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Abstract

In this paper we study a class of backward stochastic differential equations with reflections

(BSDER, for short). Three types of discretization procedures are introduced in the spirit of the

so-called Bermuda Options in finance, so as to first establish a Feynman–Kac type formula for

the martingale integrand of the BSDER, and then to derive the continuity of the paths of the

martingale integrand, as well as the C1-regularity of the solution to a corresponding obstacle

problem. We also introduce a new notion of regularity for a stochastic process, which we call

the ‘‘L2-modulus regularity’’. Such a regularity is different from the usual path regularity in

the literature, and we show that such regularity of the martingale integrand produces exactly

the rate of convergence of a numerical scheme for BSDERs. Both numerical scheme and its

rate of convergence are novel.
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1. Introduction

In this paper we are interested in the following backward stochastic differential
equations with reflection (BSDER for short) of the form:

X t ¼ x þ

Z t

0

bðr;X rÞdr þ

Z t

0

sðr;X rÞdW r,

Y t ¼ gðX T Þ þ

Z T

t

f ðr;X r;Y r;ZrÞdr �

Z T

t

hZr; dW ri þ KT � Kt,

Y tXSt; tX0;

Z T

0

½Y t � St	dKt ¼ 0, ð1:1Þ

where b; s; f ; g are deterministic functions, W is a given Brownian motion, St is the
reflecting barrier, and K is the reflecting process that keeps the solution Y from
going below the barrier S at each time t. We will be particularly interested in the
case St ¼ hðt;X tÞ; where h is a deterministic function satisfying hðT ; xÞpgðxÞ for
all x 2 Rd :
The BSDEs with reflections have been studied by many authors (see, for example,

[6,5,11,13,19], to mention a few). One of the main motivations for studying such
BSDER has been to use it to solve the hedging problem for American options (see,
e.g. [7,13], or [14]). In that application the BSDER (1.1) is particularly useful, with
Y t being the option price at time t and Zt being the hedging portfolio at time t.
The main purpose of this paper is two-fold. First, we would like to establish a

Feynman–Kac type representation formula for the solutions to BSDER, especially
for the martingale integrand Z. Second, we would like to utilize such representation
to study various types of ‘‘regularities’’ of the martingale integrand Z. It turns out
that our representation (for Z) is quite similar to the one in [16], which is the
extension of the works of Fournié et al. [9,10]. The main feature of such
representation is that it is independent of the derivatives of the functions f and g,
although it in essence represents the gradient of the solution to an obstacle problem
for a quasilinear PDE, in light of the existing nonlinear Feynman–Kac formula
involving BSDERs (see, e.g. [7,13]). To our best knowledge, such a representation
is new.
An apparent consequence of the representation is that the process Z is continuous.

Unlike the situation for BSDEs without reflections (cf. [16]), such continuity is by no
means obvious for BSDERs with only Lipschitz coefficients. For example, applying
Tanaka–Itô formula to the process Y t ¼ �jW tj; tX0 (i.e., hðt; xÞ ¼ gðxÞ ¼ �jxj; and
X ¼ W ), one obtains that Zt ¼ �sgnfW tg and Kt ¼ L0t ; for tX0; where L0 is the
local time of W at zero. Thus the process Z is discontinuous(!). We will nevertheless
prove that the paths of Z are continuous under the assumption that function h 2

C1;2ð½0;T 	Þ: In fact, we will prove that the solution to the quasilinear obstacle
problem is at least C1=2;1 under such assumption, and it is our hope that the further
development of these representations will pave the way to study regularity of
solutions to the corresponding variational inequalities probabilistically.
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At this point we would like to point out that the method of our previous works
[16,15] (or of [9,10]), that is, via integration by parts formula in Malliavin Calculus,
does not work well with the reflecting process K. We thus take a slight detour by
introducing three discrete versions of (1.1): the first approximation follows
the idea of the ‘‘Bermuda Option’’-approximation in finance, which is the basis for
the other two; the second one removes the reflection part, and leads to the
representation theorems as well as the regularity results; and the third one
can be considered as a numerical method for (1.1). We should note that although
the idea of approximating general American option by Bermuda options is
commonly used in numerical finance (cf., e.g. [1,3,12,4]), the numerical analysis
for BSDERs is yet fully explored. Our study of the rate of convergence for
the numerical scheme involves a new notion of regularity for stochastic processes,
which we will call the ‘‘L2-modulus regularity’’ in this paper, and it is different
in nature from the usual path regularity as we will show by examples in the appendix.
Our result on the rate of convergence of the numerical scheme is built upon
the L2-modulus regularity of the martingale integrand Z. To our best knowledge,
such a rate of convergence is new. We should remark that after this paper was
finished we were informed of a recent work by Bouchard and Touzi [2]. Although in
the BSDER case, only a simplified version (no Z in the generator) was considered
there and no rate of convergence was given in the general case, we feel that
their method of computing the conditional expectations indeed provided an
excellent complementary aspect of our scheme. We shall elaborate this point more
in Section 7.
This paper is organized as follows. We give preliminaries in Section 2, and

introduce the first discretized BSDER in Section 3. In Section 4 we prove a
Feynman–Kac-type representation theorem; and use it to study the regularity
of the obstacle problem in Section 5. In Section 6 we establish the L2-modulus
regularity for the martingale integrand Z and in Section 7 we use these results to
study the rate of convergence of a numerical scheme for BSDER. Finally, the two
examples given in the appendix are for better understanding the notion of L2-
modulus regularity.
2. Preliminaries

Throughout the paper, we assume that ðO;F;P; fFtgÞ is a complete, filtered
probability space on which is defined a standard d-dimensional Brownian motionW.
We assume that the filtration fFtgtX0 is generated by the Brownian motion W, with
usual augmentation. Thus it satisfies the usual hypotheses.
We shall make use of the following standing assumptions throughout the paper.
(A1) b and s are continuous, differentiable and with uniformly bounded

derivatives w.r.t. variable x; and ssT
XdId ; where d40; and Id is the d � d identity

matrix.
(A2) f and g are continuous; and are uniformly Lipschitz w.r.t. variables ðx; y; zÞ:
(A3) h 2 C1;2ð½0;T 	 � RdÞ with all derivatives being uniformly bounded.
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To simplify notations we will use a generic constant L40 to denote all the bounds
in (A1)–(A3), and we will also assume that

sup
0ptpT

½jbðt; 0Þj þ jsðt; 0Þj þ j f ðt; 0; 0; 0Þj þ jhðt; 0Þj	 þ jgð0ÞjpL. (2.1)

Finally, to simplify the presentation we shall discuss only the case when d ¼ 1: But
all the results in this paper can be extended to the case d41 without any significant
difficulty. Thus in the rest of the paper we consider the following BSDER:

X t ¼ x þ

Z t

0

bðr;X rÞdr þ

Z t

0

sðr;X rÞdW r,

Y t ¼ gðX T Þ þ

Z T

t

f ðr;X r;Y r;ZrÞdr �

Z T

t

Zr dW r þ KT � Kt,

Y tXhðt;X tÞ; tX0;

Z T

0

½Y t � hðt;X tÞ	dKt ¼ 0. ð2:2Þ

Recall that an (adapted) solution to BSDER (2.2) is a quadruple of processes
ðX ;Y ;Z;KÞ such that (2.2) holds almost surely. We will often denote Y9ðX ;Y ;ZÞ
for notational simplicity.
It is well known that (2.2) is closely related to the following obstacle problem:

minðu � hðt;xÞ;�ut �
1
2s
2ðt;xÞuxx � bðt;xÞux � f ðt;x; u; uxsÞÞ ¼ 0,

uðT ;xÞ ¼ gðxÞ. ð2:3Þ

In fact, denoting ðX t;x;Y t;x;Zt;x;Kt;xÞ to be the solution to (2.2) over subinterval
½t;T 	 � ½0;T 	; with X t ¼ x a.s., then the function uð�; �Þ defined by

uðt;xÞ9Y t;x
t ¼ E gðX t;x

T Þ þ

Z T

t

f ðr;Yt;x
r Þdr þ Kt;x

T

� �
(2.4)

is the unique viscosity solution to the obstacle problem (cf. e.g., Ma–Cvitanic [13]).
On the other hand, by Markovian properties of (2.2) we have Y t;x

s ¼ uðs;X t;x
s Þ; s 2

½t;T 	:
Our discretization begins from the following standard Euler scheme for the

forward SDE in (2.2): denote for any x 2 R and 0psptpT ;

X tðs;xÞ9x þ bðs;xÞðt � sÞ þ sðs;xÞðW t � W sÞ. (2.5)

Let p : 0 ¼ t0o � � �otn ¼ T be any partition of ½0;T 	; and define

Xp;0
t0
9x; Xp;0

t 9X tðti�1;X
p;0
ti�1

Þ; t 2 ðti�1; ti	. (2.6)

We shall denote Xp to be the piecewise constant version of X p;0; that is, X p
t 9Xp;0

ti�1
;

t 2 ½ti�1; tiÞ: Using the process Xp;0 we define also the corresponding BSDER:

Yp;0
t ¼ gðX p;0

T Þ þ

Z T

t

f ðr;Yp;0
r Þdr �

Z T

t

Zp;0
r dW r þ Kp;0

T � Kp;0
t ,

Yp;0
t Xhðt;Xp;0

t Þ; tX0;

Z T

0

½Yp;0
t � hðt;Xp;0

t Þ	dKp;0
t ¼ 0, ð2:7Þ
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We now collect some results regarding the solution ðY;KÞ and its discretized
counterpart ðYp;0;Kp;0Þ: Most of these results are well-known, so we only list them
for ready references. We note in all the estimates C is a generic constant depending
only on T ;L; and d; which may vary from line to line. We will also use Cp to denote
constants which may depend on p as well. We begin by some standard estimates for
forward SDEs.

Lemma 2.1. Assume (A1). Then for any pX2; there exists a constant Cp40; such that
(i)
 Efsup0ptpT ½jX tj
p þ jX p;0

t jp þ jXp
t j

p	gpCpð1þ jxjpÞ;

(ii)
 Efsup0ptpT jX p;0

t � X tj
pg þ sup0ptpT EfjXp

t � X tj
pgpCpð1þ jxjpÞjpjp=2;
(iii)
 Ef½jX t � X sj
p þ jXp;0

t � X p;0
s jp	gpCpð1þ jxjpÞjt � sjp=2:
Next, we give some standard estimates for BSDERs (see, e.g. [6]).

