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University of Washington
Abstract
Spectral Methods for Data Analysis
by Frank McSherry

Chair of Supervisory Committee:

Professor Anna Karlin
Computer Science & Engineering

“Spectral methods” captures generally the class of algorithms which cast their input as
a matrix and employ linear algebraic techniques, typically involving the eigenvectors or
singular vectors of the matrix. Spectral techniques have had much success in a variety of
data analysis domains, from text classification [26] to website ranking [59, 47]. However,
little rigorous analysis has been applied to these algorithms, and we are left without a firm
understanding of why these approaches work as well as they do.

In this thesis, we study the application of spectral techniques to data mining, looking
specifically at those problems on which spectral techniques have performed well. We will
cast each problem into a common mathematical framework, giving a unified theoretical jus-
tification for the empirical success of spectral techniques in these domains. Specifically, we
present models that justify the prior empirical success of spectral algorithms for tasks such
as object classification, web site ranking, and graph partitioning, as well as new algorithms
using these techniques for as of yet underdeveloped data mining tasks such as collaborative
filtering. We will then take the understanding from this common framework and use it to
unify several spectral results in the random graph literature. Finally, we will study several
techniques for extending the practical applicability of these techniques, through computa-
tional acceleration, support for incremental calculation, and deployment in a completely

decentralized environment.
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Chapter 1

INTRODUCTION

World wide communication networks have caused dramatic growth in the size of data
corpora, and with it a corresponding, if not greater, increase in the importance of under-
standing these corpora. Unfortunately, these two trends have been at odds, as most data
analyses scale poorly with the input size, thus motivating the design of efficient automated
approaches to understanding data. The need for understanding is pervasive; wherever there
is data, there is something to be gained by better understanding how that data is struc-
tured. Companies seek to understand what drives customers to purchase products. Web
users wish to quickly find useful information online. Movie-goers would enjoy useful (or at

least provably good) movie recommendations.

These objectives have motivated a great deal of research aimed at answering the following
types of questions: How should data be stored and organized so as to allow the most effective
retrieval of information? How can “important” structure and “meaningful” patterns be
found within a large data set? How and when can this hidden structure be used to help
predict missing data or to “clean” data that is imprecise or partially incorrect? Furthermore,
can these tasks be performed efficiently enough that we might use them for even the largest

data sets?

Spectral techniques have proven, at least empirically, effective in answering some of these
questions [26, 48, 47]. The moniker “spectral techniques” refer to approaches which analyze
the eigenvectors or singular vectors of a matrix derived from the data. While the data sets
themselves vary, many, if not most, can be worked into a matrix form. For example, we can
transform a collection of text documents into a terms x documents matrix, where entry

A;; indicates that term 4 occurs in document j. Further examples of interest include: i)



the web graph, using A;; to indicate the presence of a link from site ¢ to site j, ii) utility
matrices, using entry A;; to describe the utility (value) of object i to person j, and iii) the
buddy graph, using entry A;; to indicate whether person i is a friend of person j. There are
certainly further examples, as we will see later, but these alone should indicate the capacity
of matrices to represent rich and interesting data sets.

The rest of this chapter will proceed as follows: We start in Section 1.1 giving an example
of a spectral algorithm applied to a toy problem domain. In so doing, we will highlight, in a
casual manner, the key properties that enable spectral methods. In Section 1.2 we consider
several domains where spectral algorithms have met with noted success, detailing for each
domain the difficulties to overcome, and the impact of spectral methods. In Section 1.3 we
lay out a general framework for spectral data analysis, highlighting the important role of
latent linear structure and attempting to further characterize those problems that may be
solved by spectral methods. Section 1.4 highlights several new algorithmic enhancements
resulting from lessons learned about the behavior of spectral algorithms, focusing on ex-
tending the application of these techniques to domains that were previously inaccessible.
Finally, before heading into the bulk of the text, Section 1.5 details the contributions of this

thesis, and provides a roadmap of the chapters to come.

1.1 A Prototypical Case of Spectral Analysis

We start out getting our feet wet by examining the application of spectral analysis to a toy
domain, learning mixtures of high dimensional Gaussians distributions. To call this a “toy”
domain is a bit unfair, as many researchers are actively interested in this problem; mixtures
of Gaussians are used as first approximations to mixtures of arbitrary distributions, which
frequently serve as good approximations to real data. Nonetheless, the mathematics of the
problem are so properly matched to the needs of spectral analysis as to appear contrived.
A mixture of n dimensional Gaussians defines a distribution on points in R™: There exist
k “mean” vectors p; in the n dimensional space, and each data point is produced by choosing
a mean vector p; uniformly at random, and adding independent, normally distributed noise

to each coordinate. We produce a matrix of samples A by filling each column of A with



a sample from this distribution. Given such a ﬁ, our goal is to determine the p; used to
generated each of the samples.
The data produced by a mixture of Gaussians has two key properties that solicit the use

of spectral techniques, the two we will ultimately identify as central to spectral analysis.

1. There is a small set of vectors such that every column in the matrix of expectations,
denoted A, can be written as a weighted sum of these vectors. In a mixture of
Gaussians, the expectation of each column is one of the k vectors pu;, and these vectors
themselves serve as the small set. A matrix whose columns can be written as sums of
k vectors is called rank k, and such matrices will figure heavily into the understanding

of spectral methods.

2. The difference between the observed data A and its expectation A is a matrix of
independent random variables of modest variance. Such matrices, as we will see in
later chapters, are very poorly approximated if you insist that the approximation be
described by only a few vectors. Even the very best rank k approximation to A-A

will only capture an asymptotically small fraction of the entries in A- A

On an input matrix fAl, the prototypical spectral algorithm computes a rank k& matrix
A®) which satisfies

|JA-A®) <  win |A-D| (1.1)
rank(D)=k

That is, it computes a rank k£ matrix which best approximates the input data, using an as of
yet undefined norm (the minimization occurs at the same point unique point for most inter-
esting norms, and is unique for most matrices). The algorithm then uses the approximation
A®) a5 a surrogate for the original input A, performing one of many clustering algorithms
(k-means, nearest neighbor, or some other clustering technique). As we will see in future
chapters, nearly all of the columns of A® will be concentrated around their means, which
makes the clustering rather obvious.

Recall that the input matrix Ais comprised of two parts: structured data A and un-

structured error A — A. The former may be approximated well by a rank k& matrix, while



the latter is poorly approximated by every rank k£ matrix. The implication, which we will
characterize more formally over the course of this thesis, is that any rank k approximation
to their sum, A\, benefits most by investing in its approximation to the structured data,
and gains little from attempting to approximate the unstructured error. Indeed, as we will
eventually prove, the optimal rank k£ approximation will very nearly reflect the actual ma-
trix of expectations. In the case of the mixture of Gaussians we will recover the matrix of
the means, but more generally we recover the latent structure of A, through which we can

solve many data mining problems.

1.2 Data Mining Problems

We will consider several data mining problems in this thesis, as well as a framework general
enough to accommodate a large class of unexplored problems. The primary theme through-
out is that of matrix reconstruction: “given a randomly perturbed instance A of a matrix A,
when is it possible to recover properties of A?” We will see that this question can capture
several data mining problems, and the theoretical results that we achieve for each serve as

justification for observed practical success and motivation for the unexplored domains.

We start by looking at several of the problem domains that data miners face, the pecu-
liarities of each domain that makes the task difficult, and characterize the results that our

new framework provides.

1.2.1 Information Retrieval

One of the most fundamental data mining tasks is object clustering and classification. A
natural example of the object classification problem is embodied in the task of the search en-
gine which must, upon presentation of several key terms, establish a collection of documents
which are somehow relevant to the terms presented. Naturally, the notion of relevance is
ill-defined, typically being redefined as the provable result of a presented algorithm.
Traditionally, web search (and information retrieval in general) have measured relevance
or similarity between documents by the cosine of the angle between their vector represen-

tations. The similarity of two documents is therefore a function of the number of terms



shared by two documents. Such systems have long suffered from the complementary issues

of

e Synonymy: Two words may have the same meaning, though to the similarity metric
they are distinct. Documents titled “Car Care” and “Automobile Maintainance” are
supposed similar, though their diction is disjoint. In the vector model, “Car” is no
more similar to “Auto” than it is to “Goat”, and these two titles above are declared

disimilar.

e Polysemy: Single words may have multiple meanings, resulting in their presence in
documents which are dissimilar. The term “Mouse” occurs both in computer par-
lance as well as in vermin verbiage, and as such has the undesired effect of indicating

relevance between documents on the two different topics.

A technique which has proven empirically effective at overcoming these issues is latent
semantic analysis (LSA) [26]. LSA uses spectral techniques to reduce the dimensionality of
the term-document matrix, computing an optimal rank k£ approximation to it. It appears
that the low dimensional space resulting from applying LSA is strongly identified with the
underlying (latent) semantic categories which characterize the data. Once documents are
characterized in terms of their actual semantics, rather than overly particular or ambiguous
terms, the issues of synonymy and polysemy fade.

The empirical success of LSA has, until recently, been without rigorous prediction and
explanation. An important first step towards a theoretical understanding of LSA was taken
when Papadimitriou et al [60] introduced a probabilistic model for document generation
with latent semantics, and showed that a document corpus generated according to this
model yields sharply defined topic clusters in the optimal rank k approximation, with high
probability. Limitations of their model include the fact that both documents and terms
are assumed to be nearly “pure”, each associated with a single topic. This leaves us with
documents that discuss only one topic, and terms that are by assumption not polysemous.

In Section 3.3 We extend their results to a more general probabilistic model for corpus

generation which admits both impure documents and polysemous terms. In fact, we allow



each document and term to be associated with arbitrary combinations of topics. We show
that even in this very general setting, spectral analysis identifies the underlying topics and
is able to determine relevance based on this more meaningful characterization, avoiding
synonymy and polysemy. This model, though clearly less complex than actual document
generation, gives us an explanation for why LSA addresses synonymy and polysemy, and

begins to characterize the settings in which spectral methods succeed.

1.2.2  Collaborative Filtering

A fundamental problem in data mining, typically referred to as “collaborative filtering” or
“recommendation systems”, is to use partial information about the preferences of a group
of users to make recommendations or predictions regarding the unobserved preferences.
For example, a movie recommendation system might recommend “Happiness” to a person
who enjoyed “American Beauty” or “Alice in Wonderland” to a person who enjoyed “The
Phantom Tollbooth”, based on the general tendency of people who like the latter tend
to enjoy the former. More generally, collaborative filtering can be viewed as the problem
of using an incomplete data set to determine properties of the complete data (perhaps

reconstructing absent entries, though there are other, less ambitious goals).

Intuitively, little can be done to reconstruct missing entries if there is no structure
underlying the data. In Section 3.4 we take the previously mentioned notion of latent
semantics and apply it in this domain. We assume that there is an underlying collection
of reasons, analogous to “topics” in LSA, the a person might enjoy a particular product.
Specifically, we assume that the utility matrix A, where A;; entry represents the value of
object i to person j, is a [nearly] low-rank matrix. Under this assumption, we present an
algorithm that given access to a random subset of the entries of A, constructs a matrix
whose mean squared error with respect to A vanishes as m and n increase.

