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Chapter 1

In tro duction: Making Decisions

Under Uncertain t y

1.1 Probabilit y Concepts

What is the probabilit y

� of getting a red on a roulette wheel at Las V egas?

� it will rain on the 25th of Jan uary?

� a patien t will die in an op eration?

W e ma y ha v e an in tuitiv e idea of the answ er to these questions but to answ er them prop erly

w e need some de�nitions and notation.

1.1.1 Notation

De�nition 1 A R andom Exp eriment or R andom T rial is an op er ation that is r ep e atable under

stable c onditions and that r esults in any one of a set of outc omes; furthermor e, the actual outc ome

c annot b e pr e dicte d with c ertainty.

F or example

� parts coming o� a pro duction line,

� selection of an in v oice in an audit,

� rolling dice.

De�nition 2 A Sample Sp ac e, S , is the set of al l p ossible outc omes of an exp eriment.

F or example

� there are 38 n um b ers on a roulette wheel so S = f 1 ; 2 ; 3 ; : : : ; 36 ; 0 ; 00 g

� a part o� a pro duction line is fault y or not so S = f F ; N F g

1



2 CHAPTER 1. INTR ODUCTION: MAKING DECISIONS UNDER UNCER T AINTY

De�nition 3 A n Event is a set of one or mor e outc omes of a r andom exp eriment. Or in other

wor ds a subset of S .

F or example

� roulette ball lands on an o dd n um b er ( f 1 ; 3 ; 5 ; : : : ; 35 g ),

� part is fault y ( f F g ),

� rains on the 25th of Jan uary ,

� patien t liv es.

W e assign to eac h ev en t a letter. F or example

� A = f ball lands on red g

� B = f ball lands on 1-9 g

� C = f rains on the 25th of Jan uary g

W e then denote the probabilit y of an ev en t using P . F or example, if w e wished to talk ab out the

\probabilit y of a roulette ball landing on red" w e w ould write

P ( A ) = P (ball lands on red)

The ob vious question then is ho w exactly do w e calculate P ( A )?

1.1.2 What exactly is a probabilit y?

There are 3 di�eren t approac hes to calculating the probabilit y of an ev en t.

Relativ e F requency Metho d

De�nition 4 Using this metho d we de�ne P ( A ) as

P ( A ) = lim

n !1

Numb er of times A o c curs when the exp eriment is p erforme d n times

n

or

P ( A ) �

Numb er of times A o c curs when the exp eriment is p erforme d n times

n

( n lar ge )

In other wor ds P ( A ) is de�ne d as the long run fr action or fr e quency of the event A if we r ep e ate d

the exp eriment many times.

F or example w e migh t calculate the probabilit y that it rains on the 25th of Jan uary using this

metho d. Figure 1.1 pro vides an illustration. W e can see that if w e tak e the a v erage o v er a large

n um b er of y ears the fraction of da ys that it rains on the 25th is appro ximately 0 : 3 so w e w ould sa y

that the probabilit y is 0 : 3.
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Figure 1.1: The long run fraction of da ys that is has rained on the 25th of Jan uary o v er the last

1000 y ears (h yp othetical).

Classical Metho d of Assigning Probabilities

T o use this metho d w e �rst need to de�ne the concept of m utually exclusiv e ev en ts .

De�nition 5 Two sets of outc omes (or e quivalently events) ar e mutual ly exclusive if ther e is no

outc ome that b elongs to b oth sets. Mathematic al ly this me ans A and B ar e mutual ly exclusive if

A \ B = ; .

F or example

� Red and Blac k are m utually exclusiv e b ecause it is not p ossible for a ball to land on Red and

Blac k at the same time.

� Ho w ev er Red and Ev en are not m utually exclusiv e b ecause it is p ossible for the ball to land

on a Red and Ev en n um b er at the same time.

De�nition 6 If al l the p ossible outc omes in an exp eriment ar e m utually exclusiv e and equally

lik ely then using the Classic al Metho d we de�ne the pr ob ability of event A , P ( A ) , as

P ( A ) =

Numb er of outc omes that c ause A to happ en

Numb er of p ossible outc omes

F or example if B = f ball lands on 1 � 9 g then

P ( B ) =

Num b er of w a ys that ball lands on 1 � 9

Num b er of p ossible n um b ers the ball could land on

=

9

38

or if w e are tossing a die and C = f 1 ; 3 g i.e. the die lands with a 1 or 3 sho wing

P ( C ) =

Num b er of w a ys that die lands with 1 or 3 sho wing

Num b er of p ossible w a ys the die could land

=

2

6



4 CHAPTER 1. INTR ODUCTION: MAKING DECISIONS UNDER UNCER T AINTY

Sub jectiv e Probabilities

De�nition 7 A subje ctive pr ob ability is an individual's de gr e e of b elief in the o c curr enc e of an

event.

F or example a do ctor ma y sa y that the probabilit y a patien t dies in an op eration is 10%. The do ctor

will base this on prior op erations p erformed on similar p eople but this n um b er is still sub jectiv e

b ecause ev ery one is di�eren t.

1.2 Axioms of Probabiliti es

No matter whic h of the di�eren t metho ds for pro ducing probabilities are used there are three

Axioms or rules that all probabilities follo w.

1. If A is an ev en t then

0 � P ( A ) � 1

2. The sample space, S , con tains all p ossible outcomes. Th us

P ( S ) = 1

3. If ev en t A is m utually exclusiv e of ev en t B , then

P ( A [ B ) = P ( A ) + P ( B )

F or those of y ou that are not familiar with set notation, [ stands for Union and can b e though t

of as meaning OR . So for example A [ B is the set of all elemen ts that are in A or B or b oth e.g.

if A = f 1 ; 2 ; 3 g and B = f 3 ; 4 ; 5 g then A [ B = f 1 ; 2 ; 3 ; 4 ; 5 g .

While w e are on the topic y ou should also kno w that \ stands for In tersection and can b e

though t of as meaning AND . So for example A \ B is the set of all elemen ts that are in A and B

e.g. if A = f 1 ; 2 ; 3 g and B = f 3 ; 4 ; 5 g then A \ B = f 3 g .

V enn Diagrams

V enn diagrams are often a useful metho d to help understand probabilities. They pro vide a pictorial

metho d of visualizing probabilities as areas. Figures 1.2 through 1.6 pro vide sev eral examples of

p ossible V enn diagrams.

1.3 Some Useful F orm ulas for Computing Probabilities

1.3.1 Unions and In tersections

In order to illustrate some of the real w orld applications of probabilities w e will consider the fol-

lo wing case.
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Figure 1.2: Here w e ha v e t w o sets, A and B . The shaded region represen ts the in tersection, A \ B .
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Figure 1.4: Here the shaded region represen ts the union of A and B , A [ B .
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Case 1 Outtel vs Microhard: Calculating the cost of a w arran t y

Outtel has b e en making c omputer chips for many ye ars. They make almost al l the c omputer

chips for p ersonal c omputers and have no serious c omp etition. As a r esult they have never o�er e d

any kind of warr anty on their chips.

Now Micr ohar d has de cide d to enter the c omputer chip market and this wil l pr ovide serious c om-

p etition for Outtel. Thus Outtel has de cide d to o�er a warr anty on their chips in or der to maintain

their market shar e. However management is c onc erne d ab out the c ost of o�ering such a warr anty.

Y ou have just b e en taken on as a summer intern and have b e en given the task of estimating the

c ost p er chip. (Unfortunately you wer e br agging ab out al l that you had le arnt in BUAD 309.) A

lar ge p art of c alculating this c ost is to estimate the pr ob ability that a chip wil l fail in the warr anty

p erio d.

Unfortunately b e c ause Outtel has never c ar e d ab out this b efor e ther e ar e no r e c or ds on the pr ob-

ability that an individual chip wil l fail. However your te chnicians have determine d that ther e ar e

two p ossible defe cts (c al l them A and B) that a chip c an have, either of which wil l c ause the chip

to fail eventual ly (though not imme diately). These defe cts ar e very har d to observe dir e ctly. Ther e

ar e tests for defe ct A, defe ct B and also a test for b oth defe cts. However these tests destr oy the

chips so only one test c an b e done on any given chip. Luckily you have b e en given a lar ge budget

to answer this question so you c an do as many tests as you want.

How would you c alculate the pr ob ability that a r andomly chosen chip wil l fail? F ortunately in

your BUAD 309 class you imme diately r e alize d that pr ob ability was a very imp ortant topic and p aid

c ar eful attention so this question is e asy to answer.

T o solv e this case w e need to calculate P ( A [ B ) (Wh y?). F rom the previous section w e kno w that if

A and B are m utually exclusiv e then, P ( A [ B ) = P ( A ) + P ( B ), but what do w e do if they are not?

It turns out that for an y ev en ts, A and B ,

P ( A [ B ) = P ( A ) + P ( B ) � P ( A \ B ) (1.1)

This form ula can b e motiv ated b y examining a V enn Diagram (see for example Figure 1.4) or using

the axioms from the previous section and a formal mathematical pro of.

Example one

Supp ose w e toss a single die and are in terested in the ev en ts A = f die is ev en g and B = f n um b er
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sho wing is less than or equal to 4 g . Then

P ( A [ B ) = P ( A ) + P ( B ) � P ( A \ B )

=

3

6

+

4

6

�

2

6

=

5

6

Case 1 Revisited

Supp ose that w e de�ne A = f c hip has defect A g and B = f c hip has defect B g . If w e p erform tests

whic h sho w P ( A ) = 0 : 02 ; P ( B ) = 0 : 03 ; P ( A \ B ) = 0 : 01 then

P (failure ) = P ( A [ B )

= P ( A ) + P ( B ) � P ( A \ B )

= 0 : 02 + 0 : 03 � 0 : 01

= 0 : 04

Also note that the rule for m utually exclusiv e ev en ts extends to more than t w o ev en ts e.g. if

A; B and C are all m utually exclusiv e then

P ( A [ B [ C ) = P ( A ) + P ( B ) + P ( C )

1.3.2 Complemen ts

�

A means, complemen t of A . In other w ords \ev erything not in A ". Ho w w ould y ou calculate P (

�

A )?

In fact w e can use the axioms from Section 1.2. By the de�nition of

�

A w e kno w that

S = A [

�

A and A \

�

A = ;

so A and

�

A are m utually exclusiv e. Therefore

1 = P ( S ) By axiom 2

= P ( A [

�

A )

= P ( A ) + P (

�

A ) By axiom 3 and m utual indep endence

But if 1 = P ( A ) + P (

�

A ) then

P (

�

A ) = 1 � P ( A ) (1.2)

Wh y do w e care? Supp ose for example that Outtels comp etitors c hips ha v e

0 defects with probabilit y 0 : 80

1 defect with probabilit y 0 : 05

2 defects with probabilit y 0 : 05

3 defects with probabilit y 0 : 05

4 defects with probabilit y 0 : 05
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and w e are in terested in the ev en t A = f at least one defect g . Then P ( A ) = 1 � P (

�

A ) where

�

A = f zero defects g . So

P ( A ) = 1 � P (zero defects ) = 1 � 0 : 8 = 0 : 2

The alternativ e is to sum up all four other probabilities i.e.

P ( A ) = P (1) + P (2) + P (3) + P (4) = 0 : 2

1.4 Conditional Probabiliti es and Indep enden t Ev en ts

In this section w e in tro duce the related ideas of conditional probabilities and indep enden t ev en ts.

1.4.1 Conditional Probabilities

Often when trying to calculate the probabilit y of a certain ev en t o ccurring w e need to incorp o-

rate additional information. F or example supp ose that w e are in terested in the probabilit y of the

roulette ball landing on an o dd n um b er but w e are giv en the additional piece of information that

it has landed on a red n um b er. Ho w do es this a�ect the probabilit y? Case 2 illustrates a more

realistic application.

Case 2 Outtel vs Microhard: Incorp orating new information in to the decision pro cess

As a r esult of your exc el lent work on the warr anty c alculation Outtel has taken you on as a

managerial c adet. They have implemente d the warr anty p olicy and it is working wel l. However

management is not happy with the failur e r ate on their chips. Outtel's te chnicians have b e en work-

ing on ways to dete ct faults in the chips b efor e they ar e sold.

As a r esult of this work a metho d has b e en found to dete ct chips with defe ct B without destr oy-

ing the chip. However ther e is stil l no known way to dete ct defe ct A without destr oying the chip.

Nevertheless this is go o d news b e c ause defe ct B ac c ounts for a signi�c ant pr op ortion of the defe ctive

chips and now only chips with defe ct A wil l b e sold.

Obviously this wil l r esult in a lower pr ob ability that a r andomly chosen chip wil l b e defe ctive.

Sinc e you did such a �ne job on the original pr ob ability c alculation you have b e en aske d to c alculate

the new pr ob ability that a chip that is sold wil l b e defe ctive assuming that no chips with defe ct B

ar e sold.

(R e c al l P ( A ) = 0 : 02 ; P ( B ) = 0 : 03 ; P ( A \ B ) = 0 : 01 )

Before attempting to solv e this problem w e will examine a simple example. Supp ose w e are rolling

a single die and are in terested in the ev en ts

A = f n um b er is less than or equal to 3 g

B = f the n um b er is o dd g
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and w e w an t to kno w the probabilit y that B happ ens giv en (or conditional on) the fact w e kno w A

has happ ened. In other w ords if someb o dy tells us that the die has landed with a n um b er less than

or equal to 3 sho wing what is the probabilit y that the n um b er is o dd? This is called a Conditional

Probabilit y and is denoted as

P ( B j A ) (read as \Probabilit y of B giv en A ")

Before considering the conditional probabilit y what are the unconditional probabilities i.e. P ( A )

and P ( B )? Using the classical approac h it should b e clear that P ( A ) = 3 = 6 = 1 = 2 and P ( B ) =

3 = 6 = 1 = 2 (Wh y?) But what is P ( B j A )?

Clearly if w e kno w A has happ ened then the sample space is reduced from the n um b ers

1 ; 2 ; 3 ; 4 ; 5 ; 6 to only 1 ; 2 ; 3. In other w ords there are no w only 3 p ossible outcomes rather than

6. Of these three n um b ers t w o are o dd. So 2 out of the 3 p ossible outcomes will cause B to

happ en. Recall that using the classical approac h :

Probabilit y =

Num b er of outcomes that cause the ev en t

Num b er of p ossible outcomes

So

P ( B j A ) =

2

3

This pro cess for calculating a conditional probabilit y is a little cum b ersome but notice that

P ( B j A ) =

2

3

=

2 = 6

3 = 6

=

P ( A \ B )

P ( A )

This form ula will hold for an y conditional probabilit y .

De�nition 8 The c onditional pr ob ability of event B given event A is

P ( B j A ) =

P ( A \ B )

P ( A )

pr ovide d P ( A ) > 0

Notice that this pro vides a metho d for calculating the probabilit y of the in tersection of t w o

ev en ts i.e.

P ( A \ B ) = P ( A ) P ( B j A ) or P ( A \ B ) = P ( B ) P ( A j B ) (1.3)

Case 2 Revisited

W e are told that c hips with defect B will not b e sold. Therefore the only w a y that a c hip can b e

defectiv e is if it has defect A so w e need to calculate

P ( A j

�

B ) =

P ( A \

�

B )

P (

�

B )

W e kno w from Section 1.3.2 that P (

�

B ) = 1 � P ( B ) = 1 � 0 : 03 = 0 : 97. Also b y referring to a V enn

diagram it can b e seen that
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P ( A ) = P ( A \ B ) + P ( A \

�

B ) (1.4)

whic h means

P ( A \

�

B ) = P ( A ) � P ( A \ B )

Therefore P ( A \

�

B ) = 0 : 02 � 0 : 01 = 0 : 01 and the probabilit y of a defectiv e c hip is no w

P ( A j

�

B ) =

0 : 01

0 : 97

= 0 : 0103

1.4.2 Indep enden t Ev en ts

It is often p ossible to tak e adv an tage of the concept of indep endence to simplify a probabilit y

calculation. Case 3 pro vides an illustration.

Case 3 Outtel vs Microhard: Simple analysis of uncertain t y; T aking adv an tage of in-

dep endence

Outtel now r e c o gnizes that you ar e a p otential CEO c andidate after you have solve d these two

imp ossible se eming pr oblems and has pr omote d you to the level of junior manager. Outtel is lo oking

into suppling their chips alr e ady built into the c omputer motherb o ar ds. Sinc e Outtel do esn 't pr o duc e

the motherb o ar ds they ar e c onsidering bids fr om outside c ontr actors.

The bidding has c ome down to the �nal two c omp anies; Perfe ctomono and Imp erfe ctomono.

Both c omp anies ar e wil ling to o�er essential ly the same pr o duct for the same pric e so it c omes

down to quality. Quality is b eing me asur e d by pr ob ability of failur e. Outtel's te chnicians have c al-

culate d that the pr ob ability of a b o ar d fr om Perfe ctomono failing is only 1% but the pr ob ability of

a b o ar d fr om Imp erfe ctomono failing is 2% . On this b asis Outtel is ab out to sign a c ontr act with

Perfe ctomono.

However at the last minute while r eviewing the c omp eting bids you disc over that the mother

b o ar ds fr om Perfe ctomono r e quir e the instal lation of a slightly di�er ent chip fr om Outtel's stan-

dar d. The new chip c osts the same to pr o duc e as the old chip so no one else has worrie d ab out this.

However the new chip has a pr ob ability of failur e of 3% while the old chip only had a pr ob ability of

2% of failing. Cle arly the pr o duct wil l fail if either the chip or the b o ar d fails so this information

is imp ortant. Y ou c an 't work out why no one has thought ab out this b efor e (though you ar e r apid ly

working out why you ar e pr o gr essing though the c omp any so fast) but you ne e d to work out which is

r e al ly the b etter bid and fast! The only things you have on your side ar e your wonderful e duc ation

and a c ertainty that the failur e of the motherb o ar d and the failur e of the chip must b e \indep endent"

b e c ause they ar e pr o duc e d by di�er ent c omp anies.

W e will examine a simple example of indep endence b efore attempting to solv e this case.
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Example 1

Supp ose y ou deal a card face up from a dec k of 52 cards and are in terested in the ev en ts :

A = f Card is a spade g

B = f Picture card i.e. Jac k, Queen or King g

Clearly P ( A ) = 13 = 52 = 1 = 4 and P ( B ) = 12 = 52 = 3 = 13 but what is the probabilit y of B if w e are

told that the card is a spade i.e. what is P ( B j A )? W e kno w P ( A \ B ) = 3 = 52 (Wh y?) so

P ( B j A ) =

P ( A \ B )

P ( A )

=

3 = 52

13 = 52

=

3

13

but P ( B ) = 3 = 13 so P ( B j A ) = P ( B )!

Actually this mak es sense b ecause kno wing that A has happ ened pro vides no \useful informa-

tion". In other w ords the fact that the card is a spade should not c hange the probabilit y that it

is a picture card b ecause all four suits ha v e the same n um b er of picture cards. If P ( B j A ) = P ( B )

then w e sa y that A and B are indep enden t ev en ts b ecause kno wing A do es not c hange the

probabilit y of B .

De�nition 9 A and B ar e indep endent if and only if (i� )

P ( B j A ) = P ( B ) or e quivalently P ( A j B ) = P ( A )

Notice that

P ( B j A ) = P ( B )

)

P ( A \ B )

P ( A )

= P ( B )

) P ( A \ B ) = P ( A ) P ( B )

so an equiv alen t de�nition is

De�nition 10 A and B ar e indep endent if and only if (i� )

P ( A \ B ) = P ( A ) P ( B )

Case 3 Revisited

Let A b e the ev en t that the b oard fails and B b e the ev en t that the c hip fails. W e are in terested in

the probabilit y that either fails since this will cause the en tire unit to fail i.e. w e w an t to calculate

P ( A [ B ).

Recall from Section 1.3.1 that

P ( A [ B ) = P ( A ) + P ( B ) � P ( A \ B )

and w e kno w P ( A ) and P ( B ) so this only lea v es P ( A \ B ) to calculate. In general this ma y b e

di�cult since w e are not giv en the probabilit y . Ho w ev er in this situation it is clearly reasonable

to assume that the c hip and b oard fail indep enden tly of eac h other (they are pro duced in di�eren t

lo cations!) so w e can use De�nition 10. F or P erfectomono

P ( A [ B ) = P ( A ) + P ( B ) � P ( A \ B ) = 0 : 01 + 0 : 03 � 0 : 01 � 0 : 03 = 0 : 0397

while for Imp erfectomono

P ( A [ B ) = P ( A ) + P ( B ) � P ( A \ B ) = 0 : 02 + 0 : 02 � 0 : 02 � 0 : 02 = 0 : 0396

W e see that Imp erfectomono actually has a sligh tly lo w er failure rate o v erall!
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1.5 Probabilit y T ree Diagrams

Probabilit y trees are a useful metho d to help calculate probabilities where more than one ev en t is

in v olv ed. Figure 1.7 sho ws the basic structure. Probabilit y trees are most useful when a second
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Figure 1.7: A probabilit y tree

ev en t (in this case B ) dep ends on the outcome of the �rst ev en t ( A ). W e will illustrate an applica-

tion of these trees through the follo wing example.

Example 1

Supp ose w e dra w t w o cards (without replacemen t) from a dec k of 52 cards and w e are in terested in

A = f First card is a king g

B = f Second card is a king g

Then w e can dra w the probabilit y tree sho wn in Figure 1.8. Ho w w ould w e use the tree to calculate

P ( B )? W e already kno w from (1.4) that P ( B ) = P ( A \ B ) + P (

�

A \ B ) and b oth these probabilities

can b e read o� the tree i.e.

P ( B ) =

4

52

�

3

51

+

48

52

�

4

51

=

4

52
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Figure 1.8: The probabilit y tree from Example 1.

Notice that w e can calculate this probabilit y directly using the follo wing form ula

P ( B ) = P ( A \ B ) + P (

�

A \ B ) from (1.4)

= P ( A ) P ( B j A ) + P (

�

A ) P ( B j

�

A ) from (1.3)

=

4

52

�

3

51

+

48

52

�

4

51

=

4

52

The form ula

P ( B ) = P ( A ) P ( B j A ) + P (

�

A ) P ( B j

�

A ) (1.5)

has sev eral imp ortan t uses as w e will see in the next section.

1.6 Ba y es' Theorem

W e sa w in Section 1.4.1 that

P ( A j B ) =

P ( A \ B )

P ( B )
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Ho w ev er it is often the case that rather than kno wing P ( A \ B ) and P ( B ) w e instead kno w P ( B j A )

and wish to calculate P ( A j B ). Case 4 pro vides a qualit y con trol application.

Case 4 Outtel vs Microhard: Small mistak es can b e h uge; A qualit y con trol application

After saving Outtel many mil lions of dol lars with the motherb o ar d c ontr act you have now b e c ome

the youngest senior manager in their history at the age of 24 . Y our new p osition is senior manager

in char ge of pr o duction quality. Y ou have c ontinue d to work har d to impr ove the quality of Outtel's

chips and have now r e duc e d the pr ob ability of any r andomly chosen chip b eing defe ctive to only 0 : 1% .

One of the te chnicians working under you (they ar e fr om the \other scho ol" so it is natur al for

them to b e working for you) has c ome up with an ingenious test for defe ctive chips. This test wil l

always identify a defe ctive chip as defe ctive and only \falsely" identi�es a go o d chip as defe ctive

with pr ob ability 1% .

This sounds like an ide al test but you r ememb er a c ase similar to this one which you studie d

in BUAD 309 and warning b el ls sound. Y ou ar e c onc erne d that this test sometimes r eje cts go o d

chips and want to c alculate the pr ob ability that a chip is inde e d defe ctive given that the test says

it is. Y our fel low managers ridicule you b e c ause \it is obvious that almost al l the chips that the

test claims ar e defe ctive wil l b e sinc e it only makes a mistake 1% of the time". Luckily you have

r e c eive d a b etter e duc ation than them so you do the c alculation anyway.

If w e let

+ = f T est indicates a defect g

D = f Chip is defectiv e g

then w e are really in terested in P ( D j +) but w e only kno w P (+ j D ) and P (+ j

�

D ). Ba y es' theorem

pro vides an answ er. It states

P ( A j B ) =

P ( A ) P ( B j A )

P ( A ) P ( B j A ) + P (

�

A ) P ( B j

�

A )

(1.6)

Ba y es' theorem has a fairly simple deriv ation.

P ( A j B ) =

P ( A \ B )

P ( B )

=

P ( A ) P ( B j A )

P ( B )

from (1.3)

=

P ( A ) P ( B j A )

P ( A ) P ( B j A ) + P (

�

A ) P ( B j

�

A )

from (1.5)
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Despite the simplicit y of its deriv ation, Ba y es' theorem has man y imp ortan t applications. Example

1 pro vides a health application.

Example 1

Cancer of the breast is the most frequen t cancer and the leading cause of cancer death in w omen.

It is recommended that w omen o v er the age of 50 b e screened ann ually b y X-ra y mammograph y .

Ho w ev er this metho d of screening is far from p erfect. It is estimated (Mosk o witz, 1983) that the

ann ual incidence rate of breast cancer is only ab out 2 in 1000 w omen. So if a w oman is randomly

screened eac h y ear she has only a 0 : 002 probabilit y of ha ving breast cancer.

P (cancer) = P ( C ) = 0 : 002

It is p ossible for the test to b e p ositiv e (i.e. indicate cancer) when in fact there is none. It has b een

estimated that

P (P ositiv e test j No cancer) = P (+ j

�

C ) = 0 : 04

It is also p ossible for the test to b e negativ e when in fact cancer is presen t. It has b een estimated

that

P (Negativ e test j Cancer ) = P ( �j C ) = 0 : 36

What do es this suggest is the probabilit y that a w omen has breast cancer giv en that she tests

p ositiv e i.e P ( C j +). Using Ba y es' theorem w e see

P ( C j +) =

P ( C ) P (+ j C )

P ( C ) P (+ j C ) + P (

�

C ) P (+ j

�

C )

=

0 : 002 � 0 : 64

0 : 002 � 0 : 64 + (1 � 0 : 002) � 0 : 04

= 0 : 031

So a w omen who tests p ositiv e has only a 3 : 1% probabilit y of actually ha ving breast cancer!

Case 4 Revisited

It is clear that P ( D ) = 0 : 001 ; P (+ j D ) = 1 and P (+ j

�

D ) = 0 : 01. Therefore

P ( D j +) =

P ( D ) P (+ j D )

P ( D ) P (+ j D ) + P (

�

D ) P (+ j

�

D )

=

0 : 001 � 1

0 : 001 � 1 + (1 � 0 : 001) � 0 : 01

= 0 : 091

So 9 out of ev ery 10 c hips that are rejected b y the test are in fact not defectiv e !

1.7 Coun ting Principl es

Probabilit y and \com binatorics" are closely related ideas. In this section w e will examine \p erm u-

tations" and \com binations". This will b e particularly useful in the next c hapter.

1.7.1 P erm utations

W e will illustrate this concept through an example.

Example one

Supp ose that the letters A,D,E,P ,S are in a hat and that w e dra w them out (without replacemen t)

one at a time un til they are all gone. What is the probabilit y that the letters are dra wn out in the

correct order to sp ell SP ADE? Using the classical approac h w e see

P (SP ADE) =

1

The n um b er of p ossible w a ys of dra wing the �v e letters
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b ecause there is only one arrangemen t that will sp ell SP ADE. W e call eac h suc h arrangemen t a

p erm utation .

De�nition 11 A p ermutation of a set of obje cts is an arr angement of these obje cts in a de�nite

or der.

The question then b ecomes; Ho w man y p ossible p erm utations are there? Supp ose w e w ere only

dra wing out one letter from the hat. Clearly there w ould b e 5 p ossible orderings (i.e. S,P ,A,D or

E). No w supp ose w e dra w out t w o letters there will then b e 5 p ossible orderings for the �rst letter

but only 4 more for the second (e.g. if w e dra w an S out �rst then it is only p ossible to dra w a

P ,A,D or E on the second). Therefore there are 5 � 4 = 20 p ossible p erm utations. If w e no w dra w

5 letters there are 5 orderings for the �rst, 4 for the second etc. do wn to only 1 for the last. This

giv es

5 � 4 � 3 � 2 � 1 = 120

p erm utations. So

P (SP ADE ) = 1 = 120

Note that 5 � 4 � 3 � 2 � 1 = 5! w e de�ne n ! as

n ! = n � ( n � 1) � ( n � 2) � � � � � 3 � 2 � 1 (0! = 1) (1.7)

Example t w o

Supp ose w e only dra w out 3 letters from the hat. What is the probabilit y that w e sp ell SP A. Again

P (SP A ) =

1

Num b er of p ossible p erm utations

Using the same logic as for the previous example w e see that the n um b er of p erm utations is 5 � 4 � 3

but notice

5 � 4 � 3 =

5 � 4 � 3 � 2 � 1

2 � 1

=

5!

2!

= 60

This suggests a general rule. Namely , the n um b er of p erm utations of x out of n ob jects ( x � n ) is

n � ( n � 1) � ( n � 2) � � � � � ( n � x + 1) =

n � ( n � 1) � ( n � 2) � � � � � 3 � 2 � 1

( n � x ) � ( n � x � 1) � � � � � 3 � 2 � 1

=

n !

( n � x )!

W e write the n um b er of p erm utations of x out of n ob jects as

n

P

x

so

n

P

x

=

n !

( n � x )!

(1.8)
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1.7.2 Com binations

W e no w kno w ho w to calculate the n um b er of p ossible orderings when w e care ab out order. Ho w ev er

it is often the case that w e only care ab out the ob jects that w e dra w and not the order they are

dra wn in.

De�nition 12 A c ombination of a set of obje cts is a subset of the obje cts disr e gar ding their or der.

Example one

W e ha v e �v e p oten tial committee mem b ers, Alison, Bert, Catherine, Da vid and Erin and w e wish

to c ho ose 3 for the committee. Ho w man y di�eren t committees or com binations are p ossible?

One p ossible answ er is

5

P

3

=

5!

2!

= 60. But this coun ts f Alison, Bert, Catherine g and f Bert, Alison,

Catherine g as di�eren t committees. Clearly w e don't care ab out the order mem b ers are c hosen.

This metho d is o v er coun ting.

Let k =n um b er of distinct committees of 3 p eople. Then

5

P

3

= k � (n um b er of orderings of 3 p eople )

)

5!

2!

= k � 3!

) k =

5!

3!2!

= 10

In general if w e ha v e n ob jects and c ho ose x without regard to order then

n

P

x

= k � (n um b er of orderings of x ob jects )

)

n !

( n � x )!

= k � x !

) k =

n !

x !( n � x )!

Instead of using k w e generally write the n um b er of p ossible com binations as

�

n

x

�

(read as n c ho ose

x ) where

�

n

x

�

=

n !

x !( n � x )!

(1.9)

Example t w o

What is the probabilit y of winning the grand prize in the California State Lottery? There are 51

balls n um b ered 1 � 51 and y ou m ust guess the 6 n um b ers that are dra wn (but not the order that

they are dra wn in). Therefore the probabilit y is

1

Num b er of com binations

=

1

�

51

6

� =

1

18 ; 009 ; 460

(If y ou did care ab out the ordering the probabilit y w ould b e 1 = 12 ; 966 ; 8 11 ; 20 0!! It is often said

that lotteries are a tax on p eople that don't understand probabilities! )
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Example three

Supp ose y ou toss a coin 5 times. Ho w man y w a ys are there of getting 3 heads? This is exactly the

same as asking; Ho w man y w a ys are there of pic king 3 balls out of 5? i.e.

H ; H ; H ; T ; T = f 1 ; 2 ; 3 g

H ; H ; T ; H ; T = f 1 ; 2 ; 4 g etc.

Note that the order is not imp ortan t. F or example f 1 ; 2 ; 3 g , f 2 ; 3 ; 1 g and f 2 ; 1 ; 3 g all result in

H ; H ; H ; T ; T . Therefore the n um b er of p ossible orderings is

�

5

3

�

=

5!