Lemma 2.2. Assume (A1)–(A3), and let ðY;KÞ and ðYp;0;Kp;0Þ be the solutions to (2.2)
and (2.7), respectively.
(i)
 There exists some universal constant C40; such that

E sup
0ptpT

jY tj
2 þ

Z T

0

jZtj
2 dt þ K2

T

� �
pCð1þ jxj2Þ,

E sup
0ptpT

jY p;0
t j2 þ

Z T

0

jZp;0
t j2 dt þ jKp;0

T j2
� �

pCð1þ jxj2Þ. ð2:8Þ

Z� �

(ii)
 E sup

0ptpT

½jYp;0
t � Y tj

2 þ jKp;0
t � Ktj

2	 þ

T

0

jZp;0
t � Ztj

2

pCð1þ jxj2Þ
ffiffiffiffiffiffi
jpj

p
.

(iii)
 Denote

kt9jqthðt;X tÞj þ j½ðqxhÞb	ðt;X tÞj þ
1
2
j½ðqxxhÞs2	ðt;X tÞj þ j f ðt;YtÞj,

kp;0
t 9jqthðt;X

p;0
t Þj þ jðqxhÞðt;X p;0

t Þbðti�1;X
p;0
ti�1

Þj

þ 1
2
jðqxxhÞðt;Xp;0

t Þs2ðti�1;X
p;0
ti�1

Þj þ j f ðt;Yp;0
t Þj; t 2 ½ti�1; tiÞ. ð2:9Þ

Then, in the sense of random measures, one has

0pdKtpkt dt; 0pdKp;0
t pkp;0

t dt; 8t 2 ½0;T 	; a:s.
The following comparison theorem for the solutions to BSDERs will be useful in
our discussion. We should note that the lemma is stated in a rather general form in
which the process K’s are not necessarily the reflecting processes(!). We refer to [14]
for the proof.
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Lemma 2.3. Assume that ðY i;ZiÞ; i ¼ 1; 2 are the solutions to the following

BSDEs,

Y i
t ¼ Y i

T þ

Z T

t

~f ðs;Y i
s;Z

i
sÞds �

Z T

t

Zi
s dW s þ Ki

T � Ki
t; t 2 ½0;T 	; i ¼ 1; 2,

where ~f : O� ½0;T 	 � R2 ! R; and K1 and K2 are two adapted processes with

bounded variation paths. Suppose further that
(i)
 ~f is uniformly Lipschitz continuous on ðy; zÞ; uniformly in ðo; tÞ;

(ii)
 Y 1

TpY 2
T ; a.s.; and
(iii)
 in the sense of random (signed) measure, dðK1
t � K2

t Þp0; 8t; a.s.,
then, Y 1
t pY 2

t ; 8t; a.s.

Finally, let us review some results concerning the BSDEs without reflections on
which our ‘‘Bermuda-option-approximation’’ depends heavily. Consider the follow-
ing (decoupled) forward–backward SDEs:

X t ¼ x þ

Z t

0

bðr;X rÞdr þ

Z t

0

sðr;X rÞdW r,

Y t ¼ gðX T Þ þ

Z T

t

f ðr;X r;Y r;ZrÞdr �

Z T

t

Zr dW r; t 2 ½0;T 	. ð2:10Þ

By a slight abuse of notations, we still denote the solution of BSDE (2.10) by
Y ¼ ðX ;Y ;ZÞ: For 0ptorpT ; we define the following process:

Nt
r9

1

r � t

Z r

t

s�1ðs;X sÞrX s dW s½rX t	
�1, (2.11)

where rX is the solution to the following linear SDE:

rX t ¼ 1þ

Z t

0

qxbðs;X sÞrX s ds þ

Z t

0

qxsðs;X sÞrX s dW s. (2.12)

It is clear that EfNt
rjFtg ¼ 0:

Lemma 2.4. Assume (A1). Then for any pX2; there exist constants C and Cp such that
(i)
 EfjNt
rj

pgp
Cp

ðr � tÞp=2
,

(ii)
 EfjNt
r1
� Nt

r2
j2gpC

jr1 � r2j

ðr1 � tÞðr2 � tÞ
,

(iii)
 ðEfjNt1
r � Nt2

r j
2gpC

jt1 � t2j

ðr � t1Þðr � t2Þ
,
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if j is a Lebesgue measurable function with polynomial growth, then for any
(iv)

0ptorpT ; it holds that

EfjðX T ÞN
t
T jFtg ¼ EfjðX T ÞN

t
rjFtg. (2.13)

In particular, if j 2 C1; then

EfjðX T ÞN
t
rjFtg ¼ EfqxjðX T ÞrX T jFtg½rX t	

�1. (2.14)
Proof. Estimates (i)–(iii) can be proved by straightforward calculation. To see (iv),
we first assume that j 2 C1: Applying the integration by parts formula of Malliavin
Calculus, one can prove (2.14) and (2.13) fairly easily (see [16]).
For general j; one can choose jn 2 C1 such that jn have the same polynomial

growth and jnðxÞ ! jðxÞ for a.s. x. Noting that X T has density (see e.g. [17]), we
have jnðX T Þ ! jðX T Þ; a.s. The result then follows from the Dominated
Convergence Theorem. &

Again let us denote Yt;x9ðX t;x;Y t;x;Zt;xÞ to be the solution to (2.10) over
subinterval ½t;T 	 � ½0;T 	; with X t ¼ x a.s. Let Nt

� ðt; xÞ be the process Nt
� with X

being replaced by X t;x: To distinguish it from the solution to the obstacle problem
(2.3) let us now define

u0ðt;xÞ9Y t;x
t ; v0ðt;xÞ9Zt;x

t s�1ðt; xÞ. (2.15)

Then, under assumptions (A1) and (A2), one has (cf., e.g. [16,15,18])

u0ðt;xÞ ¼ E gðX t;x
T Þ þ

Z T

t

f ðr;Yt;x
r Þdr

� �
,

v0ðt;xÞ ¼ E gðX t;x
T ÞNt

T ðt;xÞ þ

Z T

t

f ðr;Yt;x
r ÞNt

rðt;xÞdr

� �
. ð2:16Þ

Furthermore, under (A1) and (A2), one can show that v 2 Cð½0;TÞ � RÞ and it is
uniformly bounded; and the following relations hold: for all ðt;xÞ 2 ½0;T 	 � Rn;

v0ðt;xÞ ¼ qxu0ðt;xÞ, (2.17)

Y t;x
s ¼ u0ðs;X t;x

s Þ; 8s 2 ½t;T 	; a:s:; (2.18)

Zt;x
s ¼ v0ðs;X t;x

s Þsðs;X t;x
s Þ

¼ E gðX t;x
T ÞNs

T ðt;xÞ þ

Z T

s

f ðr;Yt;x
r ÞNs

rðt; xÞdrjFs

� �
sðs;X t;x

s Þ;

8s 2 ½t;T 	; a:s:; ð2:19Þ

As a consequence of the results above, one has the following estimates.
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Lemma 2.5. Assume (A1)–(A3), and let ðX ;Y ;ZÞ denote the solution to (2.10). Then

for any pX2; there exists a constant Cp such that, for all s; t 2 ½0;T 	;

E sup
0ptpT

½jY tj
p þ jZtj

p	

� �
pCpð1þ jxjpÞ; EfjY t � Y sj

pgpCpð1þ jxjpÞjt � sjp=2.

Proof. The estimate for Efsupt jY tj
pg is standard. By (2.17) and (2.18), we see that

jZtjpCjsðt;X tÞj; then it follows that Efsupt jZtj
pgpCpð1þ jxjpÞ: Finally, note that

Y s � Y t ¼
R t

s
f ðr;YrÞdr �

R t

s
Zr dW r; the last inequality follows from the Burkhol-

der–Davis–Gundy inequality and the estimates above. &

To end this section we give a discrete backward Gronwall Inequality.

Lemma 2.6. Let p : 0 ¼ t0o � � �otn ¼ T ; and denote Dti ¼ ti � ti�1: Suppose that

fai; big
n
i¼1 satisfies that aiX0; biX0; and that ai�1pð1þ C DtiÞai þ bi; 8iX1; then

max
0pipn

aipeCT an þ
Xn

i¼1

bi

" #
. (2.20)

Proof. Note that 1þ C DtipeC Dti : By backward induction one easily gets that

aipeCðT�tiÞ an þ
Xn

j¼iþ1

bj

" #
; i ¼ 0; 1; . . . ; n

and (2.20) follows immediately. &
3. Pseudo-discretization

In this section we introduce our first discretization of the BSDER (2.2). We note
that although this discretization is a far cry from the true discrete version of the
BSDER, which will be introduced in the end of this paper, it is nevertheless a
fundamental step upon which all our discussion will be based. The main idea is
similar to the so-called ‘‘Bermuda-option-approximation’’ in finance.
Let p : 0 ¼ t0o � � �otn ¼ T be any partition of ½0;T 	; and let X be the solution of

the forward SDE in (2.2) and Xp;0 be its Euler discretization. We define recursively
the processes Yp;1 and ð ~Y

p;1
;Zp;1;Kp;1Þ as follows:
�
 Y p;1
tn

¼ gðXp;0
T Þ;

p;1

�
 for i ¼ n; n � 1; . . . ; 1; and t 2 ½ti�1; tiÞ; let ð ~Y ;Zp;1Þ be the solution of BSDE:

~Y
p;1
t ¼ Yp;1

ti
þ

Z ti

t

f ðr;X p;0
r ; ~Y

p;1
r ;Zp;1

r Þdr �

Z ti

t

Zp;1
r dW r, (3.1)
�
 for each i and t 2 ½ti�1; tiÞ; define Y p;1
t 9 ~Y

p;1
t _ hðt;Xp;0

t Þ;P p;1

�
 let Kp;1

0 90; and for t 2 ðti�1; ti	; define Kp;1
t � Kp;1

ti
9 i

j¼1ðY
p;1
tj�1

� ~Y tj�1
Þ:
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ti ti�1 t

(3.1) leads to

Clearly, Kp;1 2 F for each i, thus Kp;1 is fF g-predictable. Observe also that

Yp;1
ti�1

¼ Y p;1
ti

þ

Z ti

ti�1

f ðr; ~Y
p;1
r Þdr �

Z ti

ti�1

Zp;1
r dW r þ Kp;1

ti
� Kp;1

ti�1
, (3.2)

where ~Y
p;1
9ðX p;0; ~Y

p;1
;Zp;1Þ: Since in (3.2), ~Y

p;1
contains ~Y

p;1
instead of Yp;1; and

~Y
p;1
is obtained by solving a (non-discretized) BSDE (3.1), (3.2) is by no means a

truly discretized version of (2.2). We henceforth call it a ‘‘pseudo-discretization’’. We
also note that, all the results in this section should hold true if we replace X p;0 by X in
(3.1) and the definition of Y p;1 (which is important in next section!). The following
comparison results on Y p;1’s are useful.

