BOUNDS ON THE NUMBER AND SIZES OF
CONJUGACY CLASSES IN FINITE CHEVALLEY GROUPS
WITH APPLICATIONS TO DERANGEMENTS

JASON FULMAN AND ROBERT GURALNICK

ABSTRACT. We present explicit upper bounds for the number and size of
conjugacy classes in finite Chevalley groups and their variations. These
results have been used by many authors to study zeta functions associ-
ated to representations of finite simple groups, random walks on Cheval-
ley groups, the final solution to the Ore conjecture about commutators
in finite simple groups and other similar problems. In this paper, we
solve a strong version of the Boston-Shalev conjecture on derangements
in simple groups for most of the families of primitive permutation group
representations of finite simple groups (the remaining cases are settled
in two other papers of the authors and applications are given in a third).

1. INTRODUCTION

One might expect that there is nothing more to be done with the study
of conjugacy classes of finite Chevalley groups. For instance over forty years
ago Wall [W] determined the conjugacy classes and their sizes for the uni-
tary, symplectic, and orthogonal groups. However the formulas involved are
complicated and it is not automatic to derive upper bounds on numbers
of classes or their sizes. Moreover many applications seem to require such
bounds (in particular, universal explicit bounds of the form cq¢” where 7 is
the rank of the ambient algebraic group and ¢ is the size of the field of
definition). To convince the reader of this, we mention some places in the
literature where bounds on the number of conjugacy classes in finite classical
groups were needed:

(1) The work of Gluck [Gl] on convergence rates of random walks on
finite classical groups. His bounds were of the form cg®".

(2) The work of Liebeck and Pyber [LiP] on number of conjugacy classes
in arbitrary groups; for finite groups of Lie type their bound was
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(3) The work of Maslen and Rockmore [MR] on computations of Fourier
transforms; they obtained a bound of ¢" for GL(n, q) and 8.26¢™ for
U(n,q). Our bounds are actually better than this type in several
senses. We prove bounds of the form ¢" + cq"~! where ¢ is explicit
(and absolute) for the groups that are the fixed points of a Frobenius
endomorphism and dq" for any group which has socle a Chevalley
group.

(4) Liebeck and Shalev [LS1] have used bounds in the current paper to
study probabilistic results about homomorphisms of certain Fuchsian
groups into Chevalley groups, and random walks on Chevalley groups
[LS2]. Shalev used these results in a crucial way to study the images
of word maps [Sh]. Our bounds were also critical in the solution of
the Ore conjecture on commutators in finite simple groups [LOST].

(5) Our results have been used in studying various versions of Brauer’s
k(GV') problem [GT1] — in particular, the noncomprime version and
some new related conjectures of Geoff Robinson [R]. They were used
in [GR] in obtaining new results about the commuting probability in
finite groups. In particular, these results will be useful in improving
results of Liebeck-Pyber [LiP] and Maréti [Mar] about the number
of conjugacy classes in completely reducible linear groups over finite
fields and in permutation groups.

We also use our results to prove a large part of a conjecture of Boston et.
al. [Bo] and Shalev stating that the proportion of fixed point free elements
of a finite simple group in a transitive action on a finite set X with | X| > 1is
bounded away from zero. This immediately reduces to the case of primitive
actions (and so to studying maximal subgroups of simple groups). This
conjecture has applications to random generation of groups [FG4| and to
maps between varieties over finite fields [GW].

In [FG1], the conjecture was proved for Chevalley groups of bounded rank.
We give another proof in this paper (Theorem 7.3). So we can reduce to
the case of classical groups. In this paper, we prove much stronger results
for all primitive actions other than when the point stabilizer is an extension
field group, an imprimitive group or a subspace stabilizer. Those cases are
handled in [FG2, FG3|. Here we show that in any other primitive actions, the
proportion of fixed point free elements tends to 1 as the order of the classical
group tends to co. Indeed, we show that the proportion of elements which
are not fixed point free in any such action tends to 0. See Theorem 7.7.

We now state some of the main results of the paper. If G is a finite
group, we let k(G) denote the number of conjugacy classes of G. See [GLS]
for background on Chevalley groups.

Theorem 1.1. Let G be a connected simple algebraic group of rank r over
a field of positive characteristic. Let F' be a Steinberg-Lang endomorphism
of G with G a finite Chevalley group over the field F,.

(1) ¢" < k(GF) < 27.2¢".
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(2) k(GF) < q" +68¢""L. In particular, limg—ok(GY)/q" = 1 and the
convergence is uniform with respect to .

(3) The number of conjugacy classes of G¥' that are not semisimple is
at most 68¢" 1.

(4) The number of conjugacy classes of G that are F-stable is between

q" and 27.2q".

There are much better bounds on the constants in Theorem 1.1 for many
of the families. It seems likely that the correct upper bound for part 1
is about 15.2¢" (for Sp(2r,2)). We do obtain this bound for the simple
Chevalley groups. The 27.2 comes from the argument in groups of type D
in odd characteristic (this is because of the nature of the group of diagonal
automorphisms). We give limiting values for k(G¥)/q" (as r — oo with
q fixed) for each of the families of classical groups. In particular, we see
that this ratio does not tend to 1 for ¢ fixed. See the tables in Section 4
for a summary of the results. There are precise formulas for the number
of conjugacy classes for the exceptional Chevalley groups — see [Lu2| (and
similarly, one can work out such formulas for the low rank classical groups).
As we have already noted earlier in the introduction, the existence of an
upper bound k(G ) < ¢q” where ¢ depends on r has already been proved
(and this is straightforward). In fact, using the results of Lusztig and others
about unipotent classes, it is easy to prove that k(G is bounded above by
a monic polynomial in ¢ of degree r (with r independent of ¢), whence for a
fixed 7, it follows that k(G)/q" — 1 as ¢ — oo. One of the key features of
our result is that our bounds are of the form cq” or ¢" 4+ c¢¢"~* with ¢ explicit
and independent of ¢, r, and many of the applications depend on this.

We show that one can get a similar bound for almost simple Chevalley
groups allowing all types of outer automorphisms.

Corollary 1.2. Let G be an almost simple group with socle S, a Chevalley
group of rank r defined over IFy.

(1) k(S) <15.2¢".

(2) K(S) < ¢ + 304"

(3) k(G) <100q".

Recall that a permutation is called a derangement if it has no fixed points.
If G is a transitive group on a finite set €2, define 6(G, §2) to be proportion of
derangements in G. By an old theorem of Jordan, it follows that (G, Q) > 0
if |©2] > 1. By a much more recent (but still elementary) theorem [CC],
(G,Q) > 1/|9| for |2] > 1. See Serre [Se| for many applications of Jordan’s
theorem. See [GW] for applications of better bounds of §(G, §2) and bounds
on derangements in a given coset. If € is the coset space G/H, we write
(G, Q) as (G, H).

The classical groups are are those groups related to the group of isometries
I(V) of a vector space V' over a finite field preserving some form (the 0 form,
or nondegenerate Hermitian, alternating or quadratic forms). We consider
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any group between I = I(V') and F*(I). Since we are considering primitive
actions, the center also acts trivially and we will often not distinguish be-
tween the linear groups and their projective versions. In particular, these
are groups between PSL(V) and PGL(V), PSU(V) and PGU(V), PQ(V)
and PO(V), or PSp(V) and PCSp(V).

Theorem 1.3. Let G be a classical almost simple Chevalley group defined
overFy of rank r. Let H be a maximal subgroup of G that acts irreducibly and
primitively on the natural module and does not preserve an extension field
structure. Then there is a universal constant 6 > 0 such that 6(G,H) > §.
Moreover, 6(G,H) — 1 as r — 0.