3!2!

= 10

In general if w e toss a coin n times the n um b er of w a ys of getting x heads is

�

n

x

�



Chapter 2

Risk Managemen t: Pro�ting F rom

Uncertain t y

2.1 Random v ariables

In this section w e will in tro duce the idea of a \random v ariable". First w e will pro vide a formal

de�nition.

De�nition 13 A r andom variable (r.v.) is a variable whose numeric al value is determine d by the

outc ome of a r andom trial. R andom variables ar e often denote d by a c apital letter fr om the end of

the alphab et i.e. X ; Y ; Z

Note that not all v ariables are random.

Example one

Let l = the length of the side of a square. Un til I giv e y ou the square l is undetermined but it is

not random. Once I giv e y ou the square l will alw a ys b e the same n um b er.

On the other hand if w e let X = the sum of a pair of dice this is random. Ev en if y ou are giv en the

dice the n um b er is not �xed. One time X could b e 7 and the next 3 etc. Note X is random b e-

fore the exp erimen t is p erformed. Ob viously once the dice are thro wn X is �xed for that exp erimen t.

There are t w o t yp es of random v ariables:

� discrete

� and con tin uous.

De�nition 14 A discr ete r andom variable is able to take on a c ountable numb er of values.

F or example

� the sum of t w o dice,

� the n um b er of heads in 5 tosses of a coin,

� or the n um b er of defectiv e computer c hips on a pro duction line.

De�nition 15 A c ontinuous r andom variable is assume d to take any value in an interval.

19
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F or example

� w eigh t,

� heigh t,

� and temp erature etc.

In this c hapter w e will concen trate on discrete random v ariables and co v er con tin uous random

v ariables in the next.

2.2 General probabilit y distributions for discrete random v ari-

ables

Supp ose w e let X = the sum of 2 dice. Then X is a discrete random v ariable. What do w e kno w

ab out X ? T o start with w e kno w that X m ust b e an in teger b et w een 2 and 12. But X could b e

an y one of these n um b ers. Can w e sa y an ything else? Y es. F or example ev en though X could b e

an y one of these n um b ers it is far more lik ely to b e 7 than 2. W e can mak e this statemen t more

precise using the probabilit y framew ork that w e dev elop ed in the previous c hapter i.e.

P ( X = 2) = P (�rst die is a one and second die is a one )

= P ( f 1 ; 1 g )

=

1

36

But

P ( X = 7) = P ( f 1 ; 6 g [ f 2 ; 5 g [ f 3 ; 4 g [ f 4 ; 3 g [ f 5 ; 2 g [ f 6 ; 1 g )

= P ( f 1 ; 6 g ) + P ( f 2 ; 5 g ) + P ( f 3 ; 4 g ) + P ( f 4 ; 3 g ) + P ( f 5 ; 2 g ) + P ( f 6 ; 1 g )

=

1

36

+ � � � +

1

36

=

6

36

=

1

6

Using the same metho d w e could calculate P ( X = x ) for x = 2 ; 3 ; : : : ; 11 ; 12. This w ould giv e us

the \probabilit y mass function" of X .

De�nition 16 The set of al l p ossible pr ob abilities is c al le d the pr ob ability mass function of X

(pmf ). This is also r eferr e d to as the distribution of X . It tel ls you everything ther e is to know

ab out X .

Often w e write the pmf (or distribution) as a table.

F or example the distribution of X , where X is the sum of the t w o dice, is

x 2 3 4 5 6 7 8 9 10 11 12

P ( X = x )

1

36

2

36

3

36

4

36

5

36

6

36

5

36

4

36

3

36

2

36

1

36

1

All probabilit y mass functions (pmfs) m ust

1. b e non-negativ e i.e. P ( X = x ) � 0 for all x

2. and sum to one i.e.

P

x

P ( X = x ) = 1
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2.2.1 Calculating probabilities o v er regions

Let X b e the sum of t w o dice as ab o v e. Then recall

x 2 3 4 5 6 7 8 9 10 11 12

P ( X = x )

1

36

2

36

3

36

4

36

5

36

6

36

5

36

4

36

3

36

2

36

1

36

1

Supp ose w e w an t to calculate the probabilit y of X falling in a region e.g. P (3 � X � 5). Ho w

w ould w e do this?

P (3 � X � 5) = P ( f X = 3 g [ f X = 4 g [ f X = 5 g )

= P ( f X = 3 g ) + P ( f X = 4 g ) + P ( f X = 5 g )

=

2

36

+

3

36

+

4

36

=

9

36

It should b e clear that this metho d can b e extended to an y sized in terv al. In general

P ( a � X � b ) =

b

X

x = a

P ( X = x ) (2.1)

2.3 Binomial Random V ariables

There are certain t yp es of random v ariables that o ccur so frequen tly they are giv en a name to

iden tify them. One suc h example is a \Binomial random v ariable". Case 5 pro vides an example.

Case 5 Outtel vs Microhard: Winning con tracts and making friends

Outtel has given up worrying ab out your extr eme youth and has now pr omote d you to the p osi-

tion of vic e pr esident at the age of 25. Y ou of c ourse know that al l your suc c ess is thanks to the

Marshal l Scho ol of Business and in p articular BUAD 309 so you ar e ab out to write a fat che ck

to the A lumni Asso ciation! However the p e ople at Outtel ar e unawar e of this fact and b elieve you

must just b e smart!

One of your new r esp onsibilities as VP is to ne gotiate c ontr acts with lar ge or ganizations. Ther e

is one p articularly lar ge c ontr act that you ar e working on which wil l b e very lucr ative if you c an get

it. Unfortunately Micr ohar d is also in the bidding so it has got quite c omp etitive. Never the less

you have use d al l your many charms to get the inside running. Y ou have b e en o�er e d the c ontr act

with one c ondition.

The c ontr act is for bulk shipments of the new \Bentium 500" chips. Each shipment is made

in b oxes of 50 chips. The key c ondition of the c ontr act is that no mor e than 1 out of every 200

b oxes may c ontain mor e than 2 defe ctive chips. Ther e is a very sti� p enalty for not me eting this

r e quir ement so it is very imp ortant that you do an ac cur ate c alculation. The failur e r ate on the new
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Bentium's is only 0 : 5% but you ar e unc ertain whether this is low enough!

Ho w do w e kno w that this is an example of a Binomial? There are 3 conditions that an exp erimen t

m ust ful�ll b efore a Binomial will result. These b eing :

1. There are a �xed n um b er of trials (denoted b y n ) with only 2 p ossible outcomes; \success"

or \failure".

2. The probabilit y of success on eac h trial, p , remains constan t. The probabilit y of failure is

1 � p .

3. The trials are indep endent of eac h other.

De�nition 17 L et X = the numb er of suc c esses in the n trials. Then if the ab ove 3 c onditions

hold X wil l b e a binomial r andom variable.

W e often write

X � B in ( n; p )

where the � means \has the distribution of " or \is distributed lik e" and B in ( n; p ) means a Bino-

mial with n trials and probabilit y p of success on eac h one. T o get a feel for handling these random

v ariables w e will try some easy examples.

Example one

Supp ose a coin is 
ipp ed 3 times. Let X = the n um b er of heads. Then X is a binomial random

v ariable i.e. X � B in ( n = 3 ; p = 0 : 5). This is b ecause there are a �xed n um b er of trials (w e toss

the coin 3 times), there are t w o p ossible outcomes (head or tail), the probabilit y of success (head)

is 0 : 5 for ev ery trial (toss), and the tosses of the coin are all indep enden t.

Example t w o

Digital Industries uses a man ufacturing pro cess to pro duce memory c hips for computers. The

probabilit y that a c hip is defectiv e (prior to qualit y con trol) is 1 = 6. The problems that cause the

defects o ccur at random. The defects also o ccur indep enden tly from one c hip to another. Digital

industries has selected three c hips at random from its pro duction pro cess and is in terested in the

n um b er that are defectiv e. If w e let Y = the n um b er of defectiv e c hips, then

Y � B in ( n = 3 ; p = 1 = 6) (Wh y?)

W e kno w that the p ossible v alues for Y are 0 ; 1 ; 2 ; 3 but what are the v arious probabilities i.e.

P ( Y = 0) = P (no defects) etc. T o calculate these probabilities w e can mak e use of a probabilit y

tree suc h as in Figure 2.1. Here S denotes a success (i.e. c hip is defectiv e) and F denotes a failure

(i.e. c hip is not defectiv e).

F rom the tree w e can see, for example,

P ( Y = 3) = P ( f S; S; S g ) =

�

1

6

�

3

�

5

6

�

0

= 0 : 005
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�

�

�

�

�

�

�

�

�

P

P

P

P

P

P

P

P

P

�

�
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�
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P

S

F

S

F

S

F

S

F

S

F

S

F

S

F
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S S F

S F S

S F F
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F F S
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1
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1

1
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1

6
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�
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�
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�
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�

1

�

1
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�
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�

1

�

1

6

�

1

�

5
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�
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�

1

6

�
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�

5

6

�

1

�

1

6

�

1

�

5

6

�

2

�

1

6

�

1

�

5

6

�

2

�

1

6

�

0

�

5

6

�

3

T rial 1 T rial 2 T rial 3 Sequence Num b er

Successes

Probabilit y

t

t

t

t

t

t

t

t

t

t

t

t

t

t

t

Figure 2.1: A Probabilit y T ree

P ( Y = 2) = P ( f S; S; F g [ f S; F ; S g[ f F ; S; S g ) =

�

1

6

�

2

�

5

6

�

1

+

�

1

6

�

2

�

5

6

�

1

+

�

1

6

�

2

�

5

6

�

1

= 0 : 069

P ( Y = 1) = P ( f S; F ; F g[f F ; S; F g[f F ; F ; S g ) =

�

1

6

�

1

�

5

6

�

2

+

�

1

6

�

1

�

5

6

�

2

+

�

1

6

�

1

�

5

6

�

2

= 0 : 347

and

P ( Y = 0) = P ( f F ; F ; F g ) =

�

1

6

�

0

�

5

6

�

3

= 0 : 579

Note that 0 : 005 + 0 : 069 + 0 : 347 + 0 : 579 = 1 as it m ust!

This metho d w orks OK for a small n um b er of trials suc h as this case whic h has 3. Ho w ev er

what if there are 10 trials i.e. 10 di�eren t c hips are selected? W e can still calculate

P ( Y = 0) = P ( f F ; F ; F ; F ; F ; F ; F ; F ; F ; F g ) =

�

1

6

�

10

�

5

6

�

0

but what ab out P ( Y = 5) for example. F or Y to equal 5 w e need to ha v e 5 successes and 5 failures

so it should b e clear that

P ( Y = 5) = ?

�

1

6

�

5

�

5

6

�

5
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where ? is the n um b er of di�eren t p ossible w a ys of getting 5 successes in 10 trials. A t �rst glance it

seems lik e this ma y b e a di�cult n um b er to calculate but in fact this is exactly the same as asking

for the n um b er of w a ys of getting 5 heads out of 10 tosses. W e solv ed this problem in Section 1.7,

where w e sho w ed that in fact this is simply

�

10

5

�

=

10!

5!5!

= 252

so

P ( Y = 5) =

�

10

5

� �

1

6

�

5

�

5

6

�

5

W e can apply this reasoning to calculate the probabilit y for an y v alue of y i.e.

P ( Y = y ) =

�

10

y

� �

1

6

�

y

�

5

6

�

10 � y

y = 0 ; 1 ; : : : ; 10

In general if X � B in ( n; p ) where n is the n um b er of trials and p is the probabilit y

of success on an individual trial then

P ( X = x ) =

�

n

x

�

p

x

(1 � p )

n � x

x = 0 ; 1 ; 2 ; : : : ; n (2.2)

This form ula giv es the probabilit y mass function (or distribution) of a binomial

random v ariable.

Case 5 Revisited

Let X b e the n um b er of defectiv e c hips. If w e c hec k the conditions for a binomial w e see that

X � B in (50 ; 0 : 005). W e w an t to calculate P ( X > 2).

P ( X > 2) = 1 � P ( X � 2) using the complemen t rule

= 1 � P ( f X = 0 g [ f X = 1 g [ f X = 2 g )

= 1 � ( P ( X = 0) + P ( X = 1) + P ( X = 2))

= 1 �

� �

50

0

�

0 : 005

0

� 0 : 995

50

+

�

50

1

�

0 : 005

1

� 0 : 995

49

+

�

50

2

�

0 : 005

2

� 0 : 995

48

�

= 1 � (0 : 7783 + 0 : 1956 + 0 : 024)

= 0 : 0021

This is less than 1 in ev ery 200 so w e can accept the con tract.

2.4 Conditional probabiliti es and indep endence of random v ari-

ables

Just as w e de�ned conditional probabilities and indep endence for ev en ts in the previous c hapter w e

can also pro vide de�nitions for random v ariables. First w e will examine the concept of a conditional

probabilit y for a random v ariable.
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2.4.1 Conditional probabilities

Consider the follo wing example. Supp ose w e toss t w o dice. Let X b e die one, Y b e die t w o and Z

b e the sum (i.e. Z = X + Y ). Then w e sa w in Section 2.2 that

z 2 3 4 5 6 7 8 9 10 11 12

P ( Z = z )

1

36

2

36

3

36

4

36

5

36

6

36

5

36

4

36

3

36

2

36

1

36

1

So w e kno w all the probabilities asso ciated with Z . Supp ose ho w ev er that w e are told that the

�rst dice w as a 3 (i.e. X = 3). No w what is the probabilit y that the sum is 5 (i.e. Z = 5)?

Mathematically this is written as P ( Z = 5 j X = 3) whic h should b e read as \the probabilit y that

Z = 5 giv en that w e kno w X = 3". Clearly in this case, if the �rst dice is 3, the only w a y that the

sum can b e 5 is if the second dice is 2 (3 + 2 = 5!) so

P ( Z = 5 j X = 3) = P ( Y = 2) = 1 = 6

Ho w ev er w e can't alw a ys rely on the problem b eing as simple as this. Recall from the previous

c hapter that for an y ev en ts A and B ,

P ( A j B ) =

P ( A \ B )

P ( B )

If w e let A = f Z = 5 g and B = f X = 3 g then

P ( Z = 5 j X = 3) = P ( A j B ) =

P ( A \ B )

P ( B )

=

P ( Z = 5 ; X = 3)

P ( X = 3)

where the comma denotes \and" or \in tersection". (Note that P ( Z = 5 ; X = 3) is called the \join t

probabilit y of Z and X ). So

P ( Z = 5 j X = 3) =

P ( Z = 5 ; X = 3)

P ( X = 3)

=

P ( Y = 2 ; X = 3)

P ( X = 3)

=

1 = 36

1 = 6

=

1

6

whic h corresp onds to the direct calculation. In general w e de�ne a conditional probabilit y for a

random v ariable in the follo wing w a y .

De�nition 18 The c onditional pr ob ability that Y = y given that X = x is

P ( Y = y j X = x ) =

P ( Y = y ; X = x )

P ( X = x )

pr ovide d that P ( X = x ) > 0

2.4.2 Indep enden t random v ariables

Recall that A and B are said to b e \indep enden t ev en ts" if

P ( A \ B ) = P ( A ) P ( B ) or P ( A j B ) = P ( A )

What if w e are dealing with random v ariables rather than ev en ts? In fact there is a v ery similar

de�nition.
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De�nition 19 X and Y ar e said to b e \Indep endent r andom variables" if

P ( X = x; Y = y ) = P ( X = x ) P ( Y = y ) for al l x and y

or e quivalently

P ( X = x j Y = y ) = P ( X = x ) for al l x and y

This de�nition can b e used in t w o w a ys. W e can v erify that t w o random v ariables are indep en-

den t or w e can use the fact that they are indep enden t to calculate a \join t probabilit y".

Example one

Supp ose w e are told that X � B in (10 ; 0 : 25), Y � B in (20 ; 0 : 5) and that X and Y are indep enden t.

Then what is P ( X = 3 ; Y = 5)?

P ( X = 3 ; Y = 5) = P ( X = 3) P ( Y = 5) from the de�nition of indep endenc e

=

�

10

3

�

0 : 25

3

(1 � 0 : 25)

10 � 3

�

20

5

�

0 : 5

5

(1 � 0 : 5)

20 � 5

binomial distribution

= 0 : 2503 � 0 : 01479

= 0 : 0037

Example t w o

Supp ose that w e are giv en the join t distribution of X and Y in the form of the follo wing table.

y

0 1 2

0 0 1/4 0 1/4

x 1 0 1/4 1/4 1/2

2 1/4 0 0 1/4

1/4 1/2 1/4

The table giv es the join t probabilities (for example P ( X = 0 ; Y = 0) = 0 while P ( X = 0 ; Y =

1) = 1 = 4). Ho w ev er b y summing the ro ws and columns it also giv es the individual probabilities for

X and Y (for example P ( Y = 0) = 1 = 4 and P ( X = 1) = 1 = 2).

W e can then ask the question; Are X and Y indep enden t? T o sho w that they are indep enden t w e

w ould need to v erify that

P ( X = x; Y = y ) = P ( X = x ) P ( Y = y )

for all the p ossible v alues of x and y (in this case 9 com binations). Ho w ev er to sho w that they are

not indep enden t w e need only sho w

P ( X = x; Y = y ) 6= P ( X = x ) P ( Y = y )

for one x and y . In fact w e can see from the table that

P ( X = 0 ; Y = 0) = 0 ; P ( X = 0) = 1 = 4 ; P ( Y = 0) = 1 = 4

so

0 = P ( X = 0 ; Y = 0) 6= P ( X = 0) P ( Y = 0) = 1 = 16
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and w e see that X and Y are not indep enden t. Note that

P ( X = 1 ; Y = 1) = 1 = 4 ; P ( X = 1) = 1 = 2 ; P ( Y = 1) = 1 = 2

so

1 = 4 = P ( X = 1 ; Y = 1) = P ( X = 1) P ( Y = 1) = 1 = 4

It is p ossible for the equation to hold for some v alues of x and y ev en if the random v ariables are

not indep enden t.

2.5 Exp ected v alues and v ariances of random v ariables

Probabilities are not the only quan tit y of in terest related to random v ariables. Often w e are also

in terested in the exp ected v alue and v ariance of a random v ariable. Case 6 pro vides an example.

Case 6 Keeping con tracts and friends

It is now a ye ar sinc e your c oup in winning the Bentium chip c ontr act. After your sp e ctacular

suc c ess the pr esident of Outtel stepp e d down so that the \b etter p erson " c ould run the business (don 't

exp e ct this to happ en in the r e al world). Y ou ar e now the pr esident of Outtel!

Outtel has pr osp er e d and exp ande d under your b enign dictatorship! The Bentium c ontr act has

playe d a lar ge p art in this suc c ess. However now the Bentium c ontr act has c ome up for r enewal

and as usual ther e ar e pr oblems. The buyer now wants b oxes c ontaining 100 chips. This is not a

pr oblem but they also insist that the a v erage n um b er of defectiv e c hips must b e no mor e than

1 p er b ox and the v ariabilit y (using some standar d me asur e) must b e less than 0 : 75 p er b ox.

Y ou lo ok at ther e demands and think to your self that they must have \got in a b eep b eep

statistician ". No one else at Outtel even has a go o d ide a what we me an by aver age or variability.

However this do esn 't thr ow you b e c ause (you guesse d it) you know exactly what this me ans fr om

BUAD 309.

R e c al l the pr ob ability of an individual chip failing is 0 : 5%

W e will examine the idea of an exp ected v alue �rst.

2.5.1 Exp ected v alues

The \exp ected v alue" of a random v ariable, X , (written as E X or � ) is the w eigh ted a v erage of

the p ossible v alues of X , the w eigh ts b eing the probabilities of these v alues. F ormally

De�nition 20 The exp e cte d value of X is de�ne d as

E X = � =

k

X

i =1

x

i

P ( X = x

i

)

= x

1

P ( X = x

1

) + x

2

P ( X = x

2

) + � � � + x

k

P ( X = x

k

)



28 CHAPTER 2. RISK MANA GEMENT: PR OFITING FR OM UNCER T AINTY

wher e x

1

; : : : ; x

k

ar e the p ossible values that X c an take on.

Notice that if X is equally lik ely to tak e on an y of k p ossible v alues (e.g. if X is the v alue of a

die) then P ( X = x

i

) =

1

k

and

E X =

1

k

k

X

i =1

x

i

= \ordinary a v erage of x

i

"

One can also think of E X as the \long run a v erage". In other w ords if y ou p erformed the exp eri-

men t man y , man y times, recorded the v alue of X eac h time and to ok the a v erage it w ould equal E X .

Example one

Supp ose X is the v alue of the thro w of a die. Then P ( X = x ) = 1 = 6 for x = 1 ; 2 ; 3 ; 4 ; 5 ; 6 and

E X =

1

6

� 1 +

1

6

� 2 +

1

6

� 3 +

1

6

� 4 +

1

6

� 5 +

1

6

� 6 = 3 : 5

So if w e tossed the die man y , man y times the a v erage of all the tosses w ould b e 3 : 5.

Notice that the term exp ected v alue is somewhat misleading b ecause X ma y nev er tak e on its

exp ected v alue. In this case X will nev er equal 3 : 5! Ho w ev er it will \a v erage out" to 3 : 5.

Example t w o

Supp ose X equals the n um b er of cars arriving at a tollb o oth in a one min ute p erio d and that it

has the follo wing distribution:

x 1 2 3

P ( X = x ) 0 : 25 0 : 40 0 : 35

Then

E X = 1 � 0 : 25 + 2 � 0 : 40 + 3 � 0 : 35 = 2 : 10

Again w e notice that it is not p ossible to ha v e 2 : 10 cars arriv e in a one min ute p erio d but if y ou

recorded the n um b er of cars arriving o v er sev eral da ys and divided that b y the n um b er of min utes

it w ould a v erage out to ab out 2 : 10 cars p er min ute.

An alternativ e w a y of visualizing the exp ected v alue is as the balance p oin t on a b eam. If w e

put w eigh ts prop ortional to the probabilities at the p ossible v alues of X then E X w ould corresp ond

to the balance p oin t of the b eam.

Some useful results for exp ected v alues

It is p ossible to calculate the exp ected v alue for com binations of random v ariables. Here w e list

some useful results.
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1. If a and b are constan ts then

E ( aX + b ) = aE X + b

2. If X and Y are random v ariables then

E ( X + Y ) = E X + E Y

and

E ( X � Y ) = E X � E Y

also in general, for an y constan ts a and b

E ( aX + bY ) = aE X + bE Y

3. Similarly if X

1

; X

2

; : : : ; X

n

are random v ariables then

E

 

n

X

i =1

X

i

!

=

n

X

i =1

E X

i

4. If X and Y are indep enden t then

E ( X Y ) = ( E X )( E Y )

W e will pro v e the �rst and last results.

Pro of of 1

E ( aX + b ) =

k

X

i =1

( ax

i

+ b ) P ( X = x

i

)

= a

k

X

i =1

x

i

P ( X = x

i

) + b

k

X

i =1

P ( X = x

i

)

= aE X + b

Pro of of 4

E ( X Y ) =

X

x

X

y

xy P ( X = x; Y = y )

=

X

x

X

y

xy P ( X = x ) P ( Y = y ) b y indep endenc e

=

X

x

xP ( X = x )

X

y

y P ( Y = y )

= ( E X )( E Y )

Example one

Supp ose that in the previous example there are 3 di�eren t toll b o oths ( X

1

; X

2

; X

3

) and w e are
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in terested in the a v erage \total n um b er of cars to all 3 b o oths in a one min ute p erio d". If Y =

X

1

+ X

2

+ X

3

then w e w an t E Y . If w e wished to calculate this directly from the de�nition w e

w ould need to calculate all the v arious p ossible v alues for Y and the corresp onding probabilities.

Ho w ev er if w e use the third \useful result" w e see that

E Y = E ( X

1

+ X

2

+ X

3

) = E X

1

+ E X

2

+ E X

3

= 2 : 1 + 2 : 1 + 2 : 1 = 6 : 3

Example t w o

A plan t man ufacturing calculators has �xed costs of $300 ; 000 p er y ear. The gross pro�t from eac h

calculator sold (i.e. the price p er unit less the v ariable cost p er unit) is $5. The random v ariable

X denotes the n um b er of calculators that the plan t sells p er y ear and past information indicates

that E X = 300 ; 000. What is the exp ected v alue of the plan t's ann ual pro�t?

The plan ts ann ual pro�t will b e equal to the n um b er of calculators sold ( X ) m ultiplied b y $5 (the

pro�t for eac h one) less $300 ; 000 (the �xed cost ev en if none are sold). If Y is the ann ual pro�t

then

Y = 5 X � 300 ; 000

If w e use the �rst useful result this tells us

E Y = E (5 X � 300 ; 000) = 5 E X � 300 ; 000 = 5 � 300 ; 000 � 300 ; 000 = 1 ; 200 ; 000

Example three

Supp ose w e toss t w o dice ( X and Y ). What is the exp ected v alue of the sum, Z = X + Y ?

Again w e could calculate this directly using the form ula for exp ectation and the table of probabilities

from Section 2.4.1. Ho w ev er since w e already kno w that E X = 3 : 5 and E Y = 3 : 5 an easier w a y is

to use the \second useful result" and note

E Z = E ( X + Y ) = E X + E Y = 3 : 5 + 3 : 5 = 7

Exp ected v alue for a Binomial random v ariable

If w e kno w that X � B in ( n; p ) what is E X ?

W e kno w that X m ust tak e on one of the v alues 0 ; 1 ; 2 ; : : : ; n so from the de�nition of exp ected

v alue

E X = 0 P ( X = 0) + 1 P ( X = 1) + 2 P ( X = 2) + � � � + nP ( X = n )

In Section 2.3 w e sho w ed that P ( X = x ) =

�

n

x

�

p

x

(1 � p )

n � x

so

E X = 0

�

n

0

�

p

0

(1 � p )

n

+ 1

�

n

1

�

p

1

(1 � p )

n � 1

+ � � � + n

�

n

n

�

p

n

(1 � p )

0

=

n

X

x =0

x

�

n

x

�

p

x

(1 � p )

n � x

After some (messy) algebra w e can sho w that this sum simpli�es to np so :

If X � B in ( n; p ) then

E X = np (2.3)
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Case 6 Revisited

W e are no w ready to answ er part of the question from Case 6. One of the requiremen ts is that the

a v erage n um b er of defectiv e c hips p er b o x m ust not exceed 1. If X is the n um b er of defects in a

randomly c hosen b o x w e need to calculate E X . In general this ma y b e di�cult since there are 101

di�eren t v alues X can tak e on (wh y?). Ho w ev er if w e realize that the conditions for a binomial

random v ariable are ful�lled so that X � B in ( n = 100 ; p = 0 : 005) w e can use the form ula that w e

just deriv ed whic h tells us that

E X = np = 100 � 0 : 005 = 0 : 5

Clearly E X < 1 so the �rst condition is satis�ed.

2.5.2 V ariance and Standard Deviation of a random v ariable

Notice that the exp ected v alue only tells us what the random v ariable is on a v erage. Often X will

b e larger or smaller than E X . Consider for example the temp eratures in t w o US cities, one in

Southern California and the other in the Mid W est.

Summer Autumn Win ter Spring

Southern California 72F 65F 58F 65F

Mid W est 95F 70F 25F 70F

Both cities ha v e the same a v erage temp erature i.e.

65 =

1

4

(72 + 65 + 58 + 65) =

1

4

(95 + 70 + 25 + 70) = 65

but clearly this do es not indicate that they ha v e similar climates. The di�erence is that the South-

ern California cit y is alw a ys close to 65F but the Mid W est cit y has temp eratures that v ary wildly

o v er the y ear. This \v ariabilit y" around the a v erage v alue is also imp ortan t. Ho w migh t w e giv e a

n umerical measure of v ariabilit y?

A natural w a y to measure v ariation of a random v ariable is to consider the a v erage di�erence

of X from its mean ( � or E X ). In other w ords the a v erage v alue of ( X � E X ).

E ( X � E X ) =

k

X

i =1

( x

i

� E X ) P ( X = x

i

)

Unfortunately this quan tit y is alw a ys equal to zero!

E ( X � E X ) = E X � E ( E X ) = E X � E X = 0

The p ositiv e and negativ e deviations cancel out. A more sensible measure is the a v erage distance

rather than the a v erage di�erence i.e.

E j X � � j =

k

X

i =1

j x

i

� � j P ( X = x

i

)

This is kno wn as the mean deviation . Ho w ev er it is not commonly used b ecause it has p o or

mathematical prop erties (absolute v alues are a pain!). On the other hand, squared di�erences do

ha v e nice mathematical prop erties so w e use the follo wing de�nition
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De�nition 21 The \V arianc e" of a r andom variable, X , (written as �

2

or V ar ( X ) ) is de�ne d as

�

2

= V ar ( X ) = E ( X � � )

2

= E ( X � E X )

2

=

k

X

i =1

( x

i

� � )

2

P ( X = x

i

)

Example one

Let X b e the temp erature of the Southern California cit y and Y b e the temp erature of the Mid

W est cit y . Then

V ar ( X ) = (72 � 65)

2

1

4

+ (65 � 65)

2

1

4

+ (58 � 65)

2

1

4

+ (65 � 65)

2

1

4

= 24 : 5

while

V ar ( Y ) = (95 � 65)

2

1

4

+ (70 � 65)

2

1

4

+ (25 � 65)

2

1

4

+ (70 � 65)

2

1

4

= 462 : 5

It is clear that the temp erature in the Mid W est has m uc h greater v ariabilit y .

Example t w o

Recall that the n um b er of cars arriving at a toll b o oth, in a one min ute p erio d, are distributed as

follo ws

x 1 2 3

P ( X = x ) 0 : 25 0 : 40 0 : 35

Then

V ar ( X ) = (1 � 2 : 1)

2

P ( X = 1) + (2 � 2 : 1)

2

P ( X = 2) + (3 � 2 : 1)

2

P ( X = 3)

= ( � 1 : 1)

2

� 0 : 25 + (0 : 1)

2

� 0 : 4 + (0 : 9)

2

� 0 : 35

= 0 : 59

Notice that this form ula requires using E X (2 : 1) three separate times. There is an alternativ e

form ula for the v ariance whic h is often easier to use.

V ar ( X ) = E (( X � E X )

2

)

= E ( X

2

� 2 X E X + ( E X )

2

)

= E X

2

+ E ( � 2 X E X ) + E [( E X )

2

]

= E X

2

� 2 E X E X + ( E X )

2

= E X

2

� 2( E X )

2

+ ( E X )

2

= E X

2

� ( E X )

2

What do w e mean b y E X

2

? If g is a function of X then w e de�ne

E g ( X ) =

k

X

i =1

g ( x

i

) P ( X = x

i

) (2.4)
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and in particular

E X

2

=

k

X

i =1

x

2

i

P ( X = x

i

) (2.5)

So

V ar ( X ) = E X

2

� ( E X )

2

(2.6)

where E X

2

=

P

k

i =1

x

2

i

P ( X = x

i

)

In this example

E X

2

= 1

2

� 0 : 25 + 2

2

� 0 : 4 + 3

2

� 0 : 35 = 5

so

V ar ( X ) = E X

2

� ( E X )

2

= 5 � 2 : 1

2

= 0 : 59

whic h is the same as w e calculated using the original form ula.

Some useful results for v ariance of a random v ariable

1. F or an y random v ariable, X

V ar ( X ) � 0

2. If a and b are constan ts then

V ar ( aX + b ) = a

2

V ar ( X )

This means that adding a constan t ( b ) to a random v ariable lea v es the v ariance

unc hanged and m ultiplying b y a constan t ( a ) causes the v ariance to b e m ultiplied

b y a

2

.

3. If X and Y are indep enden t then

V ar ( X + Y ) = V ar ( X ) + V ar ( Y )

and

V ar ( X � Y ) = V ar ( X ) + V ar ( Y )

4. If X

1

; X

2

; : : : ; X

n

are all indep enden t random v ariables, then

V ar ( X

1

+ X

2

+ � � � + X

n

) = V ar ( X

1

) + V ar ( X

2

) + � � � V ar ( X

n

)
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W e will pro v e the second result and lea v e the rest as exercises.