To our knowledge, there has been very little prior work on the design, analysis, and
evaluation of collaborative filtering algorithms other than the work of Kumar et al [53] who
took the important first step of defining an analytic framework for evaluating collaborative

filtering. They also presented algorithms for a clustered model of utility where an object’s



utility to an individual is a function only of the individual and the cluster to which the
object belongs. In particular, they demonstrate algorithms with provable bounds for the
two cases that either (a) the data is clustered into k clusters whose composition is known or
(b) each item belongs to one of two clusters, whose compositions are not necessarily known.

The cluster model of Kumar et al. is one example of a low-rank utility matrix. Our col-
laborative filtering algorithms handle significantly more general utility matrices — anything
with a good low rank approximation. For such utility matrices, we are able to accurately
predict the bulk of the missing utilities. No clustering or a priori knowledge of object sim-
ilarity is required; the assumption of latent semantics imposes sufficient structure on the

data.

1.2.3 Web Site Ranking

Kleinberg’s seminal paper on hubs and authorities [47] introduced a natural paradigm for
classifying and ranking web pages, setting off an avalanche of subsequent work [17, 18,
16, 27, 55, 19, 10, 21, 39, 7, 13, 6, 25]. Kleinberg’s ideas were implemented in the HITS
algorithm as part of the CLEVER project [17, 16]. Around the same time, Brin and
Page [14, 59, 38] developed a highly successful search engine, Google [37], which orders
search results according to PageRank, a measure of authority of the underlying page. Both
approaches rely on linkage information to rank pages while using, chiefly, text matching to
determine the candidate set of responses to a query.

Unfortunately, as noted in information retrieval, text matching can run afoul of syn-
onymy and polysemy. While information retrieval techniques like LSA seem to address
synonymy and polysemy, they do not make use of the link structure of the web. This form
of peer review of web sites simply cannot be overlooked, as it is the primary source of
information for distinguishing quality pages from those which merely contain the requisite
terms.

In Chapter 4 we present a model and algorithm that simultaneously addresses both
the IR problems of synonymy and polysemy, as well as understanding and exploiting the

link structure of the web for ranking. Our model is, as before, based on latent semantics.



Web pages can be viewed as documents, as in the information retrieval setting, but their
vocabulary is extended from terms alone to include addresses of other pages (representing
links). This defines a unified model for the web content, describing how the link structure
and text content of documents are created, and connecting the semantics of the two.

Our algorithm combines information retrieval and collaborative filtering, bypassing syn-
onymy and polysemy to predict the pages that are most likely to appear with particular
terms. We propose a query generation model in which a searcher presents text that is likely
to be used as a link to the desired page, and prove that our algorithm produces search results
that are arbitrarily close to the intended results as the number of query terms increases.
This algorithm generalizes in scope the approaches of HITS and Google, and our proof gives

analytic insight into why these algorithms perform well.

1.2.4 Graph Partitioning

For general graphs, the problems of finding noteworthy colorings, cliques, and bisections
are well known to be NP-hard. As such, much literature has emerged on the average-
case performance of algorithms for each problem, equivalently the performance of a fixed
algorithm on a uniformly random graph, the belief being that worst instances are not rarely
representative of realistic problem instances, and algorithms that work well “on average”
might be of use in practice.

However, the vast majority of graphs do not have small colorings, large cliques, or bisec-
tions of merit, and it is ultimately not particularly illuminating to analyze the performance
of algorithms on uniformly random graphs. Trivial algorithms perform essentially as well
as sophisticated ones. To address this, the input distributions are skewed away from uni-
form, putting more weight on those graphs that exhibit the desired combinatorial object.
Each average-case graph problem is therefore associated with a distribution over graphs,
typically defined by a random process for generating graphs. These models produce graphs
by independently including each edge with probabilities that are carefully tailored to ensure

that the graph includes a particular combinatorial object.

Three problems that have been studied extensively are k-coloring, clique, and min bi-



section, where the associated graph models are:

e k-Coloring: Fix a k-coloring. Include each inter-color edge with probability p, and

all others with probability 0.

e Clique: Fix a set of nodes for inclusion in the clique. Include each clique edge with

probability 1, and all other edges with probability p.

e Bisection: Fix a bisection. Include each intra-part edge with probability ¢, and each

inter-part edge with probability p < q.

For each problem, the goal of the algorithm is the recovery of the latent structure, be it
coloring, clique, or bisection. The goal of the algorithm designer is to expand the range of

parameters, in the form of p, ¢, and part sizes, for which such an algorithm exists.

The problem of graph bisection on random graphs has been studied for some time. Bui et
al. [15] and Dyer and Frieze [29] have presented algorithms for bisecting dense graphs when
p < (1 —€)g. Jerrum and Sorkin [41] consider an approach based on simulated annealing,
but using a single constant temperature. Boppana [12] presents a spectral algorithm which
succeeds for a large range of parameters (we will see them in Chapter 5), but his approach
requires the solution to a convex optimization problem. Condon and Karp [22] analyzed
a strictly combinatorial algorithm for partitioning which achieves nearly the same range of
parameters as [12], and runs in linear time.

Similarly, many researchers have worked on the problem of coloring random graphs which
have k-colorings. Kucera [51], Turner [70], and Dyer and Frieze [29] present algorithms
that optimally color uniformly random k-colorable graphs for fixed k, with high probability.
However, most k-colorable graphs are dense, and therefore easier to color than sparse graphs
(while this may appear counterintuitive, observe that the more dense the graph, the more
evidence there is for the predetermined coloring). Blum and Spencer [11] and Alon and
Kahale [4] demonstrate algorithms that color random sparse graphs properly with high

probability, the latter using a spectral algorithm.
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The problem of finding a large clique in a random graph was suggested by Karp in [43].
Kucera observed in [52] that when the size of the clique is w(y/nlogn) and p = 1/2, the
clique members are simply the vertices of highest degree. Alon, Krivelevich, and Sudakov
[5] showed that a planted clique of size ©(y/n) can be found through spectral techniques
when p = 1/2.

For each of these problems, specialized spectral approaches have proved successful, defin-
ing the frontier of feasible parameters. In Chapter 5 we present a generic spectral algorithm
which succeeds for each of the problems above, as well as a more general problem of parti-
tioning graphs based on inter-part edge densities. For the most part we are able to replicate
the bounds achieved by previous approaches, falling short only in cases where domain spe-
cific optimizations are employed. In each case we are able to replicate the bounds generated
by the purely spectral aspects of the corresponding approach.

We will perform this generalization by considering the general problem of finding hidden
partitions in graphs. In particular, we look at random graphs defined by a partition 1 such
that the presence of an edge (or more generally, the weight on an edge) is a random variable
whose expectation is defined exactly by the parts of the endpoints. Note that this problem
encompasses the problems of finding hidden cliques, k-colorings, and bisections in otherwise
random graphs, and the model generalizes the specialized models above. The fundamental
observation is that in such a model the expected matrix has low rank, and the graph

formation process can be viewed as the addition of independent, mean zero error.

1.3 A General Data Mining Model

We will unify all of the data mining problems discussed thus far into a general framework.
Specifically, we assume that there is some pure, meaningful data matrix A that is the target
of our analysis. The information we as data miners have access to is a corrupted instance
of this data, A=A+ E, where E is some form of problem dependent error. In the case
of Object Classification, Web Site Ranking, and Graph Partitioning E captures error due
to sampling from the probability distributions modeling the data, whereas in the case of

Collaborative Filtering, E captures the omission of some fraction of the entries of A.
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Intuitively, some property of A must distinguish it sufficiently from E to have any hope of
meaningful reconstruction. In this thesis, data will be considered structured if there exists a
meaningful low rank approximation to the data, equivalently if A can be described by latent
linear semantics. We will argue that if A is structured and F is unstructured we can recover
many useful properties of A. Furthermore, we will show that for reasonable definitions of
the previous data mining problem problems, F will fit our definition of unstructured.

A pressing question is then “Why should A be structured?” In general data is believed
to be structured, otherwise data mining would be a fruitless effort, so perhaps a better
question is “Why should A fit this definition of stucture?” This question is fundamentally
outside the scope of this dissertation, but intuitive arguments abound. The concept of a few
latent dimensions which characterize the general trends of data is appealing in its simplicity.
Furthermore, linear correlation is sufficiently rich to capture many coarse trends in data,
notable co-occurrence of items as well as antipathy (mutual non co-occurrence) of items.

Of course, the real justification is empirical. All data sets that we have examined have
significant eigenstructure, in that their eigenvalues drop off quickly, implying that most of
their meaning is to be found in a small subspace. As well, the empirical successes of Latent
Semantic Indexing, HITS and Google, and spectral clustering, each of which consider only
the optimal low rank approximation to the data, are proof positive that such corpora have

meaningful low rank representations.

1.4 Implementation of Spectral Methods

As well as crafting models and algorithms for several data analysis domains, we also present

three novel approaches to extending the applicability of spectral techniques generally.

1.4.1 Accelerated Computation

Spectral techniques fundamentally rely on the computation of the most significant singular
vectors of the input matrix. This task is expensive, requiring time that is super-linear, if
only by a logarithmic factor. Nonetheless, when a single pass over the data can not be

performed by a single computer in less than a day, logarithmic factors are sufficient to
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render an approach infeasible.

In Section 6.1 we will develop and analyze algorithms for computing low rank approxima-
tions to a matrix, which, while not optimal, are nearly as good as the optimal approximation.
Our approach is based on our observation that unstructured error does not much affect the
optimal low rank approximation: by introducing cleverly sculpted random (unstructured)
error to the data, we can greatly accelerate the computation of the optimal approximation.
Sparsifying the input by randomly discarding entries of A accelerates the computation, as
well as reducing the memory footprint of the process. Randomly quantizing the entries of
the input can reduce the representation of each to a single bit, again compressing the data
as well as simplifying the arithmetic operations that need to be performed. In each case,
the analysis we have developed argues that the optimal approximations to these perturbed

matrices are not dissimilar to the optimal approximation to the input matrix.

1.4.2  Incremental Computation

A redeeming quality of most large data sets is that they are somewhat stable; changes tend
to be cosmetic and it is rare for the latent structure to change completely in a short period
of time. Our analyses indicates that happenstance changes, those not due to a systematic
shift in the data’s semantics, exert little influence on the optimal rank k approximation. We
might therefore hope for incremental implementations of our algorithms which make good
use of prior results, and whose performance is characterized by the degree of change in the

latent structure since the previous application.

Indeed this is possible. In Section 6.2 we will analyze the simplest of algorithms and
see that it accommodates incremental updates quite naturally. As before, the heart of our
analysis will be that slight changes to the data (viewed as error) do not much affect the
optimal low rank approximations. After a slight perturbation, the new optimal approxima-
tion is not far from our old approximation, and we are able to find it far more quickly than

if we had started from scratch.
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1.4.83 Decentralized Computation

One of the most daunting aspects of analyzing large data sets is the need to collect the data
to a central location and there analyze it. Considering that the web graph has several billions
of pages, simply collecting and storing these pages requires a tremendous investment. Were
this not enough of an issue, there are many interesting networks that cannot be as easily
collected as the web graph, in which one simply requests the edges (links) associated with
each page. Consider a peer to peer network, where each node is connected only to other
nodes that it trusts. In this domain one can not simply ask each node to transmit its list of
neighbors; even if it were possible to directly communicate with a given node, each values
its privacy and only intends to communicate with other nodes that it knows and trusts.