In fact, we prove a much stronger result than Theorem 1.3; see Theorem
7.7. See Theorem 7.3 for an analogous result for groups of bounded rank.
We also prove some results about derangements in cosets of simple groups.
See Section 7.

The three remaining families of maximal subgroups (reducible subgroups
— including parabolic subgroups, groups preserving an extension field struc-
ture and imprimitive groups) are dealt with in [FG2, FG3].

The Boston-Shalev conjecture was proved for alternating and symmetric
groups in [LuP]. See also [D], [DFG], and [FG3].

Three other results of interest that we prove and use in the preceding
result are:

Theorem 1.4. Let G be a connected simple algebraic group of rank r of
adjoint type over a field of positive characteristic. Let F be a Steinberg-
Lang endomorphism of G with GF' a finite Chevalley group over the field F,.
There is an absolute constant A such that for all z € G¥,

qT
A(1 +log, 1)

See Section 6 for bounds of the form in Theorem 1.4, with explicit con-
stants in all cases. The result holds for the finite simple Chevalley groups
as well except that if G = PSL(n,q) or PSU(n,q), then ¢"~! needs to be
replaced by ¢"~2. The result also holds for orthogonal groups except that

in even dimension, ¢" needs to be replaced by 2¢"~! (but only for elements
outside SO).

Theorem 1.5. Let G be a finite simple Chevalley group defined over F, of
rank r with ¢ a power of the prime p. The number of conjugacy classes of

1/2p3rl/2 + loglogq) for some

|Car ()| >

mazximal subgroups of G is at most Ar(r + r
constant A.

In fact, we conjecture that the r1/2p37"1/2 term can be removed above. If

r is bounded, a much stronger result is given in [LMS].

We also prove the following result about conjugacy classes in a coset of
a normal subgroup that generalizes a number of results in the literature.
A special case was recently proved in [BW]. Our proof is quite short and
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elementary but gives a stronger result (one consequence is that the number
of conjugacy classes of semisimple elements in each coset of a simple Cheval-
ley group in the group of inner-diagonal automorphisms is the same). See
section 2 for details and for other consequences of this.

Theorem 1.6. Let A be a finite group with G a mormal subgroup with
A/G = (aQ) cyclic. Let w be any set of primes containing all prime divisors
of |A/G|. Then the number of conjugacy classes of m-element of A in the
coset aG is precisely the number of G-conjugacy classes of w-elements in G
that are invariant under A.

We mention in particular one nice consequence of this. It follows that if
G is an algebraic group in characteristic p with connected component GV,
then if G° has finitely many conjugacy classes of unipotent elements, then
so does G. If GY is reductive, this is known by the work of many authors,
but the passage from the connected case to the disconnected case is far from
easy. See Corollary 2.6.

The organization of this paper is as follows. Section 2 studies the number
of conjugacy classes in a given coset of a normal subgroup. In particular, we
give a very short proof (Lemma 2.2) of a generalization of results in [BW, I
on the distribution of conjugacy classes over cosets of some normal subgroup.
Section 3 obtains explicit and sharp upper bounds and asymptotics for the
number of conjugacy classes in finite classical groups (some of these were
announced in the survey [FG1]). This mostly involves a very careful analysis
of Wall’s generating functions for class numbers, but we do obtain new
generating functions for groups such as SO¥(2n,q) and Q*(2n,q) with ¢
odd. Section 4 tabulates some of the results from previous sections and
summarizes corresponding results for exceptional Chevalley groups, due to
Liibeck [Lu2] and others. In Section 5, we turn to almost simple groups,
proving Theorem 1.1, Corollary 1.2, and some related results. Section 6
derives explicit lower bounds on centralizer sizes (and so upper bounds on
the sizes of conjugacy classes) in finite classical groups. In Section 7, we get
upper bounds for the number of conjugacy classes in a maximal subgroup
aside from three families of maximal subgroups. We then combine those
results with Theorem 6.15 to obtain Theorem 1.3, Theorem 7.7, and related
results on derangements.

2. OUTER AUTOMORPHISMS

In this section, we prove some results about the number of conjugacy
classes in a given coset. This will allow us to pass between various forms of
our group. We first recall an elementary result of Gallagher [Gal.

Lemma 2.1. Let H, N be subgroups of the finite group G with N normal
in G. Then

(1) |G: H|7'k(H) < k(G) < |G : H|k(H); and

(2) k(G) < k(N)k(G/N).
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The following lemma will be useful in getting some better bounds for
almost simple groups. See also [BW, I, K] for similar but somewhat weaker
results.

Our method of proof is entirely different — it is shorter, more elementary
and based on a very easy variant of what is known as Burnside’s Lemma.

Lemma 2.2. Let N be a normal subgroup of the finite group G with G/N
cyclic and generated by aN. Let m be a set of primes containing all prime
divisors of |G/N|. Set « to be the number of G-invariant conjugacy classes
of m-elements of N.

(1) The number of G-conjugacy classes of m-elements in the coset bN
that are a single N-orbit is equal to o for any coset bN.

(2) The number of G conjugacy classes of w-elements in the coset aN is
.

Proof. Note that G acts on the coset bN by conjugation, and thus on the
m-elements in that coset. We want to calculate the number of common G, N
orbits on the m-elements of bN.

By aslight variation of Burnside’s Lemma (with essentially the same proof
— see [FGS, §13]), this is the average number of fixed points of an element
in the coset aN. Let # € aN. Then Cg(z) Na’N = z'Cn (). Let y = 2°
where e = 1 mod [G : N] and y is a m-element (this is possible since 7
contains all prime divisors of [G : N]). Then y*N = 2N for all 4, and so
y'On(x) = 2°Cn(z) for alli. If w € Cn(z) < Cn(y), then y'w is a m-element
if and only if w is. Thus, the number of m-elements in Cg(x) N a’N is the
number of m-elements in Cy(x) — in particular, this number is independent
of the coset. This proves (1).

If 2 € aN, then G = NCg(x) and so 2V = 2%, whence every G-conjugacy
class in alN is a single N-orbit. So (1) implies (2). O

This allows us to prove a generalization of part of Lemma 2.1. If 7 is a
set of primes and X is a finite group, let k;(X) be the number of conjugacy
classes of m-elements of X.

Lemma 2.3. Let N be a normal subgroup of the finite group G. Let w be
a set of primes. Let x; N denote a set of representatives of the w-conjugacy
classes of G/N. Let f(z;) denote the number of N-conjugacy classes of
m-elements that are x;-invariant. Then

T
kn(G) < f(@i) < kn(G/N)kr(N).
i=1
Proof. If y € G is a m-element, then yNV is conjugate to x;IN for some 3.

Set G; = (N, z;) and note that every prime divisor of [G; : N] is in 7. By
Lemma 2.2, the number of G; conjugacy classes of m-elements in z; N is at
most f(x;) < kr(N). Thus, the number of G-conjugacy classes of 7-elements
that intersect z; N is at most f(x;). This completes the proof. ([
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Corollary 2.4. Let N be a normal subgroup of G with © a set of primes
containing all prime divisors of |G/N|. If each w-element g of G satisfies
G = NCg(g), then G/N is abelian and the number of T-conjugacy classes
of G in any coset of N is kr(N).

Proof. We first show that G/N is abelian. Consider a coset N. Let z € G.
Then N = yN where y is a m-element (as in the previous proof). Then
[y, G] = [y, NCq(y)] < N. Hence [G,G] < N, and so G/N is abelian.

