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Abstract

Providing a simple explanation of an engineering process typically requires extensive
knowledge of the process itself. We present in this paper a statistically based method-
ology that obtains a scaling factor and a sequence of dimensionless groups of increasing
relevance for a given process of interest. The input to our algorithm is experimental data
of the process and information of the units for the variables involved. These results enable
one to simplify the analysis of the process by considering only the most relevant parame-
ters, without requiring any specific knowledge of the process in question. We apply this
methodology to the problem of ceramic to metal joining for illustration, and compare the
our algorithm with results available in the literature.

1 Introduction

Engineering processes involve several degrees of freedom; however, experienced peo-
ple can often understand and control these processes by considering a few of these
parameters. For example, when studying some types of ceramics to metals joining,
elastic effects are included and plastic effects are excluded to build a simple expla-
nation of the process [1]. The process of selection of relevant variables is currently
done by making “educated guesses,” and this is the reason why experience is so
important for the task.

In this paper we present a procedure to identify relevant parameters from the
analysis of the experimental data of a process. This procedure combines a linear
regression model that incorporates this experimental data, and physical considera-
tions of the process, namely that the units of resulting model match the units of
the dependent variable. We denote this additional constraint imposed on the linear
regression model the units constraint. We therefore look for the model that mini-
mizes the prediction error among the models that have the correct units. For this
approach to be well defined, we require that the linear regression model be able to
satisfy the units constraint.

Our approach differs from that presented by Vignaux [2,3] in that the dimen-
sionless groups are determined from the data instead of being created a priori. In

*Exponent, 21 Strathmore Road, Natick, MA 01760, USA, email: pmendez@exponent.com
tIndustrial and Systems Engineering, University of Southern California, GER-247, Los Angeles,
CA 90089-0193, USA, email: fordon@usc.edu



the procedure presented here, once we obtain a linear model that satisfies the units
constraint, we decompose the expression into several dimensionless groups of in-
creasing relevance. This way, we establish a bridge with dimensional analysis by
providing a base of dimensionless groups for the system. Furthermore, we reach
beyond the capabilities of dimensional analysis by determining the relevance of the
dimensionless groups. This way the problem can be simplified by considering only
the most relevant parameters, just like experienced engineers do.

The current algorithm provides a scaling factor and a set of dimensionless groups
ordered by their relevance to the problem. The scaling factor can be corrected using
the dimensionless groups until a desired balance between accuracy and simplicity is
achieved. In effect, this algorithm provides a way to regroup the degrees of freedom
of a problem in combinations that greatly decrease the number of degrees of freedom
necessary to reproduce the experimental data.

The dimensionless groups have utility beyond the database used to obtain them.
Neglecting the dimensionless groups of lesser relevance we reduce the number of
relevant parameters in the problem; this way we can design experiments that require
fewer experimental points.

2 The Engineering Approximation

We assume that the physical process being studied involves n parameters (or vari-
ables), which we label X1, ..., X,,. We also postulate that a property of this process
that is of interest to us, Y, is determined by a physical law in the form of a power
law. In other words, we assume that Y is completely described by the following
equation:
Y =Y [[1L, (1)
i=1

where the term Yy is a scaling factor, which has the same units as Y, and the II;
are m dimensionless groups. We choose this power law model for three reasons: 1)
The combination of units has the form of a power law. 2) The expressions of many
physical phenomena have the form of power laws. 3) Many empirical regressions of
engineering data in log-log plots tend to give a straight line, which corresponds to
a power law.

The power law model also implies that the scaling factor and the dimensionless
groups depend on the parameters (variables) in a product form, that is

Ys=a ] X;%, IL=]]X;", (2)

=1 =1

where the term a is a numerical constant. Incorporating the product form of the
scaling factor and the dimensionless groups into equation (1), we obtain the following
expression describing the process:
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which rearranging becomes
Y =a J[ X2=0" (3)
j=1

The objective of our methodology is to obtain the expression given by (1) from
the experimental data of the process. To recover expression (1), we have to identify
the scaling factor Yg and the dimensionless groups II; in the order of significance
to the dependent variable Y. We outline the central ideas of this methodology in
Section 3.