Lemma 3.1. Assume (A1)–(A3). Then ~Y
p;1
t pY p;1

t pY p;0
t :

Proof. By definition the first inequality is obvious. We prove by induction that
Yp;1

t pYp;0
t on each interval ðti�1; ti	: Clearly, Yp;1

tn
¼ Yp;0

tn
: Assume that Yp;1

ti
pYp;0

ti
;

then by (2.7) and (3.1) and applying Lemma 2.3 we obtain that ~Y
p;1
t pYp;0

t ; for
8t 2 ½ti�1; tiÞ: Note that Y p;0

t Xhðt;X p;0
t Þ; thus Yp;1

t ¼ ~Y
p;1
t _ hðt;Xp;0

t ÞpYp;0
t ; for 8t 2

½ti�1; tiÞ; completing the induction step, whence the lemma. &

We now construct a sequence of functions up;1
i using the pseudo-discretization

defined above. Recall X �ðti�1;xÞ defined in (2.5). We define up;1
n ðxÞ9gðxÞ; and for

i ¼ n; . . . ; 1; let ð ~Y ; ~ZÞ denote the solution to BSDE

~Y t ¼ up;1
i ðX ti

ðti�1;xÞÞ þ

Z ti

t

f ðr;X rðti�1;xÞ; ~Y r; ~ZrÞdr �

Z ti

t

~Zr dW r (3.3)

for t 2 ½ti�1; ti	; and then define up;1
i�1ðxÞ9 ~Y ti�1

_ hðti�1;xÞ: One can easily check that
Yp;1

ti
¼ up;1

i ðXp;0
ti
Þ: Furthermore, we have

Lemma 3.2. Assume (A1)–(A3). Then
(i)
 up;1
i are uniformly Lipschitz continuous, uniformly in p and i;
(ii)
 for any pX1; there exist constants C and Cp; independent of p; such that, for 8i and

8t 2 ½ti�1; tiÞ;

E sup
ti�1ptpti

½j ~Y
p;1
t jp þ jZp;1

t jp	

� �
pCpð1þ jxjpÞ,

Efj ~Y
p;1
t � Yp;1

ti
j2gpCð1þ jxj2Þjti � tj. ð3:4Þ
Proof. First we assume (i) holds true. We prove (ii) by modifying Lemma 2.5.
Consider (3.3) as a special case of (2.10) over ½ti�1; ti	; that is, the forward diffusion
has constant coefficients ~b9bðti�1; xÞ; ~s9sðti�1;xÞ: Applying (2.19), one can easily
prove that j ~ZtjpCjsðti�1;xÞj; which implies that jZ

p;1
t jpCjsðti�1;X

p;0
ti�1

Þj: Then one
can prove (ii) in the same manner as one does in Lemma 2.5.
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Thus it suffices to prove (i). We first prove by induction that for each i, up;1
i is

Lipschitz. Clearly up;1
n ¼ g is Lipschitz. Assume up;1

i is also Lipschitz, and denote its
Lipschitz constant as Li: We show that up;1

i�1 is also Lipschitz.
Without loss of generality, we assume that LiX1 and that LiXsupt;x jqxhðt;xÞj:

For any x1;x2 2 R and t 2 ½ti�1; ti	; denote ð ~Y
j
; ~Z

j
Þ to be the solution to (3.3) with

initial value xj ; j ¼ 1; 2; and denote

Dx9x1 � x2; DX t9X tðti�1;x1Þ � X tðti�1; x2Þ; D ~Y t9 ~Y
1

t �
~Y
2

t ;

D ~Zt9 ~Z
1

t �
~Z
2

t .

Then it is standard to check that EfjDX tj
2gpð1þ C DtiÞjDxj2: Applying Itô’s

formula to jD ~Y j2 along with (3.3), and using some by now standard technique in
BSDEs, one shows that

E jD ~Y tj
2 þ

Z ti

t

jD ~Zrj
2 dr

� �
pE L2i jDX ti

j2 þ C

Z ti

t

jD ~Y rj
2 dr þ

1

2

Z ti

t

½jDX rj
2 þ jD ~Zrj	 dr

� �
. ð3:5Þ

In the above C40 is again a generic constant depending on L and T, which is
allowed to vary from line to line. Now note that LiX1; thus

E jD ~Y tj
2 þ
1

2

Z ti

t

jD ~Zrj
2 dr

� �
pE ð1þ C DtiÞL

2
i jDxj2 þ C

Z ti

t

jD ~Y rj
2 dr

� �
.

Now applying the Gronwall inequality we deduce that EfjD ~Y tj
2gpð1þ

C DtiÞL
2
i jDxj2 with a generic constant C. Now note that for any real numbers

a1; a2; b1; b2 one has ja1 _ b1 � a2 _ b2jpja1 � a2j _ jb1 � b2j; the definition of up;1

and Yp;1 then imply that

jup;1
i�1ðx1Þ � up;1

i�1ðx2Þj
2pj ~Y

1

ti�1
� ~Y

2

ti�1
j2 _ jhðti�1;x1Þ � hðti�1;x2Þj

2

p½ð1þ C DtiÞL
2
i jDxj2	 _ ½L2i jDxj2	

¼ ð1þ C DtiÞL
2
i jDxj2. ð3:6Þ

Here in the last inequality we used the assumption that LiX sup jqxhj: Thus we
conclude that up;1

i�1 is also Lipschitz.
To finish the proof, we need only show that the Lipschitz constant for each up;1

i�1;
denoted by Li�1; can be chosen to be independent of p and i. But from (3.6) we see
that L2i�1pð1þ C DtiÞL

2
i : Thus the 0a follows from Lemma 2.6. &

The main result of this section is the following theorem.

Theorem 3.3. Assume (A1)–(A3). Then the following estimate holds:

E sup
0ptpT

½j ~Y
p;1
t � Y p;0

t j2 þ jKp;1
t � Kp;0

t j2	 þ

Z T

0

jZp;1
t � Zp;0

t j2 dt

� �
pCð1þ jxj4Þjpj.
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Proof. We first prove that under assumptions (A1)–(A3), it holds that

max
0pipn

Efj ~Y
p;1
ti

� Yp;0
ti
j2g þ E

Z T

0

jZp;1
t � Zp;0

t j2
� �

pCð1þ jxj4Þjpj. (3.7)

To this end, let us denote DY t9Yp;0
t � ~Y

p;1
t and DZt9Zp;0

t � Zp;1
t : Recall (2.7), (3.1)

and apply Itô’s formula, we have, for t 2 ðti�1; tiÞ;

djDY tj
2 ¼ 2DY t DZt dW t � 2DY t½ f ðt;Yp;0

t Þ � f ðt; ~Y
p;1
t Þ	dt

� 2DY t dKp;0
t þ jDZtj

2 dt.

Since 2jDY tjj f ðt;Yp;0
t Þ � f ðt; ~Y

p;1
t ÞjpCjDY tj

2 þ 1
2
jDZtj

2 for some constant C40;
denoting Lt ¼ eCt and applying Lemma 3.1 one shows that

LtjDY tj
2 þ
1

2

Z ti

t

Lr jDZrj
2 drpLti

jDY ti
j2 � 2

Z ti

t

Lr DY r DZr dW r

þ 2

Z ti

t

Lr DY r dKp;0
r . ð3:8Þ

Next, applying Itô’s formula to hð�;Xp;0
� Þ; using (A3), and applying Lemma 2.2 we

have

DY r dKp;0
r ¼ ½hðr;X p;0

r Þ � ~Y
p;1
r 	dKp;0

r

¼ hðr;X p;0
r Þ � E Yp;1

ti
þ

Z ti

r

f ðs; ~Y
p;1
s ÞdsjFr

� �� �
dKp;0

r

pE hðr;Xp;0
r Þ � hðti;X

p;0
ti
Þ �

Z ti

r

f ðs; ~Y
p;1
s ÞdsjFr

� �
dKp;0

r

pCE

Z ti

r

½1þ jXp;0
ti�1

j2 þ jXp;0
s j þ j ~Y

p;1
s j þ jZp;1

s j	 dsjFr

� �
kp;0

r dr,

Plugging this into (3.8) and combining it with (3.4) one further shows that

E LtjDY tj
2 þ
1

2

Z ti

t

LrjDZrj
2 dr

� �
pLti

E jDY ti
j2 þ C

Z ti

t

Z ti

r

jkp;0
r j2 dsdr

�
þC

Z ti

t

Z ti

r

½1þ jXp;0
ti�1

j4 þ jX p;0
s j2 þ j ~Y

p;1
s j2 þ jZp;1

s j2	dsdr

�
pLtE ð1þ C DtiÞjDY ti

j2 þ Cð1þ jxj4ÞjDtij
2 þ C0 Dti

Z ti

t

jDZrj
2 dr

� �
.

Choosing p such that jpjp1=4C0 and noting that LrXLt for rXt; we deduce that

E jDY tj
2 þ
1

4

Z ti

t

jDZrj
2 dr

� �
pEfð1þ C DtiÞjDY ti

j2 þ Cð1þ jxj4ÞjDtij
2g.

(3.9)
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Since DY tn
¼ 0; setting t ¼ ti�1 in (3.9) we can then apply Lemma 2.6 to get

max0pipn EfjDY ti
j2gpCð1þ jxj4Þjpj: Putting this back into (3.9) we obtain that

sup
0ptpT

EfjDY tj
2g þ E

Z T

0

jDZtj
2 dt

� �
pCð1þ jxj4Þjpj. (3.10)

Thus (3.7) follows. Furthermore, combining (3.8) and (3.10), it is standard to show
(using the Burkholder–Davis–Gundy inequality) that Efsup0ptpT jDY tj

2gpCð1þ
jxj4Þjpj:
It remains to check the estimate for K. But by (2.2), (3.2) and (3.1) we have

Kp;0
t ¼ Yp;0

0 � Y p;0
t �

Z t

0

f ðr;Yp;0
r Þdr þ

Z t

0

Zp;0
r dW r,

Kp;1
t ¼ Yp;1

0 � ~Y
p;1
t �

Z t

0

f ðr; ~Y
p;1
r Þdr þ

Z t

0

Zp;1
r dW r. ð3:11Þ

for t 2 ðti�1; ti	: Therefore,

DKt9Kp;0
t � Kp;1

t ¼ Yp;0
0 � Yp;1

0 � DY t �

Z t

0

½ f ðr;Yp;0
r Þ � f ðr; ~Y

p;1
r 	dr

þ

Z t

0

DZr dW r.

Applying the Burkholder–Davis–Gundy inequality again one can easily prove that

E sup
0ptpT

jDKtj
2

� �
pCð1þ jxj4Þjpj.

The proof is now complete. &

The following result is a direct consequence of Lemma 2.2(ii) and Theorem 3.3.

Corollary 3.4. Assume (A1)–(A3). Then

E sup
0ptpT

½j ~Y
p;1
t � Y tj

2 þ jKp;1
t � Ktj

2	 þ

Z T

0

jZp;1
t � Ztj

2 dt

� �
pCð1þ jxj4Þ

ffiffiffiffiffiffi
jpj

p
.

To conclude this section we give the following estimates of the solution of the
original BSDER (2.2), which are interest in their own rights.