The hypothesis implies that every m-class of G is a single N-orbit. Apply-
ing Lemma 2.2 to the subgroup H := (N, z) shows that the number of com-
mon H, N-orbits on m-elements of NV is the number of common H, N-orbits
on m-elements in V. The hypothesis implies that all G-orbits on 7-elements
are N-orbits, whence the number of conjugacy classes of m-elements in x /N
is kx(N). O

The hypotheses apply to the case where N is a simple Chevalley group in
characteristic p, and G is contained in the group of inner-diagonal automor-
phisms on N with 7 consisting of all primes other than p. See [S1, 2.12].
Indeed, the same applies to a slightly more general situation.

Corollary 2.5. Let N be a perfect Chevalley group with N/Z(N) simple.
Assume that N is normal in G, G induces inner-diagonal automorphisms of
N and Cg(N) = Z(G) has order prime to p. Then the number of semisimple
conjugacy classes in each coset of S in G is the same.

For example, the previous result applies to SL(n,q) < GL(n, q).

Another easy consequence of Lemma 2.2 is showing that the finiteness
of unipotent classes in a disconnected reductive group follows from the re-
sult for connected reductive groups. There have been several proofs of the
finiteness of the number of unipotent classes in the connected case — see
[Lusl]. The result is also known for the disconnected case (see [Gu] for a
generalization).

Lemma 2.6. Let G be an algebraic group defined over a finite field L of
characteristic p. Let H be its connected component. Suppose that H has
finitely many conjugacy classes of unipotent elements. Then G has finitely
many conjugacy classes of unipotent elements.

Proof. Let U be the variety of unipotent elements in G. So U is defined over
L. Let k be the algebraic closure of L. Suppose that H has m conjugacy
classes of unipotent elements. Let L'/L be a finite extension. By Lang’s
theorem, H(L') has at most me conjugacy classes of unipotent elements,
where e is the maximal number of connected components in Cy(u) for u a
unipotent element of H.

Let s be the number of conjugacy classes of p-elements in G/H (which
is isomorphic to G(L')/H(L')). By Lemma 2.3, G(L') has at most sme
conjugacy classes of p-elements.
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Since G(k) is the union of the G(L’) as L’ ranges over all finite extensions
of L' /L, it follows that G(k) has at most sme conjugacy classes of unipotent
elements.

By [GLMS, Prop 1.1]), it follows that the number of unipotent classes of
G is the same as the number of G(k) classes of unipotent elements. O

The following must surely be known, but it follows easily from Lemma
2.2.

Corollary 2.7. Let m > 3. Then k(An) < k(Sm).

Proof. Let a be the number of A, classes that are stable under S,,. Let
b be the number of S,, classes in A,, that are not A,, classes. Clearly
k(A.;,) = a + 2b, and by Lemma 2.2, k(S,,) = 2a + b. So we only need to
show that a > b. If m = 4,5, the result is clear. So we show that a > b for
m > 5.

Note that b is precisely the number of classes where all cycle lengths are
distinct and odd. There clearly is an injection into stable classes; namely
since m > 4 the largest cycle is odd of length j > 5, so one can replace it
by a product of two 2-cycles and j — 4 fixed points. The image misses an
element of order 4, and so the injection is not surjective. (]

Another easy consequence of Lemma 2.2 is:

Corollary 2.8. Let N be a normal subgroup of the finite group G. Let K
be a subgroup of G containing N with K/N cyclic and central in G/N. Let
m be a set of primes containing all prime divisors of |K/N|. Let A be the
set of G-conjugacy classes of m-elements such that K = NCg(g). Then A
is equally distributed among the cosets of N contained in K.

Proof. Let T’ be the union of the conjugacy classes in A. Note that g € T’
implies that g € K.
Let a be the number of K-stable conjugacy classes of m-elements of N.
By the proof of Lemma 2.2, it follows that K has precisely « orbits on
I'NgN for each g € K. Since G/K acts freely on the K orbits on T, it
follows that there are precisely /|G : K] elements of A in each coset of
K/N. O

In certain cases, one can describe the conjugacy classes in a coset very
nicely using the Shintani correspondence. See [K, §2]. We first need some
notation. Let G be a connected algebraic group. Let F' be a Lang-Steinberg
endomorphism of G (i.e. the fixed points G form a finite group). We first
recall the well known result of Lang-Steinberg.

Lemma 2.9. Let G be a connected linear algebraic group, and let F be a
surjective endomorphism of G such that G is finite. Then the map f : x —
2 from G to G is surjective.

Note that if F' is such an endomorphism of a simple connected algebraic
group G, then we can attach a prime power ¢ = gr of the characteristic to
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F. Then G¥ is said to be defined over ¢. We write G = G(q) (of course,
there may be more than one endomorphism associated with the same ¢ — in
particular, this is the case if G admits a graph automorphism). The Shintani
correspondence is:

Theorem 2.10. Let G be a connected linear algebraic group with Frobenius
map F. Let H be the fixed points of F™. We view F as an automorphism
of H of order m. Then there is a bijection 1 between conjugacy classes in
the coset FH and conjugacy classes in HY . Moreover, Cy(Fh) = Cyr (k)
where Y[ Fh| = [k].

We sketch the proof (see [S]). We may define ¢ as follows. Given z
in H, let oy be such that a;Fa, = . Define N(z) = & -+ 22 .
Set ¢(Fr) = a,N(x)a;' € HF. This depended upon the choice of o,
but another choice preserves the conjugacy class, and ¢ defines the desired
bijection on classes. It is straightforward to see that this bijection has the
properties described in the theorem.

Combining this theorem together with Lemma 2.2 gives:

Corollary 2.11. Let G be a connected linear algebraic group with Frobenius
map . Let H be the fixed points of F. We view F' as an automorphism of
H of order m. Then k(HY') is equal to the number of H-conjugacy classes in
the coset FH and is also equal to the number of F-stable conjugacy classes
in H.

Proof. The previous theorem implies that the first two quantities are equal.
Lemma 2.2 implies that the second and third quantities are equal. [l

3. NUMBER OF CONJUGACY CLASSES IN CLASSICAL GROUPS

In this section, we obtain upper bounds for k£(G) with G a classical group.
Subsection 3.1 develops some preliminary tools. Type A groups are treated
in Subsections 3.2 and 3.3; symplectic and orthogonal groups are treated in
Subsections 3.4 and 3.5 respectively.

3.1. Preliminaries. The following result of Steinberg [Stl, 14.8, 14.10]
gives lower bounds for k(G) with G a Chevalley group. See also [C, p.
102]. The inequality is not stated explicitly though.

Theorem 3.1. Let G be a connected reductive group of semisimple rank
r > 0. Let F be a Frobenius endomorphism of G associated to q. Let
Zoy denote the connected component of the center of G. The number of
semisimple conjugacy classes in G is at least |ZE |q" with equality if G’ is
simply connected. In particular, k(GF) > q".

Proof. By [St1, 14.8], the number of F-stable conjugacy classes is exactly
|ZE|q". If G' is simply connected, then the centralizer of any semisimple
element is connected, whence there is a bijection between stable conjugacy
classes of semisimple elements and semisimple conjugacy classes in G¥'.
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On the other hand, every F-stable class has a representative in G by
[St1, 14.10], and so there are at least ¢" semisimple conjugacy classes in G’
(with equality in the simply connected case). Since there must be at least 1
stable class of nontrivial unipotent elements, the last statement follows. [

The following two asymptotic lemmas will be useful.

Lemma 3.2. (Darbouz [O]) Suppose that f(u) is analytic for |u| < r,r >0

and has a finite number of simple poles on |u| = r. Let w; denote the poles,

and suppose that f(u) = Zj lfju(%_ with g;(u) analytic near wj. Then the
J

coefficient of u™ in f(u) is

> gjl(:“n”j) +o(1/rm).

Lemma 3.3. ([O]) Suppose that f(u) is analytic for |u| < R. Let M(r)
denote the mazimum of |f| restricted to the circle |u| = r. Then for any
0 < r < R, the coefficient of u™ in f(u) has absolute value at most M(r)/r™.