Pro of of second result

V ar ( aX + b ) = E [( aX + b � E ( aX + b ))

2

]

= E [( aX + b � aE X � b )

2

]

= E [( a ( X � E X ))

2

]

= a

2

E ( X � E X )

2

= a

2

V ar ( X )

Example one

A plan t man ufacturing calculators has �xed costs of $300 ; 000 p er y ear. The gross pro�t from eac h

calculator sold (i.e. the price p er unit less the v ariable cost p er unit) is $5. The random v ariable

X denotes the n um b er of calculators that the plan t sells p er y ear and past information indicates

that E X = 300 ; 000 and V ar ( X ) = 1 ; 000 ; 000. What is the v ariance of the plan t's ann ual pro�t?

Recall that if Y is the ann ual pro�t then

Y = 5 X � 300 ; 000

so

V ar ( Y ) = V ar (5 X � 300 ; 000) = 5

2

V ar ( X ) = 25 ; 000 ; 0 00

Standard Deviation of a random v ariable

There is a problem with the v ariance. The v ariance of a random v ariable is measured in units

squared. F or example if X is the n um b er of cars arriving at a toll b o oth then V ar ( X ) is measured

in cars

2

! So the fact that the v ariance is 0 : 59 cars

2

is hard to in terpret. Therefore w e often use the

\standard deviation" as a measure of spread b ecause it measures v ariabilit y in the correct units.

De�nition 22 The standar d deviation of a r andom variable, X , (written as S D ( X ) or � ) is

S D ( X ) = � =

p

V ar X

In other wor ds the standar d deviation is just the squar e r o ot of the varianc e.

Example one

The v ariance for the toll b o oth example w as 0 : 59 so the standard deviation is

p

0 : 59 = 0 : 768. Note

that this is 0 : 768 cars p er min ute so is in the correct units.

Example t w o

The v ariance for the calculator example w as 25 ; 000 ; 0 00 so the standard deviation is 5 ; 000.

Useful results for standard deviation

Note that all these results can b e deriv ed b y taking square ro ots of the previous results for v ariance.
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1. F or an y constan ts a and b

S D ( aX + b ) =

p

V ar ( aX + b ) =

p

a

2

V ar ( X ) = j a j S D ( X )

2. If X and Y are indep enden t random v ariables then

S D ( X + Y ) =

p

V ar ( X ) + V ar ( Y )

and

S D ( X � Y ) =

p

V ar ( X ) + V ar ( Y )

3. If X

1

; X

2

; : : : ; X

n

are all indep enden t random v ariables, then

S D ( X

1

+ � � � + X

n

) =

p

V ar ( X

1

) + � � � + V ar ( X

n

)

V ariance and Standard Deviation for a Binomial random v ariable

Just as w e did for the exp ected v alue w e can pro duce a simple form ula for the v ariance and standard

deviation of a binomial random v ariable i.e.

V ar ( X ) = E X

2

� ( E X )

2

=

n

X

x =0

x

2

P ( X = x ) � ( np )

2

=

n

X

x =0

x

2

�

n

x

�

p

x

(1 � p )

n � x

� n

2

p

2

Again with some messy algebra w e can sho w that this sum simpli�es to V ar ( X ) = np (1 � p ).

Therefore

If X � B in ( n; p ) then

V ar ( X ) = np (1 � p ) (2.7)

and

S D ( X ) =

p

np (1 � p ) (2.8)

No w w e are ready to �nish o� Case 6

Case 6 Revisited

W e ha v e already seen that the n um b er of defects is Binomial i.e. X � B in ( n = 100 ; p = 0 : 005).

Therefore

V ar ( X ) = np (1 � p ) = 100 � 0 : 005 � 0 : 995 = 0 : 4975

and

S D ( X ) =

p

0 : 4975 = 0 : 7053

The standard deviation is less than 0 : 75 so the second condition is ful�lled.
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2.6 P oisson probabilit y distributi ons

Case 7 pro vides an illustration of an application of the P oisson distribution.

Case 7 Dealing with customer complain ts

After r e aching the top of Outtel you disc over that al l the fun was �ghting your way ther e and

now ther e is nothing to do al l day but make he aps of money! Y ou de cide to give it al l away so you

c an start at the b ottom and work your way up (this happ ens often in pr actic e NOT). After al l you

ar e only 26!

Y ou join Micr ohar d! They want to take you on as their new pr esident but you insist on starting

in the customer r elations dep artment (as you might guess this dep artment is a r e al mess at Micr o-

har d) so you c an make your way to the top again. As p art of their new \customer orientation " they

ar e setting up an 800 numb er for de aling with customer c omplaints. As such it is c onsider e d very

imp ortant that ther e ar e enough op er ators so that a customer almost never has to wait for mor e

than a few minutes to sp e ak to some one. Y ou have b e en put in char ge of determining the numb er

of op er ators.

It has b e en c alculate d that e ach op er ator c an hand le 2 customers p er 10 minute p erio d and that

on a v erage ther e wil l b e 12 c al ls p er hour. It is imp ortant that in any 10 minute p erio d ther e is

no mor e than a 0 : 01 pr ob ability of ther e b eing mor e c al ls than the op er ators c an hand le.

W e will return to this case after learning more ab out the P oisson distribution.

Man y random v ariables in v olving \coun ts" ha v e a probabilit y distribution called the \P oisson".

Some p ossible examples include:

� Num b er of arriv als at a c hec k out coun ter during a �v e min ute p erio d.

� Num b er of 
a ws in a pane of glass.

� Num b er of telephone calls receiv ed at a switc h b oard during a one min ute p erio d.

� Num b er of touc hdo wns scored in a fo otball game.

� Num b er of mac hine breakdo wns during a nigh t shift.

De�nition 23 If a r andom variable, X , has a Poisson distribution with � = E X (written X �

Poisson ( � ) ) then its pr ob ability mass function (or distribution) is

P ( X = x ) =

e

� �

�

x

x !

x = 0 ; 1 ; 2 ; : : :
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In other w ords

P ( X = 0) = e

� �

P ( X = 1) =

e

� �

�

1

1!

P ( X = 2) =

e

� �

�

2

2!

etc.

Example one

If X � P oisson( � = 2) what is the probabilit y that X is less than or equal to 2?

P ( X � 2) = P ( X = 0) + P ( X = 1) + P ( X = 2)

= e

� �

+ e

� �

� + e

� �

�

2

= 2!

= e

� 2

(1 + 2 + 2

2

= 2)

= 0 : 6767

Example t w o

The n um b er of bubbles in plate glass pro duced b y Guardian industries is P oisson with an a v erage

of 0.004 bubbles p er square fo ot. What is the distribution of the n um b er of bubbles in a 20 � 5

fo ot windo w and what is the probabilit y of no bubbles?

� = a v erage n um b er of bubbles in a 20 � 5 fo ot windo w

= 20 � 5 � 0 : 004

= 0 : 4

Therefore if X is the n um b er of bubbles in a 20 � 5 fo ot windo w then

X � P oisson( � = 0 : 4)

and

P ( X = 0) = e

� �

= e

� 0 : 4

= 0 : 6703

In teresting prop ert y of P oisson

The P oisson distribution has an in teresting prop ert y that if X � P oisson( � ) then

E X = � and V ar ( X ) = �

So for example if X � P oisson( � = 9) then E X = 9, V ar ( X ) = 9 and S D ( X ) = 3.

Case 7 Revisited

Let X b e the n um b er of calls in a random 10 min ute p erio d. W e will assume that X � P oisson( � )

but what is � ?

� = a v erage calls p er 10 min utes = a v erage p er hour = 6 = 12 = 6 = 2
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Ho w man y op erators should w e c ho ose?

If w e c ho ose 1 then only 2 calls can b e handled in a 10 min ute p erio d so w e w ould w an t P ( X �

2) � 0 : 99

P ( X � 2) = P ( X = 0) + P ( X = 1) + P ( X = 2)

= e

� 2

+ e

� 2

2 + e

� 2

2

2

= 2!

= 0 : 6767

This is not high enough so w e need to try 2 op erators. No w w e can handle up to 4 calls in a 10

min ute p erio d so w e need P ( X � 4) � 0 : 99

P ( X � 4) = P ( X � 2) + P ( X = 3) + P ( X = 4)

= 0 : 6767 + e

� 2

2

3

= 3! + e

� 2

2

4

= 4!

= 0 : 9473

This is not high enough so w e need to try 3 op erators. No w w e can handle up to 6 calls in a 10

min ute p erio d so w e need P ( X � 6) � 0 : 99

P ( X � 6) = P ( X � 4) + P ( X = 5) + P ( X = 6)

= 0 : 9473 + e

� 2

2

5

= 5! + e

� 2

2

6

= 6!

= 0 : 9955

Therefore w e need at least 3 op erators.

2.7 Co v ariance and correlation

So far w e ha v e learn t ab out the exp ected v alue of a random v ariable (a measure of its a v erage) and

the v ariance (a measure of ho w close the random v ariable usually is to its exp ected v alue). In this

section w e will talk ab out t w o related concepts, namely co v ariance and correlation.

2.7.1 Co v ariance

Case 8 Imp ortan t stu� lik e making money

R umors ar e running thr ough Micr ohar d of a p ossible kil ling to b e made in the sto ck market. Two

c omp anies Almost There and Ev en Closer ar e b oth on the ver ge of disc overing a cur e for the

c ommon c old! Obviously which ever c omp any makes the br e akthr ough �rst wil l b e worth a fortune.

However as so on as the formula is disc over e d it wil l b e p atente d and the other c omp any wil l get

nothing. Both c omp anies have investe d he avily in r ese ar ch so the losing c omp any wil l undoubtable

go b ankrupt and the shar es wil l b e worth nothing.

Both c omp anies shar es ar e tr ading at $2 at pr esent but the winning c omp anies shar es wil l in-

cr e ase to $10 while the losing c omp anies shar es wil l b e worth nothing. The two c omp anies se em to

b e ne ck and ne ck so they have an e qual chanc e of disc overing the cur e �rst. Y ou ar e ke en to invest

your life savings ( $10 ; 000 ) as you c an se e big pr o�ts to b e had but you ar e unsur e which c omp any

to invest in. If you cho ose the wr ong one you wil l also b e b ankrupt!
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What should you do? Y ou c al l up your favourite 309 Pr ofessor. After he b al ls you out for

for getting everything you le arnt in his class he gives you the solution (for a smal l fe e!)

W e will return to this case after de�ning what w e mean b y co v ariance.

De�nition 24 The Covarianc e b etwe en two r andom variables, X and Y , is de�ne d as

C ov ( X ; Y ) = E [( X � E X )( Y � E Y )]

or e quivalently

C ov ( X ; Y ) = E ( X Y ) � ( E X )( E Y )

Co v ariance is a measure of ho w t w o random v ariables v ary together.

� C ov ( X ; Y ) > 0 means \if X is large then Y tends to b e large also". X and Y are said to

ha v e a p ositiv e relationship.

� C ov ( X ; Y ) < 0 means \if X is large then Y tends to b e small". X and Y are said to ha v e a

negativ e relationship.

� C ov ( X ; Y ) = 0 means \there is no clear trend".

Example one

Supp ose X and Y ha v e the follo wing join t distribution

y

-1 0 1

-1 1/3 0 0 1/3

x 0 0 1/3 0 1/3

1 0 0 1/3 1/3

1/3 1/3 1/3

Then E X = 0 ; E Y = 0 and E ( X Y ) = 2 = 3 so C ov ( X ; Y ) = 2 = 3 � 0 � 0 = 2 = 3. Therefore X and Y

will ha v e a p ositiv e relationship.

Example t w o

Supp ose X and Y ha v e the follo wing join t distribution

y

-1 0 1

-1 0 0 1/3 1/3

x 0 0 1/3 0 1/3

1 1/3 0 0 1/3

1/3 1/3 1/3
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Then E X = 0 ; E Y = 0 and E ( X Y ) = � 2 = 3 so C ov ( X ; Y ) = � 2 = 3 � 0 � 0 = � 2 = 3. Therefore X

and Y ha v e a negativ e relationship.

Example three

Supp ose X and Y ha v e the follo wing join t distribution

y

-1 0 1

-1 1/9 1/9 1/9 1/3

x 0 1/9 1/9 1/9 1/3

1 1/9 1/9 1/9 1/3

1/3 1/3 1/3

Then E X = 0 ; E Y = 0 and E ( X Y ) = 0 so C ov ( X ; Y ) = 0 � 0 � 0 = 0. Therefore X and Y ha v e

no clear relationship.

Useful results for co v ariance

The co v ariance b et w een t w o random v ariables is esp ecially useful for calculating the v ariance of a

sum of random v ariables. This is commonly used in �nance for \calculating the risk of a p ortfolio".

1. F or an y random v ariables X and Y

V ar ( X + Y ) = V ar ( X ) + V ar ( Y ) + 2 C ov ( X ; Y )

(Recall V ar ( X + Y ) = V ar ( X ) + V ar ( Y ) if X and Y are indep enden t)

2. F or an y random v ariables X and Y

V ar ( X � Y ) = V ar ( X ) + V ar ( Y ) � 2 C ov ( X ; Y )

3. If X and Y are indep enden t then

C ov ( X ; Y ) = 0

Ho w ev er note that the fact C ov ( X ; Y ) = 0 do es not mean X and Y are indep enden t!

W e will pro v e the �rst result.

Pro of of �rst result

V ar ( X + Y ) = E (( X + Y )

2

) � [ E ( X + Y )]

2

= E ( X

2

+ 2 X Y + Y

2

) � [ E X + E Y ]

2

= E X

2

+ 2 E ( X Y ) + E Y

2

� ( E X )

2

� ( E Y )

2

� 2( E X )( E Y )

= [ E X

2

� ( E X )

2

] + [ E Y

2

� ( E Y )

2

] + 2[ E ( X Y ) � ( E X )( E Y )]

= V ar ( X ) + V ar ( Y ) + 2 C ov ( X ; Y )
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Notice that since C ov ( X ; Y ) can b e negativ e this means that V ar ( X + Y ) can b e zero ev en if

V ar ( X ) and V ar ( Y ) are greater than zero!

Example one

Imagine y ou ha v e t w o fair coins.

X =

(

0 if coin 1 lands tails

1 if coin 1 lands heads

Y =

(

0 if coin 2 lands tails

1 if coin 2 lands heads

Let Z b e the n um b er of heads sho wing on the t w o coins (i.e. Z = X + Y ). What is the v ariance

of Z ? If the coins are indep enden t then

V ar ( Z ) = V ar ( X + Y ) = V ar ( X ) + V ar ( Y ) = 1 = 4 + 1 = 4 = 1 = 2

this is greater than zero as y ou ma y exp ect b ecause Z could b e 0 ; 1 or 2. Ho w ev er no w imagine

that y ou glue the coins together, side b y side, so that one head and one tail is alw a ys sho wing.

Then either coin can land heads or tails but there will alw a ys b e exactly one head sho wing. Th us

V ar ( X ) > 0 ; V ar ( Y ) > 0 but V ar ( X + Y ) = 0.

Case 8 Revisited

Let X b e the sto c k price of \Almost There" and Y b e the sto c k price of \Ev en Closer". Then the

join t distribution of X and Y is

y

0 10

0 0 1/2 1/2

x 10 1/2 0 1/2

1/2 1/2

Therefore E X = 0 � 1 = 2 + 10 � 1 = 2 = $5 so the exp ected pro�t of in v esting in Almost There is $3

p er share. Ho w ev er it is p ossible w e could lose all our money if they go brok e!

E Y = 0 � 1 = 2 + 10 � 1 = 2 = $5 so the exp ected pro�t of in v esting in Ev en Closer is also $3 p er

share. Again w e could lose all our money if they go brok e!

What w ould happ en if w e in v ested half our money in eac h? i.e.

1

2

X +

1

2

Y

Then E (

1

2

X +

1

2

Y ) =

1

2

E X +

1

2

E Y = $5 so this metho d has the same exp ected pro�t. What ab out

the risk i.e V ar (

1

2

X +

1

2

Y )?

V ar (

1

2

X +

1

2

Y ) = V ar (

1

2

( X + Y )) =

1

4

V ar ( X + Y )

but

V ar ( X + Y ) = V ar ( X ) + V ar ( Y ) + 2 C ov ( X ; Y )
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No w

V ar ( X ) = E X

2

� ( E X )

2

=

1

2

� 0

2

+

1

2

� 10

2

� 5

2

= 25

and similarly

V ar ( Y ) = 25

Lastly w e need to calculate the co v ariance

C ov ( X ; Y ) = E X Y � E X E Y =

1

2

� 10 � 0 +

1

2

� 10 � 0 � 5 � 5 = � 25

Therefore

V ar ( X + Y ) = 25 + 25 � 2 � 25 = 0

So this metho d has the same exp ected return but in v olv es no risk i.e. w e are guaran teed to mak e

a pro�t no matter what happ ens! In �nance this pro cedure is called div ersifying y our p ortfolio.

2.7.2 Correlation

There is one ob vious problem with co v ariance. It is not scale in v arian t.

Example one

Supp ose I am measuring the relationship b et w een heigh ts of fathers in meters ( X ) and heigh ts of

sons in meters ( Y ) and that C ov ( X ; Y ) = 1 : 2. If I decide to measure heigh ts in cen timeters instead

with S the heigh t of fathers and T the heigh t of sons I get S = 100 X and T = 100 Y so

C ov ( S; T ) = C ov (100 X ; 10 0 Y ) = 100 � 100 � C ov ( X ; Y ) = 12 ; 000

The co v ariance has increased b y a factor of 10 ; 000 y et the relationship is exactly the same. This

means that it is imp ossible to tell whether the co v ariance y ou ha v e observ ed is large or not b ecause

it is en tirely dep enden t on the scale that is used.

T o a v oid this problem w e often use correlation instead.

De�nition 25 The c orr elation b etwe en two r andom variables, X and Y is denote d as C or ( X ; Y )

or � and is e qual to

C or ( X ; Y ) = � =

C ov ( X ; Y )

p

V ar ( X ) V ar ( Y )

Correlation has the follo wing prop erties

1. F or an y random v ariables, X and Y ,

� 1 � � � 1

2. If � > 0 then X and Y ha v e a p ositiv e relationship. In particular if � = 1 then Y = aX + b

for some constan ts a and b ( a > 0).

3. If � < 0 then X and Y ha v e a negativ e relationship. In particular if � = � 1 then Y = aX + b

for some constan ts a and b ( a < 0).

4. � is scale in v arian t. In other w ords no mater what units w e use to measure X and Y , � will

remain unc hanged.
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This last prop ert y is v ery imp ortan t. It means that if � is large (i.e. close to 1 or � 1) then that

implies a strong relationship no mater what units w e are using.

Example one con tin ued

Recall X = heigh ts of fathers measured in meters and Y = heigh ts of sons measured in meters.

Supp ose that V ar ( X ) = V ar ( Y ) = 2 and C ov ( X ; Y ) = 1 : 2. Then

� =

C ov ( X ; Y )

p

V ar ( X ) V ar ( Y )

=

1 : 2

p

2 � 2

= 0 : 6

This indicates a \fairly" strong p ositiv e relationship.

Also recall that S = heigh ts of fathers measured in cen timeters and T = heigh ts of sons measured

in cen timeters. W e ha v e already seen that C ov ( S; T ) = 12 ; 000. W e can also calculate

V ar ( S ) = V ar (100 X ) = 100

2

V ar ( X ) = 20 ; 000

and similarly V ar ( T ) = 20 ; 000. Therefore

� =

C ov ( S; T )

p

V ar ( S ) V ar ( T )

=

12 ; 000

p

20 ; 000 � 20 ; 000

= 0 : 6

The fact that the units ha v e c hanged has had no e�ect on � .

Correlations will b e used hea vily in BUAD 310 when y ou study regression.
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Chapter 3

Statistical Gossip: What T o Do When

Y our Data Aren't \Discrete" (A

\Normal" State Of A�airs)

In this c hapter w e will discuss the second t yp e of random v ariables, namely \Con tin uous".

3.1 General Probabilit y Distributions

Recall a con tin uous random v ariable tak es on an y v alue in an in terv al. F or example

� w eigh t,

� heigh t,

� or temp erature.

F or a discrete random v ariable w e describ ed its distribution using the probabilit y mass function

i.e. the list of probabilities for eac h p ossible outcome. This do esn't w ork for a con tin uous random

v ariable b ecause if X is con tin uous

P ( X = x ) = 0 for an y x !!!

i.e. P ( X = 2 : 0) = 0 ; P ( X = 3 : 2815) = 0 etc. This seems coun terin tuitiv e. Wh y is this the case?

The follo wing example ma y shed some ligh t.

Example one

Let X b e the w eigh t of a randomly c hosen \one p ound bag of sugar". Ev en though the bag is

nominally one p ound in realit y this will only appro ximate the true w eigh t so X will b e a random

v ariable (i.e. ev ery bag will ha v e a sligh tly di�eren t w eigh t).

No w supp ose w e ha v e a scale that reads w eigh ts up to one decimal place. Then

P (Scale reads one p ound ) = P (0 : 95 < X < 1 : 05) = 0 : 9 (sa y)

No w supp ose w e get a more accurate scale that reads w eigh ts up to t w o decimal places. Then

P (Scale reads one p ound ) = P (0 : 995 < X < 1 : 005) = 0 : 1 (sa y)

45
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In theory w e can con tin ue to get more accurate scales and the probabilit y will con tin ue to decline.

So if w e get a scale that reads w eigh ts accurate to one h undred decimal places then

P (Scale reads one p ound ) = P (0 : 99 � � � 95 < X < 1 : 00 � � � 05) = 0 : 00 � � � 01 (sa y)

So no matter what probabilit y y ou giv e that the bag will w eigh exactly one p ound I can �nd a scale

that is accurate enough so that the probabilit y is less than that n um b er. Th us the only p ossible

probabilit y is zero.

So listing all the probabilities mak es no sense for a con tin uous random v ariable. Ho w do w e

describ e suc h a random v ariable?

Supp ose X is the heigh t of a randomly c hosen p erson (in cen timeters). Clearly

P (175 � X � 200) > 0

and in general

P ( a � X � b ) > 0 (for certain v alues of a and b )

so w e could list these probabilities for v arious di�eren t v alues of a and b . The problem is that there

are an in�nite n um b er of p ossible v alues for a and b . Ho w can w e do this for ev ery p ossible v alue?

The w a y w e get around this problem is to dra w a curv e suc h that the area under the curv e

b et w een an y t w o p oin ts a and b corresp onds to the probabilit y b et w een a and b . W e

call this curv e a \probabilit y densit y function".

De�nition 26 A \pr ob ability density function " (or curve) (p df for short) of a r andom variable,

X , is a function, f , such that

P ( a � X � b ) =

Z

b

a

f ( x ) dx

= The ar e a under f b etwe en a and b

Consider for example Figure 3.1. Here w e ha v e a curv e for a particular con tin uous random

v ariable. T o calculate the probabilit y that this random v ariable falls b et w een a and b w e simply

compute the area under f b et w een a and b . This is the shaded region in the �gure. W e can do this

for an y t w o p oin ts.

All p df 's ha v e three prop erties

1.

f ( x ) � 0 for all x

2.

Z

1

�1

f ( x ) dx = 1 i.e. the area under the whole curv e is one.

3. F or ev ery a and b

P ( a � X � b ) =

Z

b

a

f ( x ) dx = Area under f b et w een a and b
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f ( x )

a b x

�

�

�	

Figure 3.1: An example of a densit y curv e for a con tin uous random v ariable.

Example one

Supp ose X is a con tin uous random v ariable whic h is alw a ys b et w een 0 and 2 and has a densit y

function as giv en in Figure 3.2. Note that the densit y function is f ( x ) =

1

2

x 0 � x � 2.

Is f a densit y? Since f is clearly p ositiv e w e need only c hec k that the area under it is one. But

Z

2

0

f ( x ) dx =

Z

2

0

x

2

dx = [

x

2

4

]

2

0

= 1

therefore f is a densit y .

What is P (

1

2

� X �

3

2

)? (i.e. the area of the shaded region)

P

�

1

2

� X �

3

2

�

=

Z 3

2

1

2

x

2

dx = 1 = 2

What ab out P (

1

2

< X <

3

2

)?

P

�

1

2

< X <

3

2

�

= P

�

1

2

� X �

3

2

�

� P

�

X =

1

2

�

� P

�

X =

3

2

�

= P

�

1

2

� X �

3

2

�

since the end p oin ts ha v e zero probabilit y . This brings up an imp ortan t p oin t. Namely , if X is a

con tin uous random v ariable, then for an y a and b

P ( a < X < b ) = P ( a � X � b )

so the endp oin ts are not imp ortan t.
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f ( x )

1

1

2

3

2

2 x

H

H

H

H

Hj

Figure 3.2: Densit y curv e for example 1.

3.2 Exp ected V alues and V ariances of Con tin uous Random V ari-

ables

3.2.1 Exp ected V alues

Recall that for a discrete random v ariable

E X =

k

X

i =1

x

i

P ( X = x

i

)

F or a con tin uous random v ariable w e ha v e a v ery similar de�nition.

De�nition 27 If X is a c ontinuous r andom variable with p df, f , then

E X =

Z

1

�1

xf ( x ) dx

Notice ho w similar this is to the de�nition for a discrete random v ariable. The only di�erence

is that the sum is replaced b y an in tegral and the probabilities are replaced b y the densit y curv e.

Example one (con tin ued) If X is a random v ariable with densit y curv e

f ( x ) =

x

2

0 � x � 2
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what is E X ?

E X =

Z

1

�1

xf ( x ) dx

=

Z

2

0

x

x

2

dx

=

1

6

[ x

3

]

2

0

= 4 = 3

Example t w o

Supp ose w e spin a p oin ter and read o� the angle that it stops at. If X is the angle then X is

equally lik ely to b e an y n um b er b et w een 0 and 360. This means X has a 
at densit y i.e.

f ( x ) =

1

360

0 � x � 360

What is E X ?

E X =

Z

360

0

x

1

360

dx

=

1

360

[ x

2

= 2]

360

0

= 180

3.2.2 V ariance

W e also de�ned v ariance for discrete random v ariables as :

V ar ( X ) = E [( X � E X )

2

] =

k

X

i =1

( x

i

� E X )

2

P ( X = x

i

)

F or a con tin uous random v ariable w e use

De�nition 28 The varianc e of a c ontinuous r andom variable with density f is de�ne d as

V ar ( X ) = E [( X � E X )

2

] =

Z

1

�1

( x � E X )

2

f ( x ) dx

or e quivalently

V ar ( X ) = E X

2

� ( E X )

2

=

Z

1

�1

x

2

f ( x ) dx � ( E X )

2

Example one (con tin ued)

Recall

f ( x ) =

x

2

0 � x � 2

and E X = 4 = 3. What is V ar ( X )?

E X

2

=

Z

2

0

x

2

x

2

dx

=

1

8

[ x

4

]

2

0

= 2
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So

V ar ( X ) = E X

2

� ( E X )

2

= 2 � (4 = 3)

2

= 2 = 9

and

S D ( X ) =

p

2 = 9

Example t w o (con tin ued)

Recall for the p oin ter example

f ( x ) =

1

360

0 � x � 360

and E X = 180. What is V ar ( X )?

E X

2

=

Z

360

0

x

2

1

360

dx

=

1

360

[

x

3

3

]

360

0

= 43 ; 200

So

V ar ( X ) = E X

2

� ( E X )

2

= 43 ; 200 � 180

2

= 10 ; 800

and

S D ( X ) =

p

10 ; 800 = 103 : 9

3.3 The Exp onen tial Distribution

W e ha v e already learn t ab out the Binomial and P oisson distributions. In this section w e will

consider a sp ecial con tin uous distribution called the \Exp onen tial". Case 9 pro vides an application

of the exp onen tial whic h w e will discuss later in the section.

Case 9 Bac k to w arran ties

The warr anty p olicy that you help e d implement (al l those classes ago) at Outtel has b e en a c om-

plete suc c ess. As a r esult Micr ohar d has b e en unable to make any imp act in the micr o chip market.

They have de cide d that the only way they ar e going to make any inr o ads is if they c an pr o duc e a

chip with a very long warr anty. Y ou have b e c ome famous in the industry for your suc c ess at Outtel

so you ar e c al le d on for this pr oblem.

Management at Micr ohar d want to o�er a 10 ye ar warr anty on their chips. However they ar e

c onc erne d that such a long warr anty may c ost them a gr e at de al of money. They have c alculate d

that every chip that has to b e r eplac e d under warr anty c osts $10 . The engine ers at Micr ohar d have

c ome up with a chip with an a v erage lifetime of 20 y ears . This sounds very impr essive and it

se ems like almost al l chips should last 10 ye ars at le ast!

However b efor e they wil l OK this new p olicy management wants to know exactly what the aver-

age c ost p er chip wil l b e. In p articular they insist that the aver age c ost p er chip must b e no gr e ater

than $1 . Y ou set your formidable mind to the pr oblem!
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Man y random quan tities that in v olv e the study of lifetimes (e.g. transistors, ligh t bulbs etc.)

can b e appro ximated b y the Exp onen tial distribution.

De�nition 29 If a r andom variable, X , has an Exp onential distribution with p ar ameter � (written

X � E xp ( � ) ) then its pr ob ability density function is

f ( x ) =

(

�e

� �x

; x > 0

0 ; otherwise

Figure 3.3 pro vides an illustration of the densit y curv e for an exp onen tial random v ariable.

f ( x )

x

�

�

�

�

�

�

�

��

Figure 3.3: Densit y curv e for example 1.

Based on the densit y curv e w e can calculate probabilities, exp ected v alues and v ariances for an

exp onen tial. F or example

P ( X � x ) =

Z

x

0

�e

� �t

dt

= [ � e

� �t

]

x

0

= 1 � e

� �x

and

E X =

Z

1

0

tf ( t ) dt

=

Z

1

0

t�e

� �t

dt

=

1

�

(using in tegration b y parts)

Similarly w e can sho w that

V ar ( X ) =

1

�

2
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P ( X � x ) = 1 � e

� �x

(3.1)

E X = 1 =� (3.2)

V ar ( X ) = 1 =�

2

(3.3)

Example one

Supp ose that the lifetimes of a brand of ligh t bulbs are appro ximately exp onen tially distributed

with a mean of 1000 hours.

1. What is � ?

1000 = E X =

1

�

therefore � =

1

1000

2. What is V ar ( X )?

V ar ( X ) =

1

�

2

= 1 ; 000 ; 000

3. What is P ( X > 1200)?

P ( X > 1200) = 1 � P ( X � 1200) = 1 � (1 � e

� 1200 = 1000

) = e

� 1 : 2

= 0 : 301

4. What is P (500 � X � 900)?

P (500 � X � 900) = P ( X � 900) � P ( X � 500)

= (1 � e

� 900 = 1000

) � (1 � e

� 500 = 1000

)

= e

� 0 : 5

� e

� 0 : 9

= 0 : 200

Case 9 Revisited

If w e assume that the lifetimes are exp onen tial then � = 1 =E X = 1 = 20 and the probabilit y that a

c hip will fail inside 10 y ears is

P ( X � 10) = 1 � e

� 10 �

= 1 � e

� 0 : 5

= 0 : 394

So the exp ected cost p er c hip is $10 � 0 : 394 = $3 : 94 This is m uc h larger than the $1 limit that w as

set. F or the cost to b e only $1 w e w ould need P ( X � 10) = 0 : 1 whic h implies

1 � e

� 10 �

= 0 : 1 ) e

� 10 �

= 0 : 9

) � = 0 : 0105

) E X = 1 = 0 : 0105 = 94 : 91 y ears!