An additional consideration that the methodology will make use of, is that the
exponents in equation (3) are such that the quantity on the right has the same
units as the dependent variable Y. This fact remains true even after eliminating
dimensionless groups. This additional constraint, which we call the units constraint,
can be expressed by

units of ¥ = H (units of X;)2iz0® . (4)

The units constraint will be enforced explicitly in the methodology.

Similarly as it happens in dimensional analysis, the enforcement of the units
constraint requires that our database from experiments includes measurements of
all relevant parameters to build a model. Forgetting to include a parameter can
have serious consequences, ranging from an incorrect model, to the impossibility of
building a model at all.

In Section 4 we present the algorithm. The results this methodology obtains
in a ceramic to metal joining example are presented in Section 5. In Section 6 we
present a discussion of this methodology, and we conclude the paper summarizing
our results in Section 7.

3 Methodology

The motivation for this methodology comes from the fact that taking the logarithm
of expression (3) above yields the following equation, which is strikingly similar to
a linear regression model:

logY =B+ > Bilog X; ,

=1

where the coefficients are given by:
m
Po=loga, pB;= Zaij .
i=0

Because in practice we consider only a finite number of variables, we will not
consider variables that could have a tiny effect in determining the variable of interest
Y. To account for this restriction of the model we incorporate a small normally



distributed error to this model to account for the effect of any variable beyond the
n independent variables being considered. Therefore, the model which explains our
dependent variable logY is exactly a linear regression model:

n
IOgY:ﬁo-FZ,Bj]OgX]"FZ‘:, (5)
j=1
where ¢ is a normally distributed random variable.

From experiments of the physical process in consideration we obtain p observa-
tions of the dependent property Y and of the n independent variables X1, ..., X,.
These observations allow us to obtain estimators to the linear model above (5) using
the standard linear regression machinery. We denote the observations of the depen-
dent variable Y by yi,...,y, and the observations for the j-th independent variable

X, by 1j,...,2p;. Grouping this data into matrix notation, we denote
logy1 1 logzy --- logwi,
g=| ¢ |, adX=]: .
log y, 1 logzp --- logzp,

Given this notation, the estimate for the coefficients in model (5) that minimizes
the residual sum of squares, in other words that solves the problem

. ~ ~ t ~ <
min (7-x8) (5-X8)
is the solution to the normal equations
X'Xp =Xy,
see for example [4]. We denote this estimate by 3 = (BO, e ,Bn)

3.1 Constrained Linear Regression

The minimization of the residual sum of squares does not consider, however, the
additional constraint that the resulting model has to have the same units as the
dependent variable, Equation (4). Incorporating the units constraint will produce a
model which can have a bigger residual sum of squares, but that now has the correct
units. Note that the true model satisfies the units constraint.

Assume that the dependent variable and all the independent variables have units
that are formed from ¢ reference units (m, kg, s,...). We can therefore construct a
g by n + 1 matrix R in which the entry R;; is the exponent of unit ¢ in the units
of variable X, for j =0,1,...,n. Note that we have included a variable X, which
accounts for the constant dimensionless term, this variable has R;y = 0 for all s.
Likewise we construct a ¢g-dimensional vector b in which the entry b; is the exponent
of unit 7 in the dependent variable Y. Due to the power law model (3), the units
constraint Equation (4) is equivalent to requiring that the coefficients satisfy RS = b.

The estimator of the coefficients in model (5) that minimizes the residual sum
of squares and satisfies the units constraint is the solution to the problem

miny (5 - X8)' (7 X5) (6)
st. RB=0b.

We denote by 3° the solution to problem (6).



3.2 Generation of Dimensionless Groups

We identify dimensionless groups in this model by removing one variable at a time
while maintaining the units constraint. The difference in the models gives the dimen-
sionless group discarded, since both models satisfy Equation (4). At each step, we
will eliminate the variable for which the remaining model has the smallest residual
sum of squares. This procedure is repeated until no more variables can be elimi-
nated, because the units constraint cannot be satisfied. We now describe in more
detail the step of eliminating one additional variable from the model.

Assume we have sequentially removed k variables from the model, that is the
coefficients of the model satisfy an additional constraint, M5 = 0 which forces
exactly k of the coefficients 3; = 0. Let Bk be the solution to the linear regression,
satisfying the units constraint and Mg = 0.