The following lemma is Euler’s pentagonal number theorem (see for in-
stance page 11 of [A1]).

Lemma 3.4. Forq > 1,

a 1 > Bn-1) (3n+1)
H(l—g) = 1+Z(—1)"(q_ > +q )
n=1 n=1

1

e P JIpe G bR LRI

Throughout this section quantities which can be easily re-expressed in
terms of the infinite product []32,(1 — &) will often arise, and Lemma 3.4

gives arbitrarily accurate upper and lower bounds on these products. Hence
(1-4)
(0.0 40

we will state bounds like [T, (1+5;) = [152, Iy < 2.4 without explicitly
B3

mentioning Euler’s pentagonal number theorem on each occasion.

3.2. GL(n,q) and its relatives. To begin we discuss GL(n,q). By a for-
mula of Feit and Fine [FF, M1], the number of conjugacy classes in GL(n, q)
is the coefficient of ¢" in the generating function
ﬁ 1t
1—qtt

i=1

Using clever reasoning and Euler’s pentagonal number theorem, it is proved
in [MR] that the number of conjugacy classes of GL(n, q) is less than ¢".
To this we add the following simple proposition.

Proposition 3.5. (1) For q fized, limnﬁmw =1.

(2) ¢" — "' < k(GL(n,q)) < q". Thus limg_e " CE0)

7 =1, and the
convergence is uniform in n.
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Proof. The generating function for conjugacy classes of GL(n, q) gives that
k(GL(n,q))

e is the coefficient of ¢™ in

1 H 1—t/q
1—t- 17tz’+1/qi'
i>1

Note that the function g(t) = HZ>1 lltfiﬁ/z is analytic for [t| < q'/?
(This follows from a basic fact in analysis that absolute convergence of the
product [ [,(14a;) is equivalent to convergence of the sum ), |a;|). Applying
Lemma 3.2 with f(t) = ¢(t)/(1 —t) and w; = 1 proves the first assertion.
For the second assertion, the upper bound on k(GL(n,q)) was mentioned
earlier, and the lower bound holds since GL(n, q) has ¢" — ¢"~! semisimple
conjugacy classes (the similarity class of a semisimple element in GL(n, q) is
determined by its characteristic polynomial and clearly the number of monic
polynomials with nonzero constant term is ¢" — ¢" ). ([

KGL(n.9)) ;

Remark: In fact is even closer to 1 than one might suspect from

Proposition 3.5. Indeed,
1 H 1—t/q 1
I1—t X1 -t/ 1—1¢
i>1

is analytic for all |t| < ¢'/? (subtracting the (1 — t)~! removed the pole
at t = 1). Thus Lemma 3.3 gives that for any 0 < € < 1/2, ’% — 1’ <

q"(clt/% where Cy is a constant depending on ¢ and e (which one could

make explicit with more effort). This is consistent with the fact ([BFH],
[MR]) that k(GL(n, q)) is a polynomial in ¢ with lead term ¢" and vanishing
[24]

coefficients of ¢"~1,- -

Macdonald [M1] derived formulas for the number of conjugacy classes of
SL(n,q), PGL(n,q) and PSL(n,q) in terms of k(GL(n,q)). As these will
be used below it is useful to recall them. Let

n):nrH(l—p "

where the product is over primes dividing n. Thus ¢1(n) is Euler’s ¢ func-
tion. Macdonald showed that

kE(SL(n,q)) Z P2(d)k(GL(n/d,q)),
d|nq 1
K(PGL(n,q)) = q_ll S 61 (AK(GL(n/d,q)),

dn,g—1
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and

K(PSL(n, q)) L

(q - 1) ng(n7q - 1

where the sum is over all pairs of divisors dy,ds of ¢ — 1 such that dids
divides n.

Proposition 3.6. (1) ¢" ! < k(SL(n,q)) < 2.5¢" .
(2) k(SL(n,q)) < ¢**+ 3¢" 2. Thus limqﬁoow =1, and the
convergence is uniform in n.

(3) Forq ﬁxed, limy—oo k(‘s;ﬁ(—nlg)) = 1711/f1 ’

Proof. The lower bound holds by Theorem 3.1. From Macdonald’s formula
for k(SL(n,q)) one checks that k(SL(2,q)) < q+4 and k(SL(3,q)) < ¢* +
q + 8 (and that parts 1 and 2 hold for ¢ = 2,3 and n < 4). So assume that
n > 4.

If ¢ = 2, then the upper bound in part 1 follows by [MR, Lemma A.1].
So assume also that ¢ > 3. Since k(GL(n/d,q)) < ¢*/?, it follows that

Z ¢1(d1)d2(d2) k(G (dﬁlg’q»

dl,dz

K(SL(n,q)) < — > d*qd
9 dln,g—1
1 _
< l[q" + (g = 1> (@ + " 4]

1
< ¢"/(g—1)+ gV

For ¢ > 3,n > 4, this is easily seen to be at most 2.5¢" !
The upper bound in part 2 when ¢ = 2 follows by [MR, Lemma A.1]. For
g > 3,n > 6 one has that

¢"/(q—1)+ ¢ < g +3¢" 72,
and one easily checks from Macdonald’s formula that k(SL(n,q)) < ¢" ! +
3¢" 2 for g >3,n<5.
For part 3, note from Macdonald’s formula that
k(SL(n,q k(GL(n/d,q
( n( : ) _ S a(d (n/d,q))
q S 1- /q q*

dn,g—1
Since ¢ is fixed, it is clear from Proposition 3.5 that only the d = 1 term
contributes in the n — oo limit, yielding the result. U

The following corollary concerns groups between SL(n,q) and GL(n,q)
or between PSL(n,q) and PGL(n,q).

Corollary 3.7. (1) Suppose that SL(n,q) € H C GL(n,q), and let j
denote the index of H in GL(n,q). Then

n—1 —1 -1 n n—1
L?) <k(H) < L 2k(SL(n,q) < %
J J J
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(2) Suppose that PSL(n,q) € H C PGL(n,q), and let j denote the
index of H in PGL(n,q). Then

-1 n—1 n—2
. < Mg)k(PS’L(n,q)) < %
J J J
Proof. Let H be as in part 1 of the corollary. Then k(H) > k(GL(n.q))

5 2
LM, where the first inequality is Lemma 2.1 and the second is the fact

that GL(n,q) has ¢" (¢ — 1) semisimple conjugacy classes. The inequality
kE(H) < q;—.lk(SL(n, q)) comes from Lemma 2.1, and Proposition 3.6 yields
the inequality (¢ — 1)k(SL(n,q)) < ¢" + 3¢" L.

Let H be as in part 2 of the corollary. Then k(H) > (PGI;(H 1) > qn :
where the first inequality is Lemma 2.1 and the second is the fact that
PGL(n, q) has at least ¢"~! conjugacy classes (clear from Macdonald’s for-
mula and the fact that GL(n, q) has at least ¢" (¢ — 1) conjugacy classes).
The inequality k(H) < %k(PS’L(n, q)) comes from Lemma 2.1, and
the inequality ged(n,q — 1)k(PSL(n,q)) < ¢"~* + 5¢" 2 follows from Mac-
donald’s formula for k(PSL(n,q)) and an analysis similar to that in Propo-
sition 3.6. (]

We close this section with the following exact formula for the number of
conjugacy classes of a group H between SL(n,q) and GL(n,q). It involves
the quantity ¢- defined earlier in this section.