3.4 The Normal Distribution

In this section w e are going to talk ab out the single most imp ortan t random v ariable in statistics,

namely the \Normal". Case 10 pro vides an in tro duction.
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Case 10 A little outside consulting

A friend of yours in the auto manufacturing industry asks for your advic e and you agr e e to help

her out (a friend in ne e d is a friend in de e d and mor e imp ortantly she p ays wel l!). She is in char ge

of quality c ontr ol for her plant and they ar e curr ently in the pr o c ess of r e designing the axle system

for their latest mo del. Ther e is a c ertain amount of r andomness in the axle pr o duction pr o c ess. A n

ide al axle is exactly 2 meters long. However any axle in the r ange 1 : 995 to 2 : 005 meters wil l b e

ac c eptable. Her engine ers have c alculate d that the b est they c an do with their curr ent plant setup is

to pr o duc e axles with an aver age length of 2 meters and a standar d deviation of 0 : 0025 meters.

Y our friend wants to know what pr op ortion of axles pr o duc e d wil l ne e d to b e scr app e d under the

curr ent setup. She would also like to know how low they would ne e d to get the variability to scr ap

only 1% of the axles.

f ( x ) =

1

p

2 � �

2

e

� 1

2 �

2

( x � � )

2

�

x

�

�	

Figure 3.4: An example of a densit y curv e for a normal random v ariable.

Man y , man y random quan tities turn out to b e appro ximately \normally distributed". F or

example

1. p eoples heigh ts and w eigh ts,

2. length of axels,

3. costs and prices.

De�nition 30 If a r andom variable, X , has a Normal distribution with exp e cte d value of � and

varianc e of �

2

(written X � N ( �; �

2

) ) then its pr ob ability density function is

f ( x ) =

1

p

2 � �

2

e

� 1

2 �

2

( x � � )

2

; �1 < x < 1 (3.4)
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�

2

= 4

�

2

= 0 : 25

0

x

�

�

�	

�

Figure 3.5: An example of normal curv es with di�eren t v ariances.

wher e � = E X and �

2

= V ar ( X ) .

Figure 3.4 pro vides an illustration of the densit y curv e for a Normal random v ariable. Notice

the b ell shap e. This is sometimes referred to as the b ell curv e. Figure 3.5 illustrates t w o normals,

b oth with a mean of 0 but di�eren t v ariances. Notice that the larger the v ariance the more p eek ed

the curv e is. Also notice that the curv e is alw a ys symmetric ab out the mean (0 in this case). Figure

3.6 illustrates t w o normals with di�eren t means. Notice that c hanging the mean causes the curv e

to shift but do es not alter its shap e.

Ho w migh t w e use the normal distribution?

Example one

Let X b e the w eigh t of a randomly c hosen \1 p ound" bag of sugar. W e will assume that the w eigh ts

of the bags are appro ximately normally distributed with a mean of 1 p ound and a v ariance of 0 : 01.

All bags are w eighed and bags w eighing less than 0 : 8 p ounds are rejected (i.e. not sold). What

prop ortion of bags will b e rejected or equiv alen tly what is P ( X < 0 : 8)?

W e kno w that for a con tin uous random v ariable w e calculate probabilities b y computing the area

under the densit y curv e. Figure 3.7 sho ws the densit y for this random v ariable. The shaded region is

the area b elo w 0 : 8 and represen ts the probabilit y w e are in terested in. The question then b ecomes;

Ho w do w e calculate the area of the shaded region? One p ossibilit y is to use calculus i.e.

P ( X < 0 : 8) =

Z

0 : 8

�1

f ( x ) dx

=

Z

0 : 8

�1

1

p

2 � � 0 : 01

e

� 1

2 � 0 : 01

( x � 1)

2

dx

= ???

It turns out that there is no closed form solution to this problem (i.e. it can't b e solv ed analytically).

W e will try an easier problem and come bac k to this one.
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� 2 2 x

�

�	

@

@R

� = 2� = � 2

Figure 3.6: An example of normal curv es with the same v ariance but di�eren t means.

3.4.1 The Standard Normal Distribution

W e de�ne the standard normal in the follo wing w a y .

De�nition 31 The standar d normal distribution is a normal with � = 0 (me an zer o) and varianc e

(and standar d deviation) of 1 ( �

2

= 1 ).

W e usually use the letter Z to denote a standard normal i.e.

Z � N (0 ; 1)

Note that the densit y curv e of Z is

f ( z ) =

1

p

2 �

e

�

1

2

z

2

; �1 < z < 1

This function lo oks a little easier to deal with than that of the general normal curv e, see (3.4). Can

w e calculate probabilities for the standard normal? F or example P ( Z < 0). The shaded region in

Figure 3.8 illustrates the area w e wish to calculate. F rom the symmetry of the normal curv e w e see

that P ( Z < 0) = P ( Z > 0) and since the total area m ust b e one w e can conclude that

P ( Z < 0) =

1

2

What ab out P ( Z � 1)? W e could use calculus again i.e.

P ( Z � 1) =

Z

1

�1

1

p

2 �

e

�

1

2

x

2

dx = ???

Unfortunately there is still no closed form solution to this problem. Ho w ev er w e do ha v e tables in

the text b o ok whic h giv e us areas under the standard normal curv e.
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0 : 8 1 x

@

@

@R

reject

Figure 3.7: The shaded region represen ts the probabilit y of rejection.

If Z � N (0 ; 1) then the tables giv e

P (0 � Z � z )

Figure 3.9 pro vides an illustration. F rom the tables w e see P (0 � Z � 1) = 0 : 3413 so

P ( Z � 1) = P ( Z � 0) + P (0 � Z � 1) = 0 : 5 + 0 : 3413 = 0 : 8413

Some more examples

1.

P (1 � Z � 2) = P (0 � Z � 2) � P (0 � Z � 1)

= 0 : 4772 � 0 : 3413 from tables

= 0 : 1359

2.

P ( Z � 2) = 1 � P ( Z � 2)

= 1 � ( P ( Z � 0) + P (0 � 2))

= 1 � (

1

2

+ 0 : 4772) from tables

= 0 : 0228

3.

P ( � 1 � Z � 1) = P (0 � Z � 1) + P ( � 1 � Z � 0)

= P (0 � Z � 1) + P (0 � Z � 1) b y symmetry

= 0 : 3413 + 0 : 3413 from tables

= 0 : 6826
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0 x

Figure 3.8: The shaded region represen ts the probabilit y of Z < 0.

4. Supp ose w e w an t to �nd z suc h that P ( Z � z ) = 0 : 025. This is equiv alen t to �nding Z suc h

that P (0 � Z � z ) = 0 : 475 (wh y?). F rom the tables w e see that

P (0 � Z � 1 : 96) = 0 : 475

so z = 1 : 96.

3.4.2 Bac k to the General Normal

In the previous section w e sa w that calculating probabilities for a standard normal is relativ ely

easy but this do es not seem to help us unless � = 0 and �

2

= 1. It is not p ossible to ha v e tables

for ev ery p ossible v alue of � and �

2

so what do w e do?

It turns out that normal random v ariables ha v e some v ery useful prop erties.

1. If X � N ( �; �

2

) and Y = aX + b ( a and b constan ts) then

Y � N ( a� + b; a

2

�

2

)

i.e. Y is normal with exp ected v alue a� + b and v ariance a

2

�

2

.

2. If X and Y are indep enden t with X � N ( �

X

; �

2

X

) and Y � N ( �

Y

; �

2

Y

)

then

X + Y � N ( �

X

+ �

Y

; �

2

X

+ �

2

Y

)
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0 z

�

�

�	

P (0 � Z � z )

Figure 3.9: The shaded region represen ts the probabilit y of 0 � Z � z whic h is giv en in the table

V page 1002.

No w supp ose that X � N ( �; �

2

) and w e let

Z =

X � �

�

=

1

�

X �

�

�

What is the distribution of Z ? F rom the ab o v e results w e kno w that Z m ust b e normal with

exp ected v alue a� + b and v ariance a

2

�

2

. In our case a =

1

�

and b = �

�

�

. Therefore

E Z = a� + b =

1

�

� �

�

�

= 0

and

V ar ( Z ) = a

2

�

2

= (

1

�

)

2

�

2

= 1

So

Z � N (0 ; 1)

Therefore if y ou tak e an y normal, subtract o� the mean and divide b y the standard deviation y ou

end up with a standard normal. This allo ws us to calculate probabilities for an y normal

using the standard normal tables . F or example supp ose X � N (1 ; 100). What is P ( X � 2)?

P ( X � 2) = P

�

X � �

�

�

2 � 1

p

100

�

= P

�

Z �

1

10

�

= 0 : 4602
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zx

@R

Area I I

@R

Area I

a � �

�

b � �

�

@I�� 0a b�

Figure 3.10: The left hand graph is a general normal. W e wish to calculate P ( a � X � b ) whic h is

Area I. The righ t hand graph is obtained b y transforming the general normal to a standard normal.

Here w e are calculate P

�

a � �

�

� Z �

b � �

�

�

whic h is Area I I. Area I and Area I I are equal.

In general if X � N ( �; �

2

) then

P ( a � X � b ) = P

�

a � �

�

�

X � �

�

�

b � �

�

�

= P

�

a � �

�

� Z �

b � �

�

�

Z � N (0 ; 1)

Figure 3.10 illustrates this result. The shaded region in the left hand �gure is the area or probabilit y

w e wish to compute. The shaded region in the righ t hand �gure is the corresp onding area under the

standard normal curv e. The t w o areas are equal and w e can calculate the second one from our tables.

So to recap. If w e wish to calculate the area for a general normal w e use the follo wing form ula

P ( a � X � b ) = P

�

a � �

�

� Z �

b � �

�

�

Z � N (0 ; 1) (3.5)

Example one (con tin ued)

Recall for the sugar example w e had bags of sugar with mean w eigh t of 1 p ound and v ariance of
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0 : 01. W e w an ted to calculate the fraction with w eigh t less than 0 : 8 p ounds since these w ould b e

rejected. X � N (1 ; 0 : 01) so

P ( X < 0 : 8) = P

�

X � �

�

�

0 : 8 � �

�

�

= P

�

X � �

�

�

0 : 8 � 1

0 : 1

�

= P ( Z � � 2)

= 0 : 0228

W e will reject 2 : 28% of the bags of sugar.

Case 10 revisited

If X is the length of a randomly pro duced axel then under the curren t setup

X � N (2 ; 0 : 0025

2

)

An axel is OK pro vided 1 : 995 � X � 2 : 005 so w e w an t to calculate

P (1 : 995 � X � 2 : 005) = P

�

1 : 995 � 2

0 : 0025

�

X � �

�

�

2 : 005 � 2

0 : 0025

�

= P ( � 2 � Z � 2)

= 1 � 2 � 0 : 0228

= 0 : 954

Therefore under the curren t setup w e will reject ab out 4 : 6% of all axels. T o calculate ho w lo w �

w ould need to b e b efore the rejection rate dropp ed to 1% w e need to w ork bac kw ards. F rom the

tables w e kno w

P ( � 2 : 6 � Z � 2 : 6) = 0 : 99

so w e need to �nd � suc h that

2 : 6 =

2 : 005 � 2

�

) � =

0 : 005

2 : 6

= 0 : 0019

W e need to reduce the standard deviation do wn to 0 : 0019 to get the rejection rate do wn to 1%.

3.5 Adding Normal Random V ariables

In the previous section w e discussed in some detail calculating probabilities for normal random

v ariables. In this c hapter w e will discuss some further useful prop erties of the normal distribution.

Case 11 pro vides a motiv ating example.

Case 11 A little more outside consulting

As is usual ly the c ase when p e ople talk to you your friend is very impr esse d. She c omes b ack

with a har der pr oblem! Her plant is also r e designing the engine piston manufacturing pr o c ess. The
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engine ers b elieve they c an manufactur e engine pistons with diameters that ar e appr oximately Nor-

mal ly distribute d with a me an of 30 : 00 mm and a standar d deviation of 0 : 05 mm. They alr e ady

pr o duc e cylinders which ar e appr oximately Normal ly distribute d with a me an of 30 : 10 mm and a

standar d deviation of 0 : 02 mm.

Under these sp e cs what is the pr ob ability that a r andom piston wil l �t inside a r andom cylinder?

Y ou ar e starting to wonder why some one in char ge of quality c ontr ol c an 't answer these questions

her self.

W e will use the follo wing extremely useful prop erties of the normal to answ er this question.

1. If X and Y are indep enden t normal random v ariables and

Z = aX + bY

then Z is also normal i.e.

Z � N ( aE X + bE Y ; a

2

V ar ( X ) + b

2

V ar ( Y ))

2. If X

1

; X

2

; : : : ; X

n

are all indep enden t normal random v ariables with mean � and

v ariance �

2

then

P

n

i =1

X

i

is also normal i.e.

n

X

i =1

X

i

� N ( n�; n�

2

)

Example one

Supp ose X � N (1 ; 2) ; Y � N (3 ; 5) and X and Y are indep enden t. Then what is the distribution

of :

1. X + Y .

X + Y � N (1 + 3 ; 2 + 5) = N (4 ; 7)

2. 2 X + 3 Y .

2 X + 3 Y � N (2 � 1 + 3 � 3 ; 2

2

� 2 + 3

2

� 5) = N (11 ; 53)

3. X � Y .

X � Y = X + ( � 1) Y � N (1 � 3 ; 2 + 5) = N ( � 2 ; 7)

4. 3 X � Y .

3 X � Y � N (3 � 1 � 3 ; 3

2

� 2 + 5) = N (0 ; 23)

Example t w o

A comm uter plane carries 12 p eople. Eac h p erson carries on luggage. Let X

i

b e the w eigh t of the
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i th p ersons luggage. Assume that

X

i

� N (35 ; 100)

and the X

i

are all indep enden t. The plane can not tak e o� if the total luggage w eighs more than

500 p ounds. What is the probabilit y that the plane can not tak e o� ?

Let Y b e the total w eigh t of the luggage. Then

Y = X

1

+ X

2

+ � � � + X

12

so

Y � N (12 � 35 ; 12 � 100) = N (420 ; 1200)

W e are in terested in P (plane can't tak e o�) = P ( Y � 500).

P ( Y � 500) = P

�

Y � �

�

�

500 � �

�

�

= P

�

Y � �

�

�

500 � 420

p

1200

�

= P ( Z � 2 : 31)

= 0 : 0104

Case 11 revisited

Let C b e the diameter of a randomly c hosen cylinder and P b e the diameter of a randomly c hosen

piston. Then

C � N (30 : 10 ; 0 : 02

2

) and P � N (30 : 00 ; 0 : 0 5

2

)

W e need to calculate P ( C > P ) (wh y?). This is a hard calculation b ecause w e need to �nd

the probabilit y that one random v ariable is greater than another. Ho w ev er w e can rewrite this

probabilit y in to a m uc h simpler form i.e.

P ( C > P ) = P ( C � P > 0)

= P ( Y > 0)

where Y = C � P . No w this is just the probabilit y that a single random v ariable is greater than 0.

F urther more w e kno w that

Y � N ( E C � E P ; V ar ( C ) + V ar ( P )) = N (30 : 10 � 30 : 00 ; 0 : 02

2

+ 0 : 05

2

) = N (0 : 10 ; 0 : 0029 )

Therefore

P ( Y > 0) = P

 

Y � E Y

p

V ar ( Y )

>

0 � E Y

p

V ar ( Y )

!

= P

�

Z >

0 � 0 : 1

p

0 : 0029

�

= P ( Z > � 1 : 857)

= 0 : 969



Chapter 4

What Do es The Mean Really Mean?

In this c hapter w e will in tro duce the idea of \sampling from a p opulation" and ho w to use this

sample to mak e \inferences' ab out the p opulation.

4.1 Sampling and Inference

W e will start b y de�ning exactly what w e mean b y a p opulation.

De�nition 32 A p opulation is a set or c ol le ction of obje cts that we ar e inter este d in.

F or example

� heigh ts of USC studen ts,

� p oten tial customers for a new pro duct,

� amoun t of liquid in Cok e cans,

� or lifetimes of ligh t bulbs.

There are an y n um b er of p ossible examples.

Generally a p opulation is v ery large so it is imp ossible to \view" it all at once. Instead w e try

to �nd a w a y of summarizing the \imp ortan t information". This is often ac hiev ed b y calculating

\summary statistics". One common summary statistic is the mean or exp ected v alue of the p opu-

lation ( � ).

Of course the only w a y that w e can calculate � exactly is to coun t ev ery mem b er of the p opu-

lation (i.e. tak e a census) and tak e the a v erage. This is often not p ossible b ecause :

� it ma y b e to o exp ensiv e

� it ma y destro y the p opulation

� the p opulation ma y b e in�nite

� it ma y not b e p ossible to �nd all mem b ers of the p opulation (e.g. homeless)

63
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Instead w e in v estigate a part or sample of the p opulation and use it to estimate � . F or the

purp oses of this course w e will assume that w e are alw a ys taking a \random sample" i.e. w e ran-

domly c ho ose ob jects from the p opulation to sample and ev ery ob ject is equally lik ely to b e c hosen.

Supp ose w e c ho ose a random sample of n ob jects from a p opulation of size N ( n << N ). W e

use the follo wing notation to denote the v alues of the n di�eren t ob jects.

X

1

= V alue of �rst ob ject or p erson c hosen

X

2

= V alue of second ob ject or p erson c hosen

.

.

.

.

.

.

.

.

.

X

n

= V alue of n th ob ject or p erson c hosen

X

1

; X

2

; : : : ; X

n

are random v ariables b ecause ev ery ob ject w as c hosen at random. In other w ords if

the exp erimen t w as rep eated (a new sample w as tak en) X

1

; X

2

; : : : ; X

n

w ould c hange. They are all

indep enden t random v ariables b ecause eac h ob ject is c hosen indep enden tly from the others. Also,

they all come from the same distribution b ecause they w ere all tak en from the same p opulation.

Therefore an imp ortan t question is : Ho w do w e use this random sample ( X

1

; X

2

; : : : ; X

n

) to

estimate the p opulation mean ( � )? Let

�

X =

1

n

n

X

i =1

X

i

then

�

X is called the sample mean . W e use

�

X to estimate � .

Example one

Supp ose w e pro duce \1 p ound" bags of sugar and w e w an t to kno w the true a v erage w eigh t of the

bags. Then the p opulation is the w eigh ts of all bags of sugar w e pro duce and w e are in terested

in � = a v erage w eigh t of all bags. T o estimate � w e tak e a random sample of 3 bags (sa y) with

w eigh ts X

1

= 0 : 9 ; X

2

= 0 : 95 ; X

3

= 1 : 05 then

�

X =

1

3

( X

1

+ X

2

+ X

3

) =

1

3

(0 : 9 + 0 : 95 + 1 : 05) = 0 : 9667

Therefore our estimate (or b est guess) for � is 0 : 9667. Ho w ev er note that

�

X is random b ecause

X

1

; X

2

; : : : ; X

n

are random so for example if w e to ok another sample of three b ottles w e migh t

get

�

X = 1 : 02 and then our estimate for � w ould b e 1 : 02. Note that � is probably neither of these

v alues. They are only our b est guess for � !

Summary

P opulation mean Sample Mean

�

�

X

(constan t, what w e w an t but unkno wn) (random, what w e kno w but not what w e w an t)

Example t w o

Supp ose the p opulation w e are in terested in is the y ears of existence of 5 small businesses that ha v e
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b een assisted b y the Small Business Dev elopmen t Corp oration. The y ears are 2 ; 4 ; 6 ; 8 and 10 so

� =

1

5

(2 + 4 + 6 + 8 + 10) = 6

Ob viously with a p opulation this small there is no need to tak e a sample to estimate � since w e

could just coun t the �v e mem b ers. Ho w ev er w e will assume that w e tak e a sample to illustrate

the distribution of

�

X . Supp ose that w e tak e a random sample of size 2 \without replacemen t"

i.e. w e don't replace the �rst observ ation b efore c ho osing the second. There are

�

5

2

�

= 10 p ossible

outcomes i.e.

(2 ; 4) ; (2 ; 6 ) ; : : : ; (8 ; 10)

and corresp onding v alues for

�

X i.e.

Sample (2,4) (2,6) (2,8) (2,10) (4,6) (4,8) (4,10) (6,8) (6,10) (8,10)

�

X 3 4 5 6 5 6 7 7 8 9

So

P (

�

X = 3) = P (2 ; 4) =

1

10

P (

�

X = 5) = P (2 ; 8) + P (4 ; 6) =

2

10

etc. Just lik e an y other random v ariable w e can represen t the p ossible v alues of

�

X and the corre-

sp onding probabilities in the form of a table.

�x 3 4 5 6 7 8 9

P (

�

X = � x )

1

10

1

10

2

10

2

10

2

10

1

10

1

10

Also just lik e an y other random v ariable

�

X has an exp ected v alue.

E

�

X = 3 �

1

10

+ 4 �

1

10

+ 5 �

2

10

+ 6 �

2

10

+ 7 �

2

10

+ 8 �

1

10

+ 9 �

1

10

= 6

4.1.1 Exp ected v alue of

�

X

Notice that in the previous example E

�

X = � . This is not a coincidence. This will b e the case for

an y p opulation. Here w e presen t the pro of.

E

�

X = E

�

1

n

( X

1

+ X

2

+ : : : + X

n

)

�

=

1

n

E ( X

1

+ X

2

+ : : : + X

n

)

=

1

n

( E X

1

+ E X

2

+ : : : + E X

n

)

=

1

n

( � + � + � � � � )

= �

So for an y p opulation, the exp ected v alue of

�

X is the p opulation mean.

E

�

X = � (4.1)
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4.1.2 V ariance of

�

X

Just lik e an y other random v ariable w e are not just in terested in the mean of

�

X but also its

v ariance. It turns out that pro vided the p opulation w e are sampling from is in�nite (or v ery large

if y ou prefer) the v ariance can b e calculated in a similar w a y .

V ar (

�

X ) = V ar

�

1

n

( X

1

+ X

2

+ � � � + X

n

)

�

=

1

n

2

V ar ( X

1

+ X

2

+ � � � + X

n

)

=

1

n

2

[ V ar ( X

1

) + V ar ( X

2

) + � � � + V ar ( X

n

)]

=

1

n

2

[ �

2

+ �

2

+ � � � + �

2

]

=

n�

2

n

2

=

�

2

n

V ar (

�

X ) =

�

2

n

(4.2)

The form ula V ar (

�

X ) = �

2

=n is v ery useful b ecause it tells us ho w v ariable our estimate of � is.

Ho w ev er to use it w e need to kno w �

2

(the p opulation v ariance). Often this is unkno wn so w e need

to estimate it. Let

S

2

=

1

n � 1

n

X

i =1

( X

i

�

�

X )

2

W e use S

2

to estimate �

2

. It can b e sho wn that

E S

2

= �

2

S

2

is called the sample v ariance.

Summary

�

X is a random v ariable with

E

�

X = � = p opulation mean

V ar (

�

X ) = �

2

�

X

=

�

2

n

= p opulation v ariance =n

S D (

�

X ) =

p

�

2

=n = � =

p

n = p opulation s.d. =

p

n

The distribution of

�

X is often called the sampling distribution b ecause it is the distribution of

the mean of a random sample. The standard deviation of

�

X ( �

�

X

) is often called the standard error.
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4.2 T aking a Random Sample from a Normal P opulation

If the p opulation that w e tak e the random sample from has a normal distribution (i.e. b ell shap ed)

then the sample mean (

�

X ) will ha v e a n um b er of desirable prop erties. Case 12 pro vides a p ossible

scenario where these prop erties ma y b e useful.

Case 12 A cure for the common cold

This c onsulting thing is p aying so wel l that you de cide to set up a private c onsulting business.

Y our �rst customer is Ev en Closer . It turns out that they wer e the �rst c omp any to disc over the

cur e for the c ommon c old and ar e now mass pr o ducing it.

After many months of work they ar e on the ver ge of getting FD A appr oval for the drug (they

ar e marketing it under the name going going gone cold remedy ). However they ne e d to p ass

one last test. They ar e pr o ducing tablets with 20 mg of active ingr e dient and the FD A wants to

che ck that the aver age r e al ly is 20 mg. Y ou know that e ach tablet has a r andom amount of active

ingr e dient which is normal ly distribute d with me an 20 mg and standar d deviation of 0 : 1 mg.

The FD A wil l take a sample of n tablets and ac c ept them pr ovide d the aver age amount of active

ingr e dient is some wher e b etwe en 19 : 99 and 20 : 01 mg. However you get to pr ovide the tablets so

you c an de cide how lar ge n should b e. Even Closer wants at le ast a 99% pr ob ability that the me an

wil l b e in the r e quir e d r ange.

W e will examine some of the prop erties of

�

X and then return to this case.

Supp ose w e tak e a random sample, of size n , from a normal p opulation. Then

X

1

; X

2

; : : : ; X

n

� N ( �; �

2

)

What is the distribution of

�

X ? Recall from Chapter 3 that if X

1

; X

2

; : : : ; X

n

� N ( �; �

2

) then

X

1

+ X

2

+ � � � + X

n

� N

and that a normal divided b y a constan t is still normal. Therefore

�

X = ( X

1

+ X

2

+ : : : + X

n

) =n � Normal =n = N ( E

�

X ; V ar (

�

X ))

W e ha v e just calculated that E

�

X = � and V ar (

�

X ) = �

2

=n so

�

X � N ( �; �

2

=n ) (4.3)

Example one

Supp ose w e tak e a random sample of size 100 from a normal p opulation with mean 10 and v ariance

100 ( N (10 ; 100)) .
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� What is the distribution of

�

X ?

�

X � N ( �; �

2

=n )

= N (10 ; 100 = 1 00)

= N (10 ; 1)

� What is the probabilit y that

�

X > 11?

P (

�

X > 11) = P

 

�

X � E

�

X

p

V ar (

�

X )

>

11 � E

�

X

p

V ar (

�

X )

!

= P (

 

�

X � E

�

X

p

V ar (

�

X )

>

11 � �

� =

p

n

!

= P

�

Z >

10 � 11

10 = 10

�

= P ( Z > 1)

= 0 : 1587

Example t w o

Supp ose w e kno w that the amoun t of liquid in b ottles of cok e has a normal distribution with a

mean of � (unkno wn) and a v ariance of 0 : 01 (i.e. N ( �; 0 : 01)). W e w ould lik e to b e �lling the b ottles

to an a v erage of one litre (i.e. w e hop e � = 1). W e tak e a random sample of size n = 25 and get

�

X = 1 : 04. What is the probabilit y of getting

�

X this large or larger if � really is 1?

If � = 1 then

�

X � N (1 ; 0 : 01 = 25 ) = N (1 ; 0 : 00 04)

so

P (

�

X > 1 : 04) = P

 

�

X � E

�

X

p

V ar (

�

X )

>

1 : 04 � E

�

X

p

V ar (

�

X )

!

= P

 

�

X � E

�

X

p

V ar (

�

X )

>

1 : 04 � �

� =

p

n

!

= P

�

Z >

1 : 04 � 1

0 : 1 = 5

�

= P ( Z > 0 : 04 = 0 : 02)

= P ( Z > 2 : 0)

= 0 : 0228

This is a fairly small probabilit y so w e ma y b e suspicious that the mean is not really one litre.

Case 12 Revisited

Let X b e the amoun t of activ e ingredien t in a randomly selected tablet. Then

X � N (20 ; 0 : 01)
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and

�

X � N ( �; �

2

=n ) = N (20 ; 0 : 01 =n )

W e need to �nd the v alue of n whic h will giv e

P (19 : 99 �

�

X � 20 : 01) = 0 : 99

Therefore

P (19 : 99 � 20 �

�

X � E

�

X � 20 : 01 � 20)

) P

 

� 0 : 01

p

0 : 01 =n

�

�

X � E

�

X

p

V ar (

�

X )

�

0 : 01

p

0 : 01 =n

!

) P ( �

p

n 0 : 1 � Z �

p

n 0 : 1) = 0 : 99 Z � N (0 ; 1)

) P (0 � Z � 0 : 1

p

n ) = 0 : 495

) 0 : 1

p

n = 2 : 575 from normal tables

) n = 25 : 75

2

= 663

4.3 Cen tral Limit Theorem

W e ha v e seen in the previous section that if w e tak e a sample from a normal p opulation then b oth

the sample mean,

�

X , and the sum of the observ ations,

P

X

i

, also ha v e a normal distribution. This

allo w ed us to p erform probabilit y calculations on

�

X . Ho w ev er there are man y p opulations that are

not normal. What do w e do in this case? Case 13 pro vides an example of a non normal p opulation.

Case 13 W an t a safe business - try a Casino!

Y our r eputation is spr e ading fast now. Y our latest client is a c onc erne d investor. They ar e

c onsidering investing in a c asino but ar e c onc erne d that this se ems like a very risky business sinc e

it is b ase d on gambling. What if the c asino got on an unlucky run and lost a lot of money? Y ou

try to c onvinc e him that a c asino is actual ly a very safe investment but he is not c onvinc e d. So you

c ol le ct some data for him. Y ou �nd out that every day ab out 100 ; 000 b ets ar e plac e d at r oulette

with an aver age b et of $10 . T o simplify the c alculations we wil l assume that every b et is for exactly

$10 and al l b ets ar e on r e d or black.

Base d on these numb ers you c alculate that the aver age net winnings for the c asino ar e $52 ; 631

p er day on r oulette alone! However your client is stil l not c onvinc e d. He has done some statistics

ar e r e alizes that on any given day the net winnings c ould b e lower than this. Y ou go away and

c alculate that even though the winnings c ould vary the pr ob ability that they ar e lower than $45 ; 000

is ab out 0 : 0078 ! Final ly he is happy and le aves you in p e ac e. How did you do the c alculations?

Clearly the p opulation in this case is not normal so it it not clear where the probabilit y calculations

come from. In fact w e made use of the most imp ortan t result in statistics. Namely the Cen tral

Limit Theorem.
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Cen tral Limit Theorem (V ersion one)

Let X

1

; X

2

; : : : ; X

n

b e iid with E X

i

= � and V ar ( X

i

) = �

2

. (Note the X

i

are not necessarily

normal). Then if n is large

Z =

�

X � �

� =

p

n

� N (0 ; 1) (4.4)

or equiv alen tly

�

X � N ( �; �

2

=n ) (4.5)

Note that this result holds for a random sample from an y p opulation. Not just a normal p opulation.

As a rough rule of th um b n = 30 is considered large.

Example one

Supp ose w e ha v e a random sample X

1

; X

2

; : : : ; X

100

from a p opulation with unkno wn distribution

and E X

i

= 10 ; V ar ( X

i

) = 9. What is P (9 : 5 �

�

X � 10 : 5)?

P (9 : 5 �

�

X � 10 : 5) = P

 

9 : 5 � 10

p

9 = 100

�

�

X � �

p

�

2

=n

�

10 : 5 � 10

p

9 = 100

!

� P

�

� 0 : 5

0 : 3

� Z �

0 : 5

0 : 3

�

(b y CL T)

= P ( � 1 : 67 � Z � 1 : 67)

= 0 : 905

Example t w o

Supp ose w e ha v e a random sample X

1

; X

2

; : : : ; X

100

from a p opulation with an exp onen tial distri-

bution with � = 2. What is P (

�

X > 0 : 6)?

First w e calculate

E X

i

=

1

�

=

1

2

and

V ar ( X

i

) =

1

�

2

=

1

4

Therefore

Z =

�

X �

1

2

q

1

4

= 100

� N (0 ; 1)

and

P (

�

X > 0 : 6) = P

 

�

X � �

p

�

2

=n

>

0 : 6 � 1 = 2

1 = 20

!

