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Abstract

When using squared error loss, bias and variance and their decomposition of prediction error are well
understood and widely used concepts. However, thereisno universally accepted definition for other loss
functions. Numerous attempts have been made to extend these concepts beyond squared error loss. Most
approaches have focused solely on 0-1 loss functions and have produced significantly different defini-
tions. These differences stem from disagreement as to the essential characteristics that variance and bias
should display. Thispaper suggestsan explicit list of rulesthat we feel any “reasonable” set of definitions
should satisfy. Using thisframework, bias and variance definitionsare produced which generalize to any
symmetric loss function. Weiillustrate these statistics on several 1oss functionswith particular emphasis
on 0-1 loss. We conclude with a discussion of the various definitionsthat have been proposed in the past
aswell as amethod for estimating these quantitieson real data sets.

Some key words: Bias, variance, prediction error, loss function.

1 Introduction

Over thelast few yearsagreat deal of research has been conducted on afamily of classifiersknown asensem-
bles. Examples of such classifiersinclude, the Error Correcting Output Coding method (ECOC) (Dietterich
and Bakiri, 1995), Bagging (Breiman, 1996a) and AdaBoost (Freund and Schapire, 1996). Several theories
have been proposed for the success of these classifiers. One involves the use of margins (Schapire et al.,
1998) while a second draws connectionsto additivelogistic regression (Friedman and Rubin, 1967). A third
theory postulates that the ensembles work because of the reduction in “variance”, caused by the agglomer-
ation of many classifiers into one classification rule. More recent work suggests that, while Bagging may
indeed reduce variance, Boosting generates reductionsin the error rate by decreasing both variance and bias.
These results provide interesting insights and numerous attempts have been made to postulate why this ef-
fect occurs. Unfortunately, this work has been hampered by the fact that there are no universally accepted
definitionsfor bias and variance when one moves away from sgquared error loss. There have been many sug-
gestions to extend these concepts to classification problems. See for example Dietterich and Kong (1995),
Kohavi and Wolpert (1996), Breiman (1996b), Tibshirani (1996), Friedman (1996), Wolpert (1997), Hes-
kes (1998) and Domingos (2000). However, most of thiswork has concentrated on 0-1 loss functions and
generally resulted in wildly differing definitions. The differences can be attributed to disagreement over the
criteria that variance and bias should fulfill. Some definitions have clearly been constructed to produce an
additive decomposition of the prediction error. While others attempt to reproduce the standard characteris-
tics of variance and biasin a general setting. Unfortunately, for general loss functionsit is not possible to
provide a single bias/variance definition that will simultaneously achieve both criteria.



In this paper we introduce bias/variance definitions which have several key advantages over previously
suggested approaches. One of the mgjor difficultiesin arriving at a satisfactory bias-variance decomposition
is that there are several properties one would want that decomposition to have. Unfortunately, for general
loss functions, thereis no single definition that has all these propertiesand as aresult different authors have
dropped oneor another, often without aparticular rationale. Inthis paper we arguethat thesedifficultiesarise
becausethere are two sets of quantitiesof interest, not just one. In the specia case of squared error lossthese
guantities coincide but in general thiswill not be the case. In the standard setting there are two reasonable
interpretations of variance. Oneisthat it providesa measure of randomness of a quantity. We define thisas
the “variance”. The other interpretation is that variance gives the increase in error rate caused by random-
nesswhich we call the “variance effect”. Even though for squared error lossthese quantitiesare numerically
equal, in general they are clearly not conceptually the same thing. Further, either or both could be important
depending on your objectives. Similarly there are two interpretations of bias. Oneis that it represents the
systematic difference between a random variable and a particular value, e.g. the target, and the other isthe
degree to which that systematic difference contributesto error. We call these the “bias’ and “systematic ef-
fect” respectively. Again thesetwo quantities need not be the same and both may beimportant. 1n this paper
we derive separate definitionsfor all four quantities. By providing two sets of definitionswe ensure that al
the important characteristics are captured and allow the user to specify which they are interested in.

Unlikepreviouswork, the definitionsin this paper are based on an explicitly stated set of criteriafor vari-
ance and hias, ensuring that they possess what are generally considered the correct properties. For example
the definitions attribute zero bias and variance to the Bayes classifier which several previous methods have
not. The definitions we propose are not unique in fulfilling these criteria and reasonable people may dis-
agree about what definitions should follow from them. However, to enable such a discussion onefirst needs
to establish a set of reference criteria.

The third advantage of our approach is that the definitions are general to al symmetric loss functions.
Most of the previously suggested definitionsof biasand variance are specifically tailored to asmall collection
of lossfunctions such as0-1loss. It isobviously undesirable to have to derive new definitionsfor each new
loss function.

The paper isstructured asfollows. In Section 2 we provide a set of criteriawhich wefee any definitions
of biasand variance should fulfill. Based on these criteriawe suggest thefirst set of definitionswhich are de-
signedto replicatethe natural propertiesof biasand variance. Section 3 devel opsthe second set of definitions
which provide an additive decomposition of the prediction error into bias and variance effects. For certain
loss functionsthese two sets of definitionsare identical but in general need not be. Section 4 gives examples
where these general definitions are applied to some specific loss functions, in particular to 0-1 loss common
in classification problems. In Section 5 we discuss some of the pros and cons of the previously suggested
definitions. Finally, Section 6 provides examples of the definitions applied to simulated and real world data
sets.

2 General definitionsfor biasand variance

In this section we briefly examine the dual roles of bias and variance for squared error loss. We then intro-
duce three ruleswhich we believe any reasonabl e definitions should satisfy and use these rules to extend the
concepts of biasand variance to arbitrary symmetric loss functions.



2.1 Squared error loss

In the standard regression setting the variance of an estimator, V, is defined as Eq (Y — EY)? or equivalently

Var(Y) = nLinEq((\A(— 2. 1)

We define the systematic part of Y as

S?:argnLinEQ(\?—u)z. )

The notation SY is used to emphasize that Sis an operator acting on the distribution of Y. In the standard
squared error loss setting SY will be equal to EY. Using this definition one can view Var (Y) as ameasure of
the expected distance, in terms of squared error loss, of the random quantity (Y) from its nearest non random
number (SY).

