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REPRESENTATION OF SOLUTIONS TO BSDEs ASSOCIATED
WITH A DEGENERATE FSDE

BY JIANFENG ZHANG
University of Southern California

In this paper we investigate a class of decoupled forward—backward
SDEs, where the volatility of the FSDE is degenerate and the terminal value
of the BSDE is a discontinuous function of the FSDE. Such an FBSDE
is associated with a degenerate parabolic PDE with discontinuous terminal
condition. We first establish a Feynman—Kac type representation formula
for the spatial derivative of the solution to the PDE. As a consequence, we
show that there exists a stopping time t such that the martingale integrand
of the BSDE is continuous before t and vanishes after 7. However, it may
blow up at 7, as illustrated by an example. Moreover, some estimates
for the martingale integrand before 7 are obtained. These results are
potentially useful for pricing and hedging discontinuous exotic options (e.g.,
digital options) when the underlying asset’s volatility is small, and they
are also useful for studying the rate of convergence of finite-difference
approximations for degenerate parabolic PDEs.

1. Introduction. In this paper we investigate the following decoupled
forward-backward SDE:

t t
Xt=x—|—/ b(r,Xr)dr+/ o(r, X,)dW,;
(1.1) 0 0
’ T T
Yt:g(XT)+/ f(ra X, Yr,Zr)dV—f Z - dW,,
t

t

where W is a standard Brownian motion, o, b, f and g are deterministic functions.
It is well known that, in mathematical finance theory, the solution triple (X, Y, Z)
can be interpreted as underlying asset price, option price and hedging strategy,
respectively (see, e.g., [2]). The equations of type (1.1) were first studied by
Pardoux and Peng [9]. We refer the readers to the book of Ma and Yong [5] for
more details on the subject. Among other things, Pardoux and Peng [9] showed
that (1.1) was related to the following quasilinear parabolic PDE:

w4 302Uy + buy + (1, x, 4, u.0) =0

u(T, x) = g(x),

(1.2)
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in the sense that
(1.3) Yy =u(t, X;), Zy = (uyo)(t, Xy).

For the purpose of applications, we are particularly interested in pathwise prop-
erties of the process Z. In the literature there are typically two types of conditions
to ensure the regularity of Z. One is to assume that the coefficients b, o, f and g
are sufficiently smooth (e.g., [9] and [4]) so that (1.2) has a classical solution u
and, thus, Z is continuous. The other is to assume that o is uniformly nondegener-
ate (e.g., [3], [6] and [7]) so that X7 has a density (see, e.g., [8]) and, thus, u(z, x)
is smooth in x for ¢ < T, thanks to the nonlinear Feynman—Kac formula.

It is our goal of this paper to remove both conditions above. We will allow o
to be degenerate and g to be discontinuous. We note that in this case (1.2)
is a degenerate PDE which, in general, has no smooth solution. A trivial
counterexample is that 0 =b = f =0 and g = 1{y~(), then u(z, x) = Ly~ for
vVt €0, T], and, hence, u is discontinuous in x. However, by (1.3) and noting that
o =0, one may still view Z; = 0 in this example. In fact, Z; = 0 is indeed the
solution to (1.1).

A less obvious example is Example 1 in Section 4.1, in which the process Z
blows up at and only at some time ¢ < T'. It turns out that this is already the worst
case one might encounter. We will show that, under certain conditions, there exists
a stopping time t such that Z; is continuous for t < v and Z; =0 for t > 7. So
along each path, the only possible discontinuous point of Z; is 7. Moreover, we
have an explicit rule to locate T and we have an estimate for Z, when ¢t < 7.

The main tool of our approach is a new Feynman—Kac type representation
formula for u, (and Z) by using Malliavin calculus. As in [3] and [6], this formula
does not involve the derivatives of f or g (thus, g can be discontinuous!). But
unlike those two works which require o to be uniformly nondegenerate, our new
formula allows o to be degenerate. As a payoff, due to this degeneracy, our
estimates for u, are technically much more involved than those in [6].

At this point we would like to mention that the discontinuity of g is mainly
motivated by digital options for which g(x) = 1, ). Degenerate diffusion also
appears quite often in applications (noting that even in the standard Black—Scholes
model, the stock price equation is degenerate!). For example, in option pricing
theory one may face a situation where the underlying asset market is quite stable
during a random time period (so ¢ is small) or there is a risk that the underlying
corporation may go bankrupt at some random time (so o = 0 afterward). Our
results are potentially useful for pricing and hedging options in these markets.
Also, the regularity of u plays a very important role for studying the rate of
convergence of finite-difference approximations for degenerate PDE (1.2) (see,
e.g., [11]).

For technical reasons, in this paper we assume that all processes are one-
dimensional and that f is linear on Z. More general cases are left for future
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research. We note that in a recent paper Bally [1] studied the density of a
degenerate multidimensional diffusion. We hope that his work may bring us some
insights into our problem.

The rest of the paper is organized as follows. In Section 2 we give all the
necessary preparations. In Section 3 we study two “good” cases which extend
some results of [9] and [6], respectively. In Section 4 we study the case that f =0
and derive a new representation formula for Z. Finally, in Section 5 we study the
general case.

2. Preliminaries. Let (2, &, P) be a complete probability space on which

is defined a one-dimensional Brownian motion W = (W;);>0, and F = {Fi}i>0 be
the natural filtration generated by W, augmented by the P-null sets of F .

The following spaces will be frequently used in the sequel: Let O be an open
subset of [0, T'] x R¥ for some integer k,

e C(0) is the space of all Lebesgue measurable functions on [0, 7] x R¥ such
that they are continuous in O;

e CY1(0) is the space of those ¢ € C(O) such that they are continuously
differentiable on the spatial variable(s) in O;

° Cg’l(O) is the space of those ¢ € CY%1(0) such that all the partial derivatives
in O are uniformly bounded (but ¢ itself can be unbounded).

When O = [0, T] x R¥, we omit it. For example, cY1 =01 ([0, T] x ]Rk).

In this paper we assume all the processes involved are one-dimensional; and we
shall use the following Standing Assumptions:

(Al) b,o € C)";
(A2) o is uniformly continuous in ¢;
(A3) feC(0,T] x R3), and f is uniformly Lipschitz continuous in x, y, z;

(A4) g is Lebesgue measurable and |g(x)| < ¥ (x) 2 K + |x|P0) for some
constant K and some py > 1.

We note that, by assuming (A1),

@1 el s yoorfscpwr vpzt
0<t<T

In fact, this is the only property of Y we will utilize in the rest of the paper. We also

note that (A2) is equivalent to lim,_,96(¢) =0, where

2.2) 6(e) éinf{ltl —0|:0<t1,tr <T,suplo(t;,x) —o(fr,x)| > 8}.
xeR
Obviously, for any x € R and |t; — 2| < §(e), we have |o (t, x) — o (f2, x)| < €.
In order to simplify the presentation, we will also adopt the following
assumption:
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(AS5) o, b are bounded.

However, without assuming it, all the results in the paper still hold true after some
slight modification (see Remark 5.4).

Throughout the paper, we use a generic constant K to denote all the Lipschitz
constants involved. We also assume that |o (¢, x)| + |b(t, x)| + | f(¢,0,0,0)| < K.
Moreover, we use positive constants C and ¢, which may vary from line to line but
depend only on K, T and the function ¥ in (A4), to denote upper bounds and lower
bounds of estimates, respectively. Furthermore, if the bounds depend on some p
as well, we denote them by C, and c,, respectively.

We now review some basic results, especially those concerning Z, in the
literature. First, for any (¢, x) € [0, T) x R, let (X%*, YI*, Z!*),<s<7 denote the
solution to the following FBSDE:

N s
Xg’x=x+/ b(r, Xﬁ’x)dr+/ o(r, XL dW,;
(2.3) ! . ! )
Yl =g(X€;‘)+/ far, X0 Y”X,Zﬁ’x)dr—/ Z dw,.
N

r otr
K

When ¢t = 0, (2.3) is the same as (1.1), and we still use (X, Y, Z) to denote

. . A . .
its solution. Next, we define u(¢, x) = Yt”x . It is well known that, under certain

conditions, u is the unique viscosity solution to (1.2) and Y; = u(¢, X;). Moreover,
if u € C%1, then (1.3) holds true (see, e.g., [6]). Throughout the paper, we use u to
denote this function.