Theorem 3.5. Assume (A1)–(A3). Then
(i)
 for any pX1; there exist constants C and Cp; such that for a.s. t 2 ½0;T 	; and any

t1; t2 2 ½0;T 	; it holds that

EfjZtj
pgpCpð1þ jxjpÞ; Efjktj

pgpCpð1þ jxj2pÞ,

EfjY t1 � Y t2 j
2gpCð1þ jxj4Þjt1 � t2j. ð3:12Þ
(ii)
 For any 0pt1ot2pT and any x1;x2; it holds that

juðt1;x1Þ � uðt2; x2ÞjpC½ð1þ jx1j
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � t1

p
þ jx1 � x2j	.
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of. (i) Recalling (3.4) and Corollary 3.4, and applying Fatou’s Lemma, one has

p p
EfjZtj gpCpð1þ jxj Þ; for a.s. t. Then the estimate for kt follows immediately.

Moreover, for t1ot2; by (2.2) we have

Y t1 � Y t2 ¼

Z t2

t1

f ðr;YrÞdr �

Z t2

t1

Zr dW r þ

Z t2

t1

dKr.

One can easily prove (3.12) now.

(ii) First, by Lemma 3.1 and then by Theorem 3.3 and Lemma 2.2 we know

p;1 p;1 p;1 p;0 p;0
ju0 ðxÞ � uð0;xÞj ¼ jY 0 � Y 0jpjY 0 � Y 0 j þ jY � Y 0j

pj ~Y
p;1
0 � Yp;0

0 j þ jYp;0 � Y 0jpCð1þ jxj4Þ
ffiffiffiffiffiffi
jpj

p
.

Then by Lemma 3.2(i), uð0;xÞ is Lipschitz continuous on x, with a Lipschitz constant
C depending only on T and L. Repeat the same arguments for BSDER (2.2) over
½t;T 	; we have

juðt;x1Þ � uðt; x2ÞjpCjx1 � x2j; 8t 2 ½0;T 	. (3.13)

Moreover, for any t1ot2; by (i) we have

juðt1; xÞ � uðt2;xÞjpEfjuðt1;xÞ � uðt2;X
t1;x
t2

Þj þ juðt2;X
t1;x
t2

Þ � uðt2; xÞjg

pEfjY t1;x
t1

� Y t1;x
t2

j þ CjX t1;x
t2

� xjgpCð1þ jxj2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � t1

p
,

which, combined with (3.13), proves (ii). &
4. Representation formulae

In this section we present the first main result of the paper: the representation
formula for the martingale integrand Z. We begin by modifying our fundamental
(pseudo) discretization investigated in the last section, so that it is ‘‘closer’’ to the
original equations (2.2). We proceed as follows. For i ¼ n; n � 1; . . . ; 1; and t 2

½ti�1; tiÞ; let ð ~Y
p;2
;Zp;2Þ be the solution of BSDE:

~Y
p;2
t ¼ Y ti

þ

Z ti

t

f ðr;X r; ~Y
p;2
r ;Zp;2

r Þdr �

Z ti

t

Zp;2
r dW r; (4.1)

Analogous to previous section we denote ~Y
p;2
9ðX ; ~Y

p;2
;Zp;2Þ; and define

Yp;2
tn
9gðX T Þ; Yp;2

t 9 ~Y
p;2
t _ hðt;X tÞ; t 2 ½0;TÞ,

Kp;2
0 90; Kp;2

t � Kp;2
ti
9

Xi

j¼1

ðYp;2
tj�1

� ~Y
p;2
tj�1

Þ; 8t 2 ðti�1; ti	.

We note that (4.1) differs from (3.1) in two ways. First, we replaced X p;0 by the
original diffusion X; Second, the terminal value of the BSDE (4.1) is the true solution
Y ti
of (2.2), rather than the approximate value Yp;2

ti
: Note that, since Y ti

¼ uðti;X ti
Þ
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and uðti; �Þ are uniformly Lipschitz continuous(!), thanks to Theorem 3.5(ii), one can
still apply Lemma 2.5 and the representation results (2.16)–(2.19) to BSDE (4.1).
The following Lemma can be proved by using similar (in fact easier) arguments as

those of Lemma 3.2 and Theorem 3.3. We state only the result without the proof.

Lemma 4.1. Assume (A1)–(A3). Then it holds that
(i)
 E sup
ti�1ptpti

½j ~Y
p;2
t jp þ jZp;2

t jp	

� �
pCpð1þ jxjpÞ; 8i;

Z� �

(ii)
 E sup

0ptpT

½j ~Y
p;2
t � Y tj

2 þ jYp;2
t � Y tj

2	 þ

T

0

jZp;2
t � Ztj

2 dt pCð1þ jxj4Þjpj.
The main result of this section is the following.

Theorem 4.2. Assume (A1)–(A3). Let ðY;KÞ ¼ ðX ;Y ;Z;KÞ be the solution to

BSDER (2.2). Then, the martingale integrand Z can be written as

Zt ¼ E gðX T ÞN
t
T þ

Z T

t

f ðr;YrÞN
t
r dr þ

Z T

t

Nt
r dKrjFt

� �
sðt;X tÞ; 8t 2 ½0;TÞ.

(4.2)

Proof. First we note that Y ti
¼ uðti;X ti

Þ: For 8t 2 ½ti�1; tiÞ; by (4.1) and (2.19) we
have

Zp;2
t ¼ E Y ti

Nt
ti
þ

Z ti

t

f ðr; ~Y
p;2
r ÞNt

r drjFt

� �
sðt;X tÞ. (4.3)

Denote ~Zt as the right side of (4.2). In light of estimate Lemma 4.1(ii), it suffices to
prove that

lim
jpj!0

E

Z T

0

jZp;2
t � ~Ztjs�1ðt;X tÞdt

� �
¼ 0. (4.4)

To this end, we note that, for 8t 2 ½ti�1; tiÞ;

~Zts�1ðt;X tÞ ¼ E gðX T ÞN
t
T þ

Z ti

t

f ðr;YrÞN
t
r dr þ

Z ti

t

Nt
r dKr

(

þ
Xn�1
j¼i

Z tjþ1

tj

f ðr;YrÞN
t
r dr þ

Z tjþ1

tj

Nt
r dKr

" #�����Ft

)

¼ E

Z ti

t

f ðr;YrÞN
t
r dr þ

Z ti

t

Nt
r dKr þ I1ðtÞ þ I2ðtÞjFt

� �
, ð4:5Þ
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where

I1ðtÞ9
Xn�1
j¼i

Z tjþ1

tj

f ðr;YrÞðN
t
r � Nt

tj
Þdr þ

Z tjþ1

tj

ðNt
r � Nt

tj
ÞdKr

" #
,

I2ðtÞ9gðX T ÞN
t
T þ

Xn�1
j¼i

Z tjþ1

tj

f ðr;YrÞdr þ ðKtjþ1
� Ktj

Þ

" #
Nt

tj
.

Recalling (2.2), we see that EfI2ðtÞjFtg ¼ EfY T Nt
T þ

Pn�1
j¼i ðY tj

� Y tjþ1
ÞNt

tj
jFtg:

Since Y tj
¼ uðtj ;X tj

Þ; we can apply Lemma 2.4(iv) to get

EfI2ðtÞjFtg ¼ E Y T Nt
ti
þ

Xn�1
j¼i

ðY tj
� Y tjþ1

ÞNt
ti
jFt

( )
¼ EfY ti

Nt
ti
jFtg.

Therefore, (4.3) and (4.5) lead to

ð ~Zt � Zp;2
t Þs�1ðt;X tÞ ¼ E

Z ti

t

Nt
r dKr þ I1ðtÞ

�
þ

Z ti

t

½ f ðr;YrÞ � f ðr; ~Y
p;2
r Þ	Nt

r drjFt

�
.

By Lemmas 2.2, 2.4, 4.1, and Theorem 3.5 one can easily get that

Efj ~Zt � Zp;2
t js�1ðt;X tÞgpCð1þ jxj2Þ

ffiffiffiffiffiffi
jpj

p
þ EfjI1ðtÞjg. (4.6)

It remains to estimate I1ðtÞ: By Lemmas 2.2, 2.4, and Theorem 3.5 again we have

E

Z T

0

jI1ðtÞjdtpE
X
ipj

Z ti

ti�1

Z tjþ1

tj

½j f ðr;YrÞj þ jkrj	jN
t
r � Nt

tj
jdrdt

( )

pCð1þ jxj2Þ
X
ipj

Z ti

ti�1

Z tjþ1

tj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r � tj

ðtj � tÞðr � tÞ

s
drdt

pCð1þ jxj2Þ
Xn�1
j¼1

Z tjþ1

tj

ffiffiffiffiffiffiffiffiffiffiffi
r � tj

p
dr

Z tj

0

dtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtj � tÞðr � tÞ

p
pCð1þ jxj2Þ

Xn�1
j¼1

Z tjþ1

tj

ffiffiffiffiffiffiffiffiffiffiffi
r � tj

p Z tj
r�tj

0

dt0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t0ð1þ t0Þ

p dr. ð4:7Þ

Here the last inequality is due to a change of variable t09ðtj � tÞ=ðr � tjÞ: Note thatR tj=ðr�tjÞ

0
ft0ð1þ t0Þg�1=2 dt0pCð1þ j logðr � tjÞjÞ; assuming jpjp 1

2
we have

E

Z T

0

jI1ðtÞjdtpCð1þ jxj2Þ
Xn�1
j¼1

Z tjþ1

tj

ffiffiffiffiffiffiffiffiffiffiffi
r � tj

p
ð1þ j logðr � tjÞjÞdr

pCð1þ jxj2Þ
ffiffiffiffiffiffi
jpj

p
log

1

jpj
.

This, together with (4.6), proves (4.4), whence the theorem. &
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Corollary 4.3. Assume (A1)–(A3). Then for any 0psotpT ;

jEfZts�1ðt;X tÞg � EfZss�1ðs;X sÞgjpCð1þ jxj2Þ
ffiffiffiffiffiffiffiffiffiffi
t � s

p
ð1þ j logðt � sÞjÞ.