Proposition 3.8. Suppose that SL(n,q) C H C GL(n,q) and let j denote
the index of H in GL(n,q). Then

Z p2(d ,q))-

dI(J n)

Proof. As in [M1], to each conjugacy class of GL(n, q), there is associated a
partition v of n. To describe this recall that conjugacy classes of GL(n, q) are
parametrized by associating to each monic irreducible polynomial p(z) over
F, with non-zero constant term a partition; if the partition corresponding
to p(z) has m; parts of size i, then it contributes deg(p)m; parts of size i
to the partition v. Throughout the proof we let ¢, denote the number of
conjugacy classes of GL(n,q) of type v. We also let vy,--- , 1, denote the
parts of v.

Given the partition v, we determine the number of conjugacy classes of
GL(n,q) of type v in H, multiply it by the number of H classes into which
each such class splits (this number depends only on v) and then sum over all
v. Arguing as on pages 33-36 of [M1] shows that the number of conjugacy
classes of GL(n,q) of type v in H is

ged(j, v, -+, vp)cy
J
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and that each such class splits into ged(j,v1,- -+ , ) many H classes. Thus
the total number of conjugacy classes of H is

1 )
3 Z ged(j, v, - - ,1/7«)20,,,
[v|=n

Arguing as on pages 36-37 of [M1], this can be rewritten as

1 n

= > $a(dDk(GL(5,9)).

J d

dl(j,n)
O
3.3. GU(n,q) and its relatives. The paper [MR] proves that
1+1/¢
k <q" — 1= < 8.26¢".
(GU(n,q) <¢"[] = g < 3260
i>1

Proposition 3.9 gives an asymptotic result.
Proposition 3.9. (1) For q fized, limn_,ook(GléiW =[Li> i}?gi

(2) ¢" + ¢ < k(GU(n,q)) < ¢" + Ag™ ! for a universal constant
A; one can take A = 16 for ¢q = 2 and A = 7 for ¢ > 3. Thus

limq_,oow =1, and the convergence is uniform in n.

Proof. Wall [W] shows that k(GU (n, q)) is the coefficient of " in

ﬁ 14+t
izll—qtz

Thus W is the coefficient of t" in

o0

1 H 1+t/q
1—1¢ 1_ti+1/qi'
=1

For the first assertion, use Lemma 3.2.

For the second assertion, the lower bound comes from the easily proved
fact (essentially on page 35 of [W]) that GU(n,q) has ¢" + ¢"~! many
semisimple conjugacy classes. For the upper bound, the assertion when
¢ = 2 is immediate from the fact that k(GU(n,q)) < 8.26¢". For q > 3,
recall that

1+1/q¢"

k(GU(n,q)) < q" H 1_71/(]Z

i>1
Lemma 3.4 gives that

HM:H 1-1/¢" _ 1 LT
Sl-Lg A1/ T (-1q-1/@? " g

where the last inequality is an easy calculus exercise. O

Remarks:
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(1) The value of the limit in part 1 of Proposition 3.9 is 8.25... when
q=2.

(2) As in the remark after Proposition 3.5, the convergence of W
to [[i>1 % is O(q~™(1/2-9) for any 0 < € < 1/2. Indeed, sub-

tracting off the simple pole at t = 1 from the generating function in
Proposition 3.9 gives that

1 ﬁ 1+t/¢ 1 H1+1/qi
l—tizll—ti“/qi 1—ti>11—1/qi

is analytic for all |t| < ¢'/2, so the claim follows from Lemma 3.3.

Macdonald [M1] derived useful formulas for k(SU(n,q)), k(PGU(n,q))
and k(PSU(n,q)). These involve the quantity

n)=n" ][0 =»p7")

pln

where the product is over all primes dividing n. He showed that

KSUm.q) = ——= > édk(GU(n/d,q),
d|n q+1

KPGU(nq) = —— > éi(d)k(GU(n/d,q)),
d|n,q+l

and

K(PSU(n, q)) = L

(g+1)ged(n,g+1) 9))

Z #1(d1)p2(d2)k(GU (5—-

dy,d2

dd

where the sum is over all pairs of divisors di,ds of ¢ + 1 such that dids
divides n.

Proposition 3.10. (1) ¢" ' <Kk(SU(n,q)) < 8.26¢" 1.
(2) k(SU(n,q)) < ¢" 1+ Ag"2 for a universal constant A; one can take
A=16 forq=2 and A= 7T for ¢ > 3. Thus limqqook:(s(%i(ﬁ’q)) =1,
and the convergence is uniform in n.

. k(SU(n, g
(3) For q fized, lim, oo ( qn£1q)) = (H_ll/q) Hi21 }J_r}%z

Proof. The lower bound in part 1 is immediate from Theorem 3.1. The
upper bounds in parts 1 and 2 will be proved together. For n < 7 the upper
bounds are checked directly from Macdonald’s formula for £(SU(n, q)). Next
suppose that ¢ = 2 and n > 8. Then Macdonald’s formula for k(SU(n, q))
and the upper bound on k(GU (n,q)) give that

k(SU(n,2)) < 836 (2” +8- 2"/3) <8.26(2"71).

For ¢ > 3, we claim that k(SU(n,q)) < (1 + 7/q)q"~!, which also implies
the upper bound in part 1. Suppose that n > 8 is even (the case of odd n is



16 JASON FULMAN AND ROBERT GURALNICK

similar). Then Macdonald’s formula and part 2 of Proposition 3.9 give that
k(SU(n,q)) is at most

(" + (g +1)*(q"? + -+ 1))

1+7

(1+7/) 1

S (1+7/q) <qn71_qn72+qn73i1+qn/2+l+2qn/2+2q+1>
< (1+7/9)- """

Part 3 follows from part 1 of Proposition 3.9 and Macdonald’s formula
for k(SU(n,q)) (argue as in the case of SL). O

Corollary 3.11 gives bounds on k(H ) where H is a group between SU (n, q)
and GU (n, q) or between PSU(n,q) and PGU (n,q).

Corollary 3.11. (1) Suppose that SU(n,q) C H C GU(n,q) and that

j is the index of H in GU(n,q). Then
n—1
U gy < TS g) <
J J J
where A is a universal constant. One can take A = 25 for ¢ =2 and
A =11 forq > 3.
(2) Suppose that PSU(n,q) C H C PGU(n,q) and that j is the index

of H in PGU(n,q). Then

q" ! _ ged(n, g +1)

n—1 n—2
— < k(H) < k(PSU(n,q)) < ﬂ.

J J J

q+1 < ¢+ Ag" !

)

Proof. Let H be as in part 1 of the corollary. Then k(H) > kGU(M.9) >

i >
n—1
%w, where the first inequality is Lemma 2.1 and the second is the fact

that GU(n,q) has ¢""!(q + 1) semisimple conjugacy classes. Lemma 2.1
gives that k(H) < %?k(SU(n,q)). The inequality (¢ + 1)k(SU(n,q)) <
q" + Ag™ ! with the stated A values follows from part 2 of Proposition 3.10.