In Section 6.3 we will present an algorithm that solicits the participation of the nodes in
the graph to be analyzed, and by their communication and computation establishes the opti-
mal low rank approximation to the adjacency matrix defined by the network. By fortuitous
coincidence, the data flow in the traditional method for computing low rank approximations
to a graph’s adjacency matrix exactly mirrors the communication links present in the graph.
Our algorithm simply prompts the initiation of a very simple data dissemination process,
occasionally interrupting to redirect the nodes. After a polylogarithmic number of rounds,
the participants collectively converge to the optimal approximation. As the result is now
stored in a decentralized fashion, the data can be harvested if needed or, as we will see is

often the case, the data can simply be used locally, obviating any need for centralization.

1.5 Contributions

The contributions of this thesis are threefold in the extension of the domains to which spec-
tral techniques can be soundly applied. Through modeling data and problems, we introduce
several new domains which when viewed properly become natural targets for spectral anal-
ysis. Through rigorous proof we further the understanding for why such techniques succeed,
enabling more successful formulation of problems and extending the confidence with which
one might apply these techniques. Finally, through algorithmic enhancements we extend

the possibility of applying spectral techniques to impractically large, incrementally updated,
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and inconveniently distributed data sets.
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Chapter 2

LINEAR ALGEBRA BACKGROUND

This thesis is largely about linear trends in data, exhibited when the data is cast as a
matrix. As such, we now cover some linear algebra basics and develop the tools we will
use in subsequent chapter. The text of Golub and Van Loan [36] serves as a superior
resource for algorithmic linear algebra, while the excellent text of Stewart and Sun [68]
focuses specifically on matrix perturbation theory. Both are ideal choices for those with a
deeper interest in perturbation theory than is presented here, and would serve as excellent

companions for this chapter.

This chapter will be broken into three sections. We start by covering some notational
and introductory material about linear algebra, focusing on spectral features of matrices.
We then develop several perturbation theoretic tools that we will use throughout the text to
bound the degree to which perturbations may influence spectral structure. Finally, we study
the behavior of random vectors and matrices, specifically in the context of their relation
to the perturbation theory just developed, concluding that random matrices of a particular

flavor have a nominal impact on many spectral properties.

2.1 Linear Algebra Introduction

We refer to matrices frequently in this thesis, as they are the primary objects of interest,
and so we use capital letters (A) to denote them. Single subscripts (A;) denote column j in
the matrix A, and double subscripts (A4;;) denote the entry in row i and column j of A. All
matrices we consider will be of dimension m x n, with m rows and n columns. In general
m need not equal n, though in some special cases (which will be noted) the matrix may be

square, and even symmetric.
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The reader is probably familiar with the standard Euclidean norm for vectors:

1/2
e = (X02)
J
We will typically drop the subscript, as this is the only vector norm we will use. We also

use two matrix norms: the Lo norm and the Frobenius norm, defined respectively as

1/2
4l = maxladl andfale = (3 43)
1=t i
Proposition 1 For any matrices A and B,
|ABll2 < [[All2l B2 and [[AB|[r < [[Al2]Bllr

The proofs of these inequalities are fairly elementary linear algebra exercises, and would

serve as an excellent warm up to this section.

2.1.1 The Singular Value Decomposition

Spectral methods as we will consider them are based upon computing the singular value
decomposition of a matrix. This is a manner of representing a matrix that reveals which

subspaces are most important to a matrix, and to what degree.

Theorem 2 (Jordan) Ewvery matriz A can be written as
A = Usv’h

where U and V' are orthonormal matrices, and X is a diagonal matriz whose entries o; are

non-negative and non-increasing with 1.

The elements on the diagonal of ¥ are called the singular values (0;), and each has an
associated pair of left and right singular vectors, U; and V; respectively. The rank of a
matrix is the number of non-zero singular values.

An alternate way to write the decomposition, which reveals the association between the

singular values and singular vectors is
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This formulation describes the matrix as a weighted sum of rank 1 matrices. The associated

weights are the corresponding singular values.

171

Proposition 3 For any matriz A, ||All2 = o1 and ||Allr = (3, 0-2)1/2.

Proof. The Ls norm and Frobenius norm are “unitarily invariant”; they do not change if

a change of basis is applied to rows or columns of the matrix. By Proposition 1,

1=l = [orAv] < (UlI ANV ]2

1A]]

1Al = 1OV < U]V 1311

We conclude that both ||Alj2 = ||X]|2 and ||A||r = ||X||F, and the proposition follows. [

One important consequent of Proposition 3 that we will use frequently is the bound the

Lo norm imposes on the Frobenius norm.

Proposition 4 For any rank k matriz A, ||Al2 < ||Allr < VE|A|-2

This proposition follows directly from Proposition 3, noting that a rank k& matrix has only

k non-zero singular values.

2.1.2 Low Rank Approzimations

The central linear algebraic approach throughout this thesis is the construction of the op-
timal rank k approrimation to a matrix. The singular value decomposition above has or-
ganized subspaces for us, sorting them by their importances, the o;. It is perhaps natural

that the approximation that we seek is simply the truncated summation of equation 2.1.

A(k) == ZO’le‘/ZT (22)
1<k

A®) is the best rank k approximation to A in the following precise sense.

Theorem 5 (Optimality) For any matrix A and any rank k matriz D

1A= AWy < JA=Dllz and |A-AV|p < |A-D]|p .
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The proof of this theorem can be found in the proof of Theorem 2.5.3 in Golub and Van
Loan [36].

We now look at an alternate characterization of A%*), as the projection of A onto an
optimal subspace. If U is the matrix of left singular vectors of A, let us define the optimal
k dimensional projection for each of A and AT as

PV =N gl and PJ) =S VT
i<k i<k
The matrix Plgk) projects any vector onto the space spanned by the first & columns of U.
Its operation can be viewed as first rewriting the vector in terms of the basis vectors Uj,
and then discarding all but the first £ coordinates, which are then transformed back to the
original space.
As suggested above, one alternate characterization of A% is as the projection of the

columns of A onto the space spanned by the first k left singular vectors.

A® = pPa = aP%)

)

To verify the equivalence, notice that the orthonormality of U causes Pzgk to act as the
identity on the first k& terms of the sum of Equation 2.1, and causes it to zero out all other

terms, resulting in Equation 2.2. The same holds for P%) which projects rows onto the

AT»

space spanned by the first & columns of V.

2.2 DMatrix Perturbation Theory

Matrix perturbation theory is the study of the change in matrix properties as a function of
additive error. Given two matrices A and B and a characterization of their difference A— B,
how might we characterize the change in properties of the matrices? We are specifically
interested in two properties of a matrix A: the optimal rank k approximation A®*) and the
optimal k£ dimensional projection Pék).

We will see in this section that we are generally able to characterize the degree of change
as a simple function of ||A — Bl|2, the Ly norm of the perturbation matrix. We consider

spectral perturbation bounds for three different types of matrices: matrices of low rank,
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matrices with a gap in their singular values, and general matrices. As our assumptions
become weaker and weaker, our ability to reconstruct A®) and Pflk) will diminish, giving

us a broad spectrum of bounds to work with.

2.2.1 Perturbation of Low Rank Matrices

We start out with bounds for the case where the initial matrix A is rank k itself. In this
setting A is already its own optimal approximation, and we would like to recover a good

approximation to it.

Theorem 6 Let A be a rank k matriz. For any matriz B of like dimensions,
1A=B®s < 2[A=Bls and [|[A-B®|r < VBK|A - Bl

Proof. We start by proving the Lo bound. We apply the triangle inequality first, and
then observe that as A is a rank k matrix, Theorem 5 bounds ||B — B®) ||y < ||B — Al|s.

IA=BW]s < A= B2+ B~ B®||2

A

|A = Bll2 + || B — All2

These final two terms are equal, and we collect them into the stated bound.
To prove the Frobenius bound, we observe that as each of A and B®*) are rank k, the

rank of their sum is at most 2k. Proposition 4 gives us the inequality
l4-BW)p < VaE|A-BY

to which we apply our just proven Lo bound. ]

2.2.2 Perturbation of Matrices with a Spectral Gap

We now move on to a less constrained class of matrices. Rather than assume that the matrix
is rank deficient, in this section we will prove results for matrices which have reasonable

gaps in their sequence of singular values. Throughout this section, we will use the notation

o(A) = ox(A) —oxt1(4)
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to reference a gap in the spectrum of A. A reasonable gap between adjacent singular
values corresponds to a sudden jump in the significance of the corresponding subspaces,
distinguishing those above the gap from those below.

Perhaps the first spectral perturbation bound is that of Davis and Kahan [24]. Their

approach is quite simple in spirit, and we will recreate the core of it here.

Theorem 7 (Davis & Kahan) For any matrices A and B of like dimensions, for which
o (A) > ox41(B)

1P~ P s < | A~ Bll2/(01(A) — o111(B))

Recall that (I — ch)) is the projection onto the space spanned by the bottom n — k singular
vectors of B, and so the theorem bounds the interplay between the most significant structure

of A and the least significant structure of B.

Proof. We will start by proving the bound for symmetric matrices A and B, where Plgk) =

PXCT) and P](Sk) = PJ(BICT). Notice that in this case

PY(A-B)(I-Py)) = PPAI-PY) - PYB(I - PY)
= APY(I—Py) - PYB(I - Py)

APP(1 — P~ PP - P)B

At this point, we begin to consider HPXC)(I - Pl(;k)) ||l2. Recall from its definition that the Lo
norm is defined by a unit vector which undergoes maximum stretch when multiplied by the
matrix. Let & be a unit vector such that ]ng) (I — Pék))x| = HPXg) (I — P](gk))HQ. Applying

the triangle inequality to the equation above
k k k k k k
PY(A=B) I = P)a| > AP = Py)al = [P — Py)Bal

Note that Pf(lk) (I — Pék))x lies in the space spanned by the first &k left singular vectors of
A, and so when multiplied by A its norm increases by at least a factor of o (A). Likewise,

Pflk) (I — P]gk)) annihilates any aspect of Bx that emerges on the top k left singular vectors
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of B, and so [P (1 — PYBz| = | PP (1 — PY)(B — B™)z|. Noting that | B — B®) |y =

or+1(B), and with a norm bound on the left hand side, we arrive at
A= Bl = o AP~ PR = o (BIPS (1 — P2
Some simple rearrangement of terms yields the bound
1P = P2 < A= Blla/(0x(4) — 011(B))

which completes the proof for the case of symmetric A and B.
With the result proved for symmetric matrices, we now generalize it to arbitrary matri-

ces. The generalization makes use of a construction typically credited to Jordan:

0 MT
M 0

J(M) =

This construction is interesting for several reasons, mainly that while J(M) is now a sym-
metric matrix, its singular value decomposition is essentially a reformulation of the singular

value decomposition of M. As the reader may delight in verifying,

Py o
Pion = | 0 23
0o P&

Additionally, the non-zero singular values of J(M) consist of exactly two occurrences of
each singular value of M. Among other things, this implies that ||J(M)||2 = || M]|2.