The following result, which concerns the Malliavin derivatives of (X, Y, Z) and
provides another representation of Z, is due to Pardoux and Peng [9] (or see [6]).

LEMMA 2.1.  Assume (A1), (A3); and that f € Cy'', g € CL(R). Let (VX,
VY, VZ) denote the solution to the following linear SDEs:

t t
VXt=l+/ by (r, X,)VX,dr—i—/ ox(r, X)VX, dW,;
0 0
24)  VYi=gXn)VXr

T T
+/ [foXr+nyYr+fZVZ,]dr—/ VZ,dW,.
t t

Then it holds that, fort <r <T,
DX, =VX,[VX,] ot X,);
2.5) DY, = VY, [VX,] lot, X,);
D:Z, =VZ. VX ‘o, X)),
where D is the Malliavin derivative operator. Moreover, u € Cl?’l and it holds that

(2.6) u (t,x)=VY"";  Z,=DY,=VY[VX,] o (t, X))
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We note that Lemma 2.1 relies heavily on the differentiability of g. The next
lemma, which gives a Feynman—Kac type representation formula of u,, assumes
instead that o is nondegenerate. The proof can be found in [6].

LEMMA 2.2. Assume (Al), (A3), o > % and that g is Lipschitz continuous.

Then u € Cl(,)’l([O, T) x R), and (1.3) holds true in [0, T) x R. Moreover, we have
the following representation formula of u, (and thus of Z):

_ T _
Q7 uxtx) = E[’x{g(XT)NtT + / Fr X, Yr, ZON! dr},
t

where the superscript " indicates that the processes (X, Y, Z) under expectation
are solutions to (2.3) [instead of (1.1)], and

(2.8) Nt 2

.
/o_l(s,Xs)VXdeS[VXt]_l.

r—tJ:
The following estimates are easy to prove (see, e.g., [2]).

LEMMA 2.3. Assume that 5,5:9 x [0,T] x R~ R and f:Q x [0, T] x
R? — R are F-adapted random fields, such that they are uniformly Lipschitz
continuous with respect to the spatial variable(s) and

T ~ ~
E{ [ 150.0F + 5. 0F +17.0.0)P1dr} < oo,
0
For any & € L>(Fr), denote (X, Y, Z) to be the solution to the following SDEs:
r 1
Xo=x+ [ B Xods+ [ 5. X)dW:
0 0

T _ T
Y,=$+/ f(s,Ys,Zs)ds—/ Z,dW;.
t t

Then, for any p > 2, there exists a constant Cp, > 0, depending only on T, p and
the Lipschitz constants of b, &, f, such that

E{ sup |Xf|P}
0<t<T
(2.9) )
SCpE{IXI”JrfO [|l7<t,0)|”+|c~:<z,0)|f’]dt};
T p/2
E{ sup IYtl”+(/ |Z,|2dz> }
0<t<T 0

(2.10)

T
SCpE{IEIP+f() If(t,O,O)Ipdt}.
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We end this section with the exponential inequality (see, e.g., [10]).

LEMMA 2.4. Assume M is a continuous local martingale vanishing at 0.

A . . ..
Let M} = Supo<;<7 |M;| and [M]r denote its quadratic variation. Then for any
x,y >0,

.2
P(M7 >x,[M]r <y) < exp(z—x).
y

3. Two “good” cases. In this section we study two cases which generalize
Lemmas 2.1 and 2.2, respectively. The first one assumes that g is differentiable.
Since the proof is more or less standard, we will just sketch it.

THEOREM 3.1. Assume (A1), (A3), (A4) and that f € Cy'', g € C'(R) such
that |g' (x)| < Cyr(x), where Vr is defined in (A4). Then, forV (t,x) € [0, T] x R:

(i) u e C%, and (1.3) holds true;
(i1) the following representation holds true:

T
61w =B gV + [V + VY + 520
t
(i) 12 (1, )] = CY(x).

PROOF. First, if |g/(x)| < C, then one gets (i) and (ii) immediately from
Lemma 2.1. In general, by standard approximating arguments, one can prove
(1) and (ii). Finally, by (3.1), (2.10) and (2.1), one can easily show that |u, (¢, x)| =
VY < Cy). O

The next result is an extension of Lemma 2.2. We do not require g to be
continuous. Instead, we assume that o (7', -) is nondegenerate.

THEOREM 3.2. Assume (Al), (A3), (A4) and that there exists 59 > 0 such
that % <lo(t,x)| <K forV (t,x) € [T — 0, T] x R. Then:

(i) ue ([0, T) x R), and (1.3) holds true;

(i) the following estimates hold true: for0 <t <T,

Cyx)
VT =t

PROOF. First, by Lemma 2.3, one can easily prove |u(t, x)| < Cyr(x).
We now prove (i) and estimate u,. We proceed in three steps.

lu(t, x)| < C(x); |ux (t, )| <
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Step 1. We restrict t € [T — &g, T] and assume that g € Cé. Then by Lemma 2.2,
obviously, (i) holds true in [T — g, T) x R. Moreover, the representation
formula (2.7) holds true. That is,

T
62wt =B XNy + [ 0 X000 XN dr
t

We shall use (3.2) to estimate u,. We note that in the following the constant C
will not depend on the upper bound of g’. Define

z,
A,évT—tsupM; Bté sup As.

X ¥(x) t<s<T

Recalling (2.8), one can check directly that, for T — dg <t <r <T, E{|N,’|P} <
C(r —1)~P/2. Note that 1 + |x| < Cy(x), |u(t, x)| < C¥(x), and |o (t, x)| < K.
Then by (3.2), we have

lux (£, )] < CEI’X{WXTNNH

T .
+/ (L4 (X + |u(r, X))l + [(uxo)(r, X,)|]|N,’|dr}
t

sCE”*{WXT)WN+/th/f<xr)[1+%}Wﬂdr}

scwx)( +/T[1+ Ar— ]Jfth)
<cw<x)(¢—+ fm)

1
=Cv¢¥(x ( —i— / ) Cov(x ( + B >,
where the last equality is due to the substitution r =t + (T — t)r’. Thus,
Ay < Co[l + B;/T —t]. Obviously, B; is decreasing, so for t <s < T, Ay <
Coll + Bso/T —s] < Coll + Bsa/T —t]. Therefore, B; < Co[1 + B:A/T —t].
Without loss of generality, we assume §g < (2Co) 2. Then Co/T — 1 < %, and,

thus, B; < 2Cy. This obviously implies that |u, (¢, x)| < % We note again
that Cy does not depend on the bound of g’.

Step 2. We now assume that g satisfies only (A4), but still restrict ¢t € [T —
80, T]. One can easily find g, € Cg such that |g,(x)| <1+ ¥ (x) for the same
function ¢ and lim,— o0 gn(x) = g(x) for dx-a.s. x € R, where dx denotes the

Lebesgue measure on R. Let (Y, Z") denote the solution to the BSDE:

T T
V=aXn+ [ F0X 0 Zdr - [ zpaw,
t t
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and then define u" (¢, x) 2 y,"""*. Since g, € C g, by the above arguments, we
have Z}' = (u}o)(t, X;), the representation formula (2.7) holds true for u”, and
[l (t, x)| < %, where C is independent of 7.