The squared bias of Y in predicting a responseY isdefined as

(EgY —EyY)2= (SY - SY)2. ©)

This means that squareq bias can be viewed as a measure of the distance, in terms of squared error, between
the systematic partsof Y and Y.
Finally we note, from the prediction error decomposition (Geman et al., 1992),

E,o(Y-Y)2= Var(Y) +bias’(Y)+Var(V), (4
! N —
prediction error irreducible error reducible error

that the expected loss of using Y to predict Y is the sum of the variances of Y and Y plus the squared bias.
The variance of Y is beyond our control and is thus known as the irreducible error. However, the bias and
variance of Y are functions of our estimator and can therefore potentially be reduced.

Thisshows usthat Var(Y) serves two purposes.
1. Through (1) and (2) it provides a measure of the variability of Y about SY

2. and from (4) it indicatesthe effect of thisvariance on the prediction error.

Similarly bias(Y) serves two purposes.
1. Through (3) it providesa measure of the distance between the systematic componentsof Y and Y
2. and from (4) we see the effect of this bias on the prediction error.

This double role of both bias and variance is so automatic that one often fails to consider it. However,
when these definitions are extended to arbitrary loss functionsit will not, in general, be possible to define
one statisticto serve both purposes. Itisfor thisreason that we propose two sets of bias/variance definitions.

2.2 General lossfunctions

Squared error is a very convenient loss function to use. It possesses well known mathematical properties
such as the bias/variance decomposition that make it very attractive to use. However, there are situations
where squared error is clearly not the most appropriate lossfunction. Thisis especialy truein classification
problems where aloss function like 0-1 loss seems more redlistic.

To extend the definitions of variance and bias in a systematic way we propose three simple rules which
it seems reasonabl e that any definitions should follow.
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[0 When using squared error loss, any generalized definitions of bias and variance must reduce to the
corresponding standard definitions.

O The“variance’ must measurethe variability of the estimator Y. Hence it must not be afunction of the
distribution of theresponsevariable, Y. Furthermore, it must be nonnegativeand zero iff Y is constant
for all training sets.

[ The*bias’ must measure the difference between the systematic parts of the response and predictor. In
other onds it must bea function of Y and Y only through SY and SY. Furthermore, the bias should be
zeroif SY = Sv.

Based on an earlier version of this paper, Heskes (1998) devel ops his bias/variance decomposition using an
almost identical set of requirements. The rules are aso similar in spirit to those given in the desiderata of
Wolpert (1997). Thefirst of these rulesis self evident. The second states that the variance of Y should only
depend on the distributionof Y and not on Y. In other wordsit will depend on thetraining rather than the test
data. Thisruleisdesirable because it allows us to compare estimators across different response variables; a
low variance estimator will below variance for any test set of data. We al so require that the variance be non-
negative and zero iff Y does not deviate from SY. Thisisa natural requirement since variance is a measure
of the average distance of Y from its systematic component. The third rule states that the bias of Y should
depend only on the systematic componentsof Y and Y. Biasis viewed asameasure of the systematic differ-
ence between the response and predictor. Hence, variability of Y about SY and of Y about SY will have no
effect on the bias. A natural fourth requirement would be that the variance and bias provide an additive de-
composition of the prediction error. Unfortunately, as has been mentioned earlier, for general lossfunctions,
thisrequirement isinconsistent with thefirst three. We will return to adecomposition of the prediction error
in the following section.

Onemightimaginethat (1 would be sufficient to provideauniquegeneralization. However, thisisnot the
case because of the large number of definitionsfor variance and biasthat are equivalent for squared error but
not for other lossfunctions. For example, the following definitionsof variance are al equivalent for squared
error.

0 Var(Y) = min, Eg (Y — p)2 = Eg (Y — SY)?
0 Var(Y) = Eg(Y — EyY)2— (EgY — EyY)2 = E¢(Y — SY)2 — (SY — SY)2
0 Var(Y) = Eyg(Y=Y)2— Ev(Y - E;¥)2 = E ¢ (Y- Y)? = Ey(Y - SY)?

Note E, indicates that the expectation is taken over the distribution of both the response and the predictor.
Let L be an arbitrary symmetric loss functioni.e. L(a,b) = L(b,a). Then the above three definitions|ead
naturally to three possible generalized definitions,

Var(Y) = mJnEQL(?,u):EQL(?,WA) (5)
Var(Y) = E¢L(SY,Y)—L(SY,SV) (6)
Var(Y) = E/gL(Y.Y)—EyL(Y,SY), )
where
Y = arngnL(\?,u) (8)
Sy = arngnL(Y,u). 9)



For general loss functionsthese last three equations need not be consistent. Thisinconsistency accounts for
some of the differences in the definitionsthat have been proposed. For example, Tibshirani bases his defini-
tion of variance on (5) while Dietterich and Kong basetheir’smore closely on (7). We will seelater that both
(5) and (7) are useful for measuring different quantities. However, neither (6) nor (7) fulfill requirement O
which leaves (5) as a natural generalized definition of variance.

Inasimilar fashion there are severa equivalent ways of defining the squared bias for squared error |oss.

0 bias?(Y) = (ByY — E¢Y)2 = (SY — )2

0 bias?(Y) = Ev(Y — E¢Y)2 = Ev(Y — EvY)2 = Ey(Y — SY)2 — Ey(Y — SY)?

0 bias?(Y) = E¢(Y — EyY)2—Var(Y) = E¢(Y — SY)2—E(Y — SY)2

0 bias’(Y) = Eyg (Y= Y)2=Var(Y) = Var(¥) = E/¢ (Y - Y)2 = Ey(Y — SY)? - E¢ (Y - SY)?

Therefore, requirement [J leads to four possible generalized definitions.

bias?(Y) = L(SY,SY) (10)
bias’(Y) = EyL(Y,SY)—EyL(Y,SY) (11)
bias?(Y) = E¢L(SY,Y)-EoL(Y,SY)
bias’(Y) = EggL(Y,Y)—EyL(Y,SY) - EL(Y,SY)

Again these definitionswill not be consistent for general 1oss functions. However, (10) is the only one that
fulfills requirement (0. Therefore, for an arbitrary symmetric loss function L we generalize the concepts of
bias and variance in the following way.