Let H be as in part 2 of the corollary. Then k(H) > w >
qn];, where the first inequality is Lemma 2.1 and the second is the fact
that PGU (n, q) has at least ¢"~! conjugacy classes (clear from Macdonald’s
formula and the fact that GU(n,q) has ¢"~!(q + 1) semisimple conjugacy
classes). The inequality k(H) < %k(PS U(n,q)) comes from Lemma
2.1, and the inequality ged(n,q + 1)k(PSU(n,q)) < ¢ + 8¢" 2 follows
from Macdonald’s formula for k(PSU(n,q)) and an analysis similar to that
in Proposition 3.10. O

3.4. Symplectic groups. We next consider symplectic groups. We treat
the cases ¢ odd and even separately.

Theorem 3.12. Let g be odd.
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+%)
1

(1) ¢" < k(Sp(2n,9)) < ¢" [[:Z1 = -

(2) k(Sp(2n,q)) < ¢" + Ag"! for a universal constant A; one can take
A =30 forq=3 and A =12 for ¢ > 5. Thus

k(Sp(2n,q))

< 10.8¢".

limg—oo pm =1,
and the convergence is uniform in n.
. E(Sp(2n, (1+)*
(3) For q fized, llmn—@ow == ﬁ

Proof. The lower bound in part 1 is immediate from Theorem 3.1.
For g odd, Wall [W] shows that k(Sp(2n,q)) is the coefficient of ¢ in the

generating function
1°—°[ (14t
1—qtt

i=1
Rewrite this generating function as
ﬁ 1t ﬁ (1+t9)*
l—qtii_1 1—t

=1

Since all coefficients of powers of ¢ in the second infinite product are non-
negative, it follows that

Lt 1—|—t’)

k(Sp(2n,q)) < (C’oef " in H

m=0

)(Coef. t™ in H

Now [[2, i qt.l is the generating function for the number of conjugacy
classes in GL(n,q). Hence the coefficient of

It follows that

t"~™ in it is at most ¢"~™

n

kE(Sp(2n,q)) < q" Z p (Coef t" in H

m=0

1+t2)

(14t4)*
-t

Since the coefficients of t"* in Hfil are positive, it follows that

k(Sp(2n,q)) < ¢" Z ql (Coef. t™ in H 1+t)
m=0

it
n q*
= q 1
i=1 (1- ?)

1 4

The term Hz 1 ﬁ

is visibly maximized among odd prime powers ¢ when

0o 7L 4
% < 10.8¢™ by Lemma 3.4.
=1 37

The upper bound in part 2 follows from the upper bound in part 1, Lemma
3.4, and basic calculus (argue as in the unitary case).

g = 3. Then it becomes
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is the coeflicient of ¢™ in

For part 3, note that W

1 (1+t/q")"
1 _tg (1)

Then use Lemma 3.2. O

Remark: The value of the limit in part 3 of Theorem 3.12 is 10.7... when
q=3.

Next we treat the symplectic group in even characteristic.

Theorem 3.13. Let q be even.

(1)
1+ 37 k(Sp(2n, ))t" = ﬁ (1) _
2 =N g m=a e —an
o 14 n
(2) 4" < k(Sp(2n,9)) < ¢" TI2) e iz < 15:2".
(3) k(Sp(2n,q)) < ¢" + Aq"~! for a universal constant A; one can take
A=29 forq=2 and A=5 for q > 4. Thus

k(Sp(2n.9)) _

limg—oo — ,

and the convergence is uniform in n.

. k(Sp(2n,q)) _ 1700 (1-1/¢*)
(4) For q fized, lzmnﬁw% =11z (1_1/q4i—2)?1_1/qi)2'

Proof. Wall W] showed that

n_ _ x(0,1,1)
1+ 7%:1 k(Sp(2n,q))t" = T, (=)’

where y is the n — oo limit of a recursively defined function. Andrews [A2]
proved the L-M-W conjecture that
Z;io $(G+1)

[, —1)
An identity of Gauss (page 23 of [Al]) states that

x(0,1,t) =

S w2 ST ¢
1_ 21
i=0

=1

and the first assertion follows.
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For the second assertion, combining part 1 with the same trick as in the
odd characteristic case gives that

- 44
k(Sp(2n,q)) < q H 1/q1 11/E 1)/q41 ?)

(1— 1/241)
= ¢ H 1- 1/2@ —1/21-2)

< 15.2q .

The last step used Lemma 3.4. The lower bound in the second assertion is
immediate from Theorem 3.1.

The proofs of parts 3 and 4 are analogous to the proofs of parts 2 and 3
in the odd characteristic case. [l

Remark: The value of the limit in part 4 of Theorem 3.13 is 15.1... when
q=2.

3.5. Orthogonal groups. This section gives the results for the orthogonal
groups. We assume that the dimension of the underlying space is at least 3
(almost all of the results are valid for the two dimensional case as well, but
the results are trivial in that case and the lower bounds do not always hold
because the semisimple rank is 0).

First we treat the case of even dimension with ¢ odd.

Theorem 3.14. Let q be odd.
(1) & < k(0%(2n,9)) < 9.5¢".
(2) k(O*(2n,q)) < % + Ag"! for a universal constant A; one can take
A =27 forq=3 and A =18 for ¢ > 5. Thus
 KO*2ng) 1
lzmqﬂooqin =35

and the convergence is uniform in n.

(3) For fixed q,
k(O%(2

o, (O*(2n,9)
qn

= 4H?i1(; —1/¢") H(l + 1/qz;1/2)4 4 H(l _ 1/q"*1/2)4

i=1 i=1

Proof. For the lower bound in part 1, Theorem 3.1 gives that SO¥(2n,q)
has at least ¢ semisimple classes, and at most two of these can fuse into

one class in OF(2n,q). For the upper bound, clearly k(O*(2n,q)) is the
k(0+(2n7Q))-2irk(O_(2n,q)) and k(0+(2n,q));k(0_(2n,q))

sum/difference of . By up-
per bounding each of these terms, we will upper bound k(O*(2n, q)).
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Wall [W] shows that k(O (2n,q)) + k(O™ (2n, q)) is the coefficient of 2"
in the generating function

Rewrite this generating function as

ﬁ 1— t2i et (1 + 7521’—1)4
J 1— qt2i ‘ 1— t2i :
=1 =1

Arguing as in the proofs for the symplectic cases and using Lemma 3.4,
the coefficient of t*” is at most

i—1\4
q" Z Coef. t*™ mH(l(;—_tthl))

m>0 i1

o [y

1 1 4 g2i-1y4 1 — f2i—1)4
= qzq—m Coef. t*™ in H(+ )+H( )

_ 2 )
m>0 i>1 (1—¢%) i>1 (1—#2)

qn (1 +t2z— 1 o th 1
= g H (1 -2y H (1 -2y
i>1 >1 =35
< 16.3¢".

Wall [W] shows that k(O"(2n,q)) — k(O™ (2n,q)) is the coefficient of ¢"
in
10_0[ (1 _ t2i71)
— 20
oy (L—qt?)
Since this is analytic for t < ¢~! + ¢, Lemmas 3.3 and 3.4 imply an upper
bound of

o0 o0

(14 1/¢%) (14 1/3%1)
an (1= 1/¢% 1) gan (1—1/3% 1) < 244"
i=1 =1

Combining this with the previous paragraph gives that k(O (2n,q)) <
9.5¢".
For part 2, the ¢ = 3 case is immediate from part 1. For ¢ > 5, the upper

k(0+(2”’q));;k(07(2"’q» in the proof of part 1 and the lower bound

k(O*(2n,q)) > % yield that k(O*(2n,q) is at most

bound on

(1-1/¢) 41 (1-1/q) 2’

The result follows from Lemma 3.4 (as in the unitary case) and basic calcu-
lus.

H (1+1/q12)" (1-1/g7 ') 1
1>1
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k(O™ (2n,9))+k(O
q’ﬂ

t21 1/qz 1/2)
1_t2H 1— 26+ /gt
By Lemma 3.2, as n — oo this converges to

5 Hiool(i -y Z‘:1(1 L 1/gm ) ZHl(l g1y
Recall that k(O1(2n,q)) — k(O™ (2n, q)) is the coefficient of t" in
0 (1 o t2i—1)
}1(1—W%Y
“1/2

For the third assertion, “(2na)) g the coefficient of t2* in

o

Since this is analytic for |t] < ¢~ '/#, it follows from Lemma 3.3 that

qn

=0.

UMy —oo

O

Remark: The value of the limit in part 3 of Theorem 3.14 is 8.14... when
q=3.

To treat even dimensional special orthogonal groups in odd characteristic,
the following lemma will be helpful.