Noting that o (¢, x) > %, X7 is absolutely continuous with respect to dx (see,

e.g., [8]). Thus, lim,_ o g,(XT) = g(XT), P-a.s. Then by standard arguments
(see, e.g., [2]), one can show that

T
3.3) nll)ngoE sup |Yt” — Yt|2 —I—f |Zt" — Zt|2dt} =0,
T—8p<t<T T—4

which implies that lim,,_, ~ 1" (¢, x) = u(t, x). Moreover, recalling that

Y] = Cy(Xy), 1Zi| < V(X))o (t, X1,

C
VT —t
applying the dominated convergence theorem, one gets that lim,_, o u’t (¢, x) =
v(t, x), where

3 T 3
v(t,x):E”x{g(XT)NtT—i—[ f(r, X,,Y,,Z,)Nr’dr}.
t

Obviously, |v(z, x)| < % and Z; = (vo)(¢t, X;). It remains to show that v is
continuous, and u#, = v. To this end, we note that, for any & > 0, there exists an

open set O, C R and a continuous function g, such that: (i) the Lebesgue measure
|O:| < é; (i) ge(x) = g(x) for all x ¢ Og; and (iii) |gs(x)| < 1+ ¥ (x). Denote

i} T _
(3.4) ve(t, x) = Et’x{gg(XT)NtT +/ fr, X, Y, Z,)N! dr}.
t

We note that in (3.4) (Y, Z) is still the solution to the BSDE with terminal
value g(X7) [not g.(X7)!]. Then
|ve (1, %) — v(t, )| = | E"*{[g:(X1) — g(X7)INT )]
< E""{lIge(XT)| + g (XDIIINT|; XT € O}
_Cv®
VT —t

Again, by [8], one can easily show that X ;x has a bounded density function with
respect to dx (the bound may depend on ﬁ, however). Thus,

P(X7* € 0p).

Ve (t, x) — (7, X)| < C(T — 1, x)v/10:| < C(T — 1, x)/e.

Here C(T —t, x) is a constant depending on 7 — ¢ and x. Now for any (¢, x) €
[T — 80, T] xR and (¢,,, x,) € [T — 80, T] x R such that lim,,_, 5o (t,, x,) = (¢, X),
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we have
[0(tn, Xn) — v, X)|
< [v(tn, Xn) = Ve(tn, Xn) | + [V (tn, Xp) — Ve (£, X) [ + |06 (7, x) — (7, X)|
<[C(T = t, %) + C(T — 1, )1/ + |ve (tn, Xn) — Ve, X)|.

Since g; is continuous, by standard arguments, one can show that limy,_, s Ve (,
Xn) = ve(t, x). Thus, limsup,_, o, [v(ty, X,) — v(t, x)| < C4/e. Since ¢ is arbitrary,
we have

lim |v(t,, x,) —v(t,x)| =0.
n—oo
That is, v is continuous.

Finally, for any (¢, x) € [T — é0, T) X R, note that

X
u(t,x) =u"(t,0) +/0 u't(t, y)dy.

Let n tend to co and apply the dominated convergence theorem, we have
X
u(t, ) =ut,0+ [ v,y dy.
0

Since v is continuous, we know that u € C%! and u, = v. Therefore, for
t € [T — 8, T), (i) holds true and |u, (¢, x)| < %

Step 3. Fort € [0, T — ép], one may consider (1.1) as an FBSDE over [0, T — §¢]
such that the BSDE has terminal value u(T — 8o, X7_s,). By step 2, we have
luy (T — 8, x)| < %W(x). Then applying Theorem 3.1, we know (i) holds true

in [0, T — &o] and |ux(z, x)| < \/%_01/,()6) < cl/;(ft) 0

REMARK 3.3. All the results in this section hold true for high-dimensional
FBSDE:s.

4. The case f =0. In this section we study the case that f = 0. In this case
the BSDE in (1.1) becomes

T
@.1) E=gWﬂ—ﬁ Z, dW,.

4.1. A counterexample. Note that both in Theorem 3.1 and in Theorem 3.2,
uy(t,x) exists for all + < T. When o is degenerate and g is not Lipschitz
continuous, however, u, (f, x) may not exist for some ¢ < T. An obvious example
isthato =b=0and g =1(,~0), then u(t, x) = L~y for V¢ € [0, T'], and, hence,
u is discontinuous in x. But, since o = 0, in light of (1.3) in this example, one may
still view Z; = 0. In fact, ¥; =1x,~0), Z; = 0 are indeed the solution to (4.1).

The following example shows that Z; may also blow up for some r < T'.
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EXAMPLE 1. Assume o € (0, 1) and B € (0, ﬁ). Let T =2, and

g(x)élx%; b(t,x)20  Viel0,2];
_ P
G(t’x)é{(l 0k, 1elo,1],
0, te(l,2].

Then Z; may blow up at t = 1.

PROOF. Fort €1, 2], obviously u(¢, x) = g(x) and Z; = 0. For ¢t € [0, 1), we
have

u(t,x)=E"" {u(l, X))} = E{g(x + /tl(l — )P dWs> }

Note that [,1(1 — $)P dW, has normal distribution with mean O and variance
022 [l —s)?Pds = i (1= 142 Thus,

1 (y—X)Z)
u(t,x) = exp| ———=— ) dy.
) mgofﬂgg(” p( 202 )Y
Therefore,
1 y _\2 2 1 _ ) 2
= ma()/Rg(”age = mog/R'y'z “e /o0 dy.

By using the substitution y = agy’, we get
Uy (1,0) = Coy ® = C(1 — 1)~ @1+20)/2,
Thus,
(Ux0)(1.0) = C(1 — 1)~ *(+2B)/248 _ (] _ pypl-w)—a/2,

Since B € (0, ﬁ), we have lim;4q(ux0)(f,0) = oo. That implies that, if

X1=0,then Z;, > ocoast 4t 1. [

4.2. Location of discontinuous points. Note that in Example 1, Z; blows
up only at + = 1. In fact, for quite general FBSDEs, along each path Z; is
discontinuous at most at one point. In this section we locate this possible
discontinuous point and we shall prove later that Z; is continuous elsewhere.

To this end, we introduce the following notation. For V (¢, x) € [0, T) x R, let
n"* be the (deterministic) characteristic of the FSDE in (2.3). That is, n”* is the
solution to the following integral equation:

N
(4.2) Nt =x + f b(r,n") dr.
t
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As usual, we omit the superscript >* when ¢ = 0. Define

ro2 {(z, X): max |o (s, gi")| > o};
t<s<T

(4.3)
A 1
r 2 {0 max jo Gz
ISSST n
T2t x): |0t x)| > 0):
(4.4)

tEinfl0<r<T:(, X;) ¢ T
Note that max;<s<7 |o (s, n%*)| is continuous in (7, x), then the following results
are obvious.
LEMMA 4.1. Assume (Al). Then:

G rcri= I, and T, " are open forVn > 0;
(ii) ForV(t,x) € T°, sup,, 71lo (s, X0%)| > 0, a.s.;
(iii) t is a stopping time;
@iv) (t, X;) € Fofor allt < t;

V) (t,X)¢T%and o(t, X;) =0 forall t > .

4.3. Representation formula. In this section we formally derive a new
Feynman—Kac type representation formula for u, (¢, x) (and, hence, for Z;) in ro.
We shall follow the arguments in [6].

Fix (t,x) € I'°. We first assume that (A1), (A2) hold true and that g € C}(R).
Note that u(z, x) = E"*{g(Xr)} and that VX, is the derivative of the flow X with
respect to initial value x (see [9]). Then

(4.5) up(t, x) = E"{g'(Xr)VXr).
Fort <s < T, by Lemma 2.1, we have
Dsg(X1) = ¢'(X1)Ds X1 = ¢ (X1)VXT[VXs] 0 (s, X,).
Multiply both sides by VX o (s, X;) and integrate over [¢, T], we get
/tT VX0 (s, X;)Dsg(X7)ds = g'(X7)VX7 /IT o?(s, Xs) ds.
Denote

A A [T
(4.6) Vi 2ot Xo); A§=/ y; ds.
t

Since (¢, x) € ro, by Lemma 4.1, we have AtT > 0, a.s. Then

/ Ty VX
g (Xr)VXr =/ — D, g(X7)ds.
! T

A
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Recalling (4.5) and applying the integration by parts formula of Malliavin calculus,
we have

(1, %) = E”{gozf)/ tysvx dws}

:E”{g(XT)[ / ys VX dWs — / ( )y;VX ds“
Note that

1 Dy At
Dy — )vsVXy =— |A |2 yYVXS‘

2 T
= |A |2/ ox(r, X;)yr Ds X, dr ys VX

2 T
= ~IAr |2/ oe(r, X))y VX, dr v 2.
Thus,

1 T
ux(t,x):Etvx{g(XT)I:A—,/t Vs VX5 dW;
T

9 T 4T )
+ W/ / ox (r, Xp)yr VX, dry; ds:“
T t s

1 T
=E“{g<XT)[A—, /t Y VX, dW,

2 T
|A |2/ ox(r, X))y, VX, / Vs dsdr:H

Denote

47 N2 U VeV X, dW; +2f ax(s X)ys VX, ds][VX,] !
Noting that VX" = 1, we have

4.8) ux(t,x) = E"*{g(X7)N}}.