\ \ Loss Function \

\ \ Squared Error \ General \
Variance Eq (Y —EY)? EcL(Y,9Y)
SY = argminy E¢ (Y — )2 | SY = argmin, E¢L(Y, )
Bias (EyY —EgY)? L(SY,SY)

In this formulation variance captures the average deviation between Y and its closest systematic value,
measured relativeto L. Similarly bias measures the distance between the systematic partsof Y and Y relative
to L. Our definition of biasis equivalent to that of bias? for squared error. Note that while these definitions
fulfill the natural requirements of bias and variance as defined by [ through O they are not unique. For any
given loss function there may be more than one set of definitions that satisfy these requirements. Thisis
particularly trueif thelossfunctionisasymmetric. In thispaper we have restricted to considering symmetric
lossfunctionsbecauseitisnot clear what interpretationto put on variance and biasin theasymmetric case. In
addition to havingthe correct intuitiveproperties, for squared error 10ss, these definitionswill aso providean
additive decomposition of the prediction error. However, for general loss functions no such decomposition
will be possible. Infact, we show in Section 4.1 that onemay construct examples wherethevarianceand bias
of an estimator, \?, are constant but the reducibl e prediction error changes as one altersthe distribution of the
response variable, Y. In the next section we provide a second set of definitionswhich form a decomposition
of prediction error into variance and systematic effects.

3 Biasand variance effect

In thissection we devel op asecond set of bias/variance definitionswhich provide an additive decomposition
of the prediction error. In Section 3.2 we detail the theoretical and experimental rel ationships between these
definitions and those proposed in the previous section.
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3.1 An additivedecomposition of prediction error

Often we will be interested in the effect of bias and variance. For example, in generadl, it is possibleto have
an estimator with high variance but for this variance to have littleimpact on the prediction error. It iseven
possiblefor increased varianceto decrease the prediction error, aswe show in Section 4.2. We call thechange
in error caused by variance the variance effect (VE) and the change in error caused by bias the systematic
effect (SE). For squared error lossthe variance effect isequal to thevariance and the systematic effect isequal
to the bias squared. However, in general the relationshipswill be more complicated.

Recall in the standard situation we can decompose the prediction error as follows.

E,o(Y-Y)2 = Var(Y) +bias’(Y)+Var(Y) (12)
’ N —
irreducible error reducible error
However, note that
Var(Y) = Ey(Y-EyY)?2
bias(Y) = (BEvY-EY)2=Ey[(Y-EVY)2—(Y-EyY)?}
Var(Y) = Eo(Y-E¥)?=Ey[(Y-Y)? = (Y-EY)7

Hence, if Lsis squared error loss, then an equivalent decompositionto (12) is

EvoLs(Y,Y) = EvLs(Y.EvY)+Ev[Ls(Y,EY) — Ls(Y,EyY)]
N———
Error Var(Y) bias?(Y)
+EyglLs(Y,Y) — Ls(Y, Eg¥)] (13)
Var(Y)

This decomposition does not rely on any specia properties of squared error and will hold for any symmetric
loss function. Notice that, in this formulation, bias? is simply the change in the error of predicting Y, when
using EQ\?, instead of EyY; in other wordsit isthe changein prediction error caused by bias. Thisis exactly
what we have defined asthe systematic effect. Similarly Var (\?) isthe changein prediction error when using
Y, instead of EQ\?, topredict Y; in other wordsthe changein prediction error caused by variance. Thisiswhat
we have defined asthe variance effect. Therefore (13) providesanatural approach to defining the systematic

and variance effects for a general symmetric lossfunction, L. Namely

VE(Y,Y) = Eyg[L(Y,Y) = L(Y,SV)]
SE(Y,Y) = Ey[L(Y,SY)—L(Y,SY)]

Noticethat the definitionsof variance and systematic effects respectively correspondto (7) and (11). We now
have a decomposition of prediction error into errors caused by variability in Y i.e. Var(Y), bias between Y
andYi.e SE(Y,Y) and variabilityinYi.e VE(Y,Y).

EvoL(Y,Y) = EyL(Y,SY)+Ey[L(Y,SY) - L(Y,SY)]
Var(Y) SE(Y,Y)

+Eyg[L(Y,¥) = L(Y, V)]

VE(Y.,Y)

= Var(Y)+SE(Y,Y)+VE(Y,Y)
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As is the case with squared error loss, Var(Y) provides a lower bound on the prediction error. In the
case of 0-1 lossit is equivaent to the Bayes error rate. Different approaches have been taken to thisterm
with some authorsincorporating it (Tibshirani, 1996; Domingos, 2000) and others not (Dietterich and Kong,
1995). In practice Var(Y) can either be estimated, as we demonstrate in Section 6.2, or assumed to be zero
by setting SY =Y. Thisalowsan individual to choose whether they wish to incorporate a Bayes error type
term or not.

3.2 Rdation between bias, variance and their effects

The following theorem summarizes the main theoretical relationships between variance and variance effect
and between bias and systematic effect.

Theorem 1 Provided the lossfunctionis strictly convex;

1. Under squared error loss, the bias and systematic effects are identical. Smilarly the variance and
variance effects are identical.

2. Thebiasand systematic effect of an estimator will beidentical if theBayeserror rateiszeroi.e. Y = SY
for all inputs.

3. An estimator with zero biaswill have zero systematic effect.
4. An estimator with zero variance will have zero variance effect.

Theproofsof theseresultsareimmediate from thefact that, for convex lossfunctions, L(a, b) = 0Oimpliesa=
b. Thefirst result drawsthe connection between bias, variance, systematic and variance effectsin thefamiliar
setting of squared error loss. The second result is particularly important because it impliesthat, provided the
noiselevel inthedataislow, biasand the systematic effect will be very similar. When the noiselevel ishigh
there is no guaranteed rel ationship between these two quantities. However, the median correl ation between
bias and systematic effect for the 6 data sets examined in Section 5 is 96.6%. This suggeststhat in practice
theremay beastrong rel ationshi pbetween thetwo quantities. Thiswould mean that biaswasagood predictor
of itseffect on the error rate. In other words, an estimator that tends to be low bias may aso tend to have a
small contribution from bias to the error rate.