� P ( Z > 2) (b y CL T)

= 0 : 0228



4.3. CENTRAL LIMIT THEOREM 71

W e can see from the previous t w o examples that the CL T has man y applications for calculating

probabilities for sample means,

�

X . Ho w ev er it can also b e used for dealing with sums,

P

X

i

. Notice

the CL T tells us

�

X � �

� =

p

n

� N (0 ; 1)

but

�

X � �

� =

p

n

=

n (

�

X � � )

n� =

p

n

=

P

X

i

� n�

�

p

n

whic h suggests the second v ersion of CL T

Cen tral Limit Theorem (V ersion t w o)

Let X

1

; X

2

; : : : ; X

n

b e iid with E X

i

= � and V ar ( X

i

) = �

2

. (Note the X

i

are not necessarily

normal). Then if n is large

Z =

P

X

i

� n�

�

p

n

� N (0 ; 1) (4.6)

or equiv alen tly

X

X

i

� N ( n�; n�

2

) (4.7)

Case 13 Revisited

Let X

i

b e the casino winnings on the i th game. Then

X

i

=

(

10 with probabilit y 20 = 38

� 10 with probabilit y 18 = 38

so

E X

i

= 10 �

20

38

� 10 �

18

38

=

10

19

and

V ar ( X

i

) = E X

2

i

� ( E X

i

)

2

= 10

2

�

20

38

+ ( � 10)

2

�

18

38

� (10 = 19)

2

= 99 : 72

Therefore

E (Winnings ) = E

�

X

X

i

�

= nE X = 100 ; 000 �

10

19

= 52 ; 631

P (Ov erall Pro�t) = P (

X

X

i

> 0)

= P

�
P

X

i

� n�

p

n�

2

>

0 � 52 ; 631

p

99 : 72 � 100 ; 000

�

� P ( Z > � 16 : 7) = 1
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and

P (Pro�t > 45 ; 000) = P (

X

X

i

> 45 ; 000)

= P

� P

X

i

� n�

p

n�

2

>

45 ; 000 � 52 ; 631

p

99 : 72 � 100 ; 000

�

� P ( Z > � 2 : 42) = 0 : 9922

4.4 Normal Appro ximation to the Binomial Distribution

The Cen tral Limit Theorem has further applications. One of them is to calculating Binomial

probabilities.

4.4.1 Calculating Probabilities for the Num b er of Successes, X

Case 14 illustrates a Binomial calculation where the CL T is useful.

Case 14 Keeping y our planes full

It is c ommon in the airline industry to over b o ok se ats on a 
ight b e c ause it is r ar e for everyone

to turn up. By over b o oking they c an �l l the 
ight and stil l get money for the p e ople that didn 't

turn up! However if mor e p e ople turn up than ther e ar e se ats for the 
ight then the airline must

p ay p e ople not to take the 
ight so obviously they do not want to over b o ok a 
ight by to o much!

How many extr a b o okings should an airline take? In this c ase we wil l se e how to use statistics to

help answer this question.

Supp ose that Disuni�ed is trying to de cide d how many r eservations to ac c ept for their 747


ights. A 747 c an hold 400 p e ople and fr om p ast exp erienc e the airline knows that ab out 95% of

p e ople that b o ok on the 
ight wil l turn up for it. It c osts money to c onvinc e p e ople to switch 
ights

so Disuni�e d do esn 't want mor e than a 1% chanc e that to o many p e ople wil l turn up. If we assume

that p e ople turn up indep endently of e ach other, how many b o okings should they ac c ept?

Supp ose X � B in ( n = 100 ; p = 0 : 5) and w e w an t to kno w P (40 � X � 60). W e kno w from

Chapter 2 that

P (40 � X � 60) = P ( X = 40) + P ( X = 41) + � � � + P ( X = 60)

In theory w e could calculate all these probabilities using the binomial form ula but it w ould b e a

lot of w ork. Ho w ev er recall that

X = total successes out of 100 trials

=

100

X

i =1

X

i

where

X

i

=

(

1 if i th trial is a success

0 otherwise
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and the X

i

are indep enden t b ecause the trails are indep enden t. W e can calculate the exp ected

v alue and v ariance of these X

i

.

E X

i

= 1 � p + 0 � (1 � p ) = p

and

V ar ( X

i

) = E X

2

i

� p

2

= 1

2

p + 0

2

(1 � p ) � p

2

= p (1 � p )

Therefore

Z =

P

X

i

� n�

p

n�

2

=

X � np

p

np (1 � p )

but the Cen tral Limit Theorem tells us

Z =

P

X

i

� n�

p

n�

2

� N (0 ; 1)

so

Z =

X � np

p

np (1 � p )

� N (0 ; 1)

This is called the Normal appro ximation to the Binomial distribution. T o summarize. If X is

binomial and n is large then

Z =

X � np

p

np (1 � p )

� N (0 ; 1) (4.8)

or

P ( a � X � b ) � P

 

a � np

p

np (1 � p )

� Z �

b � np

p

np (1 � p )

!

Z � N (0 ; 1) (4.9)

Example one

If X � B in ( n = 100 ; p = 0 : 5) then

P (40 � X � 60) � P

�

40 � 100 � 0 : 5

p

100 � 0 : 5 � 0 : 5

� Z �

60 � 100 � 0 : 5

p

100 � 0 : 5 � 0 : 5

�

= P ( � 2 � Z � 2) = 0 : 9544

Example t w o

Supp ose that w e tak e a random sample of 200 p eople and ask them if they b eliev e that the sto c k

mark et will go do wn in 1999. Supp ose that 45% of Americans b eliev e it will. What is the probabilit y

that more than half of those surv ey ed (i.e. 100 p eople) sa y y es?

Let X b e the n um b er of p eople that sa y y es. Then X � B in ( n = 200 ; p = 0 : 45) (Wh y?) and

P ( X > 100) = P

 

X � np

p

np (1 � p )

>

100 � 200 � 0 : 45

p

200 � 0 : 45 � 0 : 55

!

� P ( Z �

10

7 : 04

)

= P ( Z � 1 : 42) = 0 : 0778
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Case 14 Revisited

Let X b e the n um b er of p eople that turn up. Then

X � B in ( n; p = 0 : 95)

and the question is; What is n ? W e kno w

P ( X > 400) = 0 : 01

Therefore

P ( X > 400) = 0 : 01

) P

 

X � np

p

np (1 � p )

>

400 � n � 0 : 95

p

n � 0 : 95 � 0 : 05

!

= 0 : 01

) P

�

Z >

400 � n � 0 : 95

p

n 0 : 218

�

� 0 : 01

) 2 : 33 =

400 � n � 0 : 95

p

n 0 : 218

) (

p

n )

2

� 0 : 95 + 0 : 5078

p

n � 400 = 0

W e can use the form ula

x =

� b �

p

b

2

� 4 ac

2 a

with x =

p

n; a = 0 : 95 ; b = 0 : 5078 and c = � 400. This giv es

p

n = 20 : 25 or n � 410

4.4.2 Calculating Probabilities for the Prop ortion of Successes, ^p

Sometimes rather than the n um b er of successes, X , w e are in terested in the prop ortion or fraction

of successes,

^p =

X

n

If X � B in ( n; p ) then

E ^p = E ( X=n ) =

1

n

E X =

1

n

np = p

and

V ar ( ^ p ) = V ar

�

1

n

X

�

=

1

n

2

V ar ( X ) =

1

n

2

np (1 � p ) =

p (1 � p )

n

whic h means

S D ( ^ p ) =

r

p (1 � p )

n

Therefore if

Z =

X � np

p

np (1 � p )

� N (0 ; 1)

then

X

n

�

np

n

1

n

p

np (1 � p )

=

^p � p

p

p (1 � p ) =n

� N (0 ; 1)

So the Cen tral Limit Theorem tells us that
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Z =

^p � p

p

p (1 � p ) =n

=

^p � E ^p

p

V ar ( ^ p )

� N (0 ; 1) ( n large) (4.10)

or equiv alen tly

^p � N

�

p;

p (1 � p )

n

�

( n large) (4.11)

Example one

Supp ose 35% of p eople will buy a new pro duct w e are mark eting. What is the probabilit y that at

least 30% of a group of 500 p eople will buy the pro duct?

P ( ^ p � 0 : 3) = P

 

^p � p

p

p (1 � p ) =n

>

0 : 3 � 0 : 35

p

0 : 35 � 0 : 65 = 500

!

� P ( Z > � 2 : 34)

= 0 : 9904

Notice that this is the same as asking for the probabilit y that at least 150 out of 500 buy the

pro duct.

P ( X � 150) = P

 

X � np

p

np (1 � p )

�

150 � 500 � 0 : 35

p

500 � 0 : 35 � 0 : 65

!

� P ( Z � � 2 : 34)

= 0 : 9904

Example t w o

Supp ose that

X � B in ( n = 300 ; p = 0 : 5)

What is P (0 : 45 � ^p � 0 : 55)?

P (0 : 45 � ^p � 0 : 55) = P

 

0 : 45 � 0 : 5

p

0 : 5 � 0 : 5 = 300

�

^p � p

p

p (1 � p ) =n

�

0 : 55 � 0 : 5

p

0 : 5 � 0 : 5 = 300

!

� P ( � 1 : 73 � Z � 1 : 73)

= 0 : 9164

4.5 Distribution of

�

X

1

�

�

X

2

and ^p

1

� ^p

2

W e will b egin b y examining the distribution of

�

X

1

�

�

X

2

.
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4.5.1 The distribution of

�

X

1

�

�

X

2

Supp ose that w e ha v e t w o samples from t w o di�eren t normal p opulations. In other w ords

X

1 ; 1

; X

1 ; 2

; : : : ; X

1 ;n

1

� N ( �

1

; �

2

1

)

X

2 ; 1

; X

2 ; 2

; : : : ; X

2 ;n

2

� N ( �

2

; �

2

2

)

W e will further assume that all the observ ations are indep enden t from eac h other. Often w e are

in terested in using the t w o random samples to compare the p opulations. F or example w e migh t

ask if b oth p opulations ha v e the same mean i.e. �

1

= �

2

or �

1

� �

2

= 0. A natural w a y to answ er

this question is to calculate

�

X

1

�

�

X

2

and see if the di�erence is close to zero. Ho w ev er

�

X

1

�

�

X

2

is a random v ariable b ecause it is based

on random data. Therefore in order to tell whether

�

X

1

�

�

X

2

is \close" to zero w e need to kno w its

distribution. W e will start b y calculating its exp ected v alue and v ariance.

E (

�

X

1

�

�

X

2

) = E

�

X

1

� E

�

X

2

= �

1

� �

2

V ar (

�

X

1

�

�

X

2

) = V ar (

�

X

1

) + V ar (

�

X

2

)

=

�

2

1

n

1

+

�

2

2

n

2

S D (

�

X

1

�

�

X

2

) =

s

�

2

1

n

1

+

�

2

2

n

2

W e also kno w that

�

X

1

and

�

X

2

are b oth normal so their di�erence m ust also b e normal. This tells

us that

�

X

1

�

�

X

2

� N

�

�

1

� �

2

;

�

2

1

n

1

+

�

2

2

n

2

�

or in other w ords

Z =

(

�

X

1

�

�

X

2

) � ( �

1

� �

2

)

q

�

2

1

n

1

+

�

2

2

n

2

� N (0 ; 1) (4.12)

Note that ev en if the t w o p opulations are not normal w e can still sa y that

Z =

(

�

X

1

�

�

X

2

) � ( �

1

� �

2

)

q

�

2

1

n

1

+

�

2

2

n

2

� N (0 ; 1)

b y the cen tral limit theorem, pro vided that n

1

and n

2

are large.

Example one

Supp ose

X

1 ; 1

; X

1 ; 2

; : : : ; X

1 ; 90

� N (10 ; 2)

X

2 ; 1

; X

2 ; 2

; : : : ; X

2 ; 100

� N (12 ; 4)
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What is the distribution of

�

X

1

�

�

X

2

?

�

X

1

�

�

X

2

� N

�

10 � 12 ;

2

90

+

4

100

�

= N ( � 2 ; 0 : 062)

What is P (

�

X

1

>

�

X

2

)?

P (

�

X

1

>

�

X

2

) = P (

�

X

1

�

�

X

2

> 0)

= P

0

@

(

�

X

1

�

�

X

2

) � ( �

1

� �

2

)

q

�

2

1

n

1

+

�

2

2

n

2

>

0 + 2

p

0 : 062

1

A

= P ( Z > 8 : 03)

� 0

Example t w o

Supp ose that w e are op erating t w o mines and the daily pro duction for eac h is appro ximately

N (150 ; 400) and N (125 ; 625 ) resp ectiv ely . If w e tak e a random sample of �v e da ys from eac h mine

what is the probabilit y that the a v erage for the �rst mine is less than that from the second? i.e.

P (

�

X

1

�

�

X

2

) = P (

�

X

1

�

�

X

2

� 0)

W e kno w that

�

X

1

�

�

X

2

� N

�

�

1

� �

2

;

�

2

1

n

1

+

�

2

2

n

2

�

= N

�

150 � 125 ;

400

5

+

625

5

�

= N (25 ; 205)

Therefore

P (

�

X

1

�

�

X

2

� 0) = P

0

@

(

�

X

1

�

�

X

2

) � ( �

1

� �

2

)

q

�

2

1

n

1

+

�

2

2

n

2

�

0 � 25

p

205

1

A

= P ( Z � � 1 : 75)

= 0 : 0401

4.5.2 The distribution of ^p

1

� ^p

2

Supp ose w e ha v e t w o indep enden t binomial random v ariables, X

1

� B in ( n

1

; p

1

) and X

2

� B in ( n

2

; p

2

)

and w e are in terested in whether they b oth ha v e the same probabilit y of success on eac h trial i.e.

p

1

= p

2

or p

1

� p

2

= 0. Just as in the previous section a natural w a y to answ er this question is to

calculate ^p

1

� ^p

2

and see if the di�erence is close to zero. These are also random v ariables so to

decide what w e mean b y close w e m ust calculate the distribution. W e will start with the exp ected

v alue and v ariance.

E ( ^ p

1

� ^p

2

) = E ^p

1

� E ^p

2

= p

1

� p

2

V ar ( ^ p

1

� ^p

2

) = V ar ( ^ p

1

) + V ar ( ^ p

2

)

=

p

1

(1 � p

1

)

n

1

+

p

2

(1 � p

2

)

n

2
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Also recall that pro vided n

1

and n

2

are large enough the cen tral limit theorem tells us that b oth ^p

1

and ^p

2

will b e appro ximately normal. Therefore their di�erence will b e appro ximately normal i.e.

^p

1

� ^p

2

� N

�

p

1

� p

2

;

p

1

(1 � p

1

)

n

1

+

p

2

(1 � p

2

)

n

2

�

or in other w ords

Z =

( ^ p

1

� ^p

2

) � ( p

1

� p

2

)

q

p

1

(1 � p

1

)

n

1

+

p

2

(1 � p

2

)

n

2

� N (0 ; 1) pro vided n

1

and n

2

are large enough (4.13)

Example one

Supp ose X

1

� B in (50 ; 0 : 5) and X

2

� B in (50 ; 0 : 4). What is P ( ^ p

1

> ^p

2

)? W e kno w that

^p

1

� ^p

2

� N

�

0 : 5 � 0 : 4 ;

0 : 5 � 0 : 5

50

+

0 : 6 � 0 : 4

50

�

= N (0 : 1 ; 0 : 009 8)

Therefore

P ( ^ p

1

> ^p

2

) = P ( ^ p

1

� ^p

2

> 0)

= P

0

@

( ^ p

1

� ^p

2

) � ( p

1

� p

2

)

q

p

1

(1 � p

1

)

n

1

+

p

2

(1 � p

2

)

n

2

>

0 � 0 : 1

p

0 : 0098

1

A

� P ( Z > � 1 : 01) Z � N (0 ; 1)

= 0 : 8438

Example t w o

Supp ose w e get parts from t w o di�eren t suppliers. W e reject parts from the t w o suppliers at the

rate of 8 out of ev ery 100 and 5 out of ev ery 100 resp ectiv ely . Eac h da y w e use n

1

= 150 parts

from the �rst supplier and n

2

= 300 from the second supplier. What prop ortion of da ys will the

di�erence in prop ortion of parts rejected from the t w o suppliers (i.e. ^p

1

� ^p

2

) b e 1% or less?

This question is asking us to calculate

P ( � 0 : 01 � ^p

1

� ^p

2

� 0 : 01) (Wh y?)

W e kno w that p

1

= 0 : 08 and p

2

= 0 : 05 so

^p

1

� ^p

2

� N

�

0 : 08 � 0 : 05 ;

0 : 08(1 � 0 : 08)

150

+

0 : 05(1 � 0 : 05)

300

�

= N (0 : 03 ; 0 : 0 0064 9)

Therefore

P ( � 0 : 01 � ^p

1

� ^p

2

� 0 : 01) = P

0

@

� 0 : 01 � 0 : 03

p

0 : 000649

�

( ^ p

1

� ^p

2

) � ( p

1

� p

2

)

q

p

1

(1 � p

1

)

n

1

+

p

2

(1 � p

2

)

n

2

�

0 : 01 � 0 : 03

p

0 : 000649

1

A

� P ( � 1 : 57 � Z � � 0 : 785)

= P (0 : 785 � Z � 1 : 57)

= 0 : 1566



Chapter 5

Ho w Go o d Is That Answ er An yw a y?

Measuring The Accuracy Of Y our

Estimate

In the previous four c hapters w e w ere assuming that w e knew all ab out the p opulation of in terest

and then using that information to calculate probabilities. F or example w e migh t assume that the

p opulation w as normal with a mean of � = 2 and ask for the probabilit y that the sample mean

w as greater than 0. Ho w ev er, usually w e do not kno w ev erything ab out the p opulation and w ould

lik e to use our random sample to learn more. In this c hapter w e will use the kno wledge w e ha v e

gained in the previous c hapters to mak e guesses or \inferences" ab out the p opulation based on our

random samples. W e will also pro vide metho ds for deciding ho w go o d these guesses are.

5.1 Estimators

Recall that sample statistics are n um b ers w e calculate from a sample X

1

; X

2

; : : : ; X

n

e.g.

�

X and

S

2

. On the other hand p opulation parameters are (generally) unkno wn v alues that w e w ould

lik e to kno w e.g. � = E X or �

2

= V ar ( X ). In this c hapter w e will learn ho w to use sample

statistics to estimate p opulation parameters. W e will b egin with a few de�nitions.

De�nition 33 A n estimator is a sample statistic that is use d to estimate an unknown p opulation

p ar ameter. On the other hand an estimate or p oint estimate is an actual numeric al value obtaine d

fr om an estimator

F or example

�

X is an estimator for � . If w e tak e a random sample and the sample mean is 10 : 31

(i.e.

�

X = 10 : 31), w e sa y that 10 : 31 is our estimate, or p oin t estimate, for � . (Note that this do es

not mean that � = 10 : 31.) There are man y p ossible estimators for an y giv en p opulation parameter

e.g. w e could use the sample mean, the median or the mo de as estimators of � . Usually some

estimators are \b etter" than others. Ho w do w e decide what is a go o d estimator?

5.1.1 Un biased Estimators

One desirable prop ert y is that on a v erage the estimator is correct i.e. its exp ected v alue is equal

to the p opulation parameter. In this case the estimator is said to b e an \un biased estimator".

79
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Estimator Tw o

Estimator One

�

x

�

�

�	

�

Figure 5.1: Both estimators are un biased but one has a smaller v ariance.

De�nition 34 A n estimator is unbiase d if

E ( Estimator ) = Population p ar ameter

Example one

In the previous c hapter w e sho w ed that pro vided w e had a random sample from the p opulation

then

E

�

X = �

So if w e are in terested in estimating � w e kno w that

�

X is an un biased estimator for � .

Example t w o

W e ha v e also brie
y talk ed ab out the sample v ariance

S

2

=

1

n � 1

n

X

i =1

( X

i

�

�

X )

2

If the p opulation v ariance, �

2

, is unkno wn w e can use S

2

as an estimator for it. It can b e sho wn

that

E S

2

= �

2

so that S

2

is an un biased estimator for �

2

.

Ho w ev er there are often man y un biased estimators. F or example if the p opulation is normal then

b oth

�

X and the sample median are un biased estimators for the p opulation mean, � . There is a

second imp ortan t criteria that w e need to tak e in to accoun t.
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5.1.2 Minim um V ariance Un biased Estimators

Consider Figure 5.1. It pro vides an illustration of the distributions of t w o di�eren t estimators whic h

w e ha v e lab eled \Estimators One and Tw o". Both estimators are cen tered around � so b oth are

un biased estimators. Is one b etter than the other? While the second estimator is cen tered ab out

� w e notice that it is often a long w a y b elo w � and often a long w a y ab o v e. Ho w ev er the �rst

estimator is generally v ery close to � . Therefore w e w ould prefer Estimator One o v er Estimator

Tw o b ecause it is generally closer to � . Estimator One is b etter b ecause it has a lo w er v ariance.

It is p ossible that there is a third estimator whic h is also un biased and has ev en lo w er v ariance.

Ideally w e w ould lik e to �nd the un biased estimator with minim um v ariance.

De�nition 35 A n estimator is said to b e a \Minimum V arianc e Unbiase d Estimator" if it is

unbiase d and has smal ler varianc e than any other unbiase d estimator.

F or example, if w e tak e a random sample from a normal p opulation then b oth

�

X and the sample

median will b e un biased estimators of � . Ho w ev er

V ar (

�

X ) =

�

2

n

while V ar (Median) �

� �

2

2 n

=

1 : 57 �

2

n

> V ar (

�

X )

so

�

X is a b etter estimator.

It is p ossible to sp end an en tire course discussing ho w to �nd Minim um V ariance Un biased Esti-

mators but most of the concepts are b ey ond the scop e of this course. All that is required here is

the fact that, if the p opulation is normal, then

�

X is the Uniform Minim um V ariance

Estimator for � . By this de�nition at least it is \b est".

5.1.3 Are Un biased Estimators Alw a ys the Best Estimators? (Not Examinable)

Consider Figure 5.2. Again it illustrates the distributions of t w o estimators. One is un biased and

the other is not. Is the un biased estimator b etter? Not necessarily . In this example the un biased

estimator has a m uc h higher v ariance whic h means it is often a long w a y a w a y from � . On the

other hand the biased estimator is generally fairly close to � . In this example the biased estimator

is probably b etter. In this course will will only deal with un biased estimators.

5.2 Con�dence In terv als for Normal Means : �

2

Kno wn

In the previous section w e learn t that w e can use

�

X as an estimator for � and that in some sense

it is the b est estimator. Ho w ev er

�

X is still random so it is unlik ely to b e exactly correct i.e. it is

unlik ely to b e exactly equal to � . Therefore w e w ould lik e to ha v e some w a y of deciding ho w go o d

our guess for � is. Case 15 pro vides a p ossible business application.

Case 15 Ho w sure is sure?

One day you ar e sitting in your o�c e enjoying the fruits of suc c ess when a r epr esentative fr om

your old �rm Outtel turns up. It se ems that Outtel has fal len on har d times sinc e you left (you and

your statistics pr ofessor wer e single hande d ly ke eping it running!)
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Un biased Estimator

Biased Estimator

�

x

�

�

�	

�

Figure 5.2: One estimator is un biased but has a large v ariance and the other is biased but has a

small v ariance. Whic h is b est?

They have b e en working very har d to turn the c omp any ar ound. As is always the c ase for high

te chnolo gy �rms a lar ge investment in r ese ar ch is r e quir e d to stay c omp etitive. Outtel is curr ently

c onsidering investing he avily in pr o ducing the Ben tium 1000 chip. Outtel has many thousand

c omputer manufactur ers that would p otential ly b e inter este d in pur chasing this new chip. However

management has c alculate d that the c ost of investment is only justi�able if on aver age e ach manu-

factur er wil l or der at le ast 300 Bentiums p er month.

The Outtel market r ese ar ch dep artment has c onducte d a simple survey of 9 of their p otential

customers and aske d them how many Bentiums they would pur chase p er month. The aver age r e-

sp onse is 325 . This sounds go o d but management is c onc erne d that this do es not ne c essarily r e
e ct

the true p opulation me an. They want to b e at le ast 99% sur e that the true me an is 300 or higher.

How c an this question b e answer e d if we assume fr om p ast exp erienc e that � = 30 ?

Again w e will try out a simpler example and then return to this case.

5.2.1 What is a Con�dence In terv al?

Example one

Supp ose that w e ha v e a random sample from a normal p opulation with a v ariance of �

2

= 1 but

an unkno wn mean � . i.e.

X

1

; X

2

; : : : ; X

n

� N ( �; 1)

W e w ould lik e to estimate what � is. If w e tak e a random sample of size 16 and get

�

X = 0 : 5 then

w e kno w from the previous section that our b est guess for � is 0 : 5. But ho w sure are w e? In other
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�

� + �

�

X

� � �

�

X

� � 2 �

�

X

� + 2 �

�

X

� � 3 �

�

X

� + 3 �

�

X

x

�

Distribution of

�

X

�

�

�

-

-

-

68%

95%

99%

Figure 5.3: The distribution of

�

X .

w ords are w e prett y sure that � is v ery close to 0 : 5 or could w e b e a long w a y o� ?

Recall from the previous c hapter that

�

X � N ( �; �

2

=n ) = N ( �; 1 = 16)

so �

�

X

= 1 = 4. W e also kno w that for a normal random v ariable it falls within one standard devia-

tion of its mean ab out 68% of the time, within t w o standard deviations ab out 95% of the time and

within three standard deviations ab out 99% of the time. Figure 5.3 pro vides an illustration.

Supp ose that � is really 1 : 5. Then

�

X � N (1 : 5 ; 1 = 16) . Figure 5.4 illustrates this distribution.

W e see that 0 : 5 is not ev en in the picture. In fact if � = 1 : 5 then w e sa w

�

X fall F OUR standard

deviations from its mean. This w ould almost nev er happ en so it is almost certain that � < 1 : 5.

What ab out � = 1 : 25? Then

�

X fell three standard deviations from its mean. This is also v ery

unlik ely so it seems unlik ely that � = 1 : 25.

What ab out � = 1 : 00? Then

�

X fell t w o standard deviations from its mean. This happ ens

sometimes so it seems p ossible that � = 1 : 00.

What ab out � = 0 : 75? Then

�

X fell one standard deviation from its mean. This is reasonably

lik ely so it seems quite plausible that � could equal 0 : 75.

What ab out � = 0 : 25? Then

�

X fell one standard deviation b elo w its mean. This is reasonably

lik ely so it seems quite plausible that � could equal 0 : 25.

What ab out � = 0? Then

�

X fell t w o standard deviations from its mean. This happ ens some-

times so it seems p ossible that � = 0.
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1 : 5

1 : 751 : 251 : 00 2 : 000 : 75 2 : 25

x

�

Distribution of

�

X

�

�

�

-

-

-

68%

95%

99%

Figure 5.4: The distribution of

�

X if � = 1 : 5

What ab out � = � 0 : 25? Then

�

X fell three standard deviations from its mean. This is also

v ery unlik ely so it seems unlik ely that � = � 0 : 25.

Therefore is seems that, ev en though w e ha v e made a guess for � of 0 : 5, it is p ossible that �

could b e an ywhere b et w een 0 and 1. W e call the region

[0 ; 1]

a \Con�dence In terv al" for � . It is simply a list of all \reasonable" v alues that � could b e.

5.2.2 Calculating a Con�dence In terv al

No w that w e kno w what a con�dence in terv al is w e need to kno w ho w to construct it. The

metho d w e used in the previous section required a lot of w ork and w as rather ad ho c. Ho w ev er

b efore constructing the in terv al w e need to decide on the \con�dence lev el". In other w ords if w e

construct a con�dence in terv al with a lo w er b ound of L and an upp er b ound of U

[ L; U ]

then ho w sure do w e w an t to b e that

L � � � U

It is common to use a 95% con�dence lev el. In other w ords, �nd L and U so that

P ( L � � � U ) = 0 : 95

Another w a y of thinking ab out this is that if w e to ok 100 samples and constructed 100 di�eren t

con�dence in terv als from the samples ab out 95 w ould b e correct. Once w e ha v e decided on the
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con�dence lev el w e need to calculate L and U .

Supp ose w e w an t a 95% con�dence in terv al. Then w e need to �nd L and U so that

P ( L � � � U ) = 0 : 95

This is where our w ork in the previous c hapters comes in handy . Recall that

�

X � �

� =

p

n

� N (0 ; 1)

No w if Z � N (0 ; 1) then w e kno w

P ( � 1 : 96 � Z � 1 : 96) = 0 : 95

Therefore

P

�

� 1 : 96 �

�

X � �

� =

p

n

� 1 : 96

�

= 0 : 95

) P ( � 1 : 96 � =

p

n �

�

X � � � 1 : 96 � =

p

n ) = 0 : 95

) P (

�

X � 1 : 96 � =

p

n � � �

�

X + 1 : 96 � =

p

n ) = 0 : 95

) P ( L � � � U ) = 0 : 95

where L =

�

X � 1 : 96 � =

p

n and U =

�

X + 1 : 96 � =

p

n

A 95% con�dence in terv al for � is

[

�

X � 1 : 96 � =

p

n;

�

X + 1 : 96 � =

p

n ] (5.1)

What if w e w an ted to construct a con�dence in terv al with a di�eren t con�dence lev el? F or

example 99%. This w orks in exactly the same w a y except that instead of using 1 : 96 w e use 2 : 57

i.e.

P

�

� 2 : 57 �

�

X � �

� =

p

n

� 2 : 57

�

= 0 : 99

so a 99% con�dence in terv al for � is

[

�

X � 2 : 57 � =

p

n;

�

X + 2 : 57 � =

p

n ]

What ab out a 100(1 � � )% con�dence in terv al (0 < � < 1)? i.e

P ( L � � � U ) = 1 � �

Let Z

�

b e the p oin t suc h that

P ( Z > Z

�

) = �

eg Z

0 : 025

= 1 : 96 and Z

0 : 005

= 2 : 57. Then

P

�

� Z

�= 2

�

�

X � �

� =

p

n

� Z

�= 2

�

= 1 � �

) P (

�

X � Z

�= 2

� =

p

n � � �

�

X + Z

�= 2

� =

p

n ) = 1 � �
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A 100(1 � � )% con�dence in terv al for � is

[

�

X � Z

�= 2

� =

p

n;

�

X + Z

�= 2

� =

p

n ] (5.2)

Example one

Supp ose w e tak e a sample of n = 100 from a normal p opulation with � = 2 and get

�

X = 9 : 8. What

are 90% and 95% con�dence in terv als for � ? First w e will giv e the 95% in terv al.

[

�

X � 1 : 96 � =

p

n ;

�

X + 1 : 96 � =

p

n ]

= [9 : 8 � 1 : 96 � 2 =

p

100 ; 9 : 8 + 1 : 96 � 2 =

p

100 ]

= [9 : 408 ; 10 : 192]

Next w e giv e the 90% in terv al. In this case � = 0 : 1 so �= 2 = 0 : 05. This means Z

0 : 05

= 1 : 645

b ecause P ( Z > 1 : 645) = 0 : 05.

[

�

X � 1 : 645 � =

p

n ;

�

X + 1 : 645 � =

p

n ]

= [9 : 8 � 1 : 645 � 2 =

p

100 ; 9 : 8 + 1 : 645 � 2 =

p

100]

= [9 : 471 ; 10 : 1 29]

Example t w o

Supp ose w e tak e a random sample of 10 b ottles of cok e and measure the lev el in eac h b ottle. W e

get the follo wing 10 measuremen ts (in litres).

0 : 97 ; 0 : 93 ; 0 : 99 ; 1 : 01 ; 1 : 03 ; 1 : 02 ; 1 : 05 ; 0 : 90 ; 0 : 95 ; 1 : 05

Assume from past exp erience w e kno w that the p opulation is appro ximately normal with � = 0 : 04.