To remove a variable X, such that ﬁf # 0, from the model we simply fix the j-th
coefficient 3; = 0. This additional constraint on the linear regression model will give
us a linear regression that satisfies the units constraint, the constraint M8 = 0,
and in addition does not use variable X;. Therefore, the reduced model is given as
the solution to the optimization problem

— \t —
2i(j) = ming (5—XB) (§-XB)
st. RB=0b (7)
M3 =0
B;=0.

Among all variables that have B]’“ # 0, we eliminate at iteration k the variable

j which makes zj(j) smallest. The resulting model, with coefficients BRTL best fits
the given data in a least squares sense, satisfies the units constraint, and has k£ + 1
coordinates equal to zero. This last constraint can be encoded with the matrix
My = [ Ae/{k ] ;
J
where e; is the n + 1 dimensional vector formed with 1 in the j-th coordinate and
0 in the other coordinates.
Note that the solutions to problem (7) in different iterations of this algorithm,
say k and [ with k£ < [, satisfy

R(B’“—Bl):o.

Therefore the difference % = 3’“ — Bl is a dimensionless vector. In addition, from the
construction algorithm we see that for some coordinate 7, ﬁ]’-“ # 0 and 5} =0, and
therefore 6% # 0. The algorithm removes at each iteration the variable which defines
the dimensionless group 6* = B* — B¥*! that is less significant to the dependent
variable Y.

The process of eliminating variables is valid while the system of constraints
has a solution. Since each modification yields a dimensionless group, the number
of iterations can be calculated using dimensional analysis. The methodology can

perform at most
n + 1 — rank(R) (8)



iterations. We obtain one dimensionless group more than using dimensional analysis
because our analysis includes a dimensionless numerical constant in the regression.
This constant has no influence from the point of view of units, but it contributes to
smaller errors in the regressions.

4 Algorithm

We now present the algorithm that will identify the dimensionless groups of the
linear regression model in order of significance to the dependent variable.

Step 0 Input: X, , R, b. Set k = 0.
Step 1 Solve (6), let 3° be the solution.
Step 2 Let min = INF, ind= —1. For all j such that 3 # 0
— Solve (7).
— If z;(j) < min then min = z;(j), ind = j.
Step 3 If ind = —1 then STOP, all coordinates are zero. Else, let Bk“ be the solution
of problem z}(ind). §F = g% — gkt
Step 4 If k£ < n — rank(R), then set £ = k + 1 and goto Step 2. Else STOP, cannot
eliminate more variables.

After the run of this algorithm, the dimensionless groups are defined by the coef-
ficients 0°,4", ..., 6%, in order of significance to the dependent variable. The scaling
factor has coefficients given by S*¥*!, which has the same units as the dependent
variable, since it satisfies RS = b.

5 Example: Ceramic to Metal Joining

We will illustrate the implementation of the algorithm described above by applying
it to a concrete case with a known solution: the joining of metals and ceramics.

Figure 1 shows the geometry of the problem, which consists of two semi-infinite
cylinders one made of ceramic and the other of metal. These two cylinders are joined
at their circular bases at high temperature. The temperature variation between the
hot joining temperature and the cooler room temperature causes the ceramic and
the metallic cylinder to decrease slightly in size. Typically the metallic cylinder will
shrink more than the ceramic cylinder, causing very large stresses on and around
the interface of the joint. These stresses weaken the joint; therefore, the calculation
of these stresses is essential. The metric for these stresses is the “elastic strain
energy” U (units=Pa-m®) accumulated in the ceramic. Scaling factors exist for
cases in which the metallic cylinder behaves elastically [1]. Similar scaling factors
for when the metallic cylinder experiences non-linear plasticity have been obtained
only recently, by manual analysis of computational experiments [5]. In this paper
we will show how the algorithm proposed obtains the almost the same scaling factor
of [5], but automatically.

In this example we will model the materials properties of the metal as elastic-
plastic and the ceramic as linear elastic. Therefore, the independent variables that
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Figure 1: geometry of the ceramic and metal parts to be joined.

describe this process are the elastic modulus of the ceramic E, (units=Pa), the elas-
tic modulus of the metal E,, (Pa), the yield stress of the metal oy (Pa), the radius
r of both cylinders (m), and the differential thermal shrinkage ! er, which is dimen-
sionless. Table 5 lists the independent variables and the elastic strain energy, which
is the dependent variable that we wish to analyze, for nine numerical simulations of
ceramic to metal joints.