Apart from the case where the variance is zero or the loss function is squared error there is also no the-
oretical relationship between variance and variance effect. However, the median correlation between these
two numbers on the data sets of Section 5is81.1%, again suggesting a strong rel ationship may exist in prac-
tice. In other words an estimator that tends to be low variance may aso tend to have a small contribution
from variance to the error rate.

4 Alternativesto squared error loss
In this section we show how the definitionsfrom Sections 2 and 3 can be applied to specific loss functions.

4.1 Polynomial loss

The squared error loss function can be generalized using L(a, b) = |a— b|P. With p = 2 this gives squared
error losswhile p = 1 gives absolute loss. Using thisloss function, the generalized definitions of variance



and bias from Section 2 become

var(Y) = EvL(Y,SY) = Ey|Y - SY|P (14)
Var(Y) = EgL(Y, 9()_ (15)
bias(Y) = L(SY,SV)=|s¥ 94*’ (16)

where SY = argmin, Ey|Y — p|P and SY = argmin,, E;
Section 3 reduceto

VE(Y,Y) = Eygl —|Y - SY|P) (17)
EVYY) = E([Y-SVP-|Y-5Y?) (18)

Notice that, with p= 2, SY = E;Y and (14) through (18) reduce to the standard variance and bias (squared)
definitions. A A
Alternatively, with p = 1, SY becomes the median of Y and (14) through (18) become

Var(Y) = Ey|Y—med(Y)| (irreducibleerror)
ar<?> = EglY—med(¥)|

bias(¥) = |med(Y)-med(¥)]
VE(Y,)Y) = Egg(lY=Y[=[Y-med(Y)])
SE(V,Y) = Ev(]Y—med(Y)|~|Y—med(Y)])

Whileitwill often bethe casethat an estimator with large biaswill have alarge systematic effect and similarly
an estimator with high variance will have a high variance effect, thisis not necessarily the case. A simple
example using absolute loss provides an illustration. Suppose Y is a random variable with the following
distribution.

Lo 1] 2
=y) [a/4]1/2] (2-a)/4

We choose to estimate Y using the constant Y = 2. Note that both Var (Y) and VE(Y,Y) are zero so the sys-
tematic effect isthe only relevant quantity in this case. Clearly, for 0 < a < 2, med(Y) = 1 and med(Y) = 2
so bias(Y) = 1 and

SE(Y,Y) = Ev(JY-med(Y)|—[Y—med(Y)])

a 1 2—a a 1 2—a
= 2t t0 g g0t )
= a/2

Notice that for any value of a between 0 and 2 the median of Y is equal to 1 so the bias remains constant
as a changes. Clearly the systematic effect on the prediction error is not a function of the bias. In fact, asa
approaches 0 so doesthe systematic effect. Hence, unlike squared error loss, it is possibleto have biaswhich
does not increase the prediction error.

4.2 Classification problems

When training a classifier, the most common lossfunctionisL(a,b) = I(a# b). We will now use the nota-
tion C and SCinstead of Y and SY to emphasize the fact that thisis a classification problem so our predictor



typically takeson categorical values: C € {1,2,...,K} for aK classproblem. Wewill also usethenotation T
and ST instead of Y and Sy astheresponsevariablein thissituationis often referred to asthetarget. Further
define

R' = Pr(T=i)
P = R(C=1)

wherei runsfrom 1to K. Notethat P isbased on averages over training sets. From (8) and (9) we notethat,
with thislossfunction, the systematic parts of T and C are defined as

ST = agminEr(I(T#i)) = agmaxP’
| |
L = agmaxpP®
|
ST isthe Bayes classifier while SCis the mode of C. The variance and bias components are defined as

Var(T) = HU%Sﬁ:l—@yw

Var(C) = PC(C;A&:):l—miaxPiC (19)
m$© — (T £ST) (20)
VE(CC,T) = Prc(T#C)—Pr(T#X)

= Pc-YRP (21)

SE(CT) = PrT#S)-Pr(T#ST)
= PL-PL (22)
Notethat in general Var(C) and VE(C, T) will not be equal. In fact they may not even berelated. Again we

provide a simple exampleinvolving athree class problem to illustrate this point. Suppose T, at afixed input
X, has the following distribution.
t JJoj 1]

Pr(T=t|X) | 05]04]0.1

Further suppose that we have two potentia classifiers, C; and C,, and, at the same input X, they have the
following distributionsover training samples

2
Pcl C]_ = C|X
PC 2— C|X

2
For both classifiers the systematic part is, SC = 1. While the systematic part of T is ST = 0. Hence both
classifiers are “biased” and the systematic effect is 0.1. In other words, if C; and C, had no variahility, so
they alwaysclassified to Class 1, their error rate would be 0.1 above the minimum i.e. Bayeserror rate. The
two classifiers have identical distributionsexcept for a permutation of the classlabels. Sincethe labelshave
no ordering any reasonable definition of variance should assign the same number to both classifiers. Using
(19) we do indeed get the same variance for both.

Var(C;) =Var(Cy) =1-0.5=05
However, the effect of thisvarianceis certainly not the same.
VE(C,T) = Prc(T#Cy)—Pr(T#8C;)=059-0.6=-0.01
VE(Co,T) = Pre(T#C)—Pr(T#8C)=0.71-06=0.11
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The variance of C, has actually caused the error rate to decrease while the variance of C, has caused it to
increase. Thisisbecausethevariancein C; isaresult of more classificationsbeing made to ClassOwhichiis
the Bayes class whilethe variance in C, is aresult of more classifications being made to Class 2. Friedman
(1996) noted, that for 0-1 loss functions, increasing the variance can actually cause a reduction in the error
rate as we have seen with thisexample.