Lemma 3.15. Let ¢ be odd and let G = SO*(n,q). Let C = ¢g%. Set
H = O*%(n,q) containing G. The following are equivalent:
(1) C=g"
(2) g leaves invariant an odd dimensional nondegenerate space W'.
(3) Some Jordan block of g corresponding to either the polynomial z + 1
or the polynomial z — 1 has odd size.

If all Jordan blocks of g corresponding to both the polynomials z £ 1 have
even size, then g™ is the union of two conjugacy classes of G.

Proof. Since [H : G] = 2, the last statement follows from the equivalence of
the first three conditions.

Suppose that C = g". It follows that ¢ centralizes some element x €
H \ G. Raising x to an odd power, we may assume that the order of z is
a power of 2 and in particular that z is semisimple. Since detxz = —1, it
follows that the —1 eigenspace of x is nondegenerate and odd dimensional.
Thus (2) holds.

Conversely, assume (2). Taking x = —1 and W on 1 on W+ shows that
Cr(g) is not contained in G, whence (1) holds. Also, the subspace of W
corresponding to either the z — 1 or z + 1 space is odd dimensional, whence
some Jordan block has odd size. Thus (2) implies (3).

Finally assume (3). By induction, we may assume that g acts indecompos-
ably (i.e. preserves no nontrivial orthogonal decomposition on the natural



22 JASON FULMAN AND ROBERT GURALNICK

module). If n is odd, then clearly (2) holds. So we may assume that n is
even. Replacing g by —g (if necessary), we may assume that g is unipotent.
By [LSel, Theorem 2.12], it follows that g either is a single Jordan block of
odd size or has two Jordan blocks of even size. Since (3) holds, the latter
case cannot hold. Thus, g consists of a single Jordan block of odd size,

whence (2) holds. O

Theorem 3.16. Let g be odd.
(1) k(SOT(2n,q)) + k(SO~(2n,q)) is the coefficient of t*" in

3 1_t21 2 1 1+t2i71 4
7H (4'2 ) 2i +*H( 2')'
o Ll =g T2 LT g

(2) k(SO*(2n,q)) — k(SO~(2n,q)) is the coefficient of t™ in
9 1
11 (14¢)(1 — qt?)’

1>1

(3) ¢" < k(SO*(2n,q)) < 7.5¢".
(4) k(SO*(2n,q)) < ¢ + Aq"™! for a universal constant A; one can
take A =20 for q=3 and A =8 for q > 5. Thus

k(SO*(2n,q))
qn
and the convergence is uniform in n.
(5) For fized q,

k(SO*(2n,q))
qn

3H((1—1/qi) +1H(1+1/qi_1/2)4+1 w

limg—oo =1,

liMp—oo

ESVZEORS § R CRRS VDRS¢ SN V7D

4 -
i>1

Proof. Clearly k(SO*(2n,q)) + k(SO~(2n,q)) = 2A + B, where A is the
sum over O"(2n,q) and O~ (2n, q) of the number of classes which have de-
terminant 1 and split into two SO classes, and B is the sum over O"(2n, q)
and O~ (2n, q) of the number of classes which have determinant 1 and do not
split into two SO classes. Applying Lemma 3.15 and arguing as on pages
41-2 of [W] gives that A is the coefficient of 2" in

H (1 _ t2i)2
—4AN2(] — 420)°
L=z — )
(The factor of (1 —t*)~2 comes from the fact that the z 4 1 partitions have
only even parts which must occur with even multiplicity, and the other factor

is precisely Wall’s F" (t)). To solve for B, note that A + B is the sum over
O™ (2n,q) and O~ (2n,q) of the number of classes which have determinant
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1. Such classes correspond to elements where the z + 1 piece has even size,
so arguing as on pages 41-2 of [W] (using his notation) gives that A + B is
the coefficient of 2 in

SIEE) + 2 (OLFH O R (1)

) ) (A JC iy a0

2 (1—qt*) (1 —qt*)

i>1 i>1

Calculating 24 + B completes the proof of the first part of the theorem.

For the second assertion, apply Lemma 3.15 and argue as on pages 41-2
of [W] (using his notation) to conclude that the O"(2n,q) number - the
O™ (2n,q) number of conjugacy classes which have determinant 1 and split
is the coefficient of t*" in

1 _ 1
H 1- t4i)2FU (t) = H (1+ £20)(1 — qth)

i>1 i>1

Again applying Lemma 3.15 and arguing as on pages 41-2 of [W], one sees
that the O%(2n,q) number - the O~ (2n,q) number of conjugacy classes
which have determinant 1 and do not split is 0. The second assertion follows.

The lower bound in part 3 is immediate from Theorem 3.1. For the
upper bound, it follows from part 1 and elementary manipulations that
k(SO*(2n,q)) + k(SO~(2n,q)) is the coefficient of *" in

; 1 — 4 2
i>1 i>1

3 H 1— t4i—2 1 H (1 + t?z)(l + t2i—1)4 H 1— tQi

2 (1 — t4) 1— gt

i>1
It is not difficult to see that the expression in square brackets in the previous
equation has all coefficients non-negative when expanded as a power series
in t (use the fact that the coefficient of t¥=2 in (1 + t*~1)% is 6). Hence
one can argue as in the Theorem 3.14 to conclude that k(SO™(2n,q)) +
E(SO~(2n,q)) is at most ¢" multiplied by

, 1—t# 4 -
i>1 i>1

3 H 1— t4i—2 1 H (1 4 t?z)(l + t2i—1)4 1 (1 + th)(l _ t2i—1)4
2 (1 — t4) 4 - (1 — t4)
i>1
evaluated at t = 375, This at most 9.3¢".
By part 2 and the fact that 2] [, Wll_qtgi) is analytic for [t| < ¢! +e,

it follows from Lemma 3.3 that k(SO (2n,q)) — k(SO*(2n, q)) is at most

2 <2 < 5.6¢".
q H 1/q 1_1/q21 1 q H 1/37, 1_1/321 1)_56(]

This, together with the previous paragraph, completes the proof of the third
assertion.
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For part 4, the ¢ = 3 case is immediate from part 1. For ¢ > 5, the proof
+
of part 3 showed that W is at most

*Hl_l/q% 1 1H(1+1/qi)(1+1/qz’—1/g)4

1/q% 4i21 (1—1/¢%)
(1+1/¢)(1 -1/ 1/2)
*II —1.
1-—1/qm)

1>1

Using Lemma 3.4 (as in the unitary case), the result follows from basic
calculus.

The proof of part 5 is nearly identical to the proof of part 3 in Theorem
3.14. O

Remark: The value of the limit in part 5 of Theorem 3.16 is 4.6... when
q=3.
‘We next consider the odd dimensional case.

Theorem 3.17. Let g be odd.

412
(1) qn S k(SO(2n+ 17Q)) < q Hz 1 (1 1/q1)331/q1)q4z ) S 71qn

(2) k(SO(2n+1,q)) < ¢"+ Aq"~! for a universal constant A; one can
take A =19 for q =3 and A =8 for ¢ > 5. Thus
E(SO(2n+1,q))
qn
and the convergence is uniform in n.
. k(SO(2n+1, ) 1—-1/¢%)2
(3) For fized q, llmnemw = Iz (1_1/;)3(1/31/)(141'72)2-
(4) k(O2n+1,q)) =2k(SO(2n+1,q)).
Proof. Lusztig [Lus2] proves that k(SO(2n+ 1, ¢q)) is the coefficient of ¢" in
the generating function

limg—oo =1,

2
00

$G+1) , .
; H (1 —t)2(1 — qt?)