Proof. By Theorem 4.2, we have

jEfZts�1ðt;X tÞg � EfZss�1ðs;X sÞgj

pjEfgðX T ÞN
t
T g � EfgðX T ÞN

s
T gj þ E

Z T

t

f ðr;YrÞN
t
r dr

�����
�

Z T

s

f ðr;YrÞN
s
r dr

�����þ E

Z T

t

Nt
r dKr �

Z T

s

Ns
r dKr

���� ����� �
¼ I1 þ I2 þ I3, ð4:8Þ

where I i; i ¼ 1; 2; 3 are defined in an obvious way. We shall estimate I i’s separately.
First, if g 2 C1; then by Cauchy–Schwartz inequality and (2.14) we have

I1 ¼ jEfg0ðX T ÞrX T ð½rX t	
�1 � ½rX s	

�1ÞgjpC
ffiffiffiffiffiffiffiffiffiffi
t � s

p
. (4.9)

For Lipschitz continuous g, by standard approximation, we see that (4.9) still holds.
Next, recalling Lemma 2.4 and Theorem 3.5, we have

I2pE

Z T

t

j f ðr;YrÞjjN
t
r � Ns

rjdr þ

Z t

s

j f ðr;YrÞjjN
s
rjdr

� �
pCð1þ jxjÞ

Z T

t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t � s

ðr � tÞðr � sÞ

r
dr þ

Z t

s

drffiffiffiffiffiffiffiffiffiffi
r � s

p

� �
pCð1þ jxjÞ

ffiffiffiffiffiffiffiffiffiffi
t � s

p
Z ðT�tÞ=ðt�sÞ

0

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rðr þ 1Þ

p þ
ffiffiffiffiffiffiffiffiffiffi
t � s

p
" #

pCð1þ jxjÞ
ffiffiffiffiffiffiffiffiffiffi
t � s

p
ð1þ j logðt � sÞjÞ. ð4:10Þ

Analogous to (4.10), one can prove that I3pCð1þ jxj2Þ
ffiffiffiffiffiffiffiffiffiffi
t � s

p
ð1þ j logðt � sÞjÞ;

which, combined with (4.8)–(4.10), proves the corollary. &
5. Regularity of the obstacle problem

In this section we study the regularity of the solution to the obstacle problem (2.3).
Comparing representations (2.16), (2.19), and (4.2) let us define:

vðt;xÞ9E gðX t;x
T ÞNt

T ðt;xÞ þ

Z T

t

f ðr;Yt;x
r ÞNt

rðt;xÞdr þ

Z T

t

Nt
rðt;xÞdKt;x

r

� �
,

(5.1)

where Nt
rðt; xÞ is the Nt

r corresponding to X t;x
� : Then, by Markovian properties we see

that Zt;x
s ¼ vðs;X t;x

s Þsðs;X t;x
s Þ; s 2 ½t;T 	: We have the following properties of v.
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Theorem 5.1. Assume (A1)–(A3). Then on ½0;TÞ � Rn; it holds that
(i)
 vð�; �Þ is bounded,

(ii)
 vð�; �Þ is continuous.

(iii)
 vð�; �Þ ¼ qxuð�; �Þ; where u is the viscosity solution to the obstacle problem (2.3).
Moreover, if we assume further that g is differentiable, then (i)–(iii) hold true on

½0;T 	 by defining vðT ; xÞ9g0ðxÞ:

Proof. (i) We first prove that jvð0;xÞjpC for some generic constant C. To this end
we define up;2ð0;xÞ9Y p;2

0 and vp;2ð0;xÞ9Zp;2
0 s�1ð0; xÞ: Since Y t1 ¼ uðt1;X t1 Þ and

uðt1;xÞ is Lipschitz on x, applying (2.17) and (2.19) we have

vp;2ð0;xÞ ¼ E Y t1N
0
t1
þ

Z t1

0

f ðr; ~Y
p;2
r ÞN0

r dr

� �
.

On the other hand, by restricting BSDER (2.2) on ½0; t1	 with terminal value Y t1 ¼

uðt1;X t1Þ; and applying Theorem 4.2 on it, we have

vð0;xÞ ¼ E Y t1N
0
t1
þ

Z t1

0

f ðr;YrÞN
0
r dr þ

Z t1

0

N0
r dKr

� �
.

Then by Lemmas 2.4, 4.1, and Theorem 3.5 one can easily get

jvp;2ð0;xÞ � vð0;xÞj

pE

Z t1

0

j f ðr; ~Y
p;2
r Þ � f ðr;YrÞjjN

0
r jdr þ

Z t1

0

jN0
r jkr dr

� �
pCð1þ jxj2Þ

ffiffiffiffiffiffi
jpj

p
,

which implies that

lim
jpj!0

vp;2ð0;xÞ ¼ vð0;xÞ. (5.2)

Furthermore, since vp;2 has the same property as the function v defined in (2.15), we
conclude that jvp;2ð0;xÞjpC; for some universal constant C that is independent of p:
Consequently, jvð0; xÞjpC; for all x, as well.
For general t 2 ð0;TÞ we can assume without loss of generality that all partitions

will contain t as a partition point. Therefore, a line by line analogy of the above
arguments would lead to that jvðt;xÞjpC; for all ðt;xÞ 2 ½0;TÞ � Rn:
The proof for (ii) is a little lengthy, so we differ it to the end and prove (iii) instead.

But again, we need only prove uxð0;xÞ ¼ vð0;xÞ since the same argument works for
any t. But by (4.1), (2.17) and the definition of up;2 we see immediately that
up;2

x ð0;xÞ ¼ vp;2ð0; xÞ: Thus for any x1;x2; we have

up;2ð0;x1Þ � up;2ð0;x2Þ ¼

Z x2

x1

vp;2ð0;xÞdx. (5.3)



ARTICLE IN PRESS

J. Ma, J. Zhang / Stochastic Processes and their Applications 115 (2005) 539–569556
Letting jpj ! 0 in (5.3), and applying (5.2), Lemma 4.1, and Dominated
Convergence Theorem we get

uð0;x1Þ � uð0;x2Þ ¼

Z x2

x1

vð0;xÞdx.

Since v is continuous by (ii), we obtain that uxð0;xÞ ¼ vð0;xÞ:
It remains to prove (ii). We first show that v is continuous in x. Again it suffices to

show that vð0; �Þ is continuous. Thus let xn ! x and let ðX n;Y n;Zn;KnÞ denote the
solution to (2.2) with initial value xn: By El Karoui [6] (Proposition 3.6) we have

E sup
0ptpT

½jDX n
t j
2 þ jDY n

t j
2 þ jDKn

t j
2	 þ

Z T

0

jDZn
t j
2 dt

� �
pCð1þ jxjÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jxn � xj

p
,

(5.4)

where DXn
t9Xn

t � Xt; X ¼ X ;Y ;Z;K : Denote Nr9N0
r and Nn

r9Nn;0
r : Then

jvð0;xnÞ � vð0;xÞjpE jgðX n
T ÞN

n
T � gðX T ÞNT j

�
þ

Z T

0

j f ðr;Yn
r ÞN

n
r � f ðr;YrÞNr	jdr

þ

Z T

0

Nn
r dKn

r �

Z T

0

Nr dKr

���� ����� ð5:5Þ

By (5.4) and standard arguments one can prove that

lim
n!0

E jgðX n
T ÞN

n
T � gðX T ÞNT j þ

Z T

0

j f ðr;Yn
r ÞN

n
r � f ðr;YrÞNrjdr

� �
¼ 0.

(5.6)

To estimate In9Efj
R T

0
Nn

r dKn
r �

R T

0
Nr dKrjg; let pm be a partition of ½0;T 	 with

jpmj ¼ T=m: Denoting dxt;ti�1
¼ xt � xti�1

; tXti�1; x ¼ K ;Kn;N; we have

InpE

Z T

0

DNn
r dKn

r

���� ����þ Z T

0

Nr dKn
r �

Xm

i¼2

Nti�1
dKn

ti ;ti�1

�����
�����

(

þ
Xm

i¼2

Nti�1
D½dKn

ti ;ti�1
	

�����
�����þ Xm

i¼2

Nti�1
dKti ;ti�1

�

Z T

0

Nr dKr

�����
�����
)

pE

Z T

0

jDNn
r jk

n
r dr þ

Xm

i¼2

Z ti

ti�1

jdNr;ti�1
j½kn

r þ kr	dr

(

þ

Z t1

0

jNrj½k
n
r þ kr	dr þ

Xm

i¼2

Nti�1
D½dKn

ti ;ti�1
	

�����
�����
)
,
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where DNn and D½dKn	 are defined as usual. Recalling Lemmas 2.2 and 2.4 we have

InpCð1þ jxj2Þ

Z T

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EjDNn

r j
2

q
dr þ

Xm

i¼2

Z ti

ti�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r � ti�1

p

ti�1
dr þ

ffiffiffiffi
t1

p
"

þE
Xm

i¼2

Nti�1
D½dKn

ti ;ti�1
	

�����
�����
#

pCð1þ jxj2Þ

Z T

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EjDNn

r j
2

q
dr þ

log mffiffiffiffi
m

p þ E
Xm

i¼2

Nti�1
D½dKn

ti ;ti�1
	

�����
�����

" #
.

Thus, by virtue of (5.4), first letting n !1 and then letting m ! 1 we obtain
limn!1 In ¼ 0: This, together with (5.5) and (5.6), implies that limn!0 vð0; xnÞ ¼

vð0;xÞ:
Now let us assume ðtn;xnÞ ! ðt;xÞ: For any t�4t; we have tnot� for n large

enough. Since vðr;X rÞ ¼ Zrs�1ðr;X rÞ; applying Corollary 4.3, we have

jvðtn; xnÞ � vðt;xÞjpjEf½Ztn;xn
tn

s�1ðtn; xnÞ � Ztn;xn

t� s�1ðt�;X tn;xn

t� Þ	 þ ½vðt�;X tn;xn

t� Þ

� vðt�;X t;x
t� Þ	 þ ½Zt;x

t� s
�1ðt�;X t;x

t� Þ � Zt;x
t s�1ðt;xÞ	gj

pCð1þ jxj2Þ½
ffiffiffiffiffiffiffiffiffiffiffiffiffi
t� � tn

p
ð1þ j logðt� � tnÞjÞ

þ
ffiffiffiffiffiffiffiffiffiffiffiffi
t� � t

p
ð1þ j logðt� � tÞjÞ	

þ Efjvðt�;X tn;xn

t� Þ � vðt�;X t;x
t� Þjg.

Note that vðt�; �Þ is continuous and v is bounded, first sending n ! 1 and then
sending t� # t in the above we obtain that limn!1 vðtn;xnÞ ¼ vðt;xÞ; proving (ii).
Finally, if g 2 C1; by (2.14) we have

vðt;xÞ ¼ E g0ðX t;x
T ÞrX t;x

T þ

Z T

t

f ðr;Yt;x
r ÞNt

rðt;xÞdr þ

Z T

t

Nt
rðt;xÞdKt;x

r

� �
.

It is then clear that limt"T vðt; xÞ ¼ g0ðxÞ: Thus (i)–(iii) also hold true at t ¼ T : &

The following result is a direct consequence of Theorem 5.1.

Corollary 5.2. Assume (A1)–(A3). Then Z is continuous on ½0;T 	 a.s., and

E sup
0ptpT

jZtj
p

� �
pCpð1þ jxjpÞ.