5 A comparison of definitions

Dietterich and Kong (1995), K ohavi and Wolpert (1996), Breiman (1996b), Tibshirani (1996), Heskes (1998)
and Domingos (2000) have all provided alternative definitionsfor the biasand variance of aclassifier. Inthis
section we discussthese definitionsand compare them with the more genera onesprovidedin Sections2 and
3.

K ohavi and Wol pert define biasand variance of aclassifier in terms of the squared error when comparing
P€ to PT. For atwo class problem they define the squared bias as (P} — P£)2 and the variance as PE (1 - PY)
which are as one would expect for squared error. These definitions suffer from the fact that they attempt to
assess how closdly the distribution of the classifier P© matches the distribution of the target PT. However,
in genera one does not necessarily want these probabilitiesto match. For example a classifier that assigns
probability 1 to argmax; PT i.e. P§T = 1 will produce the lowest expected (Bayes) error rate yet the Kohavi
and Wol pert approach would assign a non-zero bias to this classifier. In general one is more interested in
whether C= T than whether PT = PC. In fact, the Bayes classifier will dwayshave PT # PC unlessPT = 1.

Dietterich and Kong define bias= | (P(C# T) > 1/2) and var = P(C # T) — bias. This givesadecom-
position of the prediction error into

P(C#T) = var + bias
From these definitions we note the following.
e Although not immediately apparent, this definition of bias coincideswith (20) for the 2 class situation.

e No alowanceis made for any noise or Bayes error term. Asaresult the bias estimate will tend to be
greatly exaggerated.

e For K > 2 thetwo definitionsare not consistent which can be seen from the fact that for our definition
of bias the Bayes classifier will have zero bias while for Dietterich and Kong'sit is possible for the
Bayes classifier to have positive bias.

e Thevariance term will be negative whenever the biasis non zero.

Breiman’s definitions are in terms of an “aggregated” classifier which is the equivalent of SC for a0-1
lossfunction. He defines a classifier as unbiased, at agiven input, X, if ST = SC and letsU be the set of al
X at which Cisunbiased. He a so defines the complement of U as the bias set and denotesit by B. He then
defines the bias and variance over the entire test set as

bias(C) = Px(C# T,X € B) —P«(ST # T,X € B)
var(C) =P (C#T,XeU)—P(ST#T,X e U)
Thisis equivaent to defining bias and variance at afixed X as

bias=

PCAT)-P(ST£T) ST#SC
0 ST=xC

10



v — {P(C;AT)—P(ST;«AT) 551;2

This definition has the following appealing properties.
e Biasand variance are always non-negative.
o If Cisdeterministicthenitsvarianceiszero (hence SC has zero variance).
e Thebiasand variance of the Bayes classifier (ST) is zero.

However, thisapproach has a couple of significant problems. First, it can not easily be extended to lossfunc-
tions other than 0-1. Second, at any fixed input X the entire reducible error, i.e. total error rate less Bayes
error rate, is either assigned to variance, if Cisunbiased at X, or to bias, if Cisbiased at X. It isreasonable
to assign all thereducible error to variance if C isunbiased becausein thiscaseif C did not vary it would be
equal to the Bayes classifier. In fact for theseinputs Breiman’s definitions coi ncide with those of this paper.
However, when C is biased it is not reasonable to assign al reducible error to bias. Even when C is biased,
variability can causetheerror ratetoincrease or decrease (asillustratedin Section 4.2) and thisisnot reflected
in the definition.

Tibshirani definesvariance, biasand aprediction error decompositionfor classificationrules(categorical
data). Within this class of problems his definition of variance isidentical to (19). He defines a quantity AE
(Aggregation Effect), which is equa to (21), and for most common loss functions his definition of biasis
equivalent to (22). Thisgivesthe following decomposition of prediction error,

P(C# T) = P(T # ST) + Bias(C) + AE(C)

which isidentical to ours. However, it should be noted that although these definitions are generalizable to
any symmetric loss function they do not easily extend beyond the class of “classification rules’ to genera
random variables, eg. real valued. It is comforting that when we restrict ourselvesto this smaller classthe
two sets of definitions are almost identical .

Based on an earlier version of this paper, Heskes suggestsusing therules from Section 2.2 to construct a
bias/variance decomposition for aKullback-L eibler class of lossfunctions. This measures the error between
thetarget density q(t) and the classifier’sdensity p(t). He defines variance and bias termswhich are an exact
analog of those presented in this paper when measuring error in densities. It is shown that the error can be
decomposed into an additive combination of the two terms. Interestingly, for this particular class of loss
functions, as with squared error, it is possible to define a single quantity to serve the purpose of bias and
systematic effect and asinglequantity to servethe purpose of variance and variance effect. Thisisan elegant
approach but, unfortunately, does not apply to al loss functions. For example it does not directly apply to
0-1 lossfunctions. An attempt is made to extend these resultsto zero-one loss by taking the limit case of a
log-likelihood-typeerror. When thisis performed the following decompositionis produced for afixed value
of T.

PC#T)= (P(C#T)—P(C# X))+ P(C# )

The last term is defined as variance and isidentical to the variance definitionsin this paper and that of Tib-
shirani. The first term, when summed over the distribution of T, is defined as a combination of bias and
intrinsic noise. Unfortunately, asthe author pointsout, in taking the limiting case thefirst term can no longer
be considered the error of the systematic (or average) classifier. Hence it lossesany natural interpretation as
bias.
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Domingos provides definitions of bias and variance which are identical to those in this paper. He then
suggeststhe foll owing decomposition of the error term into

ErcL(T,C) = c;Noise+ Bias+ ¢, Variance (23)

where c; and ¢, are factorsthat depend on theloss function. For examplefor zero oneloss, with two classes,
¢y = 2P(T =ST) — 1and ¢, = +1. While(23) appearsto provide an additive decomposition of theerror rate
¢, and ¢, arein fact functions of bias and variance. It can be shown that ¢; = (1 — 2Bias)(1— 2Variance)
and ¢, = 1 — 2Bias so that the decomposition can be rewritten in severa aternativeforms. For example

ErcL(T,C) = (1 2Bias) (1 — 2Variance)Noise+ Bias+ (1 — 2Bias) Variance

Thus, the decomposition is multiplicative. It would be interesting to study the relationship between Fried-
man’s and Domingos' theories, both of which suggest amultiplicative decomposition. See Friedman (1996)
for further discussion of several of these definitions.