REMARK 4.2. In (2.8) one has to assume o (t,x) # 0 for all (¢,x). But
in (4.7), even if o (¢, x) = 0, one can still define N/-* as long as AL > 0.

4.4. Estimate of [Aﬁ]_l. In light of (4.7) and (4.8), obviously one needs to
estimate [Ai]_l. We have the following result.
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LEMMA 4.3.  Assume (Al), (A2) and (AS). If (t,x) € I'" for some n > 1, then
forany p > 1, there exists a constant C), depending on p, K and T, such that

E"{|ALITP) < Cpln®Ps, P + 0Pt s, ),
where &, 2 8(%) A % and §(-) is defined in (2.2).

PROOF. Without loss of generality, we prove the result only for + = 0 and
r = T. To this end, we fix (0,x) € I'",n > 1, and omit the superscripts 0.x
whenever there is no confusion. So it suffices to prove that

(4.9) E{A7"} < Cpln®P8,? + 0715,
where §,, = S(ﬁ) A % Note that
[e.e]
(4.10) E{A;"} = p/ P{A7 <ulu=P"'du.
0

We shall estimate P{A7 < u} for small u below.
Since (0, x) € I'", there exists Tp € [0, T'] such that o (Tp, n7,)| > L Note that

n

4.11) P{AT <u}=1L(u) + IL(u),
where
A 1 A 1
Ii(u) = P{AT <u, VT0| > —}; I (u) = P{AT <u, })’To| < —}
2n 2n

We first estimate I (#). Denote

(4.12) AX, 2 X, —n,.
Then one can easily get
1 c
4.13) h(u) < P{AT <u, AXT0| > m} < P{ATO <u, AXTO‘ > ;}
Note that
t t
AX, :/ Vs AWy +/ BsAXsds,
0 0
where B 2 %}i’(“’” is bounded. Denote
A ! A (!
(4.14) Lfexp(- [pas)s M2 [ Lopaw,
0 0

Then AX7, = L;OIMTO. Moreover, both L; and L, ! are bounded, and M; is a
martingale. Then one has

Ty
|AX7| <C|Mp|: Mg, = | L>y?dt<CAgy,.
0
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Now applying Lemma 2.4, we get from (4.13) that

Cc c
MT0|2; §exp _nT .

We next estimate /(). To this end, we recall that §, 2 ) (ﬁ) A % Denote

4.15) L(u) < P{[M]T0 < Cu,

Sy é64n2u;
Au 2 [Ty — 84, To+ 8,10 [0, T1;
Ao 2 [Ty — 84, To +8,1N [0, T].

For u < 62;’1 5, obviously we have
8u§8n; Ay, C Ag; |Au|25u

Using the facts that

Ar z/ y2dt = | Ay inf |yil? = 8, inf |yil? = 64n%u inf |y ]2,
Ay teAy, teAy teAy,

and that
1
lo(t, X1,) — o (To, X1p)| < . VieA, C Ao,
we have
I = P A \Il'f||1}
u) = <u, > —, In < —
! g Yo 2n teA, Vi 8n
1
<P{Ar <u,suplo(t,X;)—o(t,Xp)| > —}
teA, 8n
< P{A | X — X7| > ! }
<u, su — > — 1.
= T tEApu t To 8Kn
Since
To To
Xy = Xo= [ bis. Xods + [ ysaw,,
t t
we have
(4.16) I (u) < I (w) + T2(u),
where

A 1
Iii(u) = P{/A |b(t, X;)|dt > m};

To

ys dWs| >

- 16Kn}'

T2 (u) £ P{AT <u, sup
teA,

t
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Note that
p+1
i =Cn M Ef([ e xppar) |
Ay
< Cp(nau)p-i-l — Cpn3p+3up+1‘
Moreover, analogous to (4.15), by applying Lemma 2.4, one can show that
(4.18) () < exp(—%).
neu
Plugging (4.17) and (4.18) into (4.16), we get

4.17)

Ii(u) < Cl,,n3"’+3uerl + exp(—%).
nu

Noting that exp(—ﬁ)u_P ~! takes its maximum value at u = m, the above
inequality, together with (4.15), (4.11) and (4.10), implies that

2
E(AZP)<C [[6”/(64" )[n3p+3up+l —i—e_c/("z”)]u_p_ldu
ri=%pl [

0
+ / u—P~1 du]
80/ (64n2)

8
<C, [rﬁl’“a,, + n2<P+1>n—’; + (nza,;l)l’] < Cpln* P18, + (n?8, 171,
which proves (4.9), and whence the lemma. [
4.5. Main results. Now we are ready to state the main result of this section.

THEOREM 4.4. Assume (A1), (A2), (A4), (AS5) and f = 0. Then:
(i) ueCON(r?);

.. (uyo)(t, X;), t<T,
(i1) Z,={0, ¢> 18
(iii) uy(r,x) = E"*{g(X7)NL} VY (t,x) eI
@) x| < 22D v e,
O == :

REMARK 4.5. By Lemma 4.1(iv), we have (¢, X;) € 0 for ¢ < 7. Thus, by
(i) and (ii) of Theorem 4.4, Z; is continuous along each path except possibly at
t = 7. But as we see in Example 1, Z; may have no finite left limitat r = 7.

PROOF OF THEOREM 4.4, First, for V (¢, x) € I'"*, by (4.7) and Lemma 4.3,
one can easily prove that

C
4.19 EVS{(INL )2y < —2
(4.19) {INTF] }_T_t
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Then (iv) is a direct consequence of (iii).

We now prove (i)—(iii). To this end, we first assume g € C,; (R). Then by
applying Theorem 3.1, we know that u € C®! and Z, = (u,0)(t, X;) for all
t € [0, T]. Especially, for t > t, by Lemma 4.1(v), we know o (¢, X;) = 0, and,
thus, Z; = 0. Moreover, for V(z,x) € I'°, by Lemma 4.1(i), there exists some
n > 1 such that (z,x) € I'". Then by (4.19), we know E"*{|g(X1)N}|} < oo.
Now (iii) follows the arguments in Section 4.3.

In general case, that is, g satisfies only (A4), we follow the arguments in
step 2 of the proof for Theorem 3.2. Let g,, € C g (R) such that |g;, (x)] < ¥ (x)
and limy,— o0 gn(x) = g(x) for dx-a.s. x € R. Define (Y, Z™) and u™ as in
Theorem 3.2. Note that I'%, I'”* and t are independent of g, and so is N. Now
for V(z,x) € I'" and any m,

Coy (x)
u™(t, x) = E" X7)NLY: u (t, x)| < —2 .
By the dominated convergence theorem, we have
Wt x) = v(t, x) = EY{g(X)NLY,  m— oo,

By a line by line analogy of step 2 of the proof for Theorem 3.2, one can show
that v is continuous and u, (¢, x) = v(¢, x). That proves (i) and (iii). Moreover,
Z™ — Z, then (ii) holds true. [J

5. General case.

5.1. Main results. In this section we investigate FBSDE (1.1) with nonlin-
ear f. We shall modify some assumptions:

(A2') o is uniformly Holder-a continuous in ¢ for some o > %

(A3’) f is independent of z, that is, f(¢,x,y,z) = f(z,x,y). Moreover, f is
continuous in ¢ and uniformly Lipschitz continuous in x, y.

(A3") f(t,x,y,2) = fi(t,x,y) + f2(t,x)z, where fi, f, are continuous and
uniformly Lipschitz continuous in x, y. Moreover, f> is bounded.

The following result gives an important estimate for u,.

THEOREM 5.1.  Assume (A1), (A2)), (A3'), (A4), (AS5) and that f € Cy'" and
g€ Cg. Then for any (t,x) € I'", we have
Cat (x)

ux(t,x) < s
(e, )| = —==

where C,, depends on K, T, a, ¥ and n, but does not depend on the upper bound
of g
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The main result of the paper is the following theorem.