=1

By a result of Gauss (page 23 of [A1]), this is equal to

- (1—¢*)
il;[l (1 _ t4i—2)2(1 _ ti)2(1 _ qti)'

Using the same trick as in the unitary and symplectic cases one sees that

1—1 A
E(SO(2n+1,q)) <q H 1/q /q 1)/q4i—2)2'

This is maximized for ¢ = 3 for Wthh Lemma 3.4 yields an upper bound of
7.1¢".
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The lower bound follows by Steinberg’s result on the number of semisimple
classes — see Theorem 3.1.

The second part follows from part 1 (use Lemma 3.4 as in the unitary
case and basic calculus), and the third part is proved using the same method
used for the symplectic groups.

Since O(2n+1,q) = Z/27Z x SO(2n+ 1, q), the fourth result is clear. O

Remark: The value of the limit in part 3 of Theorem 3.17 is 7.0.. when
q=3.

We now state similar results for the groups Q% (n, q). The proofs of these
results are somewhat long and are in [FG5].

Theorem 3.18 treats the even dimensional groups, while Theorem 3.19
treats the odd dimensional case.

It is convenient to define Q*(2n,q) = Q7 (2n,q) if ¢ = 1 mod 4 or n is
even and 7 (2n, q) otherwise, and similarly for SO.

Note that for the even dimensional special orthogonal groups, one will be
a direct product of its center and €2, and so the answer for €2 is precisely 1/2
the answer for SO (these are precisely the cases not mentioned in the next
result).

Theorem 3.18. Let g be odd.
(1) Set j =2 ifx =+ and j = 1 if x = —. Then k(Q*(2n,q)) is the
coefficient of t*" in
3 1 1 1421y
8 H (1 + t2)2(1 — qt%) + gH ((1 _ t2i§
i>1 4 i>1 q
3 Hz add(l + ti)Q Hz odd(l — t%)

—+— - i —,
2 [Tis1 (1 — qt*) [Iis:(1 = qt*)

(2) Forn >2, & < k(Q*(2n,q)) < 6.8¢".
(

(3) k(2*(2n,q)) < % + Ag™t. One can take A = 16 for ¢ = 3 and
A =28.5 for q>5. Thus
Ot (2 1
i, O 2n0) 1

q" 2’
and the convergence is uniform in n.
(4) For fized q,

i M) 1 k(50" (ng)

3 1 1 14 1/gi—1/2)4
= *H ~ : +7HM

8y (1+ 1/¢))2(1—1/¢") ' 16 o 1-1/q)

+i (1 _ l/qi—l/2)4
ol
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Remark: The value of the limits in part 4 of Theorem 3.18 is 2.3... when
q=3.
The following result is for odd dimensional groups.
Theorem 3.19. Suppose that q is odd.
(1) k(2(2n + 1,q)) is the coefficient of t*™ in

3TL L+t 1 1 — ¢8%)2
AL | G L

4t HiZl(l —qtt) 2 o (- —4)2(1 — $20)2(1 — qt2%)’

(2) Forn>2, L~ < k(Q(2n+1,q)) < 7.3¢".
(3) k(Q2(2n + l,q)) < q2 + Ag"t. One can take A =11 for ¢ = 3 and
A =05.5 forq>5. Thus

k(Q2(2 1 1
i, FOEn 1) 1
q" 2
and the convergence is uniform in n.
(4) For fized q,

limnﬁmk(g(zn +1,q)) 1 limnﬁook:(SO@n +1,q))
q" 2 q"
H (1-— 1/(14@)
_ 4i— )3 °
250 1/q (1 —1/q")

In particular, we have:

Corollary 3.20. Fiz an odd prime power q. Then
k(QF(m,q) 1

e H(SO%(m,q) 2
We now turn to orthogonal groups in characteristic 2. Since the odd
dimensional orthogonal groups are isomorphic to symplectic groups, we need
only consider the even dimensional case. We let SO*(2n,q) denote the
subgroup of index 2 in O%(2n,q) (corresponding to viewing SO over the
algebraic closure as the connected algebraic group with O the disconnected
group just as in any other characteristic). Since we are in characteristic 2,

SO=(2n, q) = Q*(2n, q).

Theorem 3.21. Let q be even.
(1)

o .
1 t" [k(O*(2 k (2 )
+n§>:1 (2n,q)) + k(O™ (2n,q)) g 1_qt,>

2 )
T < k(0*(2n,q)) < 15¢".



BOUNDS ON CONJUGACY CLASSES 27

(3) kK(O%(2n,q)) < %n + Ag"~! for a universal constant A; one can take
A=29 forq=2 and A=9 for q>4. Thus
k(O*(2 1
limg o O~ @) L
q" 2
and the convergence is umform mn.
k(0% (2n.9)) L] (+1/¢")(1+1/q*1)?
q" —z2llix (1-1/q")
Proof. Combining [W] and [A2] shows that k(O (2n,q)) + k(O™ (2n,q)) is
the coeflicient of t" in the generating function
2

L
[[2: (1 =) —qt")
The first assertion now follows from the following special case of Jacobi’s
triple product identity (page 21 of [Al]):

(4) For fixed q, limy—oco

o0 oo
Z M H(l — 20)(1 4 2712
n=—oo =1
Note that when the numerator of the generating function of part 1 is
expanded as a series in t, all coefficients are positive. Arguing as for the
unitary and symplectic groups gives that

9 21—1\2
EO* (2n,0) + KO~ @n,q)) < o [[UT MUt e )

S S (S V)
s
i>1
< 25.6_q".
From [W], k(0% (2n,q)) — k(O™ (2n,q)) is the coefficient of t" in
0 4 42i-1

i=1
Since this is analytic for |t| < ¢! + ¢, Lemma 3.3 gives that k(O (2n,q)) —
k(O™ (2n,q)) is at most

o0

o0 ;
(14 1/¢% Y (14 1/2%-1)
"5 <" < 4.2¢™
qH(l_l/qZZl —q}_[ll_l/2221 — q

Combining this with the the previous paragraph yields the upper bound in
part 2.

For the lower bound in part 2, SO*(2n, ¢) is simply connected. Thus by
Steinberg’s theorem, the number of semisimple classes is exactly ¢" and so
there are at least ¢"/2 in OF(2n,q) (because the index is 2, at most two
classes fuse into one).
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The third and fourth parts are proved by the same method as in Theorem
3.14. O

Remark: The value of the limit in part 4 of Theorem 3.21 is 12.7.. when
q=2.

Finally, we treat even characteristic special orthogonal groups. We let
SO*(2n,q) = QF(2n, q) denote the fixed points of the Frobenius map of the
algebraic group (note that since ¢ is even, the algebraic group is both simply
connected and of adjoint type). As usual, O will denote the full isometry
group of the form.

Theorem 3.22. Let q be even.
(1)
24> " [K(SOT(2n,q)) + k(SO (2n,q))]

n>1
1 1+1)? 379 b
= 7H 1 +7 ’L H Z
2 10 (1—t1) 210 1+t 41 l—qt
(2)
2 t" [k(SOT(2 E(SO~ (2 _.
+> n,q)) — k( n,q)) 1;[ T g

n>1
(3)
q" < k(SO*(2n,q)) < 14¢™.

(4) k(SOT(2n,q)) < ¢" + Ag™! for a universal constant A; one can
take A =26 forq=2 and A =5 for q > 4. Thus

k(SO*(2n,q))

limqﬂoo qn = 1,
and the convergence is uniform in n.
+
(5) For fized q, limnamw s equal to

(14 1/q")? 3
4H (1—1/q%) Hl—l/q 11;1 1—1/q2z

i odd =1
Proof. For part 1, it follows from [A2] and [Lus2] that if k1 (SO*(2n,q)) is
the number of unipotent conjugacy classes of SO¥(2n, q), then
L+ " [k (SO