6 Experiments

In this section we demonstrate the definitions of Sections 2 and 3 on several data sets. In Section 6.1 we use
simulated data to give a numerical comparison of many of the bias/variance definitions that were discussed
in Section 5. Then in Section 6.2 weillustrate how to estimate variance, bias, variance effect and systematic
effect on real data sets. These experiments demonstrate how one might implement the various bias/variance
guantitieson real data sets. They are not intended to provide any empirical justification for the definitions
themselves.

6.1 Experimental study of different definitions

To provide an experimental comparison of some of the definitions for variance and bias that have been sug-
gested, we performed two simulation studies. The first simulation consisted of a classification problem with
26 classes, each distributed according to a standard bivariate normal with identity covariance matrix but dif-
fering means. Many independent training sets with 10 observations per class were chosen. On each of these
training sets 7 different classifiers were trained and their classifications, on a large set of test points, were
recorded. Based on the classifications from the different training sets estimates for bias and variance, aver-
aged over the input space, were calculated for each of the classifiers. The 7 different classifiers were linear
discriminant analysis(LDA) (Fisher, 1936), ECOC (Dietterich and Bakiri, 1995), bagging (Breiman, 19964),
atree classifier (Breiman et al., 1984), and 1,5 and 11 nearest neighbors (Fix and Hodges, 1951; Cover and
Hart, 1967; Stone, 1977). The ECOC and bagging classifiers were both produced using decision trees as the
base classifier. On the first 4 classifiers 100 training sets were used. However, it was discovered that the
estimates of biasfor nearest neighbors were inaccurate for this number so 1000 training sets were used for
the last 3 classifiers. Estimates for bias and variance were made using Dietterich, Breiman and Kohavi &
Wolpert’s definitions as well as those given in this paper. Theresultsare shown in Table 1.

Noticethat LDA performs exceptionally well. Thisisnot surprising because LDA isasymptotically op-
timal for mixturesof normalsaswe havein thiscase. Both Breiman’s bias estimate and the systematic effect
indicate no effect from bias. Thisis comforting since we know that LDA hasthe correct model for thisdata
set. The estimate of bias from (20) is sightly above zero, 1.6%. Thisis due to the relatively low number
of training samples. It can be shown that this estimate will converge to zero as the number of training sets
increases. Since the bias estimate is averaged over the input space, one can interpret it as the proportion of
the space where the classifier tends more often to classify to a class other than the Bayes class. For example
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the ECOC method can be seen to classify to a class other than the Bayes class over about 5% of the input
space, indicating afairly low level of bias.

Also notice that Breiman's bias and variance estimates are very similar to the systematic and variance
effect estimates from (22) and (21). His estimate of the bias contribution seems to be consistently below or
equal to that of the systematic effect. This slight difference between the two definitions is due to the fact
that, at any given test point, al the reducible error is attributed to either bias or variance (see Section 5).
Dietterich’s definitions produce quite different estimates. They tend to attribute amost all the error rate to
biasrather than variance. Thisispartly dueto thefact that no allowanceis made for the positive Bayes error
of 23.1%. However, even when thisis subtracted off there are still some anomalies such as LDA having
a negative bias. Kohavi and Wolpert provide their own definition for noise which does not correspond to
the standard Bayes error. In general it produces alower estimate. In turn this tends to cause their variance
term to be inflated relative to the variance effect defined in this paper or Breiman's definition of variance.
The Kohavi and Wolpert definition of bias provides roughly similar estimatesto that of Breiman and of the
systematic effect from this paper.

Itiswell known that the nearest neighborsclassifier tendsto experience decreased varianceinitsclassifi-
cations when the number of neighboring pointsare increased. One can gain an ideaof the effect on variance
and bias by examining the three nearest neighbor classifiers. Asone would expect, the variance, and vari-
ance effect, decrease asthe number of neighborsincrease. However, the bias estimate al so decreases slightly
whichisnot what wewould expect. Thishappenswith most of the definitions. In fact the biasisnot decreas-
ing. Thereis atendency to overestimate biasif it is very low because of the skewed nature of the statistic.
11-nearest neighbors averages each of its classifications over 11 points for each training data set so is us-
ing 11, 000 data points. This produces agood estimate for bias. However, 1-nearest neighborsis only using
1,000 data points which gives a less accurate estimate. It islikely in both cases that the true biasis amost
zero. Thisis evidenced by the fact that the systematic effect is zero.

The ECOC and Bagging classifiers are both examples of so called ensemblesor majority voteclassifiers.
They are constructed by combining the classificationsfrom 100 of the tree classifiersfrom Table 1. Accord-
ing to the theories of Section 1 these methods should produce lower variance classifiers. However, while
both methods do reduce the variance, and variance effect, they also reduce the bias, and systematic effects.
Clearly the reason for the success of these methodsis more complicated than simply areduction in variance.
Finally note that, while in theory there need not be any relationship between bias and systematic effect and
between variance and variance effect, in this particular example thereis a strong relationship. For example,
the correlation between variance and variance effect, among the 7 classifiers, is 99%. As observed earlier
thereis some evidencethat in practice bias and variance may be good predictorsfor systematic and variance
effects.

The second data set is similar to the first except that in this one there were only 10 classes and 5 train-
ing data points per class. For this data set eight classifiers were used. They were LDA, ECOC, bagging,
tree classifiers with 5, 8 and 13 terminal nodes, 1-nearest neighbor and 11-nearest neighbor. The results are
presented in Table 2. Again LDA performs extremely well, with avery low bias and Breiman's definitions
produce similar results to those of (21) and (22). Notice that Dietterich’s definition can result in a negative
variance. Also notethat whilein theory the variance effect can be negativeit is not for any of the examples
we examine. Asthe number of terminal nodesin atree increases we would expect its bias to decrease and
variancetoincrease. Inthisexamplethebias, and systematic effect, do decrease. However, the variance, and
variance effect, also decrease. This can happen if, by increasing the number of terminal nodes, we average
over less variable data points.