Since we have five independent variables (n = 5) and two reference units (Pa and
m, which means ¢ = 2 = rank(R)), our algorithm will generate four dimensionless
groups (n + 1 — rank(R)), in addition to the scaling factor.

5.1 Output from algorithm

The successive iterations of our algorithm are shown in Table 2. This table contains
the exponents of the variables for the different models and dimensionless groups.
This table is separated in three sections, the top section shows the coefficients ob-
tained in the different models, the middle section shows the dimensionless groups
constructed, when applicable. The bottom section of this table reports the residual
sum of squares (RSS) and the change in RSS from one model to the next.

In the top section of this table, the first column corresponds to the linear re-
gression without the units constraint. This regression does not make physical sense
because it provides a result with the wrong units. The regression indicated in the

ler = (am — ac)(Tj — Tp), where a,. and a;, are the coefficients of thermal expansion for the
ceramic and metal respectively, T} is the joining temperature and Tj is room temperature.



ceramic metal U E, E,, oy r er
10~2Pa-m® 10''Pa 10''Pa 10%Pa 102m 1073

SigNy Cu 0.423 3.04 1.28 7.58 6.25 6.85
SigNy Ni 1.52 3.04 2.08 1.48 6.25 2.15
SigNy Nb 2.80 3.04 1.03 2.40 6.25 2.10
SigNy Inco600 3.78 3.04 2.06 2.50 6.25 2.15
SigNy AIST 304 3.88 3.04 2.06 2.56 6.25 7.10
SigNy AIST 316 4.91 3.04 1.94 2.90 6.25 7.00
AlLLO; Ti 1.04 3.58 1.20 1.72 6.25  0.505
Al,O3  Inco600 3.00 3.58 2.06 2.50 6.25 2.95
Al,O3  AISI 304 3.16 3.58 2.00 2.56 6.25  4.90

Table 1: Input database containing the results of nine numerical experiments [5].

second column, which is only slightly less accurate, produces the correct units. This
is the best regression possible that matches the units constraint.

Although the model of column two does make physical sense, it involves all the
parameters of the problem, thus, it neither simplifies the problem or provides further
understanding of the role of the parameters. Columns three to six show four stages
of simplification. Column six provides the estimated scaling factor, which is the
simplest model that fulfills the units constraint. The expression of the scaling factor
is

Us = oyr® 9)
where Uy is the estimated scaling factor.

In the middle section of the table, each of the columns three, four, five, and six
yield a dimensionless group. For example, Model 6 is obtained by removing I, from
Model 5. Each time a dimensionless group is neglected, the new model obtained has
larger residual sum of squares.

The error of the Model 6 is several orders of magnitude larger than the previous
model, suggesting that it does not capture the phenomenon we are studying. Model
5 has a much smaller error, while it is only slightly more complex in its expression.
Therefore, we choose Model 5 to represent our problem.

The expression of Model 5 is

r

Us = F1.045 (10)

0.12/.045 3

where Us is the estimation of elastic strain energy using Model 5. The expression
obtained manually in [5] using physical considerations is:
2,3
. oy r
Uret 5] = — 11
) = g (11)
Both expressions are very similar, supporting the usefulness of the algorithm

proposed.
The dimensionless groups obtained with the algorithm, ranked from most to least

relevant are
o\ 1.045
M, = (EY) (12)




Model 1 Model 2 Model 3 Model 4 Model 5 Model 6

constant -0.424 -1.083 -0.669 0 0 0
E, -1.1579 -0.949 -0.816 -0.898 -1.045 0
E,, 0.194 0.173 0 0 0 0
oy 1.773 1.776 1.816 1.898 2.045 1
T 2.153 3 3 3 3 3
e 0.126 0.141 0.182 0.194 0 0

H1 Hz Hg H4
constant -0.415 -0.669 0 0
E, -0.133 0.082 0.147 -1.045
E, 0.173 0 0 0
oy -0.040 -0.082 -0.147 1.045
r 0 0 0 0
er -0.041 -0.011 0.194 0
RSS 0.007 0.008 0.015 0.026 0.258 535
ARSS 0.001 0.007 0.011 0.232 535

Table 2: Models, dimensionless groups, and errors obtained with algorithm pro-
posed.