As J(A) and J(B) are symmetric, we apply the bound we have proven thus far, yielding

IPSEL (T = PSEN < 17(A) = J(B)l|2/ (024 (T (A)) = aa 1 (J(B)))
1A = Blla/(01(4) — 0x:1(B))

By expanding 5( A)) and P ok using Equation 2.3 we get the bound

J(B)

< [|A = Bll2/(0k(A) = o41(B))

PO - PYY) 0
0 PENI - PE)

from which we conclude the statement of the theorem for general matrices A and B. [ |
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While we will not use it directly in this thesis, the Davis and Kahan result can be

generalized to handle subspaces of non-adjacent index.

Corollary 8 For any matrices A and B of like dimensions, fori,j such that o;(A) > 0;(B),
i j—1
1P = PE™)2 < A= Bll2/(0i(A) ~ 04(B))

Proof. The proof is conducted in a manner identical to the proof of Theorem 7 above.
The only modification is that we lower bound the application of A® by 0;(A) and upper
bound ||B — BU=Y||y by ¢;(B). ]

This generalization allows us to discuss the effect of a perturbation on a subspace by
subspace basis. Those subspaces associated with larger singular values will be more accu-
rately preserved, which is crucial as they contribute comparatively more to the Frobenius
norm of A. While we do not use this result explicitly in this thesis, it forms the basis of
many of the results we will see, though through reformulation its application is concealed

from the reader.

Stewart’s Theorem

Many papers on spectral methods invoke “Stewart’s theorem”, a fairly popular result about
the stability of invariant subspaces. In fact, the generality of Stewart’s theorem is rarely
necessary. The theorem involves a good deal of complexity to accommodate invariant sub-
spaces of non-symmetric matrices. Nearly all spectral techniques either do not apply to
non-symmetric matrices, or do so through the singular value decomposition, which is not
covered by Stewart’s theorem.

The results of Davis and Kahan as stated in Theorem 7 will suffice for all of the results
we detail in this thesis, and in fact are sufficient for all spectral techniques cited throughout
the paper. We will restate their result in a form that Stewart’s theorem commonly takes,

as this formulation is typically easier to apply.

Theorem 9 For any matrices A and B of like dimensions for which 0ix(A) > ||A — Bl|2,

1P — PEl, < 2|4 = Blla/(5k(A) — |4 — Bljs)
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While we will refer to this theorem as “Stewart’s Theorem”, this is due to its structure
only. Stewart’s oft cited theorem addresses invariant subspaces of general matrices, not the

spaces spanned by singular vectors, as are bounded here.

Proof. Note that we can write

k k k k k k
PY - PP = POU-PY) -1~ PP)PY

Theorem 7 bounds the norms of these two terms as

1P = PS)e < A= Bll2/(01(A) = o111(B))

1P =P e < A= Bll2/(01(B) = o31(A))

We now apply a bound on the perturbation of singular values, drawn from the minimax

definition of singular values (see Corollary 8.6.2 of Golub and Van Loan [36]).
lok(A) —on(B)| < [|A— Bl
which bounds each of the above terms by ||[A — B||2/(dx(A) — [|[A — Bl|2). [

Notice that this bound is more or less useless when 6;(A) < ||A — B||2. This is a very
clear instance where the error we can tolerate is defined by the spectral gap in the data.
To tolerate an arbitrary perturbation of size ||A — B2 a gap twice as large needs to exist.
We will frequently use this bound with the stronger assumption that d;(A) > 2||A — Bl|2,
which allows us to remove the ||A — B||2 from the denominator at the expense of a factor

of 2 in the numerator.

2.2.3 Perturbation of General Matrices

In this section we consider the perturbation of general matrices: those without any specific
properties or constraining spectral structure. These results are somewhat different in flavor
from the previous ones, as it is generally not possible to reconstruct A®) after a slight
perturbation. Instead, our bounds will describe the difference in quality of approrimation,
arguing that while the optimal rank k£ approximation to a perturbed input is not necessarily

close to A% it is nearly as good at approximating A.
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Theorem 10 (General L2) For any matrices A and B of like dimensions,
1A=BWy < |A- AWz +2]A~ Bl

Proof. We start with a simple application of the triangle inequality, followed by an ap-
plication of Theorem 5, observing that ||[B — B®)|j, < ||B — A®)||y, followed by a final

application of the triangle inequality:

1A=B®|; < A= Bll2+ B~ BW],
< [A=Bls+|B—- AW
< A= Bla+ B All2 + [|A = AP,
Observing that [|B — A|l2 = ||[A — B||2, we collect the terms into the stated bound. ]

We now prove a similar result for the Frobenius bound. Lemma 12 will capture the
spirit of the bound, and has a proof which parallels that of Theorem 10. We then do some
symbol manipulation to put it in the more useable form of Theorem 13. Both Lemma 12

and Theorem 13 will make use of the following reinterpretation of Theorem 5.

Lemma 11 For any matrices A and B of like dimensions
1PPAlr > 1P Allr

Recalling that PXC)A = A% this lemma asserts that A*) captures as much Frobenius norm

as any other k£ dimensional projection of A.

Proof. The Pythagorean equality states that for orthogonal vectors a, b |a+b|* = |a|?+|b|*.
As for any B and vector v, P]gk)v and (I — P]gk))v are orthogonal, we apply the Pythagorean

equality to each column of A, yielding
k k
JAIG = IPE Al + 114 - PRAI (2.4)

The second term of the right hand side is minimized at B = A, by the optimality of A*)
(Theorem 5). As the left hand side does not vary with B, the first term of the right hand

side, HPgC)AH%, is maximized at B = A. ]
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With this alternate optimality characterization in hand, we now describe the Frobenius

difference that results from applying a suboptimal projection to A.

Lemma 12 For any matrices A and B of like dimensions
k k
1P Ale > PP Al —21(A- B9 r .

Proof. In direct analogy to the proof of Theorem 10, we start by applying the triangle in-
equality, followed by an application of Lemma 11 to bound HPék)BH P> ||P1gk)BH r, followed
by a final application of the triangle inequality.

k k k
PP Al > 1P Bl — 1P (A - B)|r
k k
> |PYB|r - IPF (A - B)|r

k k k
> ||PP Al — 1P (B = Al = 1P (A= B)r
Lemma 11 bounds the | P{" (A — B)||r terms by [P} 5 (A= B)[lr = [(A—= B)P|p. m
We now use Lemma 12 to prove that if [|(A — B)®|| is small, then ||A — B®¥)|| is not

much larger than ||A — A®)||p. This theorem does little more than arrange the bound of

Lemma 12 into a statement whose structure mirrors that of Theorem 10.

Theorem 13 (General Frobenius) For any matrices A and B of like dimensions,

1A= BW|p < HA—A('“)HFJr?\/H(A—B)(’“)HFHA(’“)IIFJrH(A—B)kHF.

Proof. We start by first applying the triangle inequality, followed by an application of the
matrix Pythagorean equality of Equation 2.4 to get

1A= B®|p < A= PP Allr +||PS (A - B)||r
k k
< (A% = 1PP 422 + | PS (A - B)|r

To bound the right hand side, we invoke the lower bound for ||Pj(9k)A|| r provided by

Lemma 12, dropping a —4||(A — B)(k)||§J term that we will not need.

k k 1/2 k
lA=BPr < (JA1F - IPP AR+ 414 B PP AlR) T +1PP (A= B)|e
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We clean up this bound, applying the matrix Pythagorean equality again to reconstitute

|A — A®)|12, and finally the inequality v/a + b < /a + v/b

1/2 &
jA-B®)r < (14 - ADE +4 (A= BYP|e AP R) " + PP (A= B)lF

1/2
< A= AP|p+ (411A= BYP e |ADp) T+ I1PP (A - B)llr
Lemma 11 then bounds || Pg” (A = B)|[r by [P 5 (A = B)|[r = [|(A = B)¥||. n

2.3 Random Vectors and Matrices

Our one approach to random matrices is to project them to a lower dimensional subspace in
an attempt to filter out the error introduced by the randomness. As such, we are naturally
interested in how random matrices behave when projected to a fixed subspace, as well as
how random matrices may influence the choice of optimal projection. In this section we will

study these behaviors and bound the impact of each.

2.8.1 Random Vectors in Fized Subspaces

We will frequently project random matrices onto fixed low dimensional subspaces, and we
will need to characterize the result. As a matrix projection simply amounts to projecting
each of its columns, we will study the projection of random vectors. Projecting a random
vector onto a fixed vector amounts to an inner product, which in this setting results in a
sum of many independent random variables. Standard concentration results can be used to
bound the variance of these sums from their expectation. We will use a convenient vector
reformulation of Azuma’s inequality which appears as Theorem 4.16 in the text of Motwani

and Raghavan [58].

Theorem 14 (Azuma’s Inequality) Let v be a vector of independent random variables

whose entries are bounded in magnitude by 1, and let v = E[v]. For any unit vector u,

Pr{|(t,u) — (v,u)| > A] < 2N/

We can easily extend this to multidimensional subspaces by bounding the projection

onto each of the basis vectors:
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Corollary 15 Let v be a vector of independent random variables whose entries are bounded

in magnitude by 1, and let v = E[v]. For any k dimensional projection Pj{“),

Pr(|PP5 - PPl > AWk < 2ke /A

Proof. If the columns U; form the basis of P(k), then for any vector x we may write

Pzgk):n = ZUiUiT:E

1<k

As each of the U; are orthogonal,

PP = N |ulaf?
i<k

Substituting ¥ — v for x, we apply Theorem 14 to each inner product, and then a union

bound on the probabilities to bound the sum above by kA% with probability 2keA/4,

Taking square roots gives the stated bound. ]

These results are particularly compelling when we consider the distance from the ran-
dom vector to its expectation before and after it is projected. A vector whose entries are
independent random variables of constant magnitude may easily have squared distance to
its expectation proportional to the dimension in which it lies. However, after projecting such
a vector to a fixed k dimension space, we have reduced the squared distance to something
which is now proportional to k, a tremendous dampening for small values of k£ and especially
significant if the expected vector lies in the projected space, as its length decreases not at

all.

2.8.2  The Influence of Random Matrices on Optimal Subspaces

We now study the other negative influence that randomness can have on our analyses:
perturbing the k dimensional subspace that is optimal for the matrix. As observed in the
previous section, we can bound this change by the Lo norm of the perturbation. We now

see a result of Furedi and Komlos which bounds the Ly norm of certain random matrices.
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Theorem 16 (Furedi and Komlos) Let A be a m x n matriz whose entries are inde-
pendent random variables with variance bounded by o2, and absolute magnitude bounded by

o(m+n)Y/?/8log3(m +n). Let A = E[A\] With probability at least 1 — 2 exp(—log®n/2)
A=A, < 4ovm+n

Proof. This proof is the combination of two results: chiefly the work of Furedi and Komlos

[35], but enhanced by an elegant concentration result of Alon, Krivelevich, and Vu [49]. ™

It is worth noting that any matrix whose entries are ¢ in magnitude will have Ly norm at
least U\/m . This means that the matrix A — A has, to within constant factors, the
smallest possible Ly norm of matrices with comparable entry magnitudes.