In summary, it appearsthat Dietterich’sdefinitionsassignfar too high a proportion of the prediction error
to bias rather than variance. His definitions do not take into account the Bayes error rate. Asthiserror rate
increases, the bias, by hisdefinition, will also tend to increase which does not seem sensible. This definition
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Classifier | LDA [ ECOC Bagging | Tree | INN 5NN 1INN |

Bias (K and W) 2.5 0.7 17| 18| 01 03 0.7
Variance (K and W) 7.4 13.8 13.1|16.8| 16.0 124 110
Noise (K and W) 14.9 14.9 149 |149| 149 149 149
Bias (Dietterich) 215 27.4 27.7 | 322 | 2717 253 241
BiaslessBayes Error | —1.6 4.3 46| 91| 46 22 1.0
Variance (Dietterich) 3.3 19 20| 13| 33 23 24
Bias (Breiman) 0.0 0.4 11| 16| 01 00 0.0
Variance (Breiman) 17 5.9 55| 88| 7.8 45 34
Bias 1.6 5.2 61| 85| 16 12 0.9
Variance 10.5 20.6 193 |251| 248 188 16.3
Systematic Effect 0.0 0.5 15| 22| 00 0.0 0.0
Variance Effect 1.7 5.8 51| 82| 79 45 35
Bayes Error 23.1 23.1 2311231| 231 231 231
| Prediction Error | 248] 293 29.7[335] 310 276 265]|

Table 1; Bias and variance for various definitions cal culated on a simulated data set with 26 classes.

of bias may work better for atwo class problem. Alternatively the definitionsof Kohavi and Wolpert, while
allowing for anoiseterm, tend to underestimate the Bayes error rate and and as a consequence overestimate
the variance component. Both Breiman's definitions and those presented in this paper seem to produce rea-
sonabl e estimates with Breiman’s tending to put slightly more weight on variance.

6.2 Estimating biasand varianceon real-world data sets

Finally we illustrate how to estimate bias, variance, systematic effect, variance effect and Bayes error on
four real world data setsfrom the UCI repository. The data setswere glass, breast cancer, vowel and derma-
tology. Estimating bias, systematic effect and Bayes error rate is difficult when the underlying distribution
is unknown. Previous authors (Kohavi and Wolpert, 1996; Domingos, 2000) have solved this problem by
assuming the noise level to be zero. This allows bias to be estimated but unfortunately tends to result in it
being drasticly overestimated because any variability in the target is added to the biasterm. Thisislessof a
problem if oneis only interested in the change in bias or variance for given classifiers. However, often one
is attempting to decide whether bias or variance are the primary cause of error in a classifier. If biasisthe
main problem one should use amoreflexible classifier whilethereverseistrueif varianceisthe problem. By
assuming a noise level of zero and hence overestimating bias one could easily be lead to fit a more flexible
classifier when in reality aless flexible classifier is required. Hence we take an alternative approach to the
problem by estimating the noise level using the following method. If multiple targets are observed at each
input then the noise level can be estimated by cal culating the proportion of targetsthat differ from the most
common class. In practiceit is rare to observe multiple targets at each input so we use targets at nearby in-
puts. Hence a decision must be made as to the size of the neighborhood to be used. In thisstudy it wasfound
that using targets at the 3 closest inputsto each given target provided reasonable estimates of noiselevel and
hence bias. This procedure implicitly assumes that the probability distribution of targetsis continuous over
the input space. However, this does not seem to be an unreasonable assumption in most situationsand is
likely to produce more accurate estimates than setting the noiselevel to zero.

We were ableto calculate ST by taking the most common class among the 3 nearest neighbors to each
input. Thisalowed the Bayes error rate to be estimated. To calculate the other quantities we used a Boot-
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Classifier | LDA [ ECOC Bagging | Trees Trees Treeis | INN 11NN |

Bias (K and W) 1.2 0.8 09| 15.2 2.8 11| 01 1.9
Variance (K and W) 8.5 15.0 13.3 2717 223 17.7| 163 174
Noise (K and W) 14.2 14.2 14.2 142 14.2 142 | 142 142
Bias (Dietterich) 12.5 24.8 208 | 733 410 288|245 183
BiaslessBayes Error | —8.0 4.3 0.3| 528 205 83| 40 -22
Variance (Dietterich) | 11.4 5.2 74| -161 -28 11.7| 6.1 153
Bias (Breiman) 0.0 0.6 06| 17.3 2.7 08| 0.0 0.1
Variance (Breiman) 33 8.8 7.2 19.3 139 11.7| 10.1 129
Bias 13 5.5 5.0 33.0 133 5.8 1.0 15
Variance 12.0 214 19.3| 438 301 26.0| 237 254
Systematic Effect 0.0 0.8 09| 175 3.3 1.0| 0.0 0.1
Variance Effect 3.3 8.7 7.0 19.1 134 115 1012 129
Bayes Error 20.5 20.5 205| 205 205 205|205 205
| Prediction Error | 23.9] 300 284| 571 372 33.0[ 306 335]|

Table 2; Bias and variance for various definitions cal culated on a simulated data set with 10 classes.

strap approach (Efron and Tibshirani, 1993). Thisinvolvesresampling the original datato produce new data
sets with similar distributionsto the original. We produced 50 so called bootstrap data sets and fit the vari-
ous classifiers to each one in turn. From these fits we estimated SC, the most commonly classified class for
each input. Thisin turn meant that bias, variance, systematic effect and variance effect could be estimated.
A cross-validation procedure was used to provide estimates for a new test data set. Cross-validation is per-
formed by removing a portion of the data (e.g. 10%), training the classifier on the remainder and producing
predictionson the left out data. Thisprocedureisthen repeated by removing another portion of the data until
aprediction has been produced for each input. Fivefold cross-vaidation, i.e. leaving out 20% of the data at
each step, was performed on all the data sets except the Vowel datawhich already had aseparate test set. The
7 classifiers used were LDA, Bagging (using 20 trees each with 5 terminal nodes), 5 and 10 terminal node
treesand 1, 5 and 11 nearest neighbors. The results are shown in Tables 3 through 6.