W e are in terested in estimating the a v erage amoun t of cok e in eac h b ottle. F rom this data w e can

calculate that

�

X = 0 : 99

so our b est guess for � is 0 : 99. Ho w ev er it is unlik ely that � is exactly equal to 0 : 99 so w e w an t to

construct a con�dence in terv al to giv e us an idea of the p ossible v alues. W e will construct 90% and

99% in terv als. i.e. � = 0 : 1 ( Z

0 : 05

= 1 : 645) and � = 0 : 01 ( Z

0 : 005

= 2 : 57). First the 90% in terv al

[0 : 99 � 1 : 645 � 0 : 04 =

p

10 ; 0 : 99 + 1 : 645 � 0 : 04 =

p

10]

= [0 : 969 ; 1 : 01 1]

and the 99% in terv al

[0 : 99 � 2 : 57 � 0 : 04 =

p

10 ; 0 : 99 + 2 : 57 � 0 : 04 =

p

10]

= [0 : 957 ; 1 : 0 23]

Notice that as w e increase the con�dence lev el w e also increase the width of the in terv al. This

will alw a ys b e the case. If y ou w an t to b e more certain ab out b eing correct y ou need to ha v e a

larger range of p ossible v alues.
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Case 15 Revisited

With this example w e w ere told that

�

X = 325, � = 30 and n = 9. W e will start b y constructing a

95% con�dence in terv al for �

[325 � 1 : 96 � 30 =

p

9 ; 325 + 1 : 96 � 30 =

p

9]

= [305 : 4 ; 34 4 : 6 ]

This lo oks go o d b ecause the in terv al do es not con tain 300. It lo oks lik e � is greater than 300. No w

w e will calculate a 99% in terv al

[325 � 2 : 57 � 30 =

p

9 ; 325 + 2 : 57 � 30 =

p

9]

= [299 : 3 ; 35 0 : 7 ]

This in terv al indicates that � could b e as lo w as 299 : 3. Roughly sp eaking w e can b e 95% sure that

the mean is ab o v e 300 but not 99% sure.

5.3 Con�dence In terv als for Normal Means : �

2

Unkno wn

The problem with the previous con�dence in terv als w as that they assumed that w e kno w � . Usually

if w e don't kno w � w e don't kno w � either. What should w e do in this case? Case 16 pro vides an

example of the problem.

Case 16 Lets get realistic

Having de cide d that the pr evious survey is inc onclusive, the management at Outtel p erforms

another one. This time they take a sample of 16 c omputer manufactur ers in the hop e that they wil l

give a mor e ac cur ate c on�denc e interval.

The sorte d answers ar e

275 ; 277 ; 29 6 ; 305 ; 3 09 ; 31 2 ; 313 ; 3 30 ; 332 ; 335 ; 34 0 ; 345 ; 3 50 ; 36 2 ; 373 ; 42 6

If we no longer make the (unr e alistic) assumption that we know � , how do we estimate � and

c onstruct a c on�denc e interval?

If � is unkno wn w e m ust estimate it. Usually in this situation w e estimate � using

S =

v

u

u

t

1

n � 1

n

X

i =1

( X

i

�

�

X )

2

but can w e then sa y that

[

�

X � 1 : 96 S=

p

n;

�

X + 1 : 96 S=

p

n ]

is a 95% con�dence in terv al for � ? The answ er is NO. A con�dence in terv al constructed in this

manner will tend to b e wrong a lot more than 5% of the time. What is the problem?
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0

x

�

N (0 ; 1) = t

1

�

t

2

-

t

1

Figure 5.5: The t distribution with 1 and 2 degrees of freedom compared to the normal.

In the previous section w e used the fact that

P

�

� 1 : 96 �

�

X � �

� =

p

n

� 1 : 96

�

= 0 : 95

b ecause

�

X � �

� =

p

n

� N (0 ; 1)

But is it true that

P

�

� 1 : 96 �

�

X � �

S=

p

n

� 1 : 96

�

= 0 : 95

The answ er is no b ecause

�

X � �

S=

p

n

6= N (0 ; 1)

What is the distribution of

�

X � �

S=

p

n

?

5.3.1 The t distribution

De�nition 36 If X

1

; X

2

; : : : X

n

� N ( �; �

2

) then

t =

�

X � �

S=

p

n

� t

n � 1

is said to have a t distribution with n � 1 \de gr e es of fr e e dom".

The t distribution has a similar shap e to the normal but has fatter tails. Figure 5.5 illustrates

the t distribution with 1 and 2 degrees of freedom compared to the standard normal. As the \de-

grees of freedom" get large the t lo oks lik e a normal. F or dof > 30 they are almost iden tical.
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Let t

�;�

b e the p oin t where

P ( t

�

> t

�;�

) = �

where � the probabilit y lev el and � is the degrees of freedom. e.g.

t

0 : 025 ; 1

= 12 : 706

t

0 : 025 ; 2

= 4 : 303

t

0 : 025 ; 10

= 2 : 228

t

0 : 025 ; 30

= 2 : 042

t

0 : 025 ; 1

= 1 : 96 = Z

0 : 025

Note P ( t

�

> t

�;�

) = P ( t

�

< � t

�;�

).

5.3.2 Using the t distribution to construct con�dence in terv als

Since

�

X � �

S=

p

n

� t

n � 1

w e kno w that

P

�

� 1 : 96 �

�

X � �

S=

p

n

� 1 : 96

�

6= 0 : 95

but

P

�

� t

0 : 05 = 2 ;n � 1

�

�

X � �

S=

p

n

� t

0 : 05 = 2 ;n � 1

�

= 0 : 95

Therefore

P

�

� t

0 : 025 ;n � 1

S=

p

n �

�

X � � � t

0 : 025 ;n � 1

S=

p

n

�

= 0 : 95

) P

�

�

X � t

0 : 025 ;n � 1

S=

p

n � � �

�

X + t

0 : 025 ;n � 1

S=

p

n

�

= 0 : 95

Therefore a 95% con�dence in terv al for � is

[

�

X � t

0 : 025 ;n � 1

S=

p

n;

�

X + t

0 : 025 ;n � 1

S=

p

n ]

In general

A 100(1 � � )% con�dence in terv al for � is

[

�

X � t

�= 2 ;n � 1

S=

p

n;

�

X + t

�= 2 ;n � 1

S=

p

n ] (5.3)

Example t w o (con tin ued)

Recall that w e tak e a random sample of 10 b ottles of cok e and measure the lev el in eac h b ottle.

W e get the follo wing 10 measuremen ts (in litres).

0 : 97 ; 0 : 93 ; 0 : 99 ; 1 : 01 ; 1 : 03 ; 1 : 02 ; 1 : 05 ; 0 : 90 ; 0 : 95 ; 1 : 05
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This giv es

�

X = 0 : 99. Previously w e assumed that w e knew � = 0 : 04. Ho w ev er this is probably not

realistic. Instead w e will estimate � using S .

S

2

=

1

n � 1

n

X

i =1

( X

i

�

�

X )

2

=

1

9

((0 : 97 � 0 : 99)

2

+ � � � + (1 : 05 � 0 : 99)

2

)

= 0 : 00264

so S =

p

0 : 00264 = 0 : 0514. Therefore a 95% con�dence in terv al for � is

[

�

X � t

0 : 025 ; 9

S=

p

n;

�

X + t

0 : 025 ; 9

S=

p

n ]

= [0 : 99 � 2 : 262 � 0 : 0514 =

p

10 ; 0 : 99 + 2 : 262 � 0 : 0514 =

p

10 ]

= [0 : 953 ; 1 : 027]

and a 99% con�dence in terv al for � is

[

�

X � t

0 : 005 ; 9

S=

p

n;

�

X + t

0 : 005 ; 9

S=

p

n ]

= [0 : 99 � 3 : 250 � 0 : 0514 =

p

10 ; 0 : 99 + 3 : 250 � 0 : 0514 =

p

10 ]

= [0 : 937 ; 1 : 043]

Example three

A p ersonal computer retailer is in terested in predicting their computer sales for the follo wing mon th.

Ov er the last 12 mon ths sales of p ersonal computers ha v e b een

463 ; 522 ; 2 90 ; 71 4 ; 612 ; 4 01 ; 403 ; 510 ; 49 8 ; 715 ; 6 73 ; 69 1

Giv e an estimate for the future mon ths sales and a 95% con�dence in terv al.

F rom the ab o v e sales w e can calculate that

�

X = 541 and S = 140 : 15. Therefore our b est

estimate for � is 541 and a 95% con�dence in terv al is

[

�

X � t

0 : 025 ; 11

S=

p

n ;

�

X + t

0 : 025 ; 11

S=

p

n ]

= [541 � 2 : 201 � 140 : 15 =

p

12 ; 541 + 2 : 201 � 140 : 15 =

p

12 ]

= [452 : 0 ; 630 : 0]

What are some p ossible problems with our estimate and the con�dence in terv al?

� Non indep endence. W e assumed that eac h mon ths sales w ere indep enden t from the previous

mon th. This ma y not b e realistic.

� Non constan t mean for eac h mon th. It is p ossible that there are seasonal e�ects so that sales

are higher at certain times of the y ear whic h our calculation do es not tak e accoun t of. This

is called a time series problem and y ou will learn more ab out it in BUAD 310.

� W e are assuming that the n um b er of sales is not increasing or decreasing o v er time. It is

p ossible that ev en though sales in the past y ear ha v e a v eraged ab out 540 computers p er

mon th the a v erage will b e quite di�eren t next mon th.

� Non normalit y . In constructing the con�dence in terv al w e assumed that the underlying p op-

ulation w as normal. This ma y not b e realistic. Ho w ev er the t distribution is fairly robust to

non normalit y pro vided w e ha v e a distribution that is \close" to normal.
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Case 16 Revisited

F rom our latest sample w e calculate that

�

X = 330 and S = 38 with n = 16. Therefore a 95%

con�dence in terv al for � is

[

�

X � t

0 : 025 ; 15

S=

p

n;

�

X + t

0 : 025 ; 15

S=

p

n ]

= [330 � 2 : 131 � 38 =

p

16 ; 330 + 2 : 131 � 38 =

p

16]

= [309 : 76 ; 350 : 24 ]

whic h roughly sp eaking indicates that w e are 95% certain the mean is ab o v e 300. A 99% con�dence

in terv al for � is

[

�

X � t

0 : 005 ; 15

S=

p

n;

�

X + t

0 : 020 ; 15

S=

p

n ]

= [330 � 2 : 947 � 38 =

p

16 ; 330 + 2 : 947 � 38 =

p

16]

= [302 : 00 ; 358 : 00 ]

Whic h indicates w e are 99% certain the mean is ab o v e 300. Outtel should go ahead and mark et

the c hip.

5.4 Estimating Binomial p

Just as w e ma y b e in terested in estimating the mean for a p opulation, � , w e ma y also b e in terested

in estimating p for a Binomial p opulation. Case 17 pro vides an example.

Case 17 T o in v est or not? That is the question.

Often the r esult of an ele ction c an have imp ortant e c onomic implic ations. As a r esult b eing able

to pr e dict the r esult ahe ad of time is obviously imp ortant. This c ase il lustr ates one p ossible example.

Supp ose Pr op osition 1029 has b e en put on the b al lot. This pr op osition would b an al l c ommer cial

fel ling of tr e es in California. United T ree Eaters holds 80% of al l the fel ling rights in California.

Obviously if this pr op osition p asses the c omp any wil l b e devastate d. However at the moment it is

running very wel l so if the pr op osition fails to p ass they wil l r emain pr o�table.

Despite the severity of Pr op osition 1029, supp ort for it is running close to 50% . The shar e-

holders of Unite d T r e e Eaters ar e obviously nervous and the shar e pric e has dr opp e d a gr e at de al

in the le ad up to the ele ction. If the pr op osition fails to p ass the shar e pric e wil l r eturn to nor-

mal levels and a lar ge pr o�t c ould b e made. If not the shar e pric e wil l plummet and a lar ge loss

c ould b e made. Y ou de cide to use your statistics tr aining to se e if you should invest in the c omp any.

Y ou take a r andom sample of 1000 eligible voters and ask them if they wil l vote for Pr op osition

1029. 460 or 46% say they wil l vote for it. Should you invest in the c omp any?

Supp ose w e observ e X from a B in ( n; p ) distribution and w e w an t to estimate p . F or example

w e migh t receiv e a shipmen t of 100 parts and w e observ e X = 3 are defectiv e. W e migh t then
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b e in terested in estimating p = prop ortion of defectiv e parts that the man ufacturer pro duces.

An ob vious seeming estimate is the prop ortion of the parts w e receiv ed that w ere defectiv e i.e.

X=n = 3 = 100 = 0 : 03. Recall from the previous c hapter that w e call this estimator

^p =

X

n

In the previous c hapter w e sho w ed that

E ^p = p

so ^p is an un biased estimator for p .Ho w ev er, just as with

�

X , ^p is unlik ely to b e exactly equal to p .

W e w ould lik e to �nd a con�dence in terv al for p . Recall w e sho w ed in the previous c hapter that

b ecause of the Cen tral Limit Theorem

Z =

^p � p

p

p (1 � p ) =n

� N (0 ; 1)

Also since ^p � p

Z =

^p � p

p

^p (1 � ^p ) =n

� N (0 ; 1)

pro vided n is large. W e can use this information to giv e us a con�dence in terv al to gauge the

accuracy of our estimate of p .

P

 

� Z

�= 2

�

^p � p

p

^p (1 � ^p ) =n

� Z

�= 2

!

� 1 � �

) P ( � Z

�= 2

p

^p (1 � ^p ) =n � ^p � p � Z

�= 2

p

^p (1 � ^p ) =n ) � 1 � �

) P

 

^p � Z

�= 2

r

^p (1 � ^p )

n

� p � ^p + Z

�= 2

r

^p (1 � ^p )

n

!

� 1 � �

A 100(1 � � )% con�dence in terv al for p is

"

^p � Z

�= 2

r

^p (1 � ^p )

n

; ^p + Z

�= 2

r

^p (1 � ^p )

n

#

(5.4)

Example one

Supp ose

X � B in ( n = 300 ; p )

with p unkno wn and w e get an estimate for p of ^p = 0 : 2. Then a 99% con�dence in terv al for p is

"

^p � Z

0 : 005

r

^p (1 � ^p )

n

; ^p + Z

0 : 005

r

^p (1 � ^p )

n

#

=

"

0 : 2 � 2 : 57

r

0 : 2 � 0 : 8

300

; 0 : 2 + 2 : 57

r

0 : 2 � 0 : 8

300

#

= [0 : 141 ; 0 : 25 9]
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Example t w o

Supp ose w e get in a large shipmen t of widgets. W e w an t to kno w what prop ortion are defectiv e so

w e tak e a random sample of 250 and �nd 30 are defectiv e. Estimate the prop ortion defectiv e and

giv e a 90% con�dence in terv al.

Our estimate for p is

^p =

30

250

= 0 : 12

and the 90% con�dence in terv al is

"

^p � Z

0 : 05

r

^p (1 � ^p )

n

; ^p + Z

0 : 05

r

^p (1 � ^p )

n

#

=

"

0 : 12 � 1 : 645

r

0 : 12 � 0 : 88

250

; 0 : 12 + 1 : 645

r

0 : 12 � 0 : 88

250

#

= [0 : 086 ; 0 : 15 4]

Case 17 Revisited

Let p b e the prop ortion who supp ort prop osition 1029. W e w an t to in v est pro vided p < 0 : 5. F rom

our random sample of n = 1000 p eople w e got ^p = 0 : 46 so our b est estimate for p is 0 : 46 but ho w

sure are w e ab out our estimate? If w e calculate a 95% con�dence in terv al w e get

"

^p � Z

0 : 025

r

^p (1 � ^p )

n

; ^p + Z

0 : 025

r

^p (1 � ^p )

n

#

=

"

0 : 46 � 1 : 96

r

0 : 46 � 0 : 54

1000

; 0 : 46 + 1 : 96

r

0 : 46 � 0 : 54

1000

#

= [0 : 429 ; 0 : 4 91]

So w e are roughly 95% sure the prop osition will not pass. Ho w ev er, if w e calculate a 99% con�dence

in terv al w e get

"

^p � Z

0 : 005

r

^p (1 � ^p )

n

; ^p + Z

0 : 005

r

^p (1 � ^p )

n

#

=

"

0 : 46 � 2 : 57

r

0 : 46 � 0 : 54

1000

; 0 : 46 + 2 : 57

r

0 : 46 � 0 : 54

1000

#

= [0 : 419 ; 0 : 5 01]

so w e can not b e 99% sure that the prop osition will not pass.

5.5 Sample Size

Often w e are able to decide ho w large w e w ould lik e our sample size ( n ) to b e b efore w e tak e the

random sample. Ob viously the larger n is the b etter but it ma y b e exp ensiv e to mak e n to o large

so w e m ust decide ho w small a sample w e can \get a w a y with". There ha v e b een b o oks written on
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this sub ject. Here w e will just brie
y touc h on the issue.

One common question is the follo wing. Ho w large a sample do I need so that the width of m y

con�dence in terv al is no larger than W ? (The width of a con�dence in terv al is just the di�erence

b et w een the upp er and lo w er b ounds). F or example in Case 15 � w as 30 and w e to ok a sample of

size n = 9. This ga v e a 95% con�dence in terv al with a width of 39 : 2. Supp ose w e w an ted to reduce

that width to only 10. Ho w large w ould n need to b e? T o answ er this question w e can calculate a

form ula for W and solv e for n . i.e.

W =

�

X + 1 : 96 � =

p

n � (

�

X + 1 : 96 � =

p

n )

= 2 � 1 : 96 � =

p

n

)

p

n = 2 � 1 : 96 � =W

) n = 4 � 1 : 96

2

�

2

=W

2

Therefore

n = 4 � 1 : 96

2

� 30

2

= 10

2

� 138

F or a general 100(1 � � )% con�dence in terv al

W = 2 Z

�= 2

� =

p

n

and

n =

4 Z

2

�= 2

�

2

W

2

(5.5)

There are man y similar form ulas where, for example, � is not assumed kno wn and S is used

instead (see the text b o ok for further examples). W e will not co v er them in this course. Note that

if w e halv e W then

n =

4 Z

2

�= 2

�

2

( W = 2)

2

= 4

 

4 Z

2

�= 2

�

2

W

2

!

so to halv e the width of our con�dence in terv al w e need to tak e a sample four times as large!

5.6 Con�dence In terv als for �

1

� �

2

Often w e are in terested not just in the mean for a single p opulation but in the di�erence in means

b et w een t w o p opulations.

Example one

In man ufacturing companies man y da ys p er y ear can b e lost though w ork er injuries. Not only

are these injuries bad for the w ork ers but they can cost a compan y a great deal of money in lost

pro ductivit y . Man y of the injuries are caused b y bad safet y pro cedures that could b e �xed relativ ely

simply . Imagine w e wish to decide whether a new safet y a w areness course helps prev en t injuries.

W e tak e a random sample of 100 w ork ers and giv e them the training course. W e then observ e
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1

� �

2
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the n um b er of da ys lost through injuries in the follo wing y ear for eac h of the 100 w ork ers. These

n um b ers are lab eled

X

1 ; 1

; X

1 ; 2

; : : : ; X

1 ; 100

W e also randomly pic k 100 w ork ers that ha v e not tak en the course and record the n um b er of da ys

lost through injuries for eac h of the 100 w ork ers. These n um b ers are lab eled

X

2 ; 1

; X

2 ; 2

; : : : ; X

2 ; 100

W e are in terested in whether the a v erage n um b er of da ys lost is less for the �rst group than the

second. W e will assume that w e ha v e

1. Indep enden t random samples.

2. Normal p opulations i.e. the p opulation of w ork ers who ha v e tak en the course and the p opu-

lation of w ork ers who ha v en't are b oth normal.

3. The p opulations ha v e the same v ariance ( �

2

1

= �

2

2

= �

2

).

i.e.

X

1 ;i

� N ( �

1

; �

2

)

X

2 ;i

� N ( �

2

; �

2

)

Then w e are in terested in the di�erence b et w een the means for eac h p opulation i.e.

�

1

� �

2

If the di�erence is zero then the training course is ha ving no e�ect. If it is negativ e then the training

course is reducing the n um b er of da ys lost through injuries. If it is p ositiv e then the training course

is ha ving a detrimen tal e�ect! Supp ose that

�

X

1

= 5 ;

�

X

2

= 7 ; S

2

1

= 8 ; S

2

2

= 9 ; n

1

= n

2

= 100

where

�

X

1

is the sample mean for the �rst group and

�

X

2

is the mean for the second.

5.6.1 Con�dence in terv als : � kno wn

In general to estimate � w e use the sample mean

�

X . Therefore a reasonable estimate for �

1

� �

2

w ould b e

�

X

1

�

�

X

2

So for the ab o v e example our b est estimate for �

1

� �

2

is 5 � 7 = � 2 whic h suggests that the course

ma y b e helping. Ho w ev er this is just a guess. Ho w sure are w e ab out it? Again a natural approac h

is to calculate a con�dence in terv al for the di�erence. Recall from the previous c hapter that

�

X

1

�

�

X

2

� N

�

�

1

� �

2

;

�

2

n

1

+

�

2

n

2

�

= N

�

�

1

� �

2

; �

2

�

1

n

1

+

1

n

2

� �

so

�

X

1

�

�

X

2

� ( �

1

� �

2

)

r

�

2

�

1

n

1

+

1

n

2

�

� N (0 ; 1)
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Therefore

P

0

B

B

@

� 1 : 96 �

�

X

1

�

�

X

2

� ( �

1

� �

2

)

r

�

2

�

1

n

1

+

1

n

2

�

� 1 : 96

1

C

C

A

= 0 : 95

) P

 

�

X

1

�

�

X

2

� 1 : 96

s

�

2

�

1

n

1

+

1

n

2

�

� �

1

� �

2

�

�

X

1

�

�

X

2

+ 1 : 96

s

�

2

�

1

n

1

+

1

n

2

�

!

= 0 : 95

so a 95% con�dence in terv al for �

1

� �

2

is

"

�

X

1

�

�

X

2

� 1 : 96

s

�

2

�

1

n

1

+

1

n

2

�

;

�

X

1

�

�

X

2

+ 1 : 96

s

�

2

�

1

n

1

+

1

n

2

�

#

5.6.2 Con�dence in terv als : � unkno wn

Of course �

2

is usually unkno wn. In this case w e estimate it using

S

2

p

= S

2

p o oled

=

( n

1

� 1) S

2

1

+ ( n

2

� 1) S

2

2

n

1

+ n

2

� 2

(5.6)

S

2

p

is a w eigh ted a v erage of the t w o sample v ariances. Of course since w e are estimating �

2

w e need

to use the t distribution.

A 100(1 � � )% con�dence in terv al for �

1

� �

2

is

"

�

X

1

�

�

X

2

� t

�= 2 ;n

1

+ n

2

� 2

s

S

2

p

�

1

n

1

+

1

n

2

�

;

�

X

1

�

�

X

2

+ t

�= 2 ;n

1

+ n

2

� 2

s

S

2

p

�

1

n

1

+

1

n

2

�

#

(5.7)

Notice that the degrees of freedom are no w n

1

� 1 + n

2

� 1 = n

1

+ n

2

� 2.

Example one revisited

In order to compute a con�dence in terv al w e �rst need to calculate S

2

p

S

2

p

=

(100 � 1) S

2

1

+ (100 � 1) S

2

2

100 + 100 � 2

=

(100 � 1) � 8 + (100 � 1) � 9

100 + 100 � 2

= 8 : 5

Therefore a 99% con�dence in terv al for �

1

� �

2

is

"

�

X

1

�

�

X

2

� t

0 : 005 ; 100+100 � 2

s

S

2

p

�

1

n

1

+

1

n

2

�

;

�

X

1

�

�

X

2

+ t

0 : 005 ; 100+100 � 2

s

S

2

p

�

1

n

1

+

1

n

2

�

#

=

"

5 � 7 � 2 : 576

s

8 : 5

�

1

100

+

1

100

�

; 5 � 7 + 2 : 576

s

8 : 5

�

1

100

+

1

100

�

#

= [ � 3 : 062 ; � 0 : 938]
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Since this in terv al do es not include the v alue zero it app ears that �

1

< �

2

so the course is helping.

Example t w o

Supp ose w e tak e a random sample and get the follo wing summary statistics

�

X

1

= 2 ; S

2

1

= 3 ; n

1

= 4

�

X

2

= 3 ; S

2

2

= 4 ; n

2

= 6

Giv e a 95% con�dence in terv al for �

1

� �

2

.

Here

S

2

p

= (3 � (4 � 1) + 4 � (6 � 1)) = (4 + 6 � 2) = 3 : 625

so a 95% con�dence in terv al is of the form

"

�

X

1

�

�

X

2

� t

0 : 025 ; 4+6 � 2

s

S

2

p

�

1

n

1

+

1

n

2

�

;

�

X

1

�

�

X

2

+ t

0 : 025 ; 4+6 � 2

s

S

2

p

�

1

n

1

+

1

n

2

�

#

=

"

2 � 3 � 2 : 306

s

3 : 625

�

1

4

+

1

6

�

; 2 � 3 + 2 : 306

s

3 : 625

�

1

4

+

1

6

�

#

= [ � 3 : 834 ; 1 : 83 4]

This in terv al con tains the v alue zero so it is p ossible that the t w o p opulations are the same. i.e.

ha v e the same mean.

5.7 Con�dence In terv als for p

1

� p

2

Just as w e ma y b e in terested in the di�erence b et w een t w o p opulation means w e ma y also b e in-

terested in estimating the di�erence b et w een t w o prop ortions from Binomial p opulations, p

1

� p

2

.

Example one

Supp ose w e receiv e t w o shipmen ts from t w o di�eren t suppliers and w e are in terested in whether

there is a di�erence in the prop ortion of defectiv e comp onen ts for eac h. If X

1

is the n um b er of

defectiv e comp onen ts for the �rst supplier and X

2

is the n um b er of defectiv e comp onen ts for the

second then

X

1

� B in ( n

1

; p

1

) ; X

2

� B in ( n

2

; p

2

)

Therefore w e are in terested in estimating p

1

� p

2

. If the di�erence is zero then the suppliers are

iden tical. Otherwise one is b etter than the other. Supp ose w e got in shipmen ts of size n

1

= 120

and n

2

= 180 and the n um b er of defectiv es for eac h w ere X

1

= X

2

= 5. W e estimate p

1

using

^p

1

= X

1

=n

1

and p

2

using ^p

2

= X

2

=n

2

so a natural estimate for the di�erence is

^p

1

� ^p

2

=

5

120

�

5

180

= 0 : 0417 � 0 : 0278 = 0 : 0139

It seems that the second supplier ma y b e b etter but this is only a guess. Ho w sure are w e?
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5.7.1 Con�dence in terv als for p

1

� p

2

Recall from the previous c hapter that if n

1

and n

2

are large then

Z =

( ^ p

1

� ^p

2

) � ( p

1

� p

2

)

q

p

1

(1 � p

1

)

n

1

+

p

2

(1 � p

2

)

n

2

� N (0 ; 1)

Also since ^p

1

� p

1

and ^p

2

� p

2

Z =

( ^ p

1

� ^p

2

) � ( p

1

� p

2

)

S

^p

1

� ^p

2

� N (0 ; 1)

where

S

^p

1

� ^p

2

=

s

^p

1

(1 � ^p

1

)

n

1

+

^p

2

(1 � ^p

2

)

n

2

Therefore

P

�

� Z

�= 2

�

( ^ p

1

� ^p

2

) � ( p

1

� p

2

)

S

^p

1

� ^p

2

� Z

�= 2

�

= 1 � �

) P ( ^ p

1

� ^p

2

� Z

�= 2

S

^p

1

� ^p

2

� p

1

� p

2

� ^p

1

� ^p

2

+ Z

�= 2

S

^p

1

� ^p

2

) = 1 � �

Therefore

A 100(1 � � )% con�dence in terv al for p

1

� p

2

is

�

^p

1

� ^p

2

� Z

�= 2

S

^p

1

� ^p

2

; ^p

1

� ^p

2

+ Z

�= 2

S

^p

1

� ^p

2

�

(5.8)

Example one con tin ued

In order to calculate a con�dence in terv al w e need to compute S

^p

1

� ^p

2

S

^p

1

� ^p

2

=

s

^p

1

(1 � ^p

1

)

n

1

+

^p

2

(1 � ^p

2

)

n

2

=

r

0 : 0417 � 0 : 9583

120

+

0 : 0278 � 0 : 9722

180

= 0 : 0220

Therefore a 90% con�dence in terv al for p

1

� p

2

is

[ ^ p

1

� ^p

2

� Z

0 : 05

S

^p

1

� ^p

2

; ^p

1

� ^p

2

+ Z

0 : 05

S

^p

1

� ^p

2

]

= [ 0 : 0417 � 0 : 0278 � 1 : 645 � 0 : 0220 ; 0 : 04 17 � 0 : 0278 � 1 : 645 � 0 : 0220]

= [ � 0 : 022 ; 0 : 0 501]

Since this in terv al con tains zero it is p ossible that b oth suppliers pro duce the same prop ortion of

defectiv e pro ducts (or ev en that supplier 1 is b etter!)

Example t w o

W e tak e a random sample of 500 w omen and 400 men and ask them \Do y ou supp ort tougher gun

con trols?" Supp ose 55% of w omen and 50% of men sa y y es. W e w an t to estimate the di�erence in
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prop ortions (if an y) b et w een the male and female p opulations.

Here ^p

w

= 0 : 55 and ^p

m

= 0 : 5 so our b est estimate for the di�erence is

^p

w

� ^p

m

= 0 : 55 � 0 : 5 = 0 : 05

Also

S

^p

w

� ^p

m

=

r

0 : 55 � 0 : 45

500

+

0 : 5 � 0 : 5

400

= 0 : 0335

Therefore a 95% con�dence in terv al for p

1

� p

2

is

[ ^ p

w

� ^p

m

� Z

0 : 025

S

^p

w

� ^p

m

; ^p

w

� ^p

m

+ Z

0 : 025

S

^p

w

� ^p

m

]

= [0 : 05 � 1 : 96 � 0 : 0335 ; 0 : 0 5 + 1 : 96 � 0 : 0335]

= [ � 0 : 0156 ; 0 : 115 6]

Therefore there ma y in fact b e no di�erence b et w een genders on this issue.
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Chapter 6

Lies, Damn Lies And Statistics;

Con vincing P eople That What Y ou

Sa y Is T rue

This c hapter deals with the concept of \Hyp othesis T ests". Studen ts often �nd this topic confusing

so w e will b egin b y sp ending some time on the in tuition b ehind them b efore w e mo v e on to the

\form ulas". W e will use Case 18 as a motiv ating example and return to it later in the c hapter.

Case 18 The b o y who cried w olf

One day you ar e sitting in your o�c e when Honest Jim walks in. Y ou ar e a little taken ab ack

b e c ause you have he ar d some rumors ab out the ac cur acy of his claims. He is very agitate d. He has

develop e d a diet pil l which he is c al ling \Honest Jim's r e al ly go o d for you diet pil ls". However he

is having a har d time c onvincing p e ople that they r e al ly work.

He admits that he pr ob ably exagger ate d their e�e ct when he claime d that the aver age weight loss

on the pil ls was 25 p ounds. However he is c ertain that they do c ause some weight loss. He to ok a

r andom sample of 16 p e ople taking the pil l and found that the aver age weight loss was 20 p ounds

with a sample standar d deviation of s = 10 p ounds. He wants to know what sort of analysis he

c ould do to c onvinc e p e ople that the drug r e al ly works.

6.1 What is a Hyp othesis T est?

The basic idea b ehind h yp othesis testing is the follo wing. Y ou ha v e some theory that tells y ou

what the v alue of a p opulation parameter (e.g. the p opulation mean) should b e. Y ou w an t to

decide whether that theory is correct or not. In other w ords there are t w o p ossible situations. Y ou

mak e a decision as to whic h is correct based on the a v ailable data. The follo wing are examples of

h yp othesis testing situations:

Example one

I ha v e a coin whic h I claim is fair. I toss the coin 100 times and y ou observ e the n um b er of heads.

101
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Based on the observ ed n um b er of heads, y ou decide whether or not m y coin is really fair. This is a

h yp othesis testing situation b ecause there are t w o \h yp otheses" (\the coin is fair" or \the coin is

not fair") and w e are trying to decide whic h is correct. If p is the probabilit y that the coin lands

heads w e can write the t w o h yp otheses out mathematically i.e.

p = 0 : 5 (the coin is fair)

vs p 6= 0 : 5 (the coin is not fair)

It is imp ortan t that y ou are comfortable expressing the h yp otheses b oth in English and math-

ematically . The English is required to explain to a \non exp ert" what y ou are doing and the

mathematics is required so that y ou can actually p erform the test (i.e. decide whic h h yp othesis is

correct). Sp eaking of whic h ho w migh t w e decide whic h is correct? That of course is where the

statistics comes in.