While the Lo norm is central to our perturbation theory, it will be useful to have results
in the Frobenius norm as well. We now extend the above result cosmetically, restating it as

a bound on ||(A — A)™||z.

Corollary 17 Using the notation and assumptions of Theorem 16, with high probability
~ (k
IA-DPNr < do/E(m+n)

Proof. We use the bound just proved in Theorem 16 combined with Proposition 4. We also
adopt the convention, used throughout the remainder of the text, that 1 — 2 exp(—log®n/2)
represents a sufficiently high probability as to no longer concern us with its particular value.
In situations where there are several sources of failure probability, this term will be dropped,

as it is asymptotically smaller than any other probabilities that we consider. [ |

Note that since || M|z = [|[M M|, this result serves as a more general form of Theorem 16.

2.4 Conclusions

We have developed two very important classes of tools for our spectral analysis toolkit. First,
we have established several perturbation bounds, noting that the Lo norm consistently

figures prominently in our perturbation bounds. Perturbations which exhibit small Lo
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norm are unable to significantly perturb our optimal approximations, for various classes of
matrices.

Second, we have noted that a very broad class of perturbations, random perturbations
whose entries are independent, zero mean, and of moderate variance, have very limited
Lo norm. This will lead us to show, in various forms throughout the remaining chapters,
the degree to which spectral methods succeed in the presence of random perturbations,
bypassing an apparently large perturbation to retrieve a very accurate estimate of the

optimal approximation to the original data.
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Chapter 3

DATA MINING

In this chapter we look at the application of spectral techniques to various problems
that fall under the general heading of “data mining”. We start by examining a model for
producing data sets with rich spectral structure, as an introduction to the type of structure
we hope to extract from data. We then tackle the problems of Data Cleaning, Information
Retrieval, and Collaborative Filtering, for each defining a random process to model the data

corruption process, as well as analyzing a spectral resolution to each.

3.1 A Model for Structured Data

We now discuss the issue of modeling the pure data matrix A. The reality of data mining
is invariably that an observed matrix Ais simply presented, with little or no knowledge of
what phenomena generated it. Nonetheless, it is interesting and important to study various
models on which spectral techniques succeed, as they offer insight into why they succeed
generally. Through understanding what is important in each of the settings we study, we
learn about the capabilities of spectral methods and can more carefully frame problems and

design algorithms to take advantage of them.

This said, we now consider a model that lends itself quite well to spectral analysis. It
is important to note that at this point we only aim to model a matrix which describes
the actual correspondence between rows and columns. We are not yet in the business
of producing observed data; such problem specific models will come later in this chapter.
Instead, we are interested in the unavailable matrix of complete, unperturbed entries which
perfectly describe the relation of each row to each column.

Inherent in our model (and in nearly all models for structured data) is the idea that

while there are some mn observable matrix entries, there is a set of significantly fewer latent
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variables which describe the data. In our model, we start by associating a k-tuple u; with
row ¢ and a k-tuple v; with column j. As our first approximation to the true data, each
entry A;; will be set equal to the inner product of the k-tuples associated with row ¢ and

column j.

Low Rank Data({u;},{v;}):

For each 1,7, A;; is defined as

Aij = (ui,v5)

At an intuitive level, the reader can imagine a set of k attributes, with each k-tuple describing
the row or column’s relation to the k attributes. To establish a value in the matrix, the
relevant row and column establish their relationship to each other vis-a-vis each attribute,
and accumulate the total.

To give a slightly more concrete feel to this model, let us consider three instantiations

of this model in practical domains.

e Movie Reviews: The rows and columns of A correspond to movies and moviegoers,
and entry A;; represents the entertainment value of movie 7 to moviegoer j. We
imagine that there are but a few facets of movie entertainment, perhaps in the forms
of comedy, drama, action, romance, etc... Movies have an associated amount of content
for each of these facets, measured in abstract “content” units. Viewers likewise have
an appreciation for each facet, measured by the entertainment derived from each unit
of content. A natural estimate of the aggregate entertainment drawn from a movie
would be the sum of the entertainment from each facet, determined by the content

provided times the appreciation for it.

e Text Documents: The rows and columns of A correspond to terms and documents,
and entry A;; represents the relevance of term i to document j. Again, imagine that
in the document corpus there are only a few topics (perhaps our collection represents
the union of Computer Science papers, of which there are arguably a small number of

sub-disciplines). Each document may be characterized by the amount of space spent
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discussing each topic, and each term by its relevance to each topic. The relevance of
a term to the document as a whole might then be the sum of its relevances, weighted

by the amount of content in the document.

e Product Awareness: The rows and columns of A correspond to products and con-
sumers, and entry A;; represents the number of times that consumer j is made aware
of product 7. Imagine that there are only a few channels of advertising: television,
radio, billboards, etc.. Each product will have a certain amount of exposure in each
of these channels. Likewise, each consumer will have a particular exposure to each
channel. The number of times that the consumer hears about the product is then the
sum of probabilities of hearing about it from each channel, which is proportional to

the exposure of the product times the exposure of the person.

These instances are not designed to convince the reader that these models precisely
capture what happens in constructing these data sets, but rather to demonstrate phenomena
that lead to latent linear structure. In any realistic data, we expect that such correlations
are at best guidelines, and while they may roughly describe the data, any individual entry
is likely to vary from the intended value.

As such, we permit a certain degree of arbitrary modifications to our low rank matrix A,
under the constraint that the change have small Ly norm. Theorem 18 bounds the influence

that error of small Ly norm can exert on the spectral gap.

Theorem 18 For matrices A and B of like dimension
0k(A) — u(B)| < 2[|A- B2

Proof. The proof is a simple application of the minimax definition of singular values, as

used in the proof of Theorem 9. [ |

This theorem intends to accommodate the possibility that while there is latent linear struc-
ture underlying our model, the matrix A does not need to be rank k. The data may still
exhibit a strong spectral gap even after fleshing it out to a more reasonable matrix B. The

constraint on ||A — Bl|2 reflects the intent that the “fleshing out” reflect local, arbitrary
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decisions, rather than the global systematic changes that we captured in A. Recall from our
discussion of random matrices that it is possible for a matrix to effect significant changes

in the data entries without a large Ly norm.

3.2 Data Cleaning

To ease our way into data mining results, we will start with a problem that fits very naturally
into our framework. The use of spectral techniques to clean (or filter) data has a long history.
In the signal processing domain, Fourier analysis projects a input signal onto a collection
of basis vectors and retains those basis vectors on which there is significant projection. The
discarded basis vectors typically correspond to high frequency noise, whose omission results
in a simpler and, it is hoped, more accurate signal. We consider an analogous process in
the matrix realm. By computing A®) we extract from A only the most significant set of
basis vectors, simplifying and, as we will see, clarifying the data.

We examine the situation where there is a true data matrix A which has become ran-
domly corrupted to become the matrix A. Many reasons may exist for this corruption:
inaccuracy of sensing devices, error due to limited numerical precision, or simple fluctua-
tions in the data itself. The precise nature of the error does not concern us at this point,
but we will impose three conditions: the errors should be i) independent, ii) zero mean, and

iii) of bounded variance.

Data Cleaning Error(A):
Add independent, mean zero, error of at most unit variance and magnitude bounded

independent of n to each entry of A.

The goal in data cleaning is to take such a perturbed matrix and produce a “cleaned” version
of it; one that removes as much of the error as possible while retaining the important features
of the original. For our purposes, the “important features” of a matrix A are captured by
its optimal low rank approximation A%*) and recovering it is our goal.

Notice that the error introduced by this error process fits the requirements of Corollary

17 and has bounded Lo norm, and ultimately a bounded influence on the optimal low rank
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approximation.

Theorem 19 Let A result from Data Cleaning Error(A). If ¢ = 16y/m + n/8x(A) is at

most 2, then with high probability

1A® — AWz < el|Allp +4y/k(m +n)

Proof. Notice that we can write

[A® — AW = P A - PO
< PP = PO Alp +1PY (A - D)5
Lemma 11 bounds HPE;) (A= A)|r < (A= A)®)||p, which gives us
~ (kr)HF

|A® — AW p < |IPE — PO Allr + (A - A)

We now apply Corollary 17 with ¢ = 1 to bound with high probability

A=D1 < ay/km+n)

With this bound and our assumption on the size of ¢, we may apply Stewart’s theorem

(Theorem 9), bounding

~ ~ (R
1AW — AW e < (4] A = Alla/5k(AD | AlF + (A= A) 7|l

< (16y/k(m +n)/0k(A)|AllF + 4/ k(m + n)
Substituting in for the definition of €, we achieve the stated bound. [ |

Corollary 20 Using the notation and assumptions of Theorem 19, with high probability
1A% — AW||p < 1.25 €l|Al|r
Proof. We show that the second term in the bound of Theorem 19 is bounded by €||A|| ¢ /4.

By Proposition 3, ||A||r is at least v/kog(A), and in turn o, (A) is at least d;(A). We conclude
that ||A||z/0x(A) is at least vk, which lower bounds €| Az by 161/k(m + n). ]
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Notice that these results are the most meaningful when ||A||r is not much larger than
|A®)||p. This is natural; if A®) itself does not stand out as a good approximation to A
we should not expect to recover it easily. However, a large spectral gap can compensate in
cases when ||A®)||p < || A F.

The result that we have proved is somewhat coarse, bounding only the aggregate effect
of error, but it does show that with a significant spectral gap we can hope to recover the
optimal rank k approximation despite substantial random perturbation. In the coming
sections we will see how to more carefully characterize the error experienced and bound the

influence on individual rows and columns.

3.3 Information Retrieval

Salton [64] introduced the now traditional framework of the term-document matrix com-
bined with the cosine similarity measure. While this approach worked well, it was noted
by Berry et al. [9] that one could improve the performance of this approach by replacing
the term-document incidence matrix A with A%*). This was justified by arguing that A®*)
recovers the latent linear structure of the data set, and by removing all else the cosine sim-
ilarity more accurately measures the intended similarity. Papadimitriou et al. [60] present
a theoretical model which argues analytically for the success of this approach. Their model
introduces synonymy, but, in the context of our modelling framework, they require that
each document and term have at most one non-zero element in their k-tuple. The result
is documents that must be focused on one topic, and terms which are not permitted to
be polysemous. We will see a much more general result, using only the assumption of a
spectral gap in A.

Following the lead of Papadimitriou et at, we will define a generative model for such
graphs, based on latent linear structure. We have seen how we can model the correspondence
of terms to documents, and we simply imagine that the probability that a term occurs in a

document in proportional to its relevance to that document.

Information Retrieval Error(A):
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For each entry A;;, independently set

1 |A;j]  with probability A;; — | Aij]
Y [AZ]] with probability LAZ] + 1J — Aij

In the information retrieval domain, the matrix A represents the observed term-document
incidence matrix. Our goal is to evaluate the similarity of rows and columns in terms of
the original matriz A. That is, we would like to produce for i,j good approximations to

(A;, Aj) which will imply good approximations to the cosines between each A; and A;.

Theorem 21 Let A result from Information Retrieval Error(A). Ife = 16y/m + n/6,(A)

is at most 2, then with high probability for all but at most ¢ columns i it is the case that
PrilA® — AW > ¢4 + ey/32k(m +n) /e + VEN < 2ke /4

Notice that this theorem argues that, aside from a set of ¢ columns, it is unlikely that many

columns will vary greatly from their intended value.