Proof. By Theorem 5.1, it remains only to show that Z is continuous at t ¼ T :
Namely, we need to show that limt"T Zt exists a.s. Noting that g is Lipschitz
continuous, one can show that (see e.g. [17]) there exists x 2 FT such that jxjpC

and

EfgðX T ÞN
t
T jFtg ¼ EfxrX T ½rX t	

�1jFtg.
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Now by Theorem 4.2 we have

Zt ¼ E xrX T ½rX t	
�1 þ

Z T

t

f ðr;YrÞN
t
r dr þ

Z T

t

Nt
r dKrjFt

� �
sðt;X tÞ.

Then one can easily prove that ZT� ¼ xsðT ;X T Þ: The proof is complete. &
6. L2-Modulus regularity

In this section we study a new property of the process Z, which we shall name as
the ‘‘L2-modulus regularity’’ in the sequel. Recall that for j 2 Cð½0;T 	Þ; the modulus
of continuity of j with ‘‘accuracy’’ d is defined by wdðjÞ9sup0ojt�sjpd jjðtÞ � jðsÞj:
Moreover, if p : 0 ¼ t0ot1o � � �otn ¼ T is any partition of ½0;T 	; and let

wpðjÞ9 max
1pipn

sup
s2½ti�1;ti 	

sup
t2½ti�1;ti 	

jjðtÞ � jðsÞj. (6.1)

Then it is easily seen that wdðjÞ ¼ supjpjpd wpðjÞ: Heuristically, the ‘‘L2-modulus of
continuity’’ is a slight modification of wp defined in (6.1). To be more precise, let
L2locðO;C½0;T 	Þ be the space of all continuous process Z 2 L2ðO� ½0;T 	Þ:

Definition 6.1. For any process Z 2 L2locðO;C½0;T 	Þ; and any partition p : 0 ¼
t0o � � �otn ¼ T ; define the L2-modulus of continuity of Z with respect to p by

jjj Z jjj 2p9
Xn

i¼1

sup
s2½ti�1;ti 	

E

Z ti

ti�1

jZt � Zsj
2 dt

� �
.

We shall denote L2ðpÞ9fZ 2 L2locðO;C½0;T 	Þ : jjj Z jjj po1g:

The following theorem gives the first characterization of the space L2ðpÞ:

Theorem 6.2. For any partition p it holds that

jjj Z jjj 2pp4T sup
0ptpT

EfjZtj
2gp4TE sup

0ptpT

jZtj
2

� �
¼ 4TkZk2

L2ðO;C½0;T 	Þ
. (6.2)

Consequently, it holds that L2ðO;C½0;T 	Þ � L2ðpÞ � L2locðO;C½0;T 	Þ: Furthermore, if

Z 2 L2ðO;C½0;T 	Þ; then limjpj!0 jjj Z jjj p ¼ 0:

Proof. Let Z 2 L2ðO;C½0;T 	Þ and p : 0 ¼ t0ot1o � � �otn ¼ T : For any i and s 2

½ti�1; ti	; we have EfjZt � Zsj
2gp4 sup0ptpT EfjZtj

2g: Thus by definition of the L2-
modulus,

jjj Z jjj 2pp
Z T

0

4 sup
0ptpT

EfjZtj
2gdt ¼ 4T sup

0ptpT

EfjZtj
2g

p4TE sup
0ptpT

jZtj
2

� �
o1.

That is, (6.2) holds, and Z 2 L2ðpÞ: Thus L2ðO;C½0;T 	Þ � L2ðpÞ: Note thatL2ðpÞ �
L2locðO;C½0;T 	Þ is obvious by definition, the sequence of the inclusions follows.
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Finally, if Z 2 L2ðO;C½0;T 	Þ; then limjpj!0 jZtðoÞ � Zsi
ðoÞjplimjpj!0 wjpjðZ�ðoÞÞ ¼ 0;

whenever Z�ðoÞ is continuous. An easy application of the Dominated Convergence
Theorem then leads to that limjpj!0 jjj Z jjj p ¼ 0; proving the theorem. &

We remark that both inclusions in Theorem 6.2 are actually strict. In order not to
disturb our discussion, however, we provide two examples in the appendix for
interested readers.
We now establish the L2-modulus of the process Z. To begin with, we add the

following strengthened assumptions on the coefficients.
(A4)
 b; s; and f are uniformly Hölder-1
2
continuous in the variable t.
Theorem 6.3. Assume (A1)–(A4). Assume also that LDtiXjpj for all i, where L40 is

the generic constant in (2.1). Then there exists a constant C40; independent of the

partition p; such that jjjZ jjj 2ppCð1þ jxj4Þ
ffiffiffiffiffiffi
jpj

p
:

Proof. First, we denote ZT9xsðT ;X T Þ; where x is as in Corollary 5.2, and
Mt9Efsup0pspT jZsjjFtg: Also, for any i we denote mi

t9EfZti
jFtg for t 2 ½0; ti	:

Then for 8t; s 2 ½ti�1; ti	 we have

jZt � Zsj
2p3fjZt � mi

tj
2 þ jmi

t � mi
sj
2 þ jmi

s � Zsj
2g, (6.3)

It is clear that

jZt � mi
tj
2p2MtjZt � mi

tj; jZs � mi
sj
2p2MsjZs � mi

sj. (6.4)

Further, note that mi
s is an L2-martingale for 0pspti; applying the martingale

representation theorem we can write mi
s ¼ a þ

R s

0
Zi

r dW r; s 2 ½0; ti	 for some
predictable process Zi: Thus, for s; t 2 ½ti�1; ti	 one has

Efjmi
t � mi

sj
2g ¼ E

Z t

s

Zi
r dW r

���� ����2pE

Z ti

ti�1

jZi
rj
2 dr ¼ EfjZti

j2g � Efjmi
ti�1

j2g

¼ EfjZti
j2 � jZti�1

j2g þ EfjZti�1
j2 � jmi

ti�1
j2g

pEfjZti
j2 � jZti�1

j2g þ 2EfMti�1
jZti�1

� mi
ti�1

jg,

which, combined with (6.3) and (6.4), implies that

EfjZt � Zsj
2gp3EfjZti

j2 � jZti�1
j2g þ C sup

ti�1prpti

EfMrjZr � mi
rjg.

Note that the right side of the above is independent of t and s. Therefore,

sup
ti�1pspti

E

Z ti

ti�1

jZt � Zsj
2 dt

� �
pjpj sup

ti�1pt; spti

EfjZt � Zsj
2g

p3jpjEfjZti
j2 � jZti�1

j2g þ Cjpj sup
ti�1ptpti

EfMtjZt � mi
tjg.
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Recalling Definition 6.1 and then applying Corollary 5.2 we get that

jjjZ jjj 2pp3jpjEfjZT j
2 � jZ0j

2g þ Cjpj
Xn

i¼1

sup
ti�1ptpti

EfMtjZt � mi
tjg

pCð1þ jxj2Þjpj þ Cjpj
Xn

i¼1

sup
ti�1ptpti

EfMtjZt � mi
tjg. ð6:5Þ

Now let us estimate EfMtjZt � mi
tjg: First note that for i ¼ 1; . . . ; n; the process

ðYt;KtÞ0ptpti
can also be considered as the solution to the BSDER (2.2) over ½0; ti	

with terminal value Y ti
¼ uðti;X ti

Þ: Recalling Theorem 5.1(iii), (2.14) with ion; and
the proof of Corollary 5.2 with i ¼ n; we derive from Theorem 4.2 that

Zt ¼ E Zti
s�1X ðtiÞrX ti

½rX t	
�1 þ

Z ti

t

f ðr;YrÞN
t
r dr þ

Z ti

t

Nt
r dKrjFt

� �
sX ðtÞ,

(6.6)

for all t 2 ½0; ti	: Here and in what follows sX ðtÞ9sðt;X tÞ; 8t; for simplicity. In
particular, for t 2 ½ti�1; ti	; one can easily prove that

jZt � mi
tjpEfjZti

js�1X ðtiÞrX ti
j½rX t	

�1sX ðtÞ � ½rX ti
	�1sX ðtiÞj

þ sX ðtÞ

Z ti

t

½j f ðr;YrÞj þ kr	jN
t
rjdrjFtg.

Now by Hölder’s inequality we have

EfMtjZt � mi
tjg

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EfM2

t jZti
j2s�2X ðtiÞjrX ti

j2g

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Efj½rX t	

�1sX ðtÞ � ½rX ti
	�1sX ðtiÞj

2g

q
þ

Z ti

t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EfM2

ts
2
X ðtÞ½j f ðr;YrÞj

2 þ jkrj
2	g

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EfjNt

rj
2g

q
dr

pCð1þ jxj2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Efj½rX t	

�1sX ðtÞ � ½rX ti
	�1sX ðtiÞj

2g

q
þ Cð1þ jxj4Þ

Z ti

t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EfjNt

rj
2g

q
dr, ð6:7Þ

thanks to Corollary 5.2. Finally, by (A4) and Lemma 2.4, we have

Efj½rX t	
�1sX ðtÞ � ½rX ti

	�1sX ðtiÞj
2gpCð1þ jxj2Þjpj and

Z ti

t

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EfjNt

rj
2g

q
drpC

ffiffiffiffiffiffi
jpj

p
.

Thus (6.5), (6.7), and the assumption LDtiXjpj lead to that

jjjZ jjj 2ppCð1þ jxj2Þjpj þ Cjpj
Xn

i¼1

ð1þ jxj4Þ
ffiffiffiffiffiffi
jpj

p
pCð1þ jxj4Þ

ffiffiffiffiffiffi
jpj

p
,

proving the theorem. &

The following L2 estimate of the modulus of continuity of process Y is new.
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Corollary 6.4. Assume that all the conditions in Theorem 6.3 hold true. Then

EfopðY Þj2gpCð1þ jxj4Þ
ffiffiffiffiffiffi
jpj

p
.