If the coin is truly fair, y ou exp ect to see around 50 heads. That is ab out half the tosses should

come up heads. If y ou observ ed 51 heads, or 48, it probably w ouldn't mak e y ou suspicious ab out

the fairness of m y coin. Ho w ev er, if I got 100 heads in a ro w, y ou de�nitely w ouldn't b eliev e the

coin w as fair. Wh y not? Because, if the coin is fair, I am extremely unlik ely to get 100

heads , whereas 48 heads or 51 heads is a p erfectly reasonable n um b er. The di�erence from 50

is probably just random 
uctuation. This is the basic idea of h yp othesis testing. Start with a

theory{e.g. the coin is fair. Lo ok at some data. If the data are consisten t with the theory , y ou

accept the theory . If the data are v ery unlik ely assuming the theory is true, y ou reject the theory .

Example t w o

Managemen t w an ts to impro v e the sp eed with whic h w ork ers on an assem bly line p erform a certain

task. They tak e a random sample of n=25 w ork ers, and record ho w long it tak es the w ork ers to

p erform the task. Then they administer a training program and measure the time to complete

the task again. Here the t w o h yp otheses are that \the training program do es not help" (or mak es

things w orse) vs \the training program reduces the time required". If �

1

and �

2

are resp ectiv ely the

a v erage times required b efore and after the program w e can write these h yp otheses mathematically

as

�

1

� �

2

(the training program do es not help or mak es things w orse)

vs �

1

> �

2

(the training program do es help)

W e will decide that the training helps if \on a v erage" w ork ers tak e a \lot less" time to p erform

the task after training. Again w e will use statistics to tell us what a \lot less" means. Note that this

situation is a bit di�eren t from Example one. There either a v ery high or v ery lo w v alue discredited

the original theory . Here only a v ery lo w v alue (i.e big reduction in time) con vinces y ou that the

training helps.

There are man y t yp es of h yp othesis testing situations. Phrases whic h should tip y ou o� include

\test the h yp othesis at lev el � ....", \is the data consisten t with....", \do es treatmen t A w ork b etter

than treatmen t B", \is group A di�eren t from group B..."etc.
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6.2 Establishing the Hyp otheses

In the next few sections w e will discuss the v arious steps that are required to actually p erform the

test i.e. mak e a �nal decision. The �rst step is to iden tify the t w o alternativ es. F or instance in the

coin example, the alternativ es w ere that the coin w as fair or that it w asn't. In the assem bly line

example, training either help ed or didn't help.

6.2.1 Deciding on the Null and Alternativ e

The next step is to decide whic h of these alternativ es is the \Null" and whic h the \Alternativ e".

Generally , one of the t w o alternativ es is more in teresting or imp ortan t than the other. First w e

c ho ose the n ull h yp othesis . This is denoted H

0

. There are sev eral w a ys to decide whic h should

b e the n ull h yp othesis. It can b e

� The thing y ou w an t to dispro v e.

� The status quo{that is that nothing has c hanged from the past.

� Y our default p osition{i.e. the thing y ou w ould assume unless someone pro vided strong evi-

dence to the con trary .

� The less in teresting or imp ortan t situation, or the one that do es not require taking an y action.

The other h yp othesis is called the alternativ e h yp othesis and is denoted H

A

. There are also

sev eral w a ys to c haracterize the alternativ e. It can b e

� The thing y ou w an t to pro v e.

� That what w as true in the past is no longer true.

� That something in teresting or imp ortan t or requiring action has o ccurred.

Note that y ou start b y assuming the n ull h yp othesis, the less in teresting or imp ortan t

h yp othesis, is true! W e either reject H

0

i.e. decide that H

0

is not true, or fail to reject H

0

i.e. decide w e don't ha v e enough evidence to c hange our minds . This ma y seem bac k-

w ards if what y ou w an t to pro v e is that the alternativ e h yp othesis is righ t. The reason for doing

this is that it is m uc h easier to pro v e something wrong than to pro v e something righ t. A single

coun ter-example can pro v e a statemen t is false, but no single example will pro v e a statemen t is true.

Here w e will illustrate some p ossible n ull and alternativ e h yp otheses.

Example one

Supp ose w e ha v e a fo o d testing trial. A sub ject is giv en three p ortions of fo o d. Tw o are iden tical

and the other has a sligh tly di�eren t taste. The sub ject is then ask ed to iden tify whic h is the

di�eren t fo o d. Let p b e the probabilit y that the p erson is correct for a giv en test (or the a v erage

prop ortion of the time they are correct). Then there are t w o p ossibilities, p = 1 = 3 (i.e. the p erson

is randomly guessing) and p > 1 = 3 (i.e. the p erson has some abilit y to tell the di�erence). If w e

are in terested in pro ving that the p erson has some abilit y our h yp otheses w ould b e

H

0

: p = 1 = 3

H

A

: p > 1 = 3
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Example t w o

The state of California has mandated that a v erage smog lev els in Los Angeles b e under 100 units

b y the y ear 2000. The cit y measures smog lev els at v arious p oin ts and times to see if they are in

compliance with the mandate. � is the a v erage smog lev el. If � � 100 the cit y is in compliance.

Otherwise, if � > 100 the cit y will need to implemen t new smog reduction tec hniques. In the past

the cit y has not b een in compliance but it no w b eliev es it is and w an ts to pro v e that it is meeting

the standards. Therefore, the n ull h yp othesis is that they are not meeting the standards and the

alternativ e is that they are meeting the standards. In sym b ols, w e w ould ha v e

H

0

: � � 100

H

A

: � < 100

If a go v ernmen t insp ector w as trying to pro v e that the cit y w as in violation of the p olicy , the roles

of the t w o h yp otheses w ould b e switc hed.

Example three

Supp ose w e are not sure whether a new cold drug is helping or not. W e giv e the drug to one group

and a \placeb o" to another group. W e then measure the n um b er of da ys they are sic k with a cold

during one y ear. The compan y is in terested in pro ving that the drug is helping. If �

1

and �

2

are

the a v erage n um b er of da ys sic k on the drug and placeb o resp ectiv ely , then

H

0

: �

1

= �

2

or �

1

� �

2

= 0

H

A

: �

1

< �

2

or �

1

� �

2

< 0

If it is p ossible that the drug could mak e things w orse and w e are just in terested in whether it has

an y e�ect (i.e. go o d or bad) w e w ould ha v e

H

0

: �

1

= �

2

or �

1

� �

2

= 0

H

A

: �

1

6= �

2

or �

1

� �

2

6= 0

Example four

A compan y pro duces computer c hips. A certain p ercen tage, p , of their c hips are defectiv e. In the

past p has b een 5% i.e. 5% of the c hips ha v e b een defectiv e. Ho w ev er the compan y is concerned

that the mac hinery ma y b e out of adjustmen t whic h w ould mean that p > 5%. If the mac hinery is

running prop erly , nothing needs to b e done. Since p has b een 5% in the past the n ull h yp othesis

is that the mac hines are w orking �ne ( p = 5%), and the alternativ e is that they are not ( p > 5%).

In sym b ols, w e ha v e

H

0

: p = : 05

H

A

: p > : 05

Note: if the compan y w as trying to pro v e to an insp ector that its pro cess w as w orking prop erly

then the n ull and alternativ e h yp otheses w ould b e rev ersed. What y ou need to establish pla ys a

big role in determining whic h is the n ull and whic h is the alternativ e.

Example �v e

A compan y pro duces parts at t w o di�eren t plan ts. Historically b oth plan ts ha v e pro duced the

same prop ortion of defectiv e pro ducts. The compan y wishes to test whether this is still the case.
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Let the prop ortion of defectiv es from the t w o plan ts b e p

1

and p

2

resp ectiv ely . Then the n ull and

alternativ e h yp otheses will b e

H

0

: p

1

= p

2

or p

1

� p

2

= 0

H

A

: p

1

6= p

2

or p

1

� p

2

6= 0

6.2.2 Some more examples

Example: In an election, a candidate wins if they get more than 50% of the v ote. Supp ose a

p oll w as tak en b efore an election to see what prop ortion of p eople supp orted Candidate A. The

v alue of sp ecial in terest to Candidate A is p = : 5. Sp eci�cally Candidate A w an ts to kno w whether

p � : 5{i.e. the race is a dead heat, or he is losing{or whether p > : 5{i.e. he is going to win.

In this case the candidate w an ts to establish that he or she is ahead. Therefore the n ull h yp othesis

is that he or she is b ehind, and the alternativ e is that he or she is ahead. In sym b ols, w e ha v e H

0

:

p � : 5 v ersus H

A

: p > : 5.

Example: The FD A requires that canned fo o d con tain few er than 5 micrograms of to xic sub-

stances. T o see whether a compan y is in compliance with the regulations, the FD A tests 100 cans

for to xic materials. They w an t to determine whether � � 5{i.e. the compan y is in compliance or

whether � > 5 in whic h case the compan y will b e �ned and the pro duct remo v ed from the shelv es.

The compan y w an ts to pro v e that it is meeting the standards. Therefore, the n ull h yp othesis is

that they are not meeting the standards and the alternativ e is that they are meeting the standards.

In sym b ols, w e ha v e H

0

: � � 5 v ersus H

A

: � < 5. If a go v ernmen t insp ector w as trying to pro v e

that the compan y w as in violation of the p olicy , the roles of the t w o h yp otheses w ould b e switc hed.

Example: In the past, the a v erage household has purc hased 5 : 5 quarts of laundry detergen t p er

y ear. A go v ernmen t b oard whic h monitors consumption of v arious pro ducts w an ts to kno w if the

amoun t of laundry detergen t used b y Americans has c hanged in the last 20 y ears. The b oard

wishes to test whether � = 5 : 5{that is consumption lev els ha v e remained unc hanged{or whether

� 6= 5 : 5{i.e. consumption lev els ha v e c hanged. The n ull h yp othesis is that the status quo is b eing

main tained{p eople still buy an a v erage of 5 : 5 quarts of laundry detergen t. The alternativ e is that

detergen t consumption has c hanged. In sym b ols, H

0

: � = 5 : 5 v ersus H

A

: � 6= 5 : 5.

6.3 P erforming the Hyp othesis T est

W e no w kno w ho w to decide what our t w o h yp otheses are i.e. the n ull and alternativ e. W e are

�nally ready to actually p erform a test i.e. decide whic h h yp othesis w e b eliev e. There are t w o di�er-

en t w a ys to imagine conducting the test. W e will illustrate the t w o approac hes through an example.

Example t w o (con tin ued)

Supp ose the p ollution lev el in LA is sampled on 100 random da ys and the sample mean

�

X is 93

with a sample standard deviation of S = 25. Recall w e wish to decide b et w een

H

0

: � � 100

H

A

: � < 100

W e start b y assuming that H

0

is true so w e will only reject it if w e ha v e clear evidence it is false.
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What are the p ossible v alues for � ? One approac h is to calculate a 95% con�dence in terv al i.e.

[

�

X � Z

: 025

S=

p

n;

�

X + Z

: 025

S=

p

n ] = [93 � 1 : 96 � 25 =

p

100 ; 93 + 1 : 96 � 25 =

p

100 ]

= [88 : 1 ; 97 : 9 ]

This in terv al do es not co v er � = 100. Recall w e are 95% sure that the in terv al is correct or in other

w ords w e are 95% sure that � < 100. Therefore w e reject H

0

on the basis of this in terv al.

A second approac h is to calculate the probabilit y that w e w ould see

�

X this lo w if � = 100 i.e.

P (

�

X � 93 j � = 100) = P

�

�

X � 100

25 =

p

100

�

93 � 100

25 =

p

100

�

�

�

�

� = 100

�

= P ( t

99

� � 2 : 8)

� P ( Z � � 2 : 8) = 0 : 0026

This probabilit y is v ery lo w. It sa ys that if � = 100 then w e w ould only see a n um b er this lo w 1 in

ev ery 400 times. This tells us that � m ust b e less than 100 b ecause w e DID SEE

�

X = 93.

Again w e w ould reject H

0

. This probabilit y is called a p-v alue. When w e conduct a h yp othesis test

w e will alw a ys b e calculating the p-v alue and rejecting H

0

if it is small.

6.4 T yp e I and T yp e I I Errors

In the previous section w e illustrated the basic idea for p erforming a h yp othesis test. That is,

decide whether the data is consisten t with the n ull h yp othesis b eing true and if it is not then reject

H

0

. What do w e mean b y consisten t? In the ab o v e example w e sho w ed t w o di�eren t w a ys that the

data w as not consisten t with H

0

. First w e calculated a con�dence in terv al whic h did not include

H

0

: � = 100. This indicated the data w as inconsisten t with � = 100. Second w e calculated the

probabilit y of observing

�

X as lo w as 93 if � really w as 100. This probabilit y w as extremely lo w so

that again the data w as inconsisten t with � b eing 100.

In this example it w as easy to decide to reject H

0

. The probabilit y w as only 0 : 0026 so w e w ere

almost certain that � w as not 100. Ho w ev er the decision is not alw a ys that clear cut. Supp ose

for example the probabilit y had b een 0 : 1 or 0 : 2. Those are still fairly lo w probabilities but not

completely inconsisten t with H

0

. In other w ords they suggest that � = 100 ma y b e unlik ely but

certainly not imp ossible. Ho w lo w do es the probabilit y ha v e to b e b efore w e reject H

0

? In order to

answ er that question w e need to understand the \consequences of our actions" i.e. what happ ens

if w e are wrong.

6.4.1 Some p ossible mistak es

First o� ho w could w e b e wrong? In fact there are t w o w a ys that w e could mak e a mistak e. The

table b elo w illustrates the four p ossible situations.

F ail to Reject H

0

Reject H

0

T ruth H

0

OK T yp e I error

H

A

T yp e I I error OK

1. W e could fail to reject H

0

and H

0

is in fact the truth. This is go o d i.e. w e ha v e not made a

mistak e.
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2. W e could reject H

0

when in fact H

0

is the truth. This is bad i.e. w e ha v e made a mistak e.

This sort of mistak e is called a \T yp e I error".

3. W e could fail to reject H

0

when in fact H

0

is not the truth. This is also bad. This is called a

\T yp e I I error".

4. W e could reject H

0

when in fact H

0

is not true. This is go o d.

Therefore it is the T yp e I and I I errors that w e are concerned ab out.

De�nition 37 We de�ne � (alpha) and � (b eta) as

� = P ( T yp e I err or ) = P ( R eje ct H

0

j H

0

is true )

� = P ( T yp e II err or ) = P ( F ail to r eje ct H

0

j H

0

is false )

Both T yp e I and I I errors are a problem so w e w ould lik e to �nd a h yp othesis test that had

� = � = 0 i.e. w e nev er mak e a mistak e. It is easy to mak e � = 0 i.e. just ha v e a pro cedure that

nev er rejects H

0

. Unfortunately this mak es � = 1! On the other hand it is easy to mak e � = 0 i.e.

just ha v e a pro cedure that alw a ys rejects H

0

. Unfortunately this mak es � = 1! In general as w e

mak e � smaller w e will mak e � larger so it is not easy to mak e b oth of them small. (Note that w e

de�ne the \p o w er" of a test as 1 � � so a test with high p o w er is go o d.)

6.4.2 Cho osing � and �

Generally a T yp e I error is considered a bigger problem than T yp e I I error so w e �nd a metho d

that mak es � small (e.g. � = 0 : 05) and then try to mak e � as small as p ossible sub ject to this

constrain t. Exactly ho w small w e mak e � dep ends on the consequences of a T yp e I error. Ob viously

if someone's life dep ends on not making a T yp e I error (as happ ens in medical studies) w e w ould

mak e � v ery small (p erhaps 1% or smaller). A common v alue for � is 5% but an y v alue less than

or equal to 10% is p ossible. The v alue that w e c ho ose to set � equal to is called the \signi�cance

lev el" of the test.

De�nition 38 We de�ne the signi�c anc e level of the hyp othesis test as the level that we set � e qual

to. In other wor ds the pr ob ability of making a T yp e I err or. So for example if we wer e wil ling to

ac c ept a 5% chanc e of a T yp e I err or we would set � = 0 : 05 and the signi�c anc e level for the test

would b e 5% .

6.4.3 The relationship b et w een � and the p-v alue

De�nition 39 The p-value (denote d by p

�

) is the pr ob ability of

�

X taking on a value as extr eme

or mor e extr eme than the observe d value of

�

X if the nul l hyp othesis is true. It is a me asur e of how

likely it is we would observe this

�

X if H

0

is true. Ther efor e if it is low we susp e ct that H

0

is not

true. If it is high ther e is no r e ason to b elieve that it is not true.

Notice that there is a relationship b et w een the probabilit y that w e calculated in the Smog

example (the p-v alue) and � . Both probabilities are calculated assuming that H

0

is true. Supp ose

w e only reject H

0

when the p-v alue w e calculate is less than 5%, then there is only a 5% c hance

of us rejecting H

0

when it is true (i.e. making a T yp e I error). This means that � = 5%. On the

other hand if w e only reject H

0

when the p-v alue is less than 1% then � = 1%. Therefore w e

should only reject H

0

if the p-v alue is less than � .
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W e will reject H

0

if and only if

p

�

< � (6.1)

6.5 The F ormal Steps in Conducting a Hyp othesis T est

No w that w e ha v e gone through all the imp ortan t steps for a h yp othesis test w e will summarize

them.

1. Decide on the t w o p ossible h yp otheses and whic h will b e the n ull and whic h the alternativ e.

Y ou need to b e able to write these b oth in English and mathematically .

2. Decide on the signi�cance lev el, � , for the test.

3. Calculate the p-v alue, p

�

, based on the a v ailable data.

4. Reject H

0

if

p

�

< �

otherwise fail to reject H

0

.

W e will illustrate these steps through an example.

Example one

Supp ose a compan y is mark eting a new cold drug. They wish to pro v e that the drug reduces the

a v erage n um b er of da ys that p eople are ill with a cold. Without the drug p eople are ill with a

cold on a v erage 5 da ys p er y ear. The compan y giv es the drug to a random sample of 9 p eople and

records the n um b er of da ys they are ill from a cold. They are

3 ; 2 ; 4 ; 5 ; 4 ; 4 ; 5 ; 6 ; 6

F rom these n um b ers w e see that the sample mean

�

X is 4 : 33 and the sample standard deviation S

is 1 : 323.

Step one

First w e m ust decide what the n ull and alternativ e h yp otheses are. If � is the a v erage n um b er of

da ys ill w e kno w that in the past � has b een 5. Therefore our n ull h yp othesis will b e \no c hange"

i.e. � = 5. The compan y wishes to pro v e that the drug is helping i.e. that for p eople taking the

drug � has decreased. Therefore the alternativ e h yp othesis should b e � < 5.

H

0

: � = 5

H

A

: � < 5

Step t w o

W e can c ho ose an y signi�cance lev el that w e lik e. W e will set � = 0 : 05.
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Step three

Next w e calculate the p-v alue. That is the probabilit y of observing

�

X as lo w or lo w er than 4 : 33

giv en that � = 5.

p

�

= P (

�

X � 4 : 33 j � = 5)

= P

�

�

X � 5

1 : 323 =

p

9

�

4 : 33 � 5

1 : 323 =

p

9

�

�

�

�

� = 5

�

= P ( t

8

� � 1 : 511)

= 0 : 0846

The last step in the probabilit y calculation requires a computer program suc h as JMP to calculate

the exact probabilit y . Ho w ev er using the t tables w e can see that 0 : 05 � p

�

� 0 : 1.

Step four

The last step is v ery easy . Since

0 : 0846 = p

�

> : 05 = �

w e fail to reject H

0

. In other w ords the data do es not pro vide enough evidence for us to b e certain

that � < 5. It is imp ortan t that y ou can also explain y our conclusion in English! W e are no w ready

to return to Case 18.

Case 18 Revisited

Step one

Let � b e the a v erage w eigh t loss b y p eople taking the pill. Here Honest Jim w an ts to pro v e that

the pill is helping so this w ould b e the alternativ e h yp othesis i.e. H

A

: � > 0. The n ull h yp othesis

w ould b e that the pill do es not help i.e. H

0

: � = 0.

H

0

: � = 0

H

A

: � > 0

Step t w o

W e will c ho ose � = 0 : 01. Again there is nothing sp ecial ab out this n um b er.

Step three

No w w e need to calculate the p-v alue, p

�

. Here

�

X w as 20 so w e w an t to calculate the probabilit y

of getting

�

X this large or larger giv en that � = 0.

p

�

= P (

�

X � 20 j � = 0)

= P

�

�

X � 0

10 =

p

16

�

20 � 0

10 =

p

16

�

�

�

�

� = 0

�

= P ( t

15

� 8)

= 0 : 0000004

Again a computer pac k age is required to get the exact probabilit y but from the tables w e see that

p

�

< 0 : 005.

Step four

p

�

< � so w e reject H

0

and conclude that H

A

is true. In other w ords w e b eliev e that the pills are
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causing a w eigh t loss.

Notice that the v alue of � w as not really v ery imp ortan t for this test. F or an y reasonable v alue

of � w e w ould ha v e rejected H

0

. This illustrates another use of the p-v alue i.e. it tells us exactly

ho w sure w e are ab out our decision. If p

�

w as 0 : 008 w e w ould still reject H

0

but w e w ould not b e

nearly as sure ab out our decision as in this case.

6.6 Hyp otheses on �

It should b e clear from the previous examples that the only di�cult parts in p erforming a h yp othesis

test are to c ho ose the n ull and alternativ e h yp otheses and to calculate the p-v alue. The c hoice of

the h yp otheses and calculation of the p-v alue dep end on the situation. W e will sp end the rest of

this c hapter examining some of them. There are man y p ossible situations in whic h y ou ma y wish

to p erform a h yp othesis test. W e will only co v er some of the more common ones in this course.

Probably the most common situation in whic h y ou w ould w an t to p erform a h yp othesis test is on

the p opulation mean � .

6.6.1 H

0

: � = �

0

Supp ose w e ha v e a random sample X

1

; X

2

; : : : X

n

from a normal p opulation i.e. N ( �; �

2

) and w e

w an t to test H

0

: � = �

0

(where �

0

is just some n um b er e.g. 100) vs an alternativ e. Then there

are three common alternativ es y ou ma y b e in terested in.

1. H

A

: � > �

0

(one sided alternativ e)

2. H

A

: � < �

0

(one sided alternativ e)

3. H

A

: � 6= �

0

(t w o sided alternativ e)

The �rst t w o are called \one sided alternativ es" b ecause w e are only in terested in v alues of � in

one direction (i.e. � > �

0

or � < �

0

). The last is called a \t w o sided alternativ e" b ecause w e

are in terested in v alues of � in b oth directions (i.e. � 6= �

0

). W e will examine separately the

three p ossible h yp otheses. W e will use the drug testing trial to illustrate the calculations. Recall

�

X = 4 : 33 and �

0

= 5.

H

A

: � > �

0

F or this h yp othesis w e are in terested in large v alues of

�

X b ecause that will pro vide evidence for

H

A

. Hence our p-v alue will b e

p

�

= P (

�

X � 4 : 33 j � = 5) = P

�

�

X � 5

1 : 323 =

p

9

�

4 : 33 � 5

1 : 323 =

p

9

�

�

�

�

� = 5

�

= P ( t

8

� � 1 : 511) = 0 : 9154

Notice that for this alternativ e h yp othesis the p-v alue is v ery large. W e will de�nitely not reject

H

0

. Here

t

obs

=

4 : 33 � 5

1 : 323 =

p

9

= � 1 : 511

is called the \observ ed test statistic". Notice that all w e really need to do is compute the observ ed

test statistic, t

obs

, and then calculate

p

�

= P ( t

8

� t

obs

) = P ( t

8

� � 1 : 511)



6.6. HYPOTHESES ON � 111

So in general w e will use the follo wing form ula to calculate the p-v alue.

If the alternativ e h yp othesis is H

A

: � > �

0

then

p

�

= P ( t

n � 1

� t

obs

) where t

obs

=

�

X � �

0

S=

p

n

(6.2)

H

A

: � < �

0

F or this h yp othesis w e are in terested in lo w v alues of

�

X b ecause that will pro vide evidence for H

A

.

Hence our p-v alue will b e

p

�

= P (

�

X � 4 : 33 j � = 5) = P

�

�

X � 5

1 : 323 =

p

9

�

4 : 33 � 5

1 : 323 =

p

9

�

�

�

�

� = 5

�

= P ( t

8

� � 1 : 511) = 0 : 0846

Again

t

obs

=

4 : 33 � 5

1 : 323 =

p

9

= � 1 : 511

is called the \observ ed test statistic". Notice that all w e really need to do is compute the observ ed

test statistic, t

obs

, and then calculate

p

�

= P ( t

8

� t

obs

) = P ( t

8

� � 1 : 511)

So in general w e will use the follo wing form ula to calculate the p-v alue.

If the alternativ e h yp othesis is H

A

: � < �

0

then

p

�

= P ( t

n � 1

� t

obs

) where t

obs

=

�

X � �

0

S=

p

n

(6.3)

H

A

: � 6= �

0

F or this h yp othesis w e are in terested in lo w v alues and high v alues of

�

X b ecause either will pro vide

evidence for H

A

. So w e w an t the probabilit y of getting a v alue of

�

X as far or further a w a y from 5.

Hence not only do w e w an t P (

�

X � 4 : 33) but also P (

�

X � 5 : 67). Hence the p-v alue is

p

�

= P (

�

X � 4 : 33 j � = 5) + P (

�

X � 5 : 67 j � = 5)

= P

�

�

X � 5

1 : 323 =

p

9

�

4 : 33 � 5

1 : 323 =

p

9

�

�

�

�

� = 5

�

+ P

�

�

X � 5

1 : 323 =

p

9

�

5 : 67 � 5

1 : 323 =

p

9

�

�

�

�

� = 5

�

= P ( t

8

� � 1 : 511) + P ( t

8

� 1 : 511)

= 2 P ( t

8

� j t

obs

j ) = 0 : 1692

Notice that the only di�erence that this mak es to the calculation is that w e use j t

obs

j and

m ultiply the probabilit y b y 2. So in general w e will use the follo wing form ula to calculate the

p-v alue.
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If the alternativ e h yp othesis is H

A

: � 6= �

0

then

p

�

= 2 P ( t

n � 1

� j t

obs

j ) where t

obs

=

�

X � �

0

S=

p

n

(6.4)

Example one

It is often though t that companies that ha v e b een ac hieving relativ ely p o or returns on sharehold-

ers' capital are those most lik ely to attract tak eo v er bids. The accoun ting measure \abnormal

returns" standardizes the rate of return so that it a v erages zero o v er all companies. Th us a com-

pan y with p o orer than a v erage return on in v estmen t has a negativ e v alue of \abnormal returns".

Krummer and Ho�meister [(1978) Journal of Finance, 33, p505-516] rep ort on a random sample of

88 businesses that had attracted tak eo v er bids. F or returns rep orted prior to the bids, the mean

\abnormal return" for the companies w as � 0 : 0029 and the standard deviation w as 0 : 0169. P erform

a h yp othesis test to see if the initial conjecture is true.

Let � b e the a v erage abnormal return among companies that ha v e attracted a tak eo v er bid.

W e wish to pro v e that � < 0. Therefore H

A

: � < 0. The n ull h yp othesis will b e that there is no

di�erence from other companies so H

0

: � = 0.

H

0

: � = 0

H

A

: � < 0

This tells us that w e need to use equation (6.3) with �

0

= 0 to calculate the p-v alue. F rom the

question w e see that

�

X = � 0 : 0029 and S = 0 : 0169 so

t

obs

=

�

X � �

0

S=

p

88

=

� 0 : 0029 � 0

0 : 0169 =

p

88

= � 1 : 610

and the p-v alue is

p

�

= P ( t

87

< � 1 : 610) = 0 : 0555

Again y ou w ould ha v e to use a computer to calculate this probabilit y exactly . Ho w ev er since n is

so large t

87

� Z so w e could estimate the p-v alue as

p

�

= P ( t

87

< � 1 : 610) � P ( Z < � 1 : 610) = 0 : 0537

whic h y ou can see is v ery close to the exact probabilit y . (This appro ximation is v alid pro vided n is

greater than ab out 30.) Therefore w e w ould reject H

0

pro vided � > 0 : 0555. T o explain this result

in English to someone that kno ws nothing ab out h yp othesis testing y ou w ould probably sa y that

there is marginal evidence to supp ort the conjecture.

Supp ose instead of conjecturing that only companies with bad p erformances attracted tak eo v er

bids w e also conjectured that companies with v ery go o d p erformances migh t attract tak eo v er bids.

Ho w w ould this c hange our analysis? In this case H

A

: � 6= 0 rather than H

A

: � < 0. So w e get

H

0

: � = 0

H

A

: � 6= 0
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This means that w e ha v e a t w o sided h yp othesis test so w e need to use equation (6.4) to calculate

the p-v alue. Note that w e still ha v e t

obs

= � 1 : 61 so

p

�

= 2 P ( t

87

> j t

obs

j ) = 2 P ( t

87

> 1 : 610) = 2 � 0 : 0555 = 0 : 111

This tells us that ev en if � is as large as : 10 w e will fail to reject H

0

. This is only w eak evidence

for our new conjecture.

6.6.2 H

0

: � � �

0

or H

0

: � � �

0

Sometimes it ma y mak e more sense to use the n ull h yp othesis H

0

: � � �

0

or H

0

: � � �

0

rather

than H

0

: � = �

0

. F or example in the LA smog example our n ull h yp othesis w as H

0

: � � 100.

Ho w do w e calculate a p-v alue for this situation? It turns out that w e use exactly the same form ula

as for H

0

: � = 100. This is b ecause w e are alw a ys giving the b ene�t of the doubt to H

0

. If

�

X = 93

then the p-v alue is

p

�

= P (

�

X � 93 j � )

The larger that � is the smaller the probabilit y will b e e.g.

P (

�

X � 93 j � = 100) = P

�

Z �

93 � 100

25 =

p

100

�

= 0 : 0026

P (

�

X � 93 j � = 101) = P

�

Z �

93 � 101

25 =

p

100

�

= 0 : 0007

P (

�

X � 93 j � = 102) = P

�

Z �

93 � 102

25 =

p

100

�

= 0 : 0002

Y et w e kno w that if H

0

is true � � 100. Therefore w e mak e � as small as p ossible i.e. � = 100 so

that w e get as large a p-v alue as p ossible.

T o summarize.

If

H

0

: � � �

0

or H

0

: � � �

0

calculate the p-v alue as if

H

0

: � = �

0

6.7 Hyp otheses on p

The next p ossible situation w e ma y b e in terested in is p erforming a h yp othesis test on p , the

prop ortion from a binomial distribution. Case 19 pro vides a motiv ating example.
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Case 19 T o in v est or not? P art 2

In this c ase we ar e going to r e examine Case 17 using hyp othesis testing. R e c al l in Case 17 we

had the fol lowing setup:

Pr op osition 1029 has b e en put on the b al lot. This pr op osition would b an al l c ommer cial fel ling

of tr e es in California. United T ree Eaters holds 80% of al l the fel ling rights in California.

Obviously if this pr op osition p asses the c omp any wil l b e devastate d. However at the moment it is

running very wel l so if the pr op osition fails to p ass they wil l r emain pr o�table.

Despite the severity of Pr op osition 1029, supp ort for it is running close to 50% . The shar e-

holders of Unite d T r e e Eaters ar e obviously nervous and the shar e pric e has dr opp e d a gr e at de al

in the le ad up to the ele ction. If the pr op osition fails to p ass the shar e pric e wil l r eturn to nor-

mal levels and a lar ge pr o�t c ould b e made. If not the shar e pric e wil l plummet and a lar ge loss

c ould b e made. Y ou de cide to use your statistics tr aining to se e if you should invest in the c omp any.