THEOREM 5.2.  Assume (Al), (A2'), (A3"), (A4) and (AS5). Then:
(i) ueCcOl(), and forV (t,x) € I', we have

T
ux(t,x)zE”x{g(XT)N§ +f fr, Xr,Yr,Zr)Nr’dr}.
t

(ii) u is locally Lipschitz continuous in x in T'°, and there exists a constant C,,
depending on K, T, o, ¥ and n such that

Cnp (x)

V(t,x)el™.
s (t,x)

|ux(t, x)| <

Here u,(t,x) is understood as a generalized derivative if u is not differentiable
inx at (t,x).
(iii)) Understanding uy as in (ii), we have

{(uxcr)(t, X1), t<rT,
Z[ ==
0, t>T.

REMARK 5.3. Z; is continuous except possibly at ¢ = 7. In fact, for ¢ < z, if
(t, X;) € I', then Z; is continuous by Theorem 5.2(i). If (¢, X;) € FO\F, we have
Z; = 0 and by the estimate in Theorem 5.2(ii), we know Z; is also continuous.

REMARK 5.4. If we remove (AS5) in Theorems 5.1 and 5.2, then analogously
one can show that

Cy
VT —t

We do not know whether or not similar results will hold true if f is nonlinear
on z. The proof of Theorems 5.1 is quite lengthy. We split it into several lemmas.

lux(t, x)| < (I+1xDy(x) V(t,x)el™.

5.2. Fine estimates of [Aﬁ]_l. We first prove two lemmas which improve
Lemma 4.3.

LEMMA 5.5. Forany p>1and 0 < u < %, there exists a constant Cp ,,
depending only on p, u, such that for any T and any square integrable process y;,
it holds that

-1 2y, dW, 1P
E{[( sup |yt|) sup M] } < CP,MT(I/Z_M)p < 00,
0<t<T 0<t;<n<T (2 — 11"

where the integrand g is considered as 0.
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PROOF. We proceed in two steps.
Step 1. We prove the following estimate:

5.1) EH( sup |yt|) / v dW,
0<t<T 0

We first assume 0 < ¢ < |y4| < C < 00. Denote

p
}scpTP/z.

N 4 A
Mzzfo vedWe v 2 sup Inl.

O<s<t
Note that y,* is increasing and y,> < |y;*|>. Then applying It6’s formula, we have
M\*  2M;dM, +y?dt  2M? 2M,
d(—i) S O T S Gy < S aAM, + .
Vi Lyl 17| lv]

Obviously, lim, |9 ’;4— =0, thus, E{(%)Z} < t. Similarly,
t t

d(ﬁi)Z" n(M;)“”—”d(%)z L =1 (%)W—Z) am? 2 ds
Vi

V_z* Z8 2 78 |Vt*|4 !
- <Ml‘)2(n_1) ZMt dM +C (MI)Z(n_])dt
<n|— — .

Vi (2R OV

By induction, one can prove E {(%)2”} < Cpt". Then (5.1) holds true for any
p>1. [

When y is unbounded or degenerate, by standard truncation procedure, one can
easily prove (5.1).

Step 2. We follow the proof of Kolmogorov’s continuity criterion (see, e.g., [10],
Theorem 1.2.1). First, similar to (5.1), one can easily show that, for any

0<t1<np<T,
P =1 .p P
}EEH< sup |Vt|> / vidW; }
1 <t<tp 1

< Cpta —11)P/%.
For any integer n > 1, let D, 2 {i27"T:i=1,...,2"} and D £ U, Dr. Denote
A
Ky =supy<;<on [Mip—ny — M(;_1)2-n7|. For p > 2, by (5.2), we have

5]
EH(V;)I/, vy dW,
1

27[
E{lyf|7PKPY <> E{lyfI P [Mj-ny — M_1ypnr|"}
—
(5.3) ’ .
<C 22—"17/27*!)/2 =2 "P=2/2p/2

i=1
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Now for any t1,t € D such that t, —#; <27"T, one can easily show that
M, — My, | <23 K. Denote

M, — M
M*E sup{M; H,h € D}.
(ty —1)H
Then
o0
M, — M
M*fz sup {M;tl,tzeD}
=020t T <y gy <27 U (B2 = 1)F

o0
<> 2wt sup  {|M;, — M,
n=0 lp—n|<27"T

;11,1 € D}

oo o0 o0
< Zzl+(n+1)MT—M Z K, <CT " Zz'w[(n.

n=0 m=n n=1

2
Now for p > T e have

o0
[yt m), =T~ 3 2" |lyy 17 Kall,

n=1

o0
<CT Z oy —n(p=2)/2p) 1/2

n=1

oo
—C Z o=/ 2=1/p=p) p1/2—=1 _ cpl/2—1
n=1
Now applying Fatou’s lemma, we prove the lemma for p > ﬁ Then by the
Schwarz inequality, the lemma holds true for smaller p. U

From now on we use y; to denote o (¢, X;) again.

LEMMA 5.6. Assume (Al), (A2) and (AS). Then for any (¢, x) € % and any
B > 0, there exists a constant C, depending only on K, such that

_ A\Btx,xN —1
|A£,xl—1 5CV|,J/rl‘,)C,>i<|—2|:5((r t)4 yr >

+ o =0y

+

(75l Lt :|
(r—0)=3f  r—t]

where

foxx A Xy, I3 1
yrx*: sup |st|’ érx:m sup

t<s<r Ve’ t<si<sa<r

SSE vt dwy
1/3

’

(s2 —s1)
5.4
G 2 { sup |y* —o(t,x)| <ot x)|(r — f)ﬂ}-

t1<s<r
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PROOF. Without loss of generality, we assume t =0,r =T and T < 1. In the
following we omit the superscript %*. We shall prove that

_ _ Tﬂy* —1 _ B _ .
(55 Ar' =Clyyl Q[S(TT) TPy TP 4 T lﬂcr]

First, there exists T such that yz = y;. We note that, in general, 7 is not a stopping

time. Denote
. A - TF
T_ = sup{t €[0,7]:|nl= (1 - 7)1’;}

T8
7. éinf{t e[z, T1: 1y = <1 - 7))/;5},
where we take the convention that sup¢ = 0 and inf¢p = T for the empty set ¢.

Then for V¢ € [T, T+], we have |y;| > YT; Therefore,
(5.6) Ar = 5yl (Ey — 5.

So it suffices to estimate (74 — 7_) L.
To this end, we note that, if T_ > 0, then

T Yr
2

=lyi —ve | <lo(T,X;) —0o (T, X5)| + K|X; — X5 |

T
/: V43 d Wl
T—

<|o(f,Xz) —o(f_, X:)| + Col(F — ) + éryi(F — ).

Thus, one of the following three inequalities must hold true:

<|lo(®,Xz)—0o(@_, X3)|+ K|:/~r |b(t, X;)|dt +

)

U By .
From the first inequality above, we have T — T_ > §( d 4VT ). So in all three cases,

we have

i F (TP 1 363 |
61 E-t T =cls(T) w1 T |

Similarly, if T4 < T, then

B B r Tﬂ x\ —1 .
(5-8) (T -0 =C 8(%) + TPy T3 .



1818 J. ZHANG

Finally, if t_ =0and 74 =T, then (74 — r_)*l = T~1. Moreover, in this case we
have |y;| = (1 — TT/S))/}‘ for all ¢t € [0, T']. In particular, we have

(=5 )= (1= T s <(1- )
) Yol = ) Yr =\l =V = ) Yol

Note that y; is continuous, so all y; have the same sign. Then one can easily prove
that |y, — yol < TP|yol, Vt. Thatis, 1, = 1.

Combining the above three cases, we know that the following inequality holds
true:

Tﬂy;‘

-1
(5.9) (F -t < c[a( ) T T T—lnGT},

which, combined with (5.6), obviously implies (5.5), and whence the theorem. [J]

We note that if o is uniformly Holder-« continuous in ¢, then §(¢) > el/® The
following result is a direct consequence of Lemma 5.6.