Proof. This result is similar to that just proven in Theorem 19, but we will be interested

in the error each column experiences. For each column, we can write

A® 4B pi g,
? A

)

A
= (P = PO A+ PP (A = Ay) = (P = P (4; - A))

We will bound the norms of these three error terms separately, each with different tech-
niques. The first term is handled by considering the bound that Corollary 17 provides on
(A — E)(k) |l2 using o = 1, and then applying Stewart’s Theorem to place an € upper bound
on HPXQ) - Pj%\k)”g. The second term is the projection of a vector of independent random
variables, A; — fTi, onto a fixed subspace, Pjgk). Corollary 15 bounds the probability that
any one vector exceeds vk by 2ke=*/ 4. the probability noted in the theorem statement.

We now argue that the third term is bounded for all but at most ¢ columns. Observe

that the matrix (PXC) - Pg{))(A — A) is not only rank at most 2k, but involves the matrix
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Pzgk) — ch), which has Ls norm bounded by €. As such, by Proposition 4 we may bound

k k n k k n
1P — PEYA- D)3 < 24(PL — P34 - A3

2ke?|| A — A3

A

Recalling the definition of the Frobenius norm squared as the sum of squared entries, we

associate the terms in the summation by column, to get the bound

S IPY - POy, - AP < 2k A A3

By a counting argument, for at most ¢ columns i

(P = PY) (A = AP > 2ke?|A— Af3/c

With all error terms now accounted for, the proof is complete. [ |

While this theorem does not directly bound the error associated with inner products, it
bounds the distance that each column may move, which imposes a bound on the change
in inner products associated with columns of sufficient norm. We now consider a corollary
which instantiates several parameters, working with the assumptions that each column has

non-trivial norm and that there are at least as many documents as terms.

Corollary 22 Using the notation and assumptions of Theorem 21, if n > m and for every

i, |Ai| > 16y/klogk/e, then with high probability for at least n/4 columns it is the case that
PrilA® — AW > 3e4,] < 2070
and consequently, with high probability for at least n?/4 pairs i,j of columns

k k ~k) +(k
(AP, ARy — (AR AW < 9244y

i J

Proof. We instantiate Theorem 21 using ¢ = n/4, and A = 16+/logk. The failure prob-
ability of 2e7%* is sufficiently small that through tail inequalities we can confidently state
that fewer than n/4 nodes will fail, giving the stated number of accurate inner products.
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Clearly this result is most exciting when |A§-k)| > €|A;| and |A§k)| > €|Aj|, as it is in this
setting that angles will be best preserved.

The implication of this theorem is that in a text corpus model based on latent semantics
we are able to overcome the vagaries of the random rounding that Information Retrieval
Error introduces. We overcome synonymy by learning a measure of term similarity more
accurate than simple co-occurrence. This ameliorates much of the polymemy problem, which

resulted from a need to emphasize any term co-occurence as an indication of similarity.

3.8.1 Discussion of Kleinberg’s Link Analysis

Analogous results can be produced for the domain of web hyperlinks. If we draw out
the connection between pages containing links and documents containing terms, we see
that we can produce an interesting model for web data. Indeed, we will do this more
thoroughly in Chapter 4, but at this point we have enough mathematical foundation to
give a rigorous justification of Kleinberg’s HITS algorithm [47], which is based on a rank 1
approximation to various subgraphs of the web’s linkage graph. By positing that various
pages have an intrinsic “authority” which attracts incoming links, while others have an
intrinsic “awareness” that leads them to authoritative pages, we can produce a rank 1
probability matrix equal to the outer product of these two vectors. Theorem 21 argues
that in this model Kleinberg’s approach will accurately reconstruct the majority of posited

values.

3.4 Collaborative Filtering

We next consider the problem of analyzing an incomplete data set. We model the production

of incomplete data as omission from a complete data set:

Collaborative Filtering Error(A, P):

For each entry A;;, independently set

Aij W.p. P@'j

Af =
K «“wP» w.p 1= P..
! .p. ij
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Our goal is to reconstruct the entries of A. For the first time, we have an instance where we
do not simply wish to compute the optimal rank k approximation to the data set at hand.
This should come as no surprise, as the matrix A* contains entries (the “?”) that can not
be readily added or multiplied.

We propose the following approach for recovering the values obscured by the “?”s as-
suming that the omission probabilities F;; are known. We will describe a technique for
estimating the P;; values in certain cases later, but we have no scheme for addressing this

problem for general, unknown F;;.

Algorithm CF(A*, P)

1. Return the matrix fT, defined as:
Aij/ Py if Af # 4T
0 if A = 77

)

ij =

While the algorithm may seem arbitrary at first, its key feature is that the matrix A
has expectation A. Again we will argue that the difference A — A has small Ly norm and

therefore A%) is an excellent approximation to A%,

Theorem 23 Let A* result from Collaborative Filtering Error(A, P), where each Pj; >
p > 64log®(m+n)/(m+n) and each |Aij| < 1. Let A = CF(A*, P). Ife = 16y/m + n/6(A)
1s at most 2, then with high probability

4%~ A9 < el Allp + 4y/klm+ ) p

Proof. The proof proceeds exactly as in Theorem 19, with the additional observation that
the variances are now bounded by 1/p, rather than 1. Our lower bound on p ensures that

the range constraint of Corollary 17 is met. ]

Theorem 23 bounds the total squared error between A®*) and A\(k’), which implies a
bound on the mean squared error, using the relation (a + b)? < 2a® + 2b?:

K Ak 2¢%||A||% + 32k(m +n)/p
avg; (A — AD)? S —

ALz, 32k/p
mn  min(m,n)

= 2€2|
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The MSE between A®) and A® is thus an 2€? fraction of the mean squared entry size of
A, plus a term which goes to zero provided both m and n grow faster than 1/p. The larger

the gap 0x(A), the greater the accuracy of our estimate.

3.4.1 FEstimating The Omission Probabilities

The algorithm CF assumes that the probability of retaining a particular entry is known.
Such information is unlikely to be available in practice, as the only evidence of the prob-
abilities lies in the sampled values. However, if we believe that these probabilities exhibit
latent linear structure themselves, not unlike the assumption made of A, we should be able

to recover a good approximation to them, using the techniques of Section 3.3:

Algorithm ExtendedCF(A*)

1. Let P be the matrix defined as
~ 1 if A;‘j £
0 if A;‘j = “

2. Compute and return CF(A*, P().

It is important to note that our proof of the performance of CF relies on having the
precise omission probabilities. At this time, we do not know what performance is guaranteed
if CF takes as input only a very good approximation to the omission probabilities. Resolving

this question is a key problem left open in this work.

3.5 Conclusions

In this chapter we have worked through several data mining scenarios, and observed that
spectral methods are capable of overcoming the apparent impediment of significant random

perturbation. The two critical properties that we used throughout this section were that

1. The original data A had strong spectral structure, here in the form of a spectral gap
much larger than \/m + n. Such a gap can result from a data set guided by a latent

linear structure, as offered in the model of Section 3.1.
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2. The perturbation that was applied to the data was random, with each entry zero
mean and independent. The variance of the perturbation was also important, as its

(k)
)l

magnitude appears in the bound we produced on ||A — A\Hg and ||(A — A F-

In the case of collaborative filtering we had to massage the input data to bring it to a form
where these properties both held. It was by understanding which properties were required
of the observed data that we arrived at the correct transformation. Throughout the rest
of this thesis we will see this theme revisited, frequently requiring us to tailor probability

distributions to properly align the expected value with the intended value.
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Chapter 4

WEB SEARCH

Sing, clear voiced Muse, of Hephaistos (Vulcan), renowned for his inventive skill,
who with grey-eyed Athene, taught to men upon earth arts of great splendor, men
who in former days lived like wild beasts in mountain caves. But having learned
skills from Hephaestus, famed for his work and craftsmanship, they now, free
from care, peacefully live year by year in their houses. Be gracious, Hephaestus,

and grant me excellence and prosperity!

—Homeric Hymn to Hephaestus

4.1 Overview and Discussion

In this chapter, we define a mathematical framework for evaluating web search algorithms
based on a simple, yet rich model for generating web documents and queries. We also
present a new web search algorithm based on spectral techniques, dubbed SmartyPants,
that is guaranteed to give near-optimal results in this framework (Theorem 24). Our
algorithm is entirely motivated by the model, and indeed may not seem intuitive unless one
considers our generative model and its implications.

We feel that the process of defining such a model is useful for a number of reasons.
First, the mathematical framework enables rigorous comparison of search algorithms. More
generally, casting search as a mathematical problem brings a beneficial separation of two
intertwined concepts: (a) an abstraction (model) that describes the correlations that make
search possible and (b) an algorithm that exploits those correlations. At the very least,
such a separation is beneficial in the following sense: if an algorithm is proven to be “good”
with respect to a model, yet “no good” in practice, then we will be motivated to further

understand in what way the model (and hence the algorithm) is lacking. Finally, in our
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case, since the algorithm we propose is based on spectral techniques, the model also serves
as a testbed for understanding when and why such techniques work.

The basic idea of our model, described in detail in Section 4.3, is that there exist some k
latent concepts underlying the web, and that every topic can be represented as a combination
of these concepts. Web pages, terms, and queries are each associated with some topic, and
the linkage that occurs from hub pages to authorities is based on the similarity of their
topics.

We like to think of the task at hand for SmartyPants as being:

1. Take the human generated query and determine the topic to which the query refers.

2. Synthesize a “perfect hub page” for this topic. The perfect hub is a fictional page; it
needn’t exist in the data set. A perfect hub has links to those pages most authoritative

on the specified topic.

This task breakdown is explicit in Kleinberg’s HITS algorithm [47] and seems desirable
for any search algorithm. Unlike other algorithms SmartyPants uses link information for
both the second and the first subtask. In particular, we combine latent semantic analy-
sis of term content and link structure, finding the identifying the topic of the query and
establishing the authorities on this topic. This is made possible because of a model in
which a unified semantic space of underlies the generation of link structure, term content,
and query generation. Thus, we obtain a principled mechanism for avoiding the difficulties

other search algorithms have experienced in connecting text with authoritative sites.

4.2 Additional Related Work

There have been previous attempts to fuse term content and link structure (e.g., the work
of Cohn [21], Chakrabarti et al [18], and Hofmann [39]). Previous literature makes use
of either spectral techniques or the EM algorithm of Dempster. However, whether these
algorithms perform well or why remains unclear. The main distinguishing characteristic of

our algorithm is that it is provably correct in the context of the model.
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Our model is inspired by many previous works, including the term-document model
used to rigorously analyze LSI in [61, 7], PLSI [39], the web-link generation model used
to study Kleinberg’s algorithm [7], PHITS [39] and the combined link structure and term
content model of Cohn [21]. All of these models, as well as some of the models described

in Tsaparas et al [13] can be viewed as special cases of our model.

4.3 The Model

The fundamental assumption in our model is that there exists a set of k unknown (latent)
concepts whose combinations capture every topic considered in the web. How large k is,
and what each of these concepts means is unknown. In fact, our algorithm need not (and
can not) identify the underlying concepts.