Y ou take a r andom sample of 1000 eligible voters and ask them if they wil l vote for Pr op osition

1029. 540 or 54% say they wil l vote against it.

How would we use a hyp othesis test to help us make a de cision?

Lets try a simpler example b efore w e attempt to answ er the case study .

Example one

Supp ose our old supplier of parts for our pro duction pro cess pro duced 3% defectiv e parts. W e

receiv e a batc h of 500 parts from a new supplier, whic h w e hop e is b etter, and �nd 10 defectiv e

parts. Do w e ha v e enough evidence to conclude that the new supplier is b etter?

H

A

: p < p

0

First w e m ust decide on the n ull and alternativ e h yp otheses. In fact this situation is v ery similar

to Example 4 in Section 6.2.1. Let p b e the long run prop ortion of defectiv e parts from our new

supplier. W e are hop eful that the new supplier is b etter so the alternativ e h yp othesis will b e

H

A

: p < 0 : 03 and the n ull h yp othesis will b e that nothing has c hanged i.e. H

0

: p = 0 : 03.

H

0

: p = 0 : 03

H

A

: p < 0 : 03

The next step is to calculate the p-v alue. W e kno w ho w to calculate p-v alue for means ( � ) but ho w

do w e do it for prop ortions? The basic idea is iden tical. W e still w an t to calculate the probabilit y

of our data b eing as extreme or more extreme giv en H

0

is true. The only di�erence is that instead

of using

�

X w e use ^p . In this example ^p = 10 = 500 = 0 : 02. The lo w er ^p is the more extreme the

evidence against H

0

. Therefore the p-v alue is

p

�

= P ( ^ p � 0 : 02 j p = 0 : 03)
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Ho w do w e calculate this probabilit y? Recall from Chapter 4 that if n is large then

Z =

^p � p

p

p (1 � p ) =n

� N (0 ; 1)

Therefore

p

�

= P ( ^ p � 0 : 02 j p = 0 : 03)

= P

 

^p � p

p

p (1 � p ) =n

�

0 : 02 � 0 : 03

p

0 : 03(1 � 0 : 03) = 500

!

= P ( Z � � 1 : 31)

= 0 : 0951

This is a fairly large p-v alue so there is only w eak evidence to reject the n ull h yp othesis i.e. there

is only w eak evidence that the new supplier is b etter.

Z

obs

=

0 : 02 � p

0

p

0

(1 � p

0

) =n

=

0 : 02 � 0 : 03

0 : 03(1 � 0 : 03) = 500

= � 1 : 31

is called the \observ ed test statistic. Notice that all w e really need to do is compute Z

obs

and then

calculate

p

�

= P ( Z � Z

obs

) = P ( Z � � 1 : 31)

H

A

: p > p

0

What if the alternativ e h yp othesis w as that the new supplier w as w orse i.e.

H

A

: p > 0 : 03

In this case v ery large v alues of ^p (rather than v ery small v alues) w ould giv e evidence for H

A

so

the p-v alue w ould b e

p

�

= P ( ^ p � 0 : 02 j p = 0 : 03)

= P

 

^p � p

p

p (1 � p ) =n

�

0 : 02 � 0 : 03

p

0 : 03(1 � 0 : 03) = 500

!

= P ( Z � � 1 : 31)

= 0 : 9049

This is a v ery large n um b er so there is certainly no evidence to supp ort this h yp othesis. Notice

again that all w e really needed to do w as compute Z

obs

and then calculate

p

�

= P ( Z � Z

obs

) = P ( Z � � 1 : 31)

H

A

: p 6= p

0

Finally w e ma y b e in terested in whether there is an y di�erence (either b etter or w orse) b et w een

the suppliers. Than the alternativ e h yp othesis w ould b e

H

A

: p 6= 0 : 03
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In this case v ery large or v ery small v alues of ^p w ould giv e evidence for H

A

so the p-v alue w ould

b e the probabilit y of b eing as far or further from 0 : 03 i.e.

p

�

= P ( ^ p � 0 : 02 j p = 0 : 03) + P ( ^ p � 0 : 04 j p = 0 : 03)

= P

 

^p � p

p

p (1 � p ) =n

�

0 : 02 � 0 : 03

p

0 : 03(1 � 0 : 03) = 500

!

+ P

 

^p � p

p

p (1 � p ) =n

�

0 : 04 � 0 : 03

p

0 : 03(1 � 0 : 03) = 500

!

= P ( Z � � 1 : 31) + P ( Z � 1 : 31)

= 2 P ( Z � j Z

obs

j )

= 0 : 1902

No w w e don't ev en ha v e w eak evidence to reject H

0

. Notice again that w e just needed to compute

Z

obs

and then calculate

p

�

= 2 P ( Z � j Z

obs

j ) = 2 P ( Z � 1 : 31)

So in summary for the three p ossible alternativ e h yp otheses w e calculate the p-v alues in the fol-

lo wing w a y .

If H

A

: p < p

0

p

�

= P ( Z � Z

obs

) where Z

obs

=

^p � p

0

p

p

0

(1 � p

0

) =n

(6.5)

If H

A

: p > p

0

p

�

= P ( Z � Z

obs

) where Z

obs

=

^p � p

0

p

p

0

(1 � p

0

) =n

(6.6)

If H

A

: p 6= p

0

p

�

= 2 P ( Z � j Z

obs

j ) where Z

obs

=

^p � p

0

p

p

0

(1 � p

0

) =n

(6.7)

Example t w o

F or go o d or ill, statistical evidence has b ecome v ery imp ortan t in this coun try for civil righ ts and

discrimination cases. The Supreme Court has made some imp ortan t rulings whic h e�ect all sub-

sequen t trials in lo w er courts. In Castene da vs. Partida (decided Marc h 1977) the court noted

that 79% of the p opulation of Hidalgo Coun t y had Spanish sounding last names. Of the 870 jurors

selected to jury panels b y the coun t y only 339 (appro ximately 39%) had Spanish sounding last

names. Is there evidence of discrimination?

Let p b e the o v erall probabilit y of a p erson selected for jury service ha ving a Spanish sounding

last name. W e w ould lik e to pro v e that there is discrimination whic h w ould mean p < 0 : 79 so

H

A

: p < 0 : 79. The n ull h yp othesis is that nothing is going on so H

0

: p = 0 : 79.

H

0

: p = 0 : 79

H

A

: p < 0 : 79



6.8. HYPOTHESES ON �

1

� �

2

117

Next w e calculate Z

obs

Z

obs

=

^p � p

0

p

p

0

(1 � p

0

) =n

=

0 : 39 � 0 : 79

p

0 : 79(1 � 0 : 79) = 870

= � 29 : 0

and �nally the p-v alue

p

�

= P ( Z < Z

obs

) = P ( Z < � 29 : 0) = 0

W e are absolutely certain that w e should reject H

0

i.e. the probabilit y of a p erson with a Spanish

sounding last name b eing selected for jury service is m uc h lo w er than one w ould exp ect if they w ere

randomly c hosen.

Case 19 Revisited

Let p b e the true prop ortion who will v ote against the prop osition. Here w e w ould lik e to pro v e

that the prop osition will fail so H

A

: p > 0 : 5 and the n ull will b e that is passes H

0

: p � 0 : 5.

H

0

: p � 0 : 5

H

A

: p > 0 : 5

Ho w do w e deal with the fact that H

0

: p � 0 : 5 rather than H

0

: p = 0 : 5? Just as with h yp otheses

on � w e can treat this exactly the same w a y as H

0

: p = 0 : 5. Therefore ^p = 540 = 1000 = 0 : 54 and

Z

obs

=

^p � p

0

p

p

0

(1 � p

0

) =n

=

0 : 54 � 0 : 5

p

0 : 5 � 0 : 5 = 1000

= 2 : 53

and from equation (6.6) the p-v alue is

p

�

= P ( Z � Z

obs

) = P ( Z � 2 : 53) = 0 : 0057

F or an y v alue of � > 0 : 0057 w e will reject H

0

. There is v ery strong evidence that the prop osition

will fail.

6.8 Hyp otheses on �

1

� �

2

The third p ossible situation in whic h y ou ma y wish to p erform a h yp othesis test is in comparing

the means of t w o di�eren t p opulations. Case 20 (our �nal case) pro vides an example.

Case 20 Lies, Damn Lies and Statistics

It is c ommon for c omp anies to make claims ab out their pr o ducts e.g. our chip runs twic e as

fast as their chip or our we e d kil ler kil ls 20% mor e we e ds than their we e d kil ler. These claims ar e

usual ly b acke d up by some study that has b e en done. However, often the claims ar e exagger ate d or

just plain wr ong. Ther efor e it is imp ortant that you know the statistics b ehind them so you c an

make an informe d de cision ab out their ac cur acy. This c ase wil l examine one p ossible situation.

A r epr esentative of Health y Health F o o ds has c ome to se e you. She is very c onc erne d ab out

the claims that one of their c omp etitors, Honest Jim's Really Health y Health F o o ds , ar e mak-

ing. He althy He alth F o o ds has b e en pr o ducing low fat c o okies for many ye ars. They ar e very p opular
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and have a signi�c ant pr op ortion of the low fat c o okie market. However Honest Jim has r e c ently en-

ter e d the market and is claiming that his c o okies have less fat than those fr om He althy He alth F o o ds.

He althy He alth F o o ds vigor ously denies this and claims that the aver age fat c ontent is identic al.

Honest Jim has b ase d his claim on a study that he p erforme d wher e he to ok a r andom sample of

32 c o okies fr om He althy He alth F o o ds and 32 of his own. He me asur e d the fat c ontent for e ach of

the c o okies and found that the aver age fat c ontent in his c o okies was 5 : 5 gr ams p er c o okie while

the aver age for He althy He alth F o o ds was 6 : 0 . His c onclusion was that his c o okies have less fat on

aver age. Y ou manage to �nd the original data and c alculate that the sample standar d deviation for

Honest Jim's c o okies is 1 : 75 and for He althy He alth F o o ds is 2 : 25 . How would we use a hyp othesis

test to investigate Honest Jim's Claim?

Again w e will consider an easier example b efore returning to this case.

Example one

There is a problem with the h yp othesis test that w e p erformed for the new cold drug. Often when

p eople are giv en a pill and told that it will mak e them b etter they get b etter ev en if the pill do es

nothing! This is called the \placeb o e�ect". The problem is that it is then v ery di�cult to tell

whether the drug is really helping. T o get around this problem drug companies often use what is

called a \double blind randomized trial". In this trial a group of p eople are randomly allo cated to

one of t w o groups. One group is giv en a placeb o pill (i.e. a pill that do es nothing) and the other is

giv en the drug. Ho w ev er no one is told whic h they ha v e. Then the t w o groups are compared. The

placeb o e�ect should b e the same for b oth groups so it is then p ossible to see whether the drug

itself is helping.

Supp ose that w e re p erform the drug trail using this strategy . Let �

1

b e the a v erage da ys sic k

of p eople on the new drug and �

2

b e the a v erage da ys sic k of p eople on the placeb o. W e wish to

pro v e that the drug is helping so the alternativ e h yp othesis is H

A

: �

1

< �

2

and the n ull h yp othesis

will b e H

0

: �

1

= �

2

.

H

0

: �

1

= �

2

or H

0

: �

1

� �

2

= 0

H

A

: �

1

< �

2

or H

0

: �

1

� �

2

< 0

Supp ose w e p erform the trial and get the follo wing summary statistics.

�

X

1

= 5 ;

�

X

2

= 7 ; S

2

1

= 8 ; S

2

2

= 9 ; n

1

= n

2

= 100

W e will assume that w e ha v e

1. Indep enden t random samples.

2. Normal p opulations.

3. Both p opulations ha v e the same v ariance.
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Ho w do w e calculate the p-v alue. In tuitiv ely it seems lik e w e w an t to reject H

0

if

�

X

1

�

�

X

2

is v ery

small. F or our exp erimen t w e got

�

X

1

�

�

X

2

= 5 � 7 = � 2 so the p-v alue will b e

p

�

= P (

�

X

1

�

�

X

2

� � 2 j �

1

� �

2

= 0)

Ho w do w e calculate this probabilit y? Recall that

t =

�

X

1

�

�

X

2

� ( �

1

� �

2

)

S

p

q

1

n

1

+

1

n

2

� t

n

1

+ n

2

� 2

so if H

0

: �

1

� �

2

= 0 is true then

t =

�

X

1

�

�

X

2

S

p

q

1

n

1

+

1

n

2

� t

n

1

+ n

2

� 2

In our case

S

2

p

=

( n

1

� 1) S

2

1

+ ( n

2

� 1) S

2

2

n

1

+ n

2

� 2

=

99 � 8 + 99 � 9

100 + 100 � 2

= 8 : 5

Therefore

p

�

= P (

�

X

1

�

�

X

2

� � 2 j �

1

� �

2

= 0)

= P

0

@

�

X

1

�

�

X

2

S

p

q

1

n

1

+

1

n

2

�

� 2

q

8 : 5

�

1

100

+

1

100

�

�

�

�

�

�

1

� �

2

= 0

1

A

= P ( t

198

� � 4 : 85)

= 0 : 000001

This is an extremely small p-v alue so w e w ould reject H

0

for an y reasonable v alue of � . The

observ ed test statistic in this case is

t

obs

=

�

X

1

�

�

X

2

S

p

q

1

n

1

+

1

n

2

=

� 2

q

8 : 5

�

1

100

+

1

100

�

= � 4 : 85

so again calculating the p-v alue in v olv es

p

�

= P ( t

198

� t

obs

) = P ( t

198

� � 4 : 85)

W e can apply the same reasoning to the other 2 p ossible alternativ e h yp otheses (i.e. H

A

: �

1

� �

2

> 0

or H

A

: �

1

� �

2

6= 0) and w e get the follo wing.
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If H

A

: �

1

� �

2

< 0

p

�

= P ( t

n

1

+ n

2

� 2

� t

obs

) where t

obs

=

�

X

1

�

�

X

2

S

p

q

1

n

1

+

1

n

2

(6.8)

If H

A

: �

1

� �

2

> 0

p

�

= P ( t

n

1

+ n

2

� 2

� t

obs

) where t

obs

=

�

X

1

�

�

X

2

S

p

q

1

n

1

+

1

n

2

(6.9)

If H

A

: �

1

� �

2

6= 0

p

�

= 2 P ( t

n

1

+ n

2

� 2

� j t

obs

j ) where t

obs

=

�

X

1

�

�

X

2

S

p

q

1

n

1

+

1

n

2

(6.10)

Example t w o

Supp ose w e wished to test

H

0

: �

1

= �

2

H

A

: �

1

6= �

2

and got the follo wing summary statistics

�

X

1

= 3 ;

�

X

2

= 2 ; S

2

1

= 1 : 5 ; S

2

2

= 1 ; n

1

= 12 ; n

2

= 10

First w e calculate

S

2

p

=

(12 � 1) � 1 : 5 + (10 � 1) � 1

12 + 10 � 2

= 1 : 275

Next w e calculate

t

obs

=

3 � 2

q

1 : 275

�

1

12

+

1

10

�

= 2 : 068

Finally w e compute the p-v alue using equation 6.10.

p

�

= 2 P ( t

12+10 � 2

� j t

obs

j ) = 2 P ( t

20

� 2 : 068) = 0 : 0518

Y ou w ould need a computer to calculate this probabilit y exactly but from the tables w e see that

0 : 05 < p

�

< : 10. W e ha v e only mo derate evidence to reject H

0

. W e w ould only reject H

0

if

� > 0 : 05.

Case 20 Revisited

Let �

1

b e the a v erage fat con ten t of Health y Health F o o ds and �

2

b e the a v erage fat con ten t of

Honest Jim's Really Health y Health F o o ds. Honest Jim is trying to claim that his co okies ha v e less
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fat i.e. �

1

> �

2

so the alternativ e h yp othesis should b e H

A

: �

1

� �

2

> 0. The n ull h yp othesis will

b e that nothing is going on i.e. H

0

: �

1

� �

2

= 0.

H

0

: �

1

� �

2

= 0

H

A

: �

1

� �

2

> 0

Our summary statistics are

�

X

1

= 6 : 0 ;

�

X

2

= 5 : 5 ; S

1

= 1 : 75 ; S

2

= 2 : 25 ; n

1

= n

2

= 32

First w e calculate

S

2

p

=

(32 � 1) � 1 : 75

2

+ (32 � 1) � 2 : 25

2

32 + 32 � 2

= 4 : 0625

Next w e calculate

t

obs

=

6 : 0 � 5 : 5

q

4 : 0625

�

1

32

+

1

32

�

= 0 : 99

Finally w e compute the p-v alue using equation 6.9.

p

�

= P ( t

32+32 � 2

� t

obs

) = P ( t

62

� 0 : 99) = 0 : 1630

Again y ou w ould need a computer to calculate this probabilit y exactly but w e can use the normal

tables (since n is large) and w e get an appro ximate p-v alue of 0 : 1611 whic h is prett y close to the

exact answ er. This p-v alue is prett y large so w e ha v e no real evidence to reject H

0

. In other w ords

Honest Jim has no signi�can t evidence to bac k up his claim.

6.9 Hyp otheses on p

1

� p

2

The fourth p ossible situation is where y ou are comparing the prop ortions from t w o di�eren t Bino-

mial p opulations. W e will illustrate this situation through an example.

Example one

Supp ose w e ha v e t w o random samples of parts from t w o di�eren t p oten tial suppliers. W e are in-

terested in whether the qualit y of parts from the �rst supplier is b etter than that from the second.

Supp ose w e �nd 21 defectiv e parts from supplier one and 32 defectiv e parts from supplier t w o and

w e had a total of 1000 parts from eac h supplier. Is the probabilit y of a defectiv e part from supplier

one lo w er than that from supplier t w o?

First w e need to de�ne the n ull and alternativ e h yp otheses. Let p

1

b e the probabilit y of a

defectiv e part from supplier one and p

2

b e the probabilit y of a defectiv e part from supplier t w o.

W e are in terested in sho wing that supplier one is b etter so H

A

: p

1

< p

2

and the n ull h yp othesis

will b e no di�erence i.e. H

0

: p

1

= p

2

.

H

0

: p

1

= p

2

or p

1

� p

2

= 0

H

A

: p

1

< p

2

or p

1

� p

2

< 0

Next w e need to calculate the p-v alue. W e estimate p

1

using ^p

1

= 21 = 1000 = 0 : 021 and p

2

using

^p

2

= 32 = 1000 = 0 : 032. Therefore w e will ha v e strong evidence for H

A

if ^p

1

� ^p

2

is a v ery large

negativ e v alue so the p-v alue will b e

p

�

= P ( ^ p

1

� ^p

2

� 0 : 021 � 0 : 032 j p

1

� p

2

= 0) = P ( ^ p

1

� ^p

2

� � 0 : 011 j p

1

� p

2

= 0)
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Ho w do w e calculate this probabilit y? Recall that if n

1

and n

2

are large then

Z =

^p

1

� ^p

2

� ( p

1

� p

2

)

S

^p

1

� ^p

2

� N (0 ; 1)

where

S

^p

1

� ^p

2

=

s

^p

1

(1 � ^p

1

)

n

1

+

^p

2

(1 � ^p

2

)

n

2

Ho w ev er if H

0

is true then p

1

= p

2

= p so w e need to come up with a single estimate for p . W e use

the follo wing estimate

^p

pool

=

X

1

+ X

2

n

1

+ n

2

=

n

1

^p

1

+ n

2

^p

2

n

1

+ n

2

(6.11)

whic h giv es the follo wing estimate for S

^p

1

� ^p

2

.

S

^p

1

� ^p

2

=

s

^p

pool

(1 � ^p

pool

)

n

1

+

^p

pool

(1 � ^p

pool

)

n

2

=

s

^p

pool

(1 � ^p

pool

)

�

1

n

1

+

1

n

2

�

(6.12)

Hence if H

0

is true

Z =

^p

1

� ^p

2

S

^p

1

� ^p

2

� N (0 ; 1)

In this example

^p

pool

=

21 + 32

1000 + 1000

= 0 : 0265

and

S

^p

1

� ^p

2

=

s

0 : 0265(1 � 0 : 0265)

�

1

1000

+

1

1000

�

= 0 : 00718

Therefore the p-v alue is

p

�

= P ( ^ p

1

� ^p

2

� � 0 : 011 j p

1

� p

2

= 0)

= P

�

^p

1

� ^p

2

S

^p

1

� ^p

2

�

� 0 : 011

0 : 00718

�

�

�

�

p

1

� p

2

= 0

�

= P ( Z � � 1 : 53)

= 0 : 063

This is a fairly large p-v alue so unless � > 0 : 063 w e will fail to reject H

0

. W e ha v e v ery marginal

evidence that supplier one is b etter than supplier t w o. The observ ed test statistic in this case is

Z

obs

=

^p

1

� ^p

2

S

^p

1

� ^p

2

=

0 : 021 � 0 : 032

0 : 00718

= � 1 : 53

So w e could calculate the p-v alue as

p

�

= P ( Z � Z

obs

) = P ( Z � � 1 : 53)

W e can use the same approac h for the other t w o p ossible alternativ es (i.e. H

A

: p

1

� p

2

> 0 and

H

A

: p

1

� p

2

6= 0).
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If H

A

: p

1

� p

2

< 0

p

�

= P ( Z � Z

obs

) where Z

obs

=

^p

1

� ^p

2

S

^p

1

� ^p

2

(6.13)

If H

A

: p

1

� p

2

> 0

p

�

= P ( Z � Z

obs

) where Z

obs

=

^p

1

� ^p

2

S

^p

1

� ^p

2

(6.14)

If H

A

: p

1

� p

2

6= 0

p

�

= 2 P ( Z � j Z

obs

j ) where Z

obs

=

^p

1

� ^p

2

S

^p

1

� ^p

2

(6.15)

Example t w o

Supp ose that in the previous example w e w ere only in terested in whether there w as a di�erence

b et w een the suppliers. Then the alternativ e h yp othesis w ould b e H

A

: p

1

� p

2

6= 0.

H

0

: p

1

� p

2

= 0

H

A

: p

1

� p

2

6= 0

Our observ ed test statistic is still Z

obs

= � 1 : 53 so the p-v alue (from equation 6.15) is

p

�

= 2 P ( Z � j Z

obs

j ) = 2 P ( Z � 1 : 53) = 2 � 0 : 063 = 0 : 126

No w there is only v ery w eak evidence to reject H

0

. In other w ords unless � > 0 : 126 w e do not ha v e

strong enough evidence to conclude that there is a di�erence b et w een suppliers.

Example three

Supp ose w e wish to test whether there is a di�erence b et w een men and w omen on gun con trol.

W e surv ey 500 w omen and 55% supp ort tougher gun con trols. W e also surv ey 400 men and 50%

supp ort tougher gun con trols. Do w e ha v e signi�can t evidence that there is a di�erence b et w een

men and w omen?

The alternativ e h yp othesis is H

A

: p

w

� p

m

6= 0 and the n ull is no di�erence i.e. H

0

: p

w

� p

m

= 0.

H

0

: p

w

� p

m

= 0

H

A

: p

w

� p

m

6= 0

Next w e need to calculate ^p

pool

.

^p

pool

=

0 : 55 � 500 + 0 : 5 � 400

500 + 400

=

275 + 200

900

= 0 : 528

and

S

^p

w

� ^p

m

=

s

0 : 528(1 � 0 : 528)

�

1

400

+

1

500

�

= 0 : 033
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then the observ ed test statistic

Z

obs

=

^p

w

� ^p

m

S

^p

w

� ^p

m

=

0 : 55 � 0 : 5

0 : 033

= 1 : 49

Finally w e need to calculate the p-v alue

p

�

= 2 P ( Z � Z

obs

) = 2 P ( Z > 1 : 49) = 2 � 0 : 0681 = 0 : 1362

This is fairly large so there is no real evidence of a di�erence b et w een men and w omen i.e. for an y

� < 0 : 136 w e w ould fail to reject H

0

.

6.10 P aired Data

6.10.1 P aired vs Indep enden t Data

The last p ossible situation that w e will examine in this course is v ery similar to that in Section

6.8 where w e w ere examining the di�erence b et w een t w o p opulation means. The follo wing example

illustrates the di�erences.

Example one

Supp ose w e wish to test whether heat treatmen t reduces the bacteria coun ts in milk. W e record

the bacteria coun ts on 12 b ottles of milk b efore treatmen t ( X

1

) and after treatmen t ( X

2

).

Sample, i Before treatmen t ( X

1 i

) After treatmen t ( X

2 i

) Di�erence D

i

= X

1 i

� X

2 i

1 6.98 6.95 0.03

2 7.08 6.94 0.14

3 8.34 7.17 1.17

4 5.30 5.15 0.15

5 6.26 6.28 -0.02

6 6.77 6.81 -0.04

7 7.03 6.59 0.44

8 5.56 5.34 0.22

9 5.97 5.98 -0.01

10 6.64 6.51 0.13

11 7.03 6.84 0.19

12 7.69 6.99 0.70

Av erage 6.721 6.463 0.258

This data giv es us the follo wing summary statistics.

�

X

1

= 6 : 721 ;

�

X

2

= 6 : 463 ; S

2

1

= 0 : 736 ; S

2

2

= 0 : 434 ; S

2

p

=

11 S

2

1

+ 11 S

2

2

12 + 12 � 2

= 0 : 585

Let �

1

b e the a v erage bacteria coun t b efore treatmen t and �

2

the a v erage after treatmen t. W e are

in terested in whether there is evidence that the heat treatmen t reduces the amoun t of bacteria so

w e could test H

A

: �

1

> �

2

vs H

0

: �

1

= �

2

.

H

0

: �

1

= �

2

H

A

: �

1

> �

2
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W e w ould then use Equation 6.9 to calculate the p-v alue. First w e calculate t

obs

t

obs

=

�

X

1

�

�

X

2

r

S

2

p

�

1

n

1

+

1

n

2

�

=

6 : 721 � 6 : 463

q

0 : 585

�

1

12

+

1

12

�

= 0 : 826

and then the p-v alue.

p

�

= P ( t

n

1

+ n

2

� 2

� t

obs

) = P ( t

22

� 0 : 826) = 0 : 2088

This is a prett y large p-v alue so w e w ould fail to reject H

0

. In other w ords w e do not ha v e su�cien t

evidence to conclude that the heat treatmen t is helping.

This is not v ery in teresting b ecause w e ha v e failed to pro v e an ything! Ho w ev er there is a problem

with the calculation. X

i 1

and X

i 2

are not indep enden t b ecause b oth observ ations come from the

same b ottle. If the bacteria coun t is high b efore treatmen t it tends to b e high after treatmen t. On

the other hand if the coun t is lo w b efore treatmen t it tends to b e lo w after treatmen t also. The

n um b ers are related! This means that

V ar (

�

X

1

�

�

X

2

) 6= �

2

�

1

n

1

+

1

n

2

�

and

S

2

�

X

1

�

�

X

2

6= S

2

p

�

1

n

1

+

1

n

2

�

so that

t

obs

=

�

X

1

�

�

X

2

r

S

2

p

�

1

n

1

+

1

n

2

�

6= t

n

1

+ n

2

� 2

This means that the p-v alue w e calculated is incorrect. Ho w do w e �x the problem and calculate

the correct v alue? First w e need to w ork out exactly what V ar (

�

X

1

�

�

X

2

) is equal to.

V ar (

�

X

1

�

�

X

2

) = V ar

�

1

12

( X

1 ; 1

+ X

2 ; 1

+ � � � X

12 ; 1

) �

1

12

( X

1 ; 2

+ X

2 ; 2

+ � � � X

12 ; 2

)

�

= V ar

�

1

12

[( X

1 ; 1

� X

1 ; 2

) + ( X

2 ; 1

� X

2 ; 2

) + � � � + ( X

12 ; 1

� X

12 ; 2

)]

�

= V ar

�

1

12

( D

1

+ D

2

+ � � � + D

12

)

�

( D

i

= X

i; 1

� X

i; 2

)

= V ar (

�

D )

= V ar ( D ) = 12

In other w ords to estimate the v ariance of V ar (

�

X

1

�

�

X

2

) w e need to estimate the v ariance of the

di�erences ( D

i

= X

i; 1

� X

i; 2

). This is v ery easy . All w e need to do is to tak e the di�erences

D

1

; D

2

; : : : ; D

12

, treat them as a single sample and calculate the sample v ariance

S

2

D

=

1

n � 1

n

X

i =1

( D

i

�

�

D )

2



126 CHAPTER 6. HYPOTHESIS TESTS

This giv es us a new test statistic

t

obs

=

�

X

1

�

�

X

2

q

S

2

D

=n

=

�

D

q

S

2

D

=n

With this new test statistic, pro vided H

0

is true,

t

obs

� t

n � 1

In our case

�

D =

1

12

(0 : 03 + 0 : 14 + � � � + 0 : 70) = 0 : 258

and

S

2

D

=

1

12 � 1

[(0 : 03 � 0 : 258)

2

+ � � � + (0 : 70 � 0 : 258)

2

] = 0 : 1275

Therefore

t

obs

=

�

D

q

S

2

D

=n

=

0 : 258

p

0 : 1275 = 12

= 2 : 50

This giv es a new p-v alue of

p

�

= P ( t

n � 1

� t

obs

) = P ( t

11

� 2 : 50) = 0 : 0148

This is m uc h smaller than the previous (incorrect) p-v alue. No w w e ha v e strong evidence to reject

H

0

i.e. w e are prett y sure that the heat treatmen t do es help.

6.10.2 Hyp othesis T ests on P aired Data

The previous example illustrates a situation where w e ha v e \paired data". In other w ords instead

of ha ving t w o indep enden t samples that w e are comparing w e ha v e paired observ ations where the

t w o data p oin ts within eac h pair are related to eac h other.

In general when w e ha v e paired data w e calculate the di�erences

D

i

= X

i; 1

� X

i; 2

and then treat them as if w e had a single sample (as in Section 6.6). Usually w e wish to test

H

0

: �

D

= 0

H

A

: �

D

< 0 (or �

D

> 0 or �

D

6= 0)

so w e w ould calculate the p-v alue in the follo wing manner. (Note that this is iden tical to the

metho d used for a h yp othesis on the mean for a single sample.)
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If H

A

: �

D

< 0

p

�

= P ( t

n � 1

� t

obs

) where t

obs

=

�

D

q

S

2

D

=n

(6.16)

If H

A

: �

D

> 0

p

�

= P ( t

n � 1

� t

obs

) where t

obs

=

�

D

q

S

2

D

=n

(6.17)

If H

A

: �

D

6= 0

p

�

= 2 P ( t

n � 1

� j t

obs

j ) where t

obs

=

�

D

q

S

2

D

=n

(6.18)

6.10.3 What are the di�erences?

Wh y did w e get a di�eren t conclusion when w e used pairing?

Without pairing With pairing

T est statistic t =

�

X

1

�

�

X

2

r

S

2

p

�

1

n

1

+

1

n

2

�

t =

�

D

p

S

2

D

=n

Mean di�erence

�

X

1

�

�

X

2

= 0 : 258

�

D = 0 : 258

Estimated standard deviation

r

S

2

p

�

1

n

1

+

1

n

2

�

= 0 : 312

q

S

2

D

=n = 0 : 103

Observ ed test statistic t

obs

=

0 : 258

0 : 312

= 0 : 826 t

obs

=

0 : 258

0 : 103

= 2 : 505

Distribution t

obs

� t

n

1

+ n

2

� 2

= t

22

t

obs

= t

n � 1

= t

11

Adv an tage of pairing

A reduced estimate of standard deviation (i.e. 0 : 103 vs 0 : 312)

Disadv an tage of pairing

F ew er degrees of freedom (i.e. 11 vs 22)

Generally w e will w an t to use the paired h yp othesis test if the data are paired. It usually results

in a more \p o w erful" (i.e. smaller � ) test than assuming t w o indep enden t groups.