COROLLARY 5.7. Assume (A1), (A2") and (A5). Then

87717 < €y 2 = )Pl e

t,x 3 1 rx
+ (=0 Pyl 4 5" 4+ G }

(r—13¢F  r—t

For notational convenience, in the sequel we denote E{£; A} 2 E{£1 4} for a
random variable & and an event A.

LEMMA 5.8. Assume (A1), (A2), (AS) and T < Ty. Recall (4.12) and denote

A . . .
p = 1_12:;02[0[ > 1, where o is as in (A2'). Then for any ¢ > 0, there exists a

constant C, depending only on K, Ty, o and c, such that:

(i) E*{|N;|P; |AX, | > ct} < CtP;
(i) [y ESX{|N|P; |AX,| > er}/Pdr < C.

PROOF. Again we omit the superscript %*. Denote

ﬁé2a—1_ él—i-lOa
T e M7 g

and

A | N
L2 EQNP: AKX, = enyV/?; 1=f I dr.
0
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|

(5.10) |AX,| > ct}

Recalling (4.7), we have

» 1
I} <CE{—;
A

t
/ VeV Xy dW,
0

p t A
+ '/ 2 (s, Xo)ys VX, ds
0 At

1 -
< CE{F|yt*vx;k|P[sf’ 7L AKX = cr},
t

where
A = A e
VX = sup |VX;l; & = |: sup |ySVXS|] / vs VX dWs.
O<s<t 0<s<t 0
Now applying Corollary 5.7, one has
(5.11) 1P <cuf, + 1,1,

where

A

— = — — — — 3
10, S E(lyf[TPIVXFP P + EDP y |70/ 4 17 PPy 7P 1 PPE] P,

|AX;| > ct};
12, 2 TP By TPV 1P 4+ EY: Gr |AX | = ).
We estimate If, first. By Lemma 2.3, it holds that E{|VX[|?} < C,,Vq > 1.
Recalling (5.1), we have
61y U < CHPRE(1m PPy 2P g =208y =40

17OPPyT2PEP | A X | = )2

Now we recall (4.14). Note that AX; = L; IM, and both L, and Lt_1 are bounded,
then by (5.1), one can easily show that, for all ¢ > 2,

E{ly/ 179 |AX | > et} < CtTE{|y |71 AX, |7}
< Ct9E{I(Ly); 17 |M;|7) < C1~9/2,
Thus, by (5.12) and applying Lemma 5.5, we have
Ifj,; < Ctp/Z[t—(p/(Za))(2ﬁ+a+l) 4+ PBED 4 t—3ﬁ] < Ct~ (P2 @B+

thanks to the fact that 8 < le' Since o > %, we have 28 + 1 < 2« and therefore,

T T
(5.13) 17, <cr 7, / I, dt < Cf G R2e g < .
’ 0 0
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It remains to estimate /> ;. To this end, we recall that

Gi= { sup [ys — yol < IVoltﬁ}-
0<s<t

If yo =0, then in G,, we have y; =0 for all s € [0, ¢] and, thus, AX, = 0. That is,

if yo =0, then P{G;, AX, > ct} =0, which implies that /; ; = 0. Now we assume

o # 0. Without loss of generality, we assume )y > 0. We note again that in the

sequel the constants C and ¢ may vary from line to line, but they are independent

of %. One can check directly that

{Gr, [AX:| = et} C{Gy, My = ct}

ct ! ct
c i = S ulGn]| [ Loy —wiaw| = 1.
2 0 2
Denote
-1
A Lgys —vo A [ } !
A== ‘. =| su ! / AL dW|.
N J/Otﬂ S OESEE)Z, |ys | 0 Ky N

Note that 8 < 1. In G; and for Vs < ¢, we have

ILsys — vol <ILs — Ly + Lslys — vol < Clyos + yotP1 < Cyot?,
which implies that [AL| < C in G,. Thus,
zct}

{Gl‘5

Therefore,

!
> ct} - {Gt, yotﬁ‘/o AL dWy

t
fo [Lyys — yol dW,

C {yotPe > ct).

{Gi. |AX | = ct} C (ol Wil = et} U {notPE = et}
Now by the definition of I ;, we have
(5.14) L, <1y, 417,
where

A _ ~
1, = P E{y TP IVXP 1P + B ol Wil = et

A _ _ ~
I, =T PEy TP IVXFIPIE? + Y yotPE = et
Note that
_ _ =p [ YOIWi I\ P
i, < e e + 5 (1)
5159 < Ct*PE(|VX[ P[P + &1 Wi|7)
< C P E(WVX PV PE? + ETY P E(WPPY

< Ct72PPl2Pl2 = 1P,
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where the last inequality is thanks to Lemma 2.3 and (5.1). Similarly, applying
Lemma 5.5, one can prove

(5.16) I, <ct?Ph.
Since a > %, one has 8 > 0. Then by (5.14), (5.15) and (5.16), we have
Iy, <Ct?,

which, combined with (5.13), proves (i).
To prove (ii), first by (5.16), we have

T T
(5.17) / Iy, dt < cf P~V dr = € < 0.
0 0

Moreover, by the definition of I3, and applying Lemma 2.3 and (5.1), again we
have

T T ~
/O 13,,dzs/0 o) E(VXEPL? +E L ol Wil = et} VP di

v T 1 ) 1
= [‘/(; + 2]()/0t)_ E{VXF|PL? +E71; yolWy| > ct) /b g
)

2

Y 1 -
5/ L E(IVXP[P + EPY ar
0 Yot

T 1 W 2py1/p
Vo Yot Ct

<c/ (o) 't12ar+ ¢ (yot) W2y dr

1/2|

1/2t=T
—Cyr™ 7,2,

, <C <00,
0

which, combined with (5.17) and (5.13), proves (ii). U

5.3. A localizing result. In this section we prove a localizing version of
Theorem 3.1, which will play a very important role in the proof of Theorem 5.1.
To this end, we first introduce a notion called “e-neighbor.”

DEFINITION 5.9. Fix K as an upper bound of |by|. For any (#, xo) € [0,
T) x R and any ¢ > 0, the e-neighbor of (#p, xo) is the set

A _
De(t0,x0) = {(t,x):t0 <t < T, |x — ™| < g[eX =0 _1]}.

The following lemma gives a basic property of e-neighbors.
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LEMMA 5.10. If (t1, x1) € D¢(to, x0), then D.(t1,x1) C D¢ (ty, x0)-
PROOF. Assume (t1,x1) € D(tg,x9) and (t2,x2) € D.(t1,x1). Denote
nt 2 n'i*i fori =0, 1. Then
{Xl _ 77?1| < g[eK(tl_f()) _ 1]; |x2 _ 77t12} < 8[eK(tz—t1) _ 1]'

Note that, for ¢t > ¢,
t t
70 =n? +/t b ndsi ot =n+ [ bsnbds.
1 1

Denote

A A bt,n}) —b(t,n?)
Ane=nl—nd = ZAn )
t

Then || < K, and

t
Any=x1 — 172 +/ asAngds.
t

1

Thus,
0 t
Any = (x1 — ntl)exp(/ ay ds).
1
Therefore,
[5)
|Ang, | < |x1 — n2|exp</ o ds) < e[eK(”_tO) — l]eK(Q_”).
1
Then

|x2 — 77?2| <|x2— Utlz( + [ Any,|
< 8[61((;2_;1) _ 1] + g[eK(lz—fo) _ eK(fz—ll)] _ g[eK(tz—to) _ 1]

’

which proves that (2, x3) € D¢ (9, x0). U
The following lemma is the key part for the proof of Theorem 5.1.

LEMMA 5.11. Assume that all the conditions in Theorem 5.1 hold true.
Assume further that T < Ty and that, for some (ty, xg) € [0, T) x R and some
constants €1, &2 > 0, |uy (t,x)| < Ko forV (t,x) € Dg, (to, x0) N ([T — &1, T] x R).
Then

lux (to, x0)| < C[Ko + ¥ (x0)],

where C depends on K, a, €1, &y and Ty, but not on the upper bound of g'.
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PROOF. Without loss of generality, we assume fo = 0 and omit the super-

. A
script 0.x0 Denote D¢, = D, (0, xp). For t € [0, T'], denote

A
Ar= sup  fux(t,x)|
{x: (t,x)eDgz}

Applying Theorem 3.1, we have supy.,.7 A; < 00. Moreover, by assumption,
we have

(5.18) A; <Ky ViellT —&,T].