Proof. First note that we need only prove the following inequality:

E max
1pipn

sup
t2½ti�1;tiÞ

jY t � Y ti�1
j2

( )
pCð1þ jxj4Þ

ffiffiffiffiffiffi
jpj

p
. (6.8)

To do this, again let us denote, for any process x and each i, dxt;ti�1
9xt � xti�1

;
tXti�1: Now from (2.2) we can easily see that

dY t;ti�1
¼ �

Z t

ti�1

f ðr;YrÞdr þ Zti�1
dW t;;ti�1

þ

Z t

ti�1

dZr;ti�1
dW r � dKt;ti�1

. (6.9)

Thus, denoting jdxj�;pti ;ti�1
9supt2½ti�1;ti 	

jdxt;ti�1
jp for any p40 and any continuous

process x as usual, we have

jdY j�ti ;ti�1
p

Z ti

ti�1

½j f ðr;YrÞj þ kr	dr þ jZti�1
jjdW j�ti ;ti�1

þ sup
ti�1ptoti

Z t

ti�1

dZr;ti�1
dW r

���� ����.
Now recall Lemma 2.2, Corollary 5.2, and Theorem 6.3, applying the Burkholder

Inequality, and using the facts that Efmax1pipn jdW j�;4ti ;ti�1
gpCjpj2½1þ ðlog jpjÞ2	

(see, e.g. [18]), and that max1pipn aip
Pn

i¼1ai for aiX0; we can easily obtain that

E max
1pipn

jdY j�;2ti ;ti�1

� �
pCE

Xn

i¼1

Z ti

ti�1

½j f ðr;YrÞj þ kr	dr

� �2( )
þ max
0pipn

�jZti
j2 max
1pipn

jdW j�;2ti ;ti�1
þ

Xn

i¼1

sup
ti�1ptoti

Z t

ti�1

dZr;ti�1
dW r

���� ����2
pCE

Xn

i¼1

Dti

Z ti

ti�1

½1þ jX rj
4 þ jY rj

2 þ jZrj
2	dr

( )

þ CE
Xn

i¼1

Z ti

ti�1

jdZr;ti�1
j2 dr

( )
þ C

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E sup

0ptpT

jZtj
4

� �s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E max

1pipn
jdW j�;4ti ;ti�1

� �s

pCð1þ jxj4Þ jpj þ
ffiffiffiffiffiffi
jpj

p
þ jpjj log jpjj

h i
pCð1þ jxj4Þ

ffiffiffiffiffiffi
jpj

p
: &

7. A numerical scheme for BSDERs

In this section we introduce the last discretization of BSDER (2.2). The main
feature of this discretization is that it consists of piecewise constant processes for all
the components, and are all computable in theory. Therefore it can be considered as
a numerical scheme for (2.2).
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The main idea is the following. Let p : 0 ¼ t0o � � �otn ¼ T be any partition of
½0;T 	; and let Xp;0 to be the Euler approximation of the process X (see (2.6)) and X p

to be the corresponding piecewise constant process. We then define
�
 Y p;3
tn
9gðX p

tn
Þ; Zp;3

tn
90;

p;3

�
 for i ¼ n; n � 1; . . . ; 1; and t 2 ½ti�1; tiÞ; let ð ~Y ;Zp;3Þ be the solution of BSDE:

~Y
p;3
t ¼ Yp;3

ti
þ f ðti;Yp;3

ti
ÞDti �

Z ti

t

Zp;3
r dW r, (7.1)

where Yp;3
ti
9ðXp

ti
;Yp;3

ti
;Zp;3

ti
Þ;

p;3

�
 for each i, define Yp;3

ti
9 ~Y ti

_ hðti;X
p
ti
Þ; P p;3
�
 let Kp;3
0 ¼ 0; and for t 2 ðti�1; ti	; define Kp;3

t � Kp;3
ti
9 i

j¼1ðY
p;3
tj�1

� ~Y tj�1
Þ:

We should point out that the main difference between this scheme and the
previous ones is that the BSDE (7.1) is linear, and Yp;3 contains Y p; rather than ~Y

p

as before.
Recall that X p and Kp;3 are by definition piecewise constant processes. We denote

Kp9Kp;3 and define two other piecewise constant processes ðYp;ZpÞ in an obvious
way: Yp

t 9Yp;3
ti�1
and Zp

t 9Zp;3
ti�1

; for 8t 2 ½ti�1; tiÞ:
We now analyze the computability of ðX p

ti
;Yp

ti
;Zp

ti
;Kp

ti
Þ’s. But clearly it would

suffice if we can show that ðY p
ti
;Zp

ti
Þ can be written as functions of X p

ti
: We argue by

backward induction. First, we have Y p
tn
¼ Y p;3

tn
¼ gðXp

tn
Þ and Zp

tn
¼ Zp;3

tn
¼ 0: Now

assume Yp
ti
¼ up

i ðX
p
ti
Þ and Zp

ti
¼ vpi ðX

p
ti
Þ for some functions up

i and vpi :We then define

ap
i ðx; yÞ9x þ bðti�1;xÞDti þ sðti�1;xÞy,

gp
i ðx; yÞ9up

i ða
p
i ðx; yÞÞ þ f ðti; a

p
i ðx; yÞ; u

p
i ða

p
i ðx; yÞÞ; v

p
i ða

p
i ðx; yÞÞÞDti. ð7:2Þ

Then, recall (2.5), we see that (7.1) can be written as

~Y
p;3
t ¼ gp

i ðX
p
ti�1

;W ti
� W ti�1

Þ �

Z ti

t

Zp;3
r dW r; t 2 ½ti�1; tiÞ, (7.3)

Now applying results (2.17)–(2.19) to BSDE (7.3) (note that the forward diffusion in
(7.3) is simply x þ W t; hence the corresponding Nt

r ¼ ðW r � W tÞ=ðr � tÞ), we see
that, with DiW9W ti

� W ti�1
;

~up
i�1ðxÞ ¼ Efgp

i ðx;DiW Þg; vpi�1ðxÞ ¼
1

Dti

Efgp
i ðx;DiW ÞDiW g (7.4)

and up
i�1ðxÞ ¼ ~up

i�1ðxÞ _ hðti�1;xÞ; it holds that ~Y
p;3
ti�1

¼ ~up
i�1ðX

p
ti�1

Þ; Y p
ti�1

¼ up
i�1ðX

p
ti�1

Þ;
and Zp

ti�1
¼ vpi�1ðX

p
ti�1

Þ: This completes the inductional step. Since both ~up and vp in
(7.4) are computable in theory by Monte-Carlo simulations, we substantiated our
claim.
We should note that the numerical feasibility of our scheme can also be seen

(indeed more clearly) from some recent publications. For example, if we denote
xpi 9Y p

ti
þ f ðti;Yp

ti
ÞDti; then by (7.4) we see that ~Y

p;3
ti�1

¼ Efxpi jFti�1
g and Zp

ti�1
¼

ð1=DtiÞEfx
p
i DiW jFti�1

g: Thus the problem is reduced to computing the conditional
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expectations. This problem was recently studied by Bouchard–Touzi [2], in which a
feasible numerical method is introduced.
In the rest of the section we shall use our first pseudo-discretization and the result

in L2-modulus of continuity to investigate rate of convergence of the approximation
we just designed. We first give a simple but useful inequality. The proof is
straightforward and left to the readers:

jY p;1
ti

� Yp;3
ti
jpj ~Y

p;1
ti

� ~Y
p;3
ti
j; 8i. (7.5)

Our main result is the following.

Theorem 7.1. Assume all the conditions in Theorem 6.3 hold true; and that jpj51:
Then there exists a constant C40; independent of the partition p; such that

E max
0pipn

½j ~Y
p;1
ti

� ~Y
p;3
ti
j2 þ jKp;1

ti
� Kp;3

ti
j2	 þ

Z T

0

jZp;1
t � Zp;3

t j2 dt

� �
pCð1þ jxj4Þ

ffiffiffiffiffiffi
jpj

p
, ð7:6Þ

E sup
0ptpT

½jY t � Yp
t j
2 þ jKt � Kp

t j
2	 þ

Z T

0

jZt � Zp
t j
2 dt

� �
pCð1þ jxj4Þ

ffiffiffiffiffiffi
jpj

p
.

(7.7)

Proof. We first assume (7.6) to prove (7.7). Recall the notations dxt;ti�1
and jdxj�ti ;ti�1

defined before. We have

sup
0ptpT

jY t � Y p
t j ¼ max

1pipn
sup

ti�1ptoti

jY t � Yp;3
ti�1

j

p max
1pipn

jdY j�ti ;ti�1
þ max
0pipn

½jY ti
� Yp;0

ti
j þ jY p;0

ti
� Yp;1

ti
j

þ jYp;1
ti

� Yp;3
ti
j	.

Now applying Lemma 3.1 and using (7.5), we can rewrite above as

sup
0ptpT

jY t � Y p
t jp max

1pipn
jdY j�ti ;ti�1

þ max
0pipn

½jY ti
� Y p;0

ti
j þ jYp;0

ti
� ~Y

p;1
ti
j

þ j ~Y
p;1
ti

� ~Y
p;3
ti
j	.

It then follows from Corollary 6.4, Lemma 2.2(ii), Theorems 3.3, and (7.6) that

E sup
0ptpT

jY t � Y p
t j
2

� �
pCð1þ jxj4Þ

ffiffiffiffiffiffi
jpj

p
.

To see the estimate for Z in (7.7), we recall (7.3). Note that if the function
gp

i ðx; yÞ is differentiable in y, then by (2.19) and (2.14) we see that
Zp;3

t ¼ Efqygp
i ðX

p
ti�1

; dW ti ;ti�1
ÞjFtg is a martingale. In general we can also show that

Zp;3
t is a martingale for t 2 ½ti�1; tiÞ by approximating gp

i by smooth functions.
Consequently, Zp;3

ti�1
¼ ð1=DtiÞEf

R ti

ti�1
Zp;3

t dtjFti�1
g: Furthermore, if we denote
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bZp
ti�1

9ð1=DtiÞEf
R ti

ti�1
Zt dtjFti�1

g; then one has

EfjZp;3
ti�1

� bZp
ti�1

j2gp
1

Dti

E

Z ti

ti�1

jZp;3
t � Ztj

2 dt

� �
. (7.8)

Moreover, noting that the mean minimizes the square error, we have

E

Z ti

ti�1

jZt � bZp
ti�1

j2 dt

� �
pE

Z ti

ti�1

jZt � Zti�1
j2 dt

� �
. (7.9)

Combining (7.8) and (7.9) we have

E

Z T

0

jZt � Zp
t j
2 dt

� �
¼ E

Xn

i¼1

Z ti

ti�1

jZt � Zp;3
ti�1

j2 dt

( )

p2E
Xn

i¼1

Z ti

ti�1

½jZt � bZp
ti�1

j2 þ j bZp
ti�1

� Zp;3
ti�1

j2	dt

( )

p2E
Xn

i¼1

Z ti

ti�1

½jZt � Zti�1
j2 þ jZt � Zp;3

t j2	dt

( )

pCE
Xn

i¼1

Z ti

ti�1

jZt � Zti�1
j2 dt þ

Z T

0

½jZt � Zp;1
t j2

(

þ jZp;1
t � Zp;3

t j2	dt

)
.