We examine the glass data first. The Bayes error is high for thisdata. If it was assumed to be zero the
systematic effect termswould all increase by about 17% causi ng apossi bly unduefocuson biasasthe cause of
errors. Despitethe adjustment for the Bayes error the bias and systematic effect termsfor LDA are till large.
Thisindicatesthat the data does not follow a Gaussian distribution. However, we note that the variance and
variance effect terms are very low indicating that alarge reduction in error may be caused by fitting a more
flexible classifier. Such a classifier would likely increase the error from variance but more than offset this
by a decrease in the error from bias. Thetree classifier results are as we would predict. Namely decreasing
bias and systematic effects and increasing variance and variance effects as the number of terminal nodes
increases. The nearest neighbor results are aso as we would predict with increasing bias and decreasing
variance asthenumber of neighborsincreases. Theloneexceptionisthevariancetermfor 5 nearest neighbors
whichincreasesover 1 nearest neighbors. Thisislikely aresult of tiesamong multiple classes which nearest
neighborsbreaks at random. Such tiesare not possiblewith 1 nearest neighbors. Thiseffect was apparent in
all four data sets. Finally we note that even after taking account of the large Bayes error rate all 7 classifiers
clearly exhibit considerably more biasthan variance indicating reductionsin the error rate could be achieved
by fitting a more flexible classifier such as aneural network.

Thecancer dataset hasamuch lower Bayeserror and all 7 classifiersperformfairly well. Again LDA has
very low variance and variance effect but also low biasindicating that, inthiscase, itsmodel assumptionsare
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| Classifier | LDA | Bagging | Tree5 Tree10 | INN 5NN 11NN |

Bias 54.6 30.2 33.1 285| 116 187 314
Variance 16.4 19.2 19.5 23.2| 121 204 157
Systematic Effect | 39.0 18.3 20.2 124| 92 130 222
Variance Effect 1.2 2.8 2.1 65| 3.7 5.4 0
Bayes Error 17.0 17.0 17.0 17.0| 170 170 17.0

| PredictionError | 572 381] 393 359] 299 354 39.2]

Table 3: Estimatesfor bias, variance, systematic effect and variance effect on glass data set.

| Classifier | LDA | Bagging | Tree5 Tree10 | INN 5NN 11NN |
Bias 2.6 28] 26 22 22 14 17
Variance 0.4 3.2 3.8 37| 17 18 11
Systematic Effect | 2.2 16| 15 09| 20 06 09
Variance Effect 0 15 2.4 241 01 09 0.3
Bayes Error 2.0 2.0 2.0 20| 20 20 2.0

| PredictionError | 5.0 | 51| 59 53| 41 35 32|

Table4: Estimatesfor bias, variance, systematic effect and variance effect on breast cancer data set.

more reasonable. Aswewould expect the 10 node tree classifier has a reduced bias over the 5 node version.
Interestingly thisdoes not appear to come at the expense of increased variance. The Bagging classifier causes
asmall reduction in variance and variance effect over the 5 node tree classifier. The variance and systematic
effects are very low for al three nearest neighbor classifiers which makes them difficult to compare.

Interestingly, given the difficulty of the Vowel data set, the Bayes error is extremely low. All the classi-
fiers have very high biasrelative to their variance. Clearly more flexible classifiers are required to fit the test
data. Thisishighlighted by the fact that the 10 node tree has a significantly lower bias than the 5 node tree.
Noticethe extremely strong rel ationship between bias and systematic effect for al classifiers (over a99.99%
correlation). Thisisbecausethe Bayes error rateis close to zero so that statement 2 of Theorem 1 appliesto
this data

Thedermatology data set also hasafairly low Bayes error rate. However, noticethe effect that including
thisterm has on the variance and systematic effect terms for the 10 node tree. When the Bayes error rateis
taken account of we noticethat thevariance effect islarger than the systematic one suggesting that aclassifier
with fewer nodes may produce alower error rate. However, if the Bayes error rate is assumed to be zero the
systematic effect increasesto 4.3 which issignificantly larger than the variance effect and incorrectly implies
that atree with more nodes should be fit.

7 Conclusion

In this paper we have produced two sets of bias/variance definitions. The first satisfies natural properties
such as measuring variability of an estimator and distance between the systematic parts of the estimator and
response. The second provide an additive decomposition of the prediction error in terms of the “effects’ of
biasand variance. Thedefinitionsapply toall symmetriclossfunctionsand typesof predictors/classifiers,i.e.
real valued or categorical. When squared error lossisused with real valued random variablesthey reduce to
the standard definitionsbut in general allow amuch moreflexible classof lossfunctionsto beused. While, in
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| Classifier | LDA | Bagging | Tree5 Tree10 | INN 5NN 11NN |
Bias 55.6 643] 649 580 435 39.8 403
Variance 21.0 516 | 514 337|124 223 26.0
Systematic Effect | 55.6 639| 650 580 | 435 39.8 403
Variance Effect -1.1 7.1 5.9 47| 09 52 6.6
Bayes Error 0.2 0.2 0.2 02| 02 0.2 0.2

| PredictionError | 547 | 71.2| 711  629] 446 452 47.1|

Table 5: Estimatesfor bias, variance, systematic effect and variance effect on vowel data set.

| Classifier | LDA | Bagging | Tree5 Tree10 | INN 5NN 11NN |
Bias 3.0 19| 111 60| 22 18 2.9
Variance 2.2 51 5.4 54| 20 2.6 2.3
Systematic Effect | 1.0 9.4 8.8 23| 15 04 15
Variance Effect 1.3 -06| -05 29| 0.8 1.6 0.7
Bayes Error 2.0 2.0 2.0 20| 20 20 2.0

| PredictionError | 4.3 | 10.8] 10.3 71] 43 40 4.2 |

Table 6: Estimatesfor bias, variance, systematic effect and variance effect on dermatol ogy data set.

theory it ispossiblefor there to belittle or no relationship between variance and variance effect and between
bias and systematic effect, in practice thereis some evidence that these quantitiesare highly correlated. This
means that one may be able to use variance and bias to predict the systematic and variance effects of an

estimator/classifier on anew data set.
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