‘We claim that

T
(5.19) A,fC[Ko—l- sup 1//(x)+/ Asds] Vtel0, T —eq]
} t

{x: (t,x)€D,,
For (¢, x) € Dg,, we have

x| < |x = 0/l + I — xol + x0] < £2[e®" — 11+ C1 + |xo| < |x0| + C.
Thus,

Y (x) = Cl¥(x0) + ¥ (O)] = Cr(x0),
which, combined with (5.19) and (5.18), implies that

T
A < C[Ko + (o) + /, A, ds}

T—¢;

§C|:K0+1//(xo)+/; Asds] Vtel0, T —e1].

Then the lemma follows the Gronwall inequality.

It remains to prove (5.19). By Lemma 5.10, it suffices to prove it at ¢t = 0. In
this case, (5.19) becomes

T
(5.20) luy (0, x0)| §C[Ko+1/f(xo)+/o Atdt]
Note that
T
u(0, x) = Ex{g(XT) —|—/0 fr, X, Yr)dr}.
Thus,

T
12 (0, x0) = E{g/(XTWXT + /0 LV X: + nyY,]dz}.
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For any r € (0, T'], let ¢ (¢, x) be a smooth function of x satisfying that

1,  if|x —n| > ealeX —1],
t,x) =
#lt, %) 0, if|x—m|s%2[e’“—1],

c
lp@, x)| < I | (2, )] = —

Then we have

12 (0, x0) = E{g’(xr)vxrgo(T, X7)

T
+ f LAVX, + £,V Yo, X,) dr
(5.21) 0
+ ¢ X)VXr(1 — (T, X7))

T
+/0 [fcVX: + VY (1 — o, X)) dt}.

Since V can be considered as the differential operator with respect to x, by the
chain rule, one can easily get that

§X)VXro(T, X1) =[Ve(XD)1p(T, X1)
=V(g(X7)o(T, X7)) — 8(X1)9x (T, X7)VXT.

Note that when (T, X1) # 0, one has [AX7| > % (eXT — 1), which implies that

(0, x0) € 0 and, thus, At > 0. Then following the arguments in Section 4.3, one
can easily prove that

E{g'(X1)VXre(T, X1)} = E{g(X1)[(T. X7)N7 — 0 (T, X7)VX7]}.
Similarly, we have
E{LfyVXi + £, VYt XD} = E{(f(t. X, YDlp(t. XN — g, (t, X)VX,1}.
So one can rewrite (5.21) as
ux(0,x0) =+ L+ I,

where

I 2 E(g(Xp)[¢(T. X7)N1 — 0 (T, X7)VX71}

A T
e E{/O £t X, Y)lo(t, XON, — ou (1, Xt)vxt]dt}
L2 E{g’(xrwxr(l — (T, X1))

T
+/O [foX[+fyMXVX[](1—(p(I, X[))dt}
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We shall estimate I} — I3 separately. First, it is obvious that

T T
(5.22) |I3|§C[AT+/O (1+A,)dt]§C[K0+/O A,dt].

Denote p 2 % > 1 as in Lemma 5.8. Let ¢ be the conjugate of p. Applying

Lemma 5.8, we have
€2 KT
E(lg(Xre(T. XN} < E{lg(XNy : 18Xr1 = Z1eT - 11}
< E{lg(X7)Nr|; |[AXT| =T}

(5.23) 1
< I§(XD)lgLE{INTI"; |AX7| = TP
< CY ()T~ < Cy(xo),

where the last inequality is thanks to the fact that T > &;. Moreover,

C
E{|g(X1)ex (T, X7)VXr|} < TE{Ig(XT)VXTI} < Cy¥(x0),
which, combined with (5.23), implies that

(5.24) 11| = Cr(xo).

It remains to estimate /5. By the arguments in Section 4.3, we have

E{px(t, X))V X} = E{p(t, X;)N:} Vi€ (0,T].

Thus,
T
I= E{/ LF (6 Xoou(t. X0) — £ (e (. m0))]
(5.25) 0
X [0t XON: = 910 X0V X,
By (2.10),
(5.26) lu(t, x)| =Y/ < Cy(x),

which implies that
£t et 1)] < LU+ el + [ (e, n) 1 < CY ()
| £ (2, Xe,ut, X0))| < C¥(Xy).
Then by (2.1) and applying Lemma 5.8, again we have

T
/ E”[f(t,X;,M(t,X[))—f(t, 771,1/1(1‘,Ut))](/)(f,xt)Ntde
s2n 0

T
< cw(xo)/o E{IN,|7; |AX,| > et} /P dit < C (xo).
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Moreover, noting that ¢, (¢, X;) =0 when |AX,| > g2[eX? — 1], we have

T
/(; E{‘[f(f, Xtau(tvxt)) - f(t» N, u(t, Ut))]‘ﬂx(t, XI)VXI}}dt

’

T 1
< C/O EH[f(f, X ou(t, X)) — f(t,n0, u(t, ﬂt))];VXz

IAX,| < saleX — 1]} d

T dt
< c/ E(AX:I(1+ A) VX [AX,] < ealef! =11} &
0

T
< C[l +/ Atdt],
0
which, combined with (5.27) and (5.25), implies that
T
(5.28) || < C[w(xo) +/0 A; dt].

Now combining (5.22), (5.24) and (5.28), we prove (5.20), and hence the lemma.
O

5.4. Proof of Theorem 5.1. We first prove a simple case.

LEMMA 5.12. Assume that all the conditions in Theorem 5.1 hold true, and
that o (tg, xg)| > % Then the result of Theorem 5.1 holds true at (ty, xo).

PROOF. Without loss of generality, we assume #p = 0 and omit the super-
script 0.%0 a5 before. Then vy > 10(0, x0)| > % for V¢ > 0. Choosing 8 =0 in
Lemma 5.6, we get

(5.29) A < Call + 1 +1710.
Then one can easily get

Cn
(5.30) E{|1\f?|2|}5T Vi>0.

By Theorem 3.1, we know u,(0,xp) exists. By the same arguments as in
Section 4.3 or as in the proof of Lemma 5.11, one can show that

T
un0.x0) = E{eCeng + [ f e x, vonpar.
which, together with (2.1) and (5.26), implies that

¥ (x0) T 4 (xo) Cn ¥ (x0)
JT +/0 N dt}f Nl

lux (0, x0)| < Cn|:
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That proves the lemma. [J

PROOF OF THEOREM 5.1. Fix (7, xo) € I'". Without loss of generality, we
assume ty = 0 again. First if |0 (0, xg)| > %, then by Lemma 5.12, the results
hold true.

Now we assume |o (0, xp)| < % Since (0, xg) € I'"?, there exists #; € (0, T']

1

such that |o(t1, ns)| > o Since o, b are Lipschitz continuous in x and o

is Holder-o continuous in ¢, there exist constants &1, & > 0, depending only
on K, n and « such that for any (¢, x) € Dsl,sZ(tl, N1) 2 {(t,x):t e[ty —er, 1],
|x — n;| < &2}, it holds that |o'(,x) — o' (t1, n,)| < 5. Thus, |o(t,x)| = 5 for
any (t,x) € Dg, ¢, (t1, ns). We note that this also implies that #; > £;. Now we
choose 2 n— %‘, ) 2 %‘ Obviously, there exists §3 > 0, depending only
on K,n and « such that Ds,(0,x0) N ([t2 — 82, 12] X R) C D¢, ¢, (t1, 1z,). Now
for V (¢, x) € Ds;(0, x0) N ([12 — &2, 12] x R), by Lemma 5.12, we have

Cay(x) _ Cu¥p () _ Cuh ()
VT—t = V-1 V&
where the last inequality is thanks to the fact that (¢,x) € Ds;(0, xo). Then

applying Lemma 5.11, we get [uy (0, xo)| = Cu[Cp (x0) + ¥ (x0)] = C ¥ (x0).
U

|ux (2, %)] <

=Cp¥(x) < Cp¥(x0),

5.5. Proof of Theorem 5.2. We first prove the theorem under (A3’) instead
of (A3").

LEMMA 5.13. Assume (A1), (A2"), (A3'), (A4) and (A5). Then all the results
in Theorem 5.2 hold true.