This, together with Theorem 6.3, Corollary 3.4, and (7.6), leads to the estimate for Z

in (7.7). Note that similar to Theorem 3.3 one can derive the estimate for K.
We now prove (7.6). First we denote ~D1;3Y t9 ~Y

p;1
t � ~Y

p;3
t and D1;3xt9xp;1t � xp;3t

for x ¼ Y ;Z: Then by the definition of the two approximations we have

~D1;3Y ti�1
þ

Z ti

ti�1

D1;3Zr dW r ¼ D1;3Y ti
þ

Z ti

ti�1

½ f ðr; ~Y
p;1
r Þ � f ðti;Yp;3

ti
Þ	dr. (7.10)

Squaring both sides above, taking expectations, and noting that 2abpðDti=eÞa2 þ
ðe=DtiÞb

2 for 8e40; we get

E j ~D1;3Y ti�1
j2 þ

Z ti

ti�1

jD1;3Zrj
2 dr

� �
¼ E

Z ti

ti�1

½ f ðr; ~Y
p;1
r Þ � f ðti;Yp;3

ti
Þ	dr

� �2(

þ jD1;3Y ti
j2 þ 2DY ti

Z ti

ti�1

½ f ðr; ~Y
p;1
r Þ � f ðti;Yp;3

ti
Þ	dr

)

pE ð1þ Ce�1 DtiÞjD1;3Y ti
j2 þ Cðeþ DtiÞ

�
�

Z ti

ti�1

½ f ðr; ~Y
p;1
r Þ � f ðti;Yp;3

ti
Þ	2 dr

�
. ð7:11Þ
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Applying Lemma 2.1(iii) and Lemma 3.2(ii) we have

E

Z ti

ti�1

½ f ðr; ~Y
p;1
r Þ � f ðti;Yp;3

ti
Þ	2 dr

� �
pCE

Z ti

ti�1

½ðti � rÞ þ jX p;0
r � X p

ti
j2 þ j ~Y

p;1
r � Y p;3

ti
j2 þ jZp;1

r � Zp;3
ti
j2	dr

� �
pCE

Z ti

ti�1

½jpj þ jX p;0
r � X p;0

ti
j2 þ j ~Y

p;1
r � Y p;1

ti
j2 þ jD1;3Y ti

j2
�

þ jZp;1
r � Zrj

2 þ jdZr;ti
j2 þ jZti

� Zp;3
ti
j2	dr

�
pCE ð1þ jxj2Þjpj2 þ DtiðjD1;3Y ti

j2 þ jZti
� Zp;3

ti
j2Þ

�
þ

Z ti

ti�1

½jZp;1
r � Zrj

2 þ jdZr;ti
j2	dr

�
. ð7:12Þ

Recall that Zp;3 is a martingale so that Zp;3
ti

¼ ð1=Dtiþ1ÞEf
R tiþ1

ti
Zp;3

r drjFti
g; and that

DtipjpjpLDtiþ1; we have

EfDtijZti
� Zp;3

ti
j2gpCE

Z tiþ1

ti

jZp;3
r � Zti

j2 dr

� �
pCE

Z tiþ1

ti

½jD1;3Zrj
2 þ jZp;1

r � Zrj
2 þ jdZr;ti

j2	dr

� �
. ð7:13Þ

Plug (7.13) into (7.12) we get

E

Z ti

ti�1

½ f ðr; ~Y
p;1
r Þ � f ðti;Yp;3

ti
Þ	2 dr

� �
pCE ð1þ jxj2Þjpj2 þ DtijD1;3Y ti

j2
�

þ

Z tiþ1

ti�1

½jZp;1
r � Zrj

2 þ jdZr;ti
j2	dr þ

Z tiþ1

ti

jD1;3Zrj
2 dr

�
. ð7:14Þ

We then plug (7.14) into (7.11) to get

E j ~D1;3Y ti�1
j2 þ

Z ti

ti�1

jD1;3Zrj
2 dr

� �
pE C1ðeÞjD1;3Y ti

j2 þ C2ðeÞ
Z tiþ1

ti

jD1;3Zrj
2 dr

�
þC2ðeÞ

Z tiþ1

ti�1

½jZp;1
r � Zrj

2 þ jdZr;ti
j2	dr þ Cð1þ jxj2Þjpj2

�
,
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where C1ðeÞ ¼ ð1þ C0 Dti=eÞ and C2ðeÞ ¼ C0ðeþ DtiÞ: Thus, letting e ¼ 1=4C0;
jpjp1=4C0; and using (7.5) we obtain that

E j ~D1;3Y ti�1
j2 þ

Z ti

ti�1

jD1;3Zrj
2 dr

� �
pE ð1þ C DtiÞ j ~D1;3Y ti

j2 þ
1

2

Z tiþ1

ti

jD1;3Zrj
2 dr

� ��
þC

Z tiþ1

ti�1

½jZp;1
r � Zrj

2 þ jdZr;ti
j2	dr þ Cð1þ jxj2Þjpj2

�
. ð7:15Þ

Now apply Lemma 2.6, Corollary 3.4, and Theorem 6.3, we have

max
0pipn

Efj ~D1;3Y ti
j2gpCE ð1þ jxj2Þjpj þ

Z T

0

jZp;1
r � Zrj

2 dr

(

þ
Xn

i¼1

Z ti

ti�1

½jdZr;ti�1
j2 þ jdZr;ti

j2	dr

)
pCð1þ jxj4Þ

ffiffiffiffiffiffi
jpj

p
. ð7:16Þ

It then follows from (7.15) that Ef
R T

0 jD1;3Zrj
2 drgpCð1þ jxj4Þ

ffiffiffiffiffiffi
jpj

p
:

We now estimate Efmax0pipn j
~D1;3Y ti

j2g: Again we square (7.10) to get

j ~D1;3Y ti�1
j2pj ~D1;3Y ti

j2 � 2 ~D1;3Y ti�1

Z ti

ti�1

D1;3Zr dW r

þ 2j ~D1;3Y ti
j

Z ti

ti�1

j f ðr; ~Y
p;1
r Þ � f ðti;Yp;3

ti
Þjdr

þ

Z ti

ti�1

½ f ðr; ~Y
p;1
r Þ � f ðti;Yp;3

ti
Þ	dr

���� ����2.
Here we used (7.5). Noting that Yp;1

tn
¼ Y p;3

tn
; it is fairly easy to check recursively that

j ~D1;3Y ti�1
j2p� 2

Xn

j¼i

Z tj

tj�1

~D1;3Y tj�1
D1;3Zr dW r

þ jpj
Xn

j¼1

Z tj

tj�1

j f ðr; ~Y
p;1
r Þ � f ðtj ;Yp;3

tj
Þj2 dr

þ 2 max
0pjpn

j ~D1;3Y tj
j
Xn

j¼1

Z tj

tj�1

j f ðr; ~Y
p;1
r Þ � f ðtj ;Yp;3

tj
Þjdr.

Apply the Burkholder–Davis–Gundy inequality, we get

E max
0pipn

j ~D1;3Y ti
j2

� �
pCE

Z T

0

jD1;3Zrj
2 dr

(

þ
Xn

j¼1

Z tj

tj�1

j f ðr; ~Y
p;1
r Þ � f ðtj ;Yp;3

tj
Þj2 dr

)
.
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Now recalling (7.14) one can easily show that Efmax0pipn j
~D1;3Y ti

j2gpCð1þ
jxj4Þ

ffiffiffiffiffiffi
jpj

p
:

Finally, note that Kp;3
ti

¼ Y p;3
0 � Y p;3

ti
�

Pi
j¼1 f ðtj ;Yp;3

tj
ÞDtj þ

R ti

0 Zp;3
r dW r; apply-

ing (3.11) we have

jD1;3Kti
jpjD1;3Y 0j þ jD1;3Y ti

j þ
Xn

j¼1

Z tj

tj�1

j f ðr; ~Y
p;1
r Þ � f ðtj ;Yp;3

tj
Þjdr

þ

Z ti

0

D1;3Zr dW r

���� ����.
By standard arguments one can prove that Efmax0pipn jD1;3Kti

j2gp
Cð1þ jxj4Þ

ffiffiffiffiffiffi
jpj

p
: &
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Appendix

We now show by examples that both inclusions in Theorem (6.2) are actually
strict. These examples also indicate the fundamental difference between the space
L2ðpÞ and the usual continuous path spaces.

Example 1. In this example we show that L2ðpÞnL2ðO;C½0;T 	Þa;: In other words,
we will find a process Z so that for any p; jjj Z jjj pp4; but kZkL2ðO;C½0;1	Þ ¼ 1:
Consider O9N; Pfng ¼ 2�n; for n ¼ 1; 2; . . . ; and T ¼ 1: Let Z : O� ½0; 1	7!R be

as follows:

ZtðnÞ9
2n=2½1� j2nþ2t � 3j	; 2�n�1oto2�n;

0 otherwise:

(
Then it is easily seen that for each n 2 O Z�ðnÞ is continuous, and sup0ptpT jZtðnÞj ¼

2n=2o1: Further, for any t, such that 2�n�1pto2�n; one has

EfjZtj
2g ¼ 2�njZtðnÞj

2p2�n2n ¼ 1.

Thus by Theorem 6.2 we get jjj Z jjj 2pp4 sup0ptp1 EfjZtj
2gp4; hence Z 2 L2ðpÞ:

But on the other hand, since

E sup
0ptpT

jZtj
2

� �
¼

X1
n¼1

2�n sup
0ptpT

jZtðnÞj
2 ¼

X1
n¼1

1 ¼ 1,

we see that ZeL2ðO;C½0;T 	Þ; as claimed.

Example 2. In this example we show that L2locðO;C½0;T 	ÞnL2ðpÞa;: Let us still
consider the same probability space defined in Example 1, and let T ¼ 1: This time
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we define for each n 2 O;

ZtðnÞ9
2n½1� 22nj2nt � kj	; j2nt � kjo2�2n; k ¼ 1; . . . ; 2n � 1;

0 otherwise:

(
(8.1)

We claim that this Z belongs to L2locðO;C½0; 1	Þ; but for any d40; there exists a
partition p such that jpjpd and jjj Z jjj p ¼ 1: Indeed, it is clear that for any n, Z�ðnÞ
is continuous. Moreover, a direct computation shows that

E

Z T

0

jZtj
2 dt

� �
¼

X1
n¼1

2�n

Z T

0

jZtðnÞj
2 dt ¼

X1
n¼1

2�n
X2n�1

k¼1

2

3
2�np

2

3

X1
n¼1

2�n ¼
2

3
.

Thus Z 2 L2locðO;C½0; 1	Þ:
But on the other hand, for any m, let pm : 0 ¼ t0o � � �ot2m ¼ 1 be such that

ti ¼ i2�m; i ¼ 0; 1; . . . ; 2m: Since for any nXm; each ti must be a point of dyadics
fk2�ng: Namely, 2nti � k ¼ 0 for some 0pkp2n; hence Zti

ðnÞ � 2n for all i ¼

1; . . . ; 2m; whenever nXm: Now by definition of jjj � jjj pm
and using the inequality

ja � bj2X 1
2
jaj2 � jbj2 we see that

jjj Z jjj 2pm
XE

X2m

i¼1

Z ti

ti�1

jZt � Zti
j2 dt

( )
XE

1

2

X2m

i¼1

jZti
j2 Dti �

Z 1

0

jZtj
2 dt

( )

X

X1
n¼m

2�n22n�1 � E

Z 1

0

jZtj
2 dt

� �
¼ 1,

proving the claim.
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