Given a set of k concepts, a topic is a k-dimensional vector w, describing the contribution
of each of the basic concepts to this topic; the ratio between the i-th and j-th coordinates of
w reflects the relative contributions of the underlying i-th and j-th concepts to this subject.
In order to ascribe a probabilistic interpretation to the various quantities in the model, we
assume that the coordinates of each topic vector are non-negative, though the assumption

is not needed from a mathematical point of view.

Associated with each web page p are two vectors.

e The first vector associated with p is a k-tuple A, — reflecting the topic on which p is
perceived as an authority. This topic models the content on this page and, therefore,
the topics of pages likely to link to this page. The magnitude of a web page’s authority

vector, |Ap|, determines how strong an authority it is on that particular topic.

e The second vector associated with p is a k-tuple H), — reflecting the topic on which p
is a hub, i.e., the topic that defines the set of links that p will create to other pages.
Intuitively, the hub topic of the page is usually pretty well captured by the anchor
text for the links from that page. As before, the magnitude |H,| captures how strong
of a hub it is.
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Remark: These topics can be used to represent the union of many “real-life” topics on the
page. Hence, if for example page p is the union/concatenation of pages p1,p2 then each of

the two vectors for p is the sum of the corresponding vectors of pi, ps.

4.8.1 Link Generation

In our model the number of links from page p to page ¢ is a random variable with expected
value equal to Ly, = (Ag, Hp). The more closely aligned the hub topic of page p is with
the authority topic of page ¢, the more likely it is that there will be a link from p to ¢. In
addition, the stronger a hub p is (as measured by |Hp|), and/or the stronger an authority
q is (as measured by |A4|), the more likely it is that there will be a link from p to ¢. Our
model allows the distribution of this random variable to be arbitrary, so long as its range is
bounded by a constant independent of the number of web documents.

Collecting these entries L,,, we describe the link generation model’s expectation as an
n by n matrix L, where n is the number of documents on the web. L is the product of two

matrices
L = ATH

We denote an instance of the web’s link structure by E, where Eij is the number of links
from page j to page i. L is an instantiation of the random web model defined by the matrix

L. Eij is obtained by sampling from the distribution with expectation L;; of bounded range.

4.8.2  Term Generation
We now introduce terms to the web pages. Associated with each term is a topic vector.
e The vector is a k-tuple S, that describes the use of term u as a hub term (i.e., as

anchor text). The ith entry of this tuple is the expected number of occurrences of the

term u in a hub document on concept 1.

Our model then assumes that terms on a page p with hub topic H, are generated from

a distribution of bounded range where the expected number of occurrences of term wu is
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Tup = (Su, Hp). Again, the greater the magnitude of |S,|, the more common the term is,
and the more frequently it appears.
Thus, we can describe the term generation model’s expectation as an n by t matrix T,

where n is the number of documents on the web and ¢ is the total number of terms,
T = s'H

We denote an instance of the web’s document-term matrix by T. ﬁj is the number of
occurrences of term j in page i, and is assumed by the model to be an instantiation of the
term model matrix T'. ﬁj is obtained by sampling from a distribution with expectation Tj;

of bounded range.

4.3.3 Query Generation

We assume that the search process begins with the searcher conceiving a query topic, on
which he wishes to find the most authoritative pages. The terms that the searcher presents
to the search engine will be the terms that a perfect hub on this topic would use; arguably
the best terms to describe the topic. An intuitive way to think about this is that the searcher
presents the search engine with a portion of anchor text, and expects the pages most likely
to be linked to using that text. The search engine must then produce the pages that are

likely linked to by this text.

This motivates our model for the query generation process. In order to generate the search

terms of a query:

e The searcher chooses a query topic, represented by a k-tuple v.

e The searcher mentally computes the vector ¢ = STv. Observe that ¢, is the expected

number of occurrences of the term u in a pure hub page on topic v.

e The searcher then decides whether to include each term uw among his search terms
by sampling independently from a distribution with expectation ¢,. We denote the

instantiated vector by gs.
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The input to the search engine consists of the terms with non-zero values in the vector g.
By choosing the magnitude of v to be very small, the searcher can guarantee that only
a small number of search terms will be sampled . In this case, ¢ will be largely zero and

have very few non-zero entries.

4.8.4 The Correct Answer to a Search Query

Given our model as stated above, the searcher is looking for the most authoritative pages
on topic v. For a page p, this is scored precisely as (Ap,v). Thus, the correct answer to
the search query is given by presenting the user with pages sorted by their corresponding
entries of ATv.

We will take this moment to note also that ATv = LT !¢, as can be seen through the

following equalities:

LT ¢ = (ATH)(STH)™'(STv)

= ATHH 'S TsTy

The terms HH " and ST ST collapse to k x k identity matrices, leaving us ATv, a fortunate

event, as the same is not true of H~'H and STS~ 7.

4.4 The Algorithm: SmartyPants

The algorithm takes as input a search query ¢. Under the model, this query is generated
by a human searcher by instantiating ¢ = S”v for some topic v. The goal of SmartyPants
is to compute the order of authority implied by ATv. To do so, SmartyPants makes use of
the web graph L and the web term matrix f, both of which are derived by web crawling.
An interesting feature of SmartyPants is that it does not compute either v or A. In fact,
one can show that it is not possible to explicitly derive those matrices given Land T only.

Nonetheless, as we will see, SmartyPants does extract a good approximation to Av.

4.4.1  The Algorithm

e Before queries are presented, SmartyPants computes L®) and T®).
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e When a query vector ¢ is presented, SmartyPants computes
w = E(k)f(k)_la
and returns the highest scoring entries of w.

Note that this algorithm is quite efficient. The preprocessing of L and T can be done
efficiently as both L and T are sparse, and in any case it need only be done once. At query
time, ¢ is likely sparse, which makes the computation of w very easy. As L®) and 70!
are rank k we may efficiently multiply vectors by them, requiring k(|¢|+3) flops to generate
a given entry of w. We can efficiently generate the largest entries of w without computing

the entire vector using techniques of Fagin et al [30].

Remark: The clever reader will note that as T®) is rank k, it does not actually have an
inverse. As such, we abuse notation and let X ! be the pseudo inverse, which is the inverse
of the matrix on the range that it spans, and the zero matrix elsewhere. Whereas the inverse
of A=UDVT is equal to VD 1UT, the pseudoinverse equals VCUT, where the matrix C

equals D~ for those entries where D is non-zero, and is 0 otherwise.

4.4.2  The Main Theorem

For any matrix B, let r;(B) = 01(B)/oi(B). If r(B) = 1 then this means that the singular
values do not drop at all, the larger r;(B) is the larger the drop in singular values. We use

n for the number of pages and ¢ for the number of terms.

Theorem 24 Let L and T be matrices of probabilities generated according to our model,
and let L and T result from randomly rounding the corresponding matrices. For any e < 1,
if both o (L) and op(T) are at least 8y (L)ry(T)/n + t/e, then with high probability:

For each query ¢ generated by rounding entries of a query vector q generated according
to our model, SmartyPants computes a vector of authorities w, such that:

|w — ATv|

P
TTATY

2
_(___ dldl
> 264—(5] < 2ke (2\/?r-k<L)rk(T)>

In essence, Theorem 24 claims that with sufficiently structured L and 7', we can expect that

most queries ¢ with length much greater than v/kry(L)ry(T) will result in quality results.
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-1 .~

Proof. The correct answer to a query is LT 'q, whereas we compute LW T*) q. We

break the proof into two steps, first proving that with high probability

1

ILT = ZL®OT®E ), < 2e04(L) /o1 (T)

And then proving that projecting ¢ instead of ¢ has bounded negative impact.

To start on the first bound, we apply the triangle inequality and then Proposition 1

—1

LT  —ZOTO ™y < (ILTY = LT® |y + (L — ZEYT® ),

ILT~ — LT® g + | L — Z®f| TR

IN

Theorem 16 taking o = 1 bounds ||L — L®*)||; < 41/2n with high probability.

i~ ~ - 4+/2
LT~ — TWT® ™, < L7t — LRy ¢ 22 (4.1)

or(T)

To address the remaining term, we write

—1

ILT' = LT® |y < ||IL|o| T~ = TR

We now use a theorem of Wedin [71], which bounds for arbitrary A and B

2||A — Bl

-1 _ p-1
A7 =B = G Ao B

Applying this theorem with A =T and B = T\(k), and applying Theorem 16 with o =1 to
bound |7 — Tl = ||T — T® |,

O’1(L)8\/n +1

ILT~' — LT® 7,
min(o(T)2, 04(T)?)

(4.2)

~ ~

Our lower bounds on oy (L) and oy (7") ensure that o, (L) and o (T") are effectively equal to
their unperturbed counterparts. We will equate the pairs of terms for now, and incorporate
a factor of 2 to account for the slop.

Combining Equations 4.1 and 4.2, and using our lower bounds on o4 (L) and oy (T),

LTt - E0Fey, ¢ _oBBVREL | AV
~ min(on(T)2,04(T)2)  on(T)
(Tk(L) Uk(L)
< €<01(T) rk(L)Tk(T)Uk(T))
< 2€Uk(L)/01(T)
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In the second half of the proof, we bound
,( 5lal )2
> 2+ (5] < 2ke \FVErR@rED)

where w = E(k)j’\(k)ilins the output SmartyPants produces.
We start by applying the triangle inequality to the left hand side
SN A =1 _ AN Sy —1 _ ) A —1 ~
ILBT® g — LT g < [(IWTH™ — LT Ng| + [LWTH™ (¢ - g)|

IZOTO™ — LT alg| + |LWT (g - 9)

IN

Using the first part of our proof, the first term has norm bounded as
ILOTO™ ~ LT M olgl < lal2eor(Z)/o0(T)
Recalling that ATv = LT g,
lal2e04(L)/o1(T) = |TL™'ATv|2e04(L)/o1(T)

< N TNE7 "Il AT v[2e0k (L) /o1 (T)

= 2¢|AT |
Piecing this train of inequalities together
ILOT®™ — LT blg| < 2¢|ATo] (4.3)

which is good, as we ultimately intend to divide by |ATv|.
The second term we must bound, \E(k)f(k)_l(q — q)|, is the projection of a random
vector, ¢ — ¢, onto a fixed low dimensional subspace, in the form of LOT®™, Applying

Corollary 15, we establish that
Pr[[ZOT® 7 (q—g) > [EOTO " |o)aVE| < 2ke ™/
We will perform a substitution for A, using

A = 8|ATo|/|ILWT® vk
> 8lql(or(L)/or(T))/(o1(L)or(D)VE
= Slal/(kri(L)ri(T)VE
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With this substitution made, our bound becomes

—5%|q|?
Pr [|L(k)T(k)_l(q —9| > 5\ATU\} < ke E@TED (4.4)
Collecting Equations 4.3 and 4.4, and dividing by |A”v| concludes the proof. [ |

It is worth noting that the rp(X) terms are necessary due to worst case assumptions.
In particular, we need to cover the case where the strongest linear trends in L actually
correspond to the weakest linear trends in 7'. This would be odd, but possible. One could
imagine a topic that defined itself by links, and used no text to speak of. In the event that
the singular values line up properly, formally stated by bounding ||LT~!||2 and ||[TL™}2,

we have the following best-case corollary:

Corollary 25 Let L and T be matrices of probabilities generated according to our model,
and let L and T result from randomly rounding the corresponding matrices. For any e <1,
if both o (L) and oy (T) are at least 8v/n + t/e, and both | LT |9 and ||[TL™|y are bounded
by 1, then with high probability:

For each query q generated by rounding entries of a query vector q generated according
to our model, SmartyPants computes a vector of authorities w, such that:

lw — AT

P
"ATY

> 2ers| < ore ()

We see that the ri terms have vanished, owing to our assumption that the strengths of

corresponding trends in L and T are commensurate.