PrROOF. First if f € C,?’l, g € C,l, then by Theorem 3.1, we know
ueC% (0, T xR) c CON(T) and Z; = (ur0)(t, X;). Since o(t, X;) = 0 for
t > 7, so (iii) holds true. (ii) is due to Theorem 5.1. Finally, for (¢,x) € I', we
have |o (¢, x)| > ,ll for some n. Then the representation formula in (i) follows the
proof of Lemma 5.12.

For the general case, one can easily prove the theorem by following the
approximating arguments in the proof of Theorem 4.4 (or Theorem 3.2). [

We now assume only (A3”). In this case (1.2) can be rewritten as
ur + %Uzuxx +5Mx + fit,x,u)=0;

u(T,x)=gx),

(5.31)
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where b = b+ fro.Recall that (X, Y, Z) is the solution to FBSDE (1.1). Define

t~ ~
ﬁt=x+/ b(r,n,)dr; 2 {(t,x): sup o (s, 75| >0};
0 t<s<T
A n A - 1
St x) ¢ 1% 2 {en: sup oGz L
t<s<T n

AW, 2 dW, — f>(t, X;) dt.

Then W is a Brownian motion under another probability and one can rewrite (1.1)
as

t t .
X,=x+/ b(r, Xr)dr+f o(r, X;))dW,;
(5.32) 0 0

T T B
Y, = g(Xr) +/t A X0, V) dr _/, Z, dw,.

LEMMA 5.14. Assume (A1) and (A3"). Then:

() M=r9 7=r. )
(ii) There exist a constant C > 1, depending only on K, such that T" C ren
and T" C TC", foranyn > 1.

PROOF. (i) If (¢, x) ¢ T, then o (s, n’*) = 0 for V¢ < s < T. So it holds
that l;(s,ni,’x) = b(s,n"). Since n is the solution to (4.2), we have ni* =
x + f,s b(r,n*)dr, which implies that ¥ = n’*. Therefore, o (s, 7i’*) =
o (s,n%*) =0, and, hence, (¢, x) ¢ [0 That is, [ c 0. Similarly, one can prove
that 10 ¢ T0. So 0 =10, Then T = 1 follows immediately.

(ii) Fix (z, x). Denote An; = n* —nb*. Then

Any = / B Any + (o). i dr,

2 b0ty )=b(ru)

where 8, = An, is bounded. Thus, we have

sup |Ang| <C sup |0(s,ﬁ§’x)|.

t<s<T t<s<T

Note that
o (s, nt%) — o (s, 725)| < C|Ang.

Then sup, ;7 o (s, kI <C sup, ;<7 lo (s, 775%)|, and therefore, I'"* C ren,

On the other hand, since b = b — f>0, one can similarly show that " cren,
O
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PROOF OF THEOREM 5.2. (iii)) is a direct consequence of Lem1~nas
5.13(iii) and 5.14(1). As to (ii), for any (¢, x) € I'", by Lemma 5.14(ii), (¢, x) € rer

: Cuy (x)
for some constant C. Applying Lemma 5.13, we get u, (¢, x) < N

It remains to prove (i). By Lemma 5.13 and (5.31), we have u € co().
To prove the representation theorem, by standard approximating arguments,
it suffices to show that the integral in the right-hand side of the formula converges.
To this end, we fix an (79, xo) € I'. That is, |o (ty, xg)| > 0. Assume |o (t9, x0)| = %
for some n. Without loss of generality, we assume again that fo = 0 and that
o0 (0, xg) > % Recall the proof of Lemma 5.12. By (5.30) and noting that
|Y:| = |u(t, X;)| < C¥(X;), one can easily show that

T
(5.33) E{|g(XT>N%|+ fo | fi(t, X,,Y»N?mr}scn,Tw(xo><oo.

Here C,,.7 may depend on 7! as well.
We finally show that

T
(5.34) e[ 150 x0ZN0at] < Cupvrao) < oo,
To this end, we define
A . 1
T = 1nf{t o(t, Xy) = —} AT.
2n

Then for ¢+ < 7y, it holds that o (¢, X;) > ﬁ Thus, by (ii) and (iii), we have
| Z| = |(uxo)(t, X)| < % Therefore,

E ! X,)Z,N°d
{/0 /2t X0)Z:N| t}

ccrl[[+ [

<C E{fr1 ! w(X)|N0|dt}+CE{fT ! V4 JZN0|dt}
(5 35) - 0 \/T—t ! ! 71 \/; ! !
) T
SCn/ ¥ (x0) gt
0 t(T —1)
T 172 T 1/4 T 1 1/4
+CE{/ |z,|2dr} E{/ t2|N,0|4dz} E{/ —zdt}
0 0 T t
< Ca¥ (x0) + Co¥ (x0) Efz; '} /4,
We follow the arguments in Lemma 5.6 to estimate 7, ' If 1y = T, then T I = %
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Now we assume 71 < T, then o (71, X¢)) = ﬁ Note that o (0, xg) > % Thus,
1
— = O'(O, XO) _G(T17 X‘L’]) = |G(O’ XO) - U(Tl,x0)| + |0(Tl7x0) - G(TI’ X‘[l)|

2n }

71 71
SC[T?+|X11—XO|]§C[T?+‘/O b(t’Xl)dt‘+‘A )/ldW[

<Cltf + 11 +1,7¢€),

1
where & 2 SUPg<;<T % Then at least one of the following inequalities
holds true:
1 1 1/3
Ty > ——; > —; T > —.
' =6Cn '=6cn 18 6Cn

In any case, we have
1
rl_l < C[? +nl/ +n—|—n3§3].

Since |y,| < C, applying Lemma 5.5, we get E{€%} < C < oco. Thus, E{rl_l} <
C, < oo. Plugging this into (5.35) we get (5.34) and complete the proof for (i).
O

REFERENCES

[1] BALLY, V. (2004). Lower bounds for the density of the law of locally elliptic Itd processes.
Preprint.

[2] EL KAROUI, N., PENG, S. and QUENEZ, M. C. (1997). Backward stochastic differential
equations in finance. Math. Finance 7 1-72.

[3] FOUrNIE, E., LASRY, J.-M., LEBUCHOUX, J., LIONS, P-L. and Touzi, N. (1999).
An applicaiton of Malliavin calculus to Monte Carlo methods in finance. Finance Stoch.
3391-412.

[4] MA, J., PROTTER, P. and YONG, J. (1994). Solving forward—backward stochastic differential
equations explicitly—a four step scheme. Probab. Theory Related Fields 98 339-359.

[S] MA, J. and YONG, J. (1999). Forward—Backward Stochastic Differential Equations and Their
Applications. Lecture Notes in Math. 1702. Springer, New York.

[6] MA, J. and ZHANG, J. (2002). Representation theorems for backward stochastic differential
equations. Ann. Appl. Probab. 12 1390-1418.

[7] MA,J. and ZHANG, J. (2002). Path regularity for solutions of backward SDEs. Probab. Theory
Related Fields 122 163-190.

[8] NUALART, D. (1995). The Malliavin Calculus and Related Topics. Springer, New York.

[9] PARDOUX, E. and PENG, S. (1992). Backward stochastic differential equations and quasilinear
parabolic partial differential equations. Lecture Notes in Control and Inform. Sci. 176
200-217. Springer, Berlin.

[10] REvVUZ, D. and YOR, M. (1991). Brownian Motion and Continuous Martingales. Springer,
New York.



BSDEs WITH DEGENERATE FSDE 1831

[11] ZHANG, J. (2004). On the sharp rate of finite-difference approximations for degenerate

parabolic PDEs. Working paper.

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF SOUTHERN CALIFORNIA
LOS ANGELES, CALIFORNIA 90089
USA

E-MAIL: jianfenz@usc.edu

URL.: http://almaak.usc.edu/jianfenz