Ec 0.147
M, — &% (E) (13)
E 0.082 1 0.011
I, = 0669 (_c) (_) 14
2 € oy er ( )
0.415 1 0.133 0.173 1 0.040 1 0.041
I, = e — E’ — — 15
c= e (g) B () (1)

6 Discussion

The most important hypothesis of our algorithm is that the process can be de-
scribed by Equation (1). This is generally true when a physical phenomenon is
clearly dominant over the others, for example when the metal in our example be-
haves almost completely as plastic. There are other power-law expressions when the
metal behaves substantially as elastic. Equation (1) usually breaks down for data
points that fall between the two extremes, when no phenomenon is clearly dominant.
When applying the algorithm proposed, we have to be fairly sure that our data set
corresponds to a situation in which the same phenomenon dominates in all of the
observations.

In our example of ceramic to metal joining, we showed that the algorithm pro-
vided an expression that matched almost exactly that proposed in [5]. There are two
additions to the algorithm that could make it potentially more useful to engineers,
and are the subject of ongoing research.

The first of these additions would is to build an orthogonal base of dimensionless
groups, that is a base of dimensionless groups in which no element of the base



contains another one in its expression. The base of dimensionless group we obtained
in our example is not orthogonal, since the dimensionless group II3 can be expressed

as I3 = e%19411;14°. With this consideration, perhaps a better dimensionless group

for the base would be I1§ = £3:1%4.

The other possible addition to the algorithm would be to define the dimensionless
groups using simpler exponents, such as round numbers or rational numbers of small
denominator. For example, a potentially better choice for dimensionless group would
be I} = oy /E,, this way I, = IT}}-0%5.

The combination of these two additions would yield dimensionless groups of very
simple expression, from which engineers can build physical interpretations. With
these additions, the algorithm should provide exactly the same expression obtained
in [5].

An analysis of the dimensionless groups obtained shows a difference with refer-
ence [5]. In that work, the most significant dimensionless group included the elastic
modulus of the metal E,,, while the only dimensionless group that includes that
parameter in our work is the least important, II;. This difference deserves fur-
ther study. A possible explanation of this difference is the fact that the algorithm
presented here obtains one sequence of dimensionless groups and in [5] only com-
binations of dimensionless groups that were derived from physical reasoning were
tested. Also note that the errors for removing the least important dimensionless
groups (II;, II) are comparable. This suggests that the ranking of dimensionless
groups could change with more data points.

Another topic of future research is the analysis of problems in which several
variables are kept constant. This causes numerical difficulties when solving the linear
regressions. Our algorithm overcomes this limitation by using the units constraint.
In our example, all data points have the same radius » = 6.25 mm, but we could still
find the proper expression because the unit constraint indicated that this parameter
could only have a 3 for exponent. If we have had two constant parameters with
the same units, the unit constraint would not have been able to determine which
parameter to use. The same would happen if several parameters are constant but
their units are not independent. This case deserves especial attention, since it can
happen often in practice. For example, all the measurements might be made in the
same machine which might have dimensions that cannot be changed.

7 Summary

The algorithm presented here provides a simple power-law type formula that de-
scribes a process. It also provides a set of dimensionless groups ordered by rele-
vance. These results are of high importance to engineers that need simple formulas
that bring insight during the design process. The dimensionless groups often have
a physical interpretation, contributing to the understanding of the problem and the
relevant factors involved.

In this work we make simultaneous use of linear regressions and dimensional
analysis, building on the strengths of each other to obtain a results that could not be
obtained with either of these techniques alone. Regressions alone provide expressions
that have small mathematical errors, yet they are not necessary amenable to physical



interpretation. Dimensional analysis provides results physically meaningful, but
cannot determine the relative importance of the dimensionless groups, this is usually
done manually by experts in a given field.

The algorithm proposed has the mathematical accuracy of linear regressions and
the physical meaning of dimensional analysis. It can also automatically sort the
dimensionless groups, as expert engineers do, and it can overcome the problem of
constant parameters, which cause singularity in regressions.

We applied this algorithm to the problem of ceramic to metal joining to obtain
a simplified model of the problem. This model matched the one obtained manually
in [5], showing that the algorithm can reproduce the manual process in an automatic
way.
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