4.5 Discussion and Extensions

One problem with the approach taken by SmartyPants is that the k fundamental concepts
in the overall web will be quite different from the k£ fundamental concepts when we restrict
attention to computer science sites. What we would like to do is to focus onto the relevant
subset of documents so that we indeed have sufficient resolution to identify the topic at
hand, and the topic does not vanish as one of the insignificant singular values.

A natural recursive approach would be to apply SmartyPants , sort the sites by both

authority value and hub value, and take the top 1/3 of the most authoritative sites along
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with the top 1/3 of the hub sites and recur. This process clearly converges, and we suspect
(but don’t have any evidence) that this may work well in practice. If the search term
“singular value decomposition” (say) has any significance in the topic “Engineering” (say)
then the first round will post Engineering authorities and hubs high up in the list and
Theology authorities and hubs low in the list. The second round will start with Theology
and other unrelated topics omitted, and a possibly higher resolution set of concepts for
Engineering. In fact, since we don’t know the resolution at which the user wants to perform

the query, it may be useful to provide answers at various resolutions.

4.6 Conclusions

In this chapter we have looked at a fairly detailed example of spectral analysis. Whereas in
previous problems we were able to simply associate the problem with matrix reconstruction,
here we must reconstruct the matrices and then leverage them to compute a more complex
function. In our case, we used the matrix 7' to rewrite the query in terms of hub pages,
and then fed these web pages to L, who was able to convert hub pages to authority pages.

It is not difficult to imagine other settings which involve translation of data, operating off
of multiple data sets with unified underlying semantics. The techniques used here show that
such is possible, and that if the operations rely principally on the strong latent structure,

then even significant random perturbations may have little effect on the result.
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Chapter 5

GRAPH PARTITIONING

In the introduction we posed the problems of finding bisections, cliques, and colorings
in random graphs that were known to contain interesting solutions. In this chapter we
will investigate these problems further, generalizing the techniques that have been used in
previous literature into a common algorithmic framework, and observing that the framework

can be used to solve a far more general class of graph partitioning problems.

5.0.1 Graph Partition Model

The graph models that have been proposed for planting combinatorial objects in random
graphs, described in section 1.2.4, each generate a graph by including each edge indepen-
dently with an associated probability. These probabilities are carefully chosen so that the
desired combinatorial object exists, be it bisection, clique or coloring. Importantly, in each
model the nodes can be partitioned into a few parts so that the probability that an edge
occurs depends only on the parts to which its endpoints belong. In the planted bisection
model edges occur with a probability p if they lie within the same part and ¢ otherwise, in
the clique model edge probabilities are 1 if both endpoints are in the clique and p otherwise,
and in the planted coloring model, edge probabilities are zero if endpoints belong to the
same color class and p otherwise.

Based on this observation we introduce the following general model of “structured”

random graphs.

G, P): Let ¢ : {1,...,n} — {1,...,k} be a partition of n nodes into k classes.
Let P be a k x k matrix with Pj; € [0,1] for all 4,j. Include edge (u,v) with

probability Pw(u)w(v) .

For a particular distribution G(v, P) we let G refer to the matrix of random variables
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corresponding to the adjacency matrix of the random graph. We also let G refer to the
matrix of expectations, where Guy = Py (u)y(v)-
We now specialize this model into three models which are equivalent to the models for

planted bisection/multisection, coloring, and clique presented in the literature.

e Planted Multisection(¢, p, q): % is the multisection. P is p everywhere, except the

diagonal where is it q.

e Planted k-Coloring(v, p): 1 is the coloring. P is p everywhere except the diagonal,

where it is 0.

e Planted Clique(t),p): Let ¢(v) = 1 iff v is in the clique. P is p everywhere, except
Plla which is 1.

Remark: Undirected graphs usually do not permit self-edges, and so we are likely interested
in forcing the diagonal entries to 0. We will deal with this complication in Section 5.3.1,
where we examine the implications of clamping diagonal entries, and conclude doing so does

not much affect our algorithms. Until then, we consider the model as stated.

Our model of a random graph with a planted partition leads naturally to the following

graph partitioning problem.

Planted Partition Problem: Given a graph G drawn from the distribution

G(v, P), produce a partition 12 so that

D) =Pv) i Pu) = P(v)

As 1) encodes the solution to each of the problems above, recovering a partition equivalent
to v generalizes the problems of finding planted multisections, cliques, and colorings in their

respective models.

Remark: It is important to disassociate this problem from related traditional optimization
problems. The goal is not to find the largest clique or min cost bisection, but rather to

recover the planted object. In many cases these two will be the same, but if the optimal



95

solution is not equivalent to the planted object our goal is to find the latter. There will be
a fairly small range of parameters where we can prove that our approach finds the planted
solution, but can not prove that it is optimal.

In some ways, this is a very interesting distinction. First, one can always find the optimal
object, be it clique, coloring, or partition, it may just take a while. On the other hand, there
is a point at which it is simply not possible to confidently state that a particular partition
was the planted one. Recovering the planted partition is something that can only be done

for certain parameter ranges.

5.0.2  Our Approach

Given the matrix G, it is easy to reconstruct ¥ by clustering the columns G, of G. Un-
fortunately, we have instead a matrix G which is a highly perturbed version of G, and the
columns @u are nowhere near the GG,,. It is perhaps natural to ask: “Why can we hope to
recover 1 at all?” The answer to this question, and our approach to this problem, is based

on the following series of observations:
1. For any ¢ and P, the matrix G has rank k.

2. If Pék) is the projection on the column space of G

. |Pc(;k)(Gu) — G| is zero.

. |P((;k)(Gu — Gy)| is small.
3. By the triangle inequality, Pék)(éu) equals G, plus a “small” error.

Of course, we do not have direct access to Pék) either. Matrix perturbation theory comes
to our rescue, in the spirit of Stewart’s theorm, in that the equivalent projection for G is
very similar to Pék).

(k)

Our approach is now to find a projection PXk , perhaps based on P! ), such that

k
a
Data is Preserved: |P)((k) (Gy) — Gy is small

Noise is Removed: |P)((k ) (Gy — Gy)| is small
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If so, then P)((k)(Gu) equals G, up to a “small” error. If when ¢(u) # ¥(v), |Gy — G| is
much larger than this error, we can apply a simple greedy clustering process to the P)((k ) (éu),
recovering the partition .

With a minor modification, this is the algorithm we will use. Let 7 be a threshold

parameter, let s, capture the size of the smallest part, and let CProj be a function which

computes an “appropriate” projection matrix.

Algorithm 1 Partition(@, k, Sm, T)

1: Randomly divide {1,...,n} into two parts, dividing the columns of G as [m §]
2: Let P, = CProj(B®, s,,,7); let P, = CProj(A® s, 1)

3: Let H = | P(A)|Py(B)

4: While there are unpartitioned nodes

5: loop

6:  Choose an unpartitioned node u; arbitrarily

7. For each unpartitioned v, set @Z(v) =4 if |ﬁIul —H)J|<r

8: end loop

9: Return the partition 12

Notice that the main difference from the outlined scheme is that we split the matrix G
into two parts. This is done to avoid the conditioning that would otherwise exist between
the error G — G and the computed projection, a function of G. This is done for the sake of

analysis, and it is still unclear if it is required in practice.

5.0.3 Results

The main result we will see is an analysis of the algorithm Partition. Appropriate choices
of CProj and 7 result in perfect classification for a large range of (¢, P). To describe the
performance of Partition in the general context of the Planted Partition Problem we must
describe the range of (¢, P) for which the algorithm succeeds. This range is best described
by a requisite lower bound on |G, — G,| when ¢ (u) # ¥ (v):
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Theorem 26 Let (1, P) be an instance of the planted partition problem. Let 0% > log®n/n
be an upper bound on the variance of the entries in G, let s,, be the size of the smallest part
of ¥, and let T = Miny 4. (u) £y (v) |Gu — Go|. With probability 1 — &, there is a constant c
such that for sufficiently large n if

T > cko? <;+log(g)> ,

each application of Partition(@, k, $m, T) returns ¢ with probability at least 1/2 + 1/16.

The proof of this theorem will follow from Claim 30, which presents a characterization
of when this algorithm will succeed, combined with Theorem 32, which argues that these
conditions hold with sufficient probability.

Notice that this theorem implies that with high probability, we may apply Partition
repeatedly, and use the majority answer. As such, if the antecedents of Theorem 26 are

satisfied, then with high probability we can efficiently recover the partition .

Before proving Theorem 26, we consider its consequences for the three problems we
have mentioned: Bisection, Coloring, and Clique. For these corollaries we insist that the
failure probability § is not required to be smaller than exp(— log® n). The proofs amount to

instantiation of each model’s associated parameters, and are not presented here in detail.

Corollary 27 (Bisection) Let (¢,p,q) be an instance of the planted bisection problem

with k parts. There is a constant ¢ so that for sufficiently large n if

a-r _ log(n/0)
q qn

then we can efficiently recover ¥ with probability 1 — 6.

This range of parameters is equivalent to the range Boppana produces in [12], up to constant
factors. It is worth emphasizing that Boppana produces the optimal bisection for graph gen-
erated according to our model, whereas we recover the planted bisection, and can generalize
to multisections. Condon and Karp [22] succeed with multisections for a nearly identical

(though strictly smaller) range of parameters using a very elegant linear time algorithm.
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Corollary 28 (Coloring) Let (1,p) be an instance of the planted k-coloring problem,
where the size of each color class is linear in n. There is a constant ¢ such that for suffi-

ciently large n if
p > clog3(n/d)/n
then we can efficiently recover ¥ with probability 1 — 6.

This result is simultaneously weaker and more general than that of Alon et al in [4]. Here we
admit color classes of differing sizes, and can further generalize to cover the case where the
sizes of the color classes are asymptotically different. On the other hand, this result covers a
smaller range of p than [4] who show that the problem can be solved even when p = ¢/n, for
some large constant c. Their improved range is due to combinatorial preprocessing wherein
they remove all nodes whose degrees are much larger than their expectation, trimming the
variance of the entries of G. It appears that this pre-processing can also be applied to our

algorithm, with similar benefit, but this requires more investigation before stating it as fact.

Corollary 29 (Clique) Let (10,p) be an instance of the planted clique problem, where the

clique size is s. There is a constant ¢ such that for sufficiently large n if

l-p C(n 10g(n/6)>

7_’_7
D 52 s

then we can efficiently recover v with probability 1 — §.

This result subsumes the spectral result of Alon et al in [5], where they show that cliques
of size Q(y/n) can be found when p = 1/2. Note that this theorem allows for variable p and
s . The restriction to a single clique is also not necessary. The general theorem addresses
graphