Lemma 11. Let A;’s with j € D C {1,--- ,p} and B satisfy maxjep |A;| < Ls and |B| < Lg
for some constants Ls, Lg > 0, and Xj and B be estimates of Aj and B, respectively, based
on a sample of size n for each j € D. Assume that for any constant C > 0, there exist

constants C~'1, e ,6’8 > 0 except 5’3 > 0 such that

A Al>Cn k) < A _ o f(k1) ~ (K1)
P(rananM] Aj| > Cn >_|D|Clexp{ Con }+Cgexp{ Cun },

P <|§ - B[ > C’nf’“) < Cjexp {—éﬁnf(’“)} + Cr exp {—é’gng(’“)}

with f(k1) and g(k1) some functions of k1. Then for any constant C > 0, there exist

constants CN'g, S ,6’12 > 0 such that
P <ma2%< |A\J§ — A;B| > Cn_’“) < |D|Cyexp {—éwnf(’“)} + C1p exp {—5’12119("‘1)} .
j€

Proof. Note that max;jep |A\J§ — A;B| < maxjep |A\](B\ — B)| + maxjep |(A\J — Aj)B|.

Therefore, for any positive constant C,

P(max|4,;B — A;B| > Cn™") < P(max|4;(B - B)| > Cn™"/2)
jeD jeD

+ P(max|(4; — 4j)B| > Cn™"/2). (E.17)
je
We first deal with the second term on the right hand side of (ELI7)). Since |B| < Lg, we have

P(max|(A; — A;)B| > Cn™"/2) < P(max |4; — Aj|Lg > Cn ™" /2)
j€D jeD
— P{max|A4; — A;| > (2L¢)~'Cn~"1}
Jj€ED

< |D|C~'1 exp {—égnf(’“)} + Oy exp {—6’4119('“)} (E.18)

with constants 6’1, 6’2, 6’4 > 0 and 5’3 > 0.
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Next, we consider the first term on the right hand side of (E.I7)). Note that

P(max |//1\J(§ — B)| > Cn™"/2)
JjE€ED
<P(max |4;(B - B)| > Cn™" /2, max|4;| > Ls + Cn™" /2)
jeD jeD
+ P(max|A;(B — B)| > Cn™" /2, max |A;| < Lz + Cn™"/2)
jeD jeD
<P(max |A;| > Ls + Cn~"1/2)
je€D
P A;(B - B)|>Cn /2, Al <Ls+C
+ P(max | 4;( )| 2 Cn™ /2, max 44| < Ls + C)
<P(max |A;| > Ls + Cn~"1/2) + P{(Ls + C)|B — B| > Cn~"1/2}. (E.19)
jE
We will bound the two terms on the right hand side of (E.19)) separately. Since max;cp |A;| <
Ls, it holds that
P Aj| > Ly +Cn"1/2) < P A — A Ail > Ls 4+ Cn—"1/2
(max|A;| > Ls + Cn™"/2) < P(max|A; — Aj] + max|4;| > Ly + Cn™"/2)
< P{max |A\] —Aj| >27tCny
Jj€ED

< |D|Cs exp {—aﬁnf(’“)} + Crexp {—CN'gng(’“)} , (E.20)
where 55, 66, 58 > 0 and 57 > 0 are some constants. We also have that

P((Ls + C)|B — B| > Cn~"1/2) = P{|B — B| > (2Ls + 2C)~'Cn~"1}

< Crzexp {—51471“'“)} + C5exp {—616719(”1)} ;

where Cls, -+ ,Clg are some positive constants. This, together with (EI7)-(E20), entails
that

j€D
<|D|C) exp {_52nf(m)} + Cyexp {—64ng(nl)} + [D|Cs exp {—56nf(“1)}
+ 6'7 exp {—CN'gng('“)} + 6’13 exp {_514nf(f€1)} + 6’15 exp {—6’16719('“)}

<|D|Cq exp {—élonf('“)} + Cy exp {—émng(m)} ;
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where 59 = 51 + 55 + 513 > 0, 510 = min{ég, 56, 514} > 0, 511 = 53 + 57 + 515 > 0, and
512 = min{a4,58,516} > 0.

Lemma 12. Let A;’s and Bj’s with j € D C {1,--- ,p} satisfy maxjep |A;| < L7 and
minjep |Bj| > Lg for some constants L7, Lg > 0, and A\j and Ej be estimates of A; and
Bj, respectively, based on a sample of size n for each j € D. Assume that for any constant

C > 0, there exist constants 51, e ,56 > 0 such that

P <rjn€an |A; — Aj| > Cn’“) < |D|Cy exp {—anf(’“)} + Csexp {—C4ng(“1)} ,

jED

with f(k1) and g(k1) some functions of k1. Then for any constant C > 0, there exist

constants C~'7, “ee ,6’10 > 0 such that

P (I]neal%(‘g]/éj — Aj/Bj‘ > C?”L_m> < "D‘é%exp {_58nf(m)}

+ Co exp {—510719(“1)} )

Proof. Since minjep Bj > Lg > 0, there exists some constant Ly such that 0 < Ly < Lg.

Note that, for any positive constant C,

P(max — | >Cn
el 5~ 5l 2 On)
A A -
<P(max|=L — =L| > Cn~", min |B;| < Lg — Lon~"™)
j€D B, DBj
J
Aj A . .
+ P(max|=- — =%| > Cn~ "', min |B;| > Lg — Lon™ ")
jeD Bj J

-~ A
<P(min|Bj| < Ly — Lyn™"™) + P = -
<P(min |Bj| < Ls — Lon ™) + P(max| =" B,

| > Cn ™" min|B;| > Lg — Lg). (E.21)
b JjE€ED

Let us consider the first term on the right hand side of (E2I]). Since minjep B; > Lg, it

49



holds that for any positive constant C,

P(m1n|B | < Ly — Lon ™) < P(min |B,| —max|B — Bj| < Lg — Lon™ ")
Jj€D je€D

< P(max |B; — Bj| = Lyn™") < D|C\ exp {—02n <H1>} , (E.22)
JE

where C7 and Cy are some positive constants.

The second term on the right hand side of (E.2I]) can be bounded as

A, A
P 21> 1 B Lg—L
(r]nef%(B Bj\_Cn , min [Bj| > Lg — Lo)
A 4
<P(max|=L — ZL| > Cn™"/2, m1n|B | > Lg — L)
J€P B; j
A; A
+P(maX|———| >Cn~"/2, m1n|B|>L8—L0)
j€D ] j

<P{max ’A —A; ’ > 27 (Lg — Lo)CTLinl}
j€D
+ P{max |Bj — B;| > (2L7)"!(Ls — Lo)LsCn "'}
je

<|D|Cs exp {—6’471““1)} + Cs exp {—6’6119('“)} + |D|C1y exp {—élgnf('“)} , (E.23)

where Cs, - -, Cg, C11, and C\o are some positive constants. Combining (E-21)—(E23) results

in
P(max |A\]/§J —Aj/Bj| > Cn™ ") < |D|C5 exp {—égnf(”””l)} + Cy exp {—5’10719(“1)} ,
j€D

where 57 = 51 —{—53—1—511 >0, 58 = min{ég,C~'4,C~'12} > 0, 59 = 55 > 0, and 510 = 56 > 0.
This completes the proof of Lemma

20



Table 8: The overall and individual signal-to-noise ratios (SNRs) for simulation example
in Section A.1 of Supplementary Material. Case 1: 1 ~ N(0,3%), eo ~ N(0,2.5?), e3 ~
N(0,2.5%), e4 ~ N(0,22); Case 2: €1 ~ N(0,3.5%), eg ~ N(0,3%), e3 ~ N(0,3%), g4 ~
N(0,2.5%); Case 3: 1 ~ N(0,4%), g5 ~ N(0,3.5%), e3 ~ N(0,3.5%), g4 ~ N(0,32).

Case 1 Case 2 Case 3
Settings 1,3 Settings 2,4 Settings 1,3 Settings 2,4 Settings 1,3 Settings 2,4

M1 X1 0.44 0.44 0.33 0.33 0.25 0.25
X5 0.44 0.44 0.33 0.33 0.25 0.25

X1X5 1 1.00 0.73 0.74 0.56 0.56
Overall 1.89 1.95 1.39 1.43 1.06 1.10

M2 X1 0.64 0.64 0.44 0.44 0.33 0.33
X0 0.64 0.64 0.44 0.44 0.33 0.33

X1X5 1.44 1.45 1 1.00 0.73 0.74
Overall 2.72 2.73 1.89 1.89 1.39 1.39

M3 X0 0.64 0.64 0.44 0.44 0.33 0.33
X15 0.64 0.64 0.44 0.44 0.33 0.33

X1X5 1.44 1.45 1 1.00 0.73 0.74
Overall 2.72 2.77 1.89 1.92 1.39 1.41

M4 X1 X5 2.25 2.26 1.44 1.45 1 1.00
X10X15 2.25 2.25 1.44 1.44 1 1.00
Overall 4.5 4.51 2.88 2.89 2 2.00

Table 9: The percentages of retaining each important interaction or main effect, and all
important ones (All) by all the screening methods over different models and settings for
simulation example in Section A.1 of Supplementary Material.

Method M1 M2 M3 M4
X1 X5 XuXs Al Xy X XiXs Al Xio Xz XiXs Al X1 Xs XXz All

Case 1: g1 ~ N(0,3%), &2 ~ N(0,2.5%), e3 ~ N(0,2.5%), g4 ~ N(0,2%)
SI1S2 1.00 100 1.00 1.00 1.00 1.00 0.15 0.15 1.00 1.00 0.00 0.00 0.01 0.04  0.00
DC-SIS2 1.00 1.00 1.00 1.00 1.00 1.00 0.76 0.76 1.00 1.00 0.02 0.02 008 007 0.01
SIRI*2  1.00 1.00 1.00 1.00 1.00 0.99 060 059 0.99 099 0.07 007 026 023 007

1P 1.00 100 095 095 1.00 1.00 0.83 0.83 1.00 1.00 0.78 0.78 0.72 0.80 0.52
Case 2: e1 ~ N(0,3.5%), 3 ~ N(0,3%), e3 ~ N(0,32), &4 ~ N(0,2.52)
SIS2 1.00 100 100 100 100 1.00 0.14 0.14 1.00 1.00 0.00 0.00 0.01 0.04 0.00

DC-SIs2 1.00 1.00 1.00 1.00 1.00 1.00 0.58 0.58 1.00 1.00 0.00 0.00 0.06 0.03 0.00
SIRI*2 1.00 1.00 1.00 1.00 0.99 099 040 039 099 098 0.03 0.03 0.15 0.17 0.02

P .00 1.00 091 091 100 100 0.77 0.77 1.00 1.00 0.68 0.68 0.67 0.73  0.41
Case 3: e1 ~ N(0,4%), 3 ~ N(0,3.5%), e3 ~ N(0,3.52), &4 ~ N(0,3%)
SIS2 .00 1.00 1.00 100 1.00 099 0.3 0.3 1.00 1.00 0.00 0.00 0.00 0.04  0.00

DC-SIs2  1.00 1.00 1.00 1.00 1.00 0.99 044 043 1.00 1.00 0.00 0.00 0.04 0.02 0.00
SIRI*2 099 1.00 099 099 098 097 037 036 098 096 0.01 0.01 0.11 0.09 0.00
1P 1.00 100 0.7 077 1.00 099 071 070 099 099 064 062 0.58 0.62 0.29
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Table 10: The means and standard errors (in parentheses) of computation time in minutes
of each method based on 100 replications for simulation example in Section A.2 of Supple-
mentary Material.

Method p = 200 p = 300 p =500
hierNet 46.06 (0.69) 103.89 (1.20) 292.77 (2.47)
IP-hierNet 5.44 (0.14) 5.69 (0.11) 6.05 (0.14)
Ratio of mean 8.46 18.25 48.42

Table 11: The percentages of retaining each important main effect, and all important ones
(All) by all the screening methods over different settings for simulation example M5 in Section
A.3 of Supplementary Material.

Method e~ N(0,2?) £~ i)
X1 X5 X0 Xis All X1 X5 X0 Xy All
Setting 1: (n,p, p) = (200, 2000, 0)
SIS2 1.00 1.00 1.00 1.00 1.00 099 1.00 099 1.00 0.99

DC-SIS2  1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
SIRI*2 095 094 093 094 0.77 1.00 1.00 098 0.99 0.97

1P 1.00 1.00 1.00 1.00 1.00 0.99 1.00 0.99 1.00 0.99
Setting 2: (n,p, p) = (200, 2000, 0.5)
SIS2 1.00 1.00 1.00 1.00 1.00 0.99 1.00 0.99 0.99 0.99

DC-SIS2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
SIRI*2 099 1.00 098 091 0.88 1.00 1.00 1.00 1.00 1.00

1P 1.00 1.00 1.00 1.00 1.00 0.99 1.00 099 0.99 0.99
Setting 3: (n,p, p) = (300, 5000, 0)
SIS2 1.00 1.00 1.00 1.00 1.00 0.99 1.00 099 0.99 0.99

DC-SIS2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
SIRI*2 1.00 1.00 0.99 0.99 0.98 1.00 1.00 1.00 1.00 1.00

1P 1.00 1.00 1.00 1.00 1.00 0.99 1.00 0.99 0.99 0.99
Setting 4: (n,p, p) = (300, 5000, 0.5)
SIS2 1.00 1.00 1.00 1.00 1.00 0.99 1.00 0.99 0.99 0.99

DC-SIS2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
SIRI*2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
IP 1.00 1.00 1.00 1.00 1.00 0.99 1.00 0.99 0.99 0.99
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Table 12: The percentages of retaining each important interaction or main effect, and all
important ones (All) by all the screening methods for interaction models M3’ and M4’ in
Section A.4 of Supplementary Material.

Method M3’ M4/
X0 Xis X1Xs Al X1Xs XpXis Al
SIS2 1.00 1.00 0.00 0.00 0.01 0.02 0.00

DC-SIS2  1.00 1.00 0.00  0.00 0.41 0.35 0.16
SIRI*2 1.00 1.00 0.05 0.05 0.40 0.46 0.20
IP 1.00 1.00 0.69 0.69 0.54 0.45 0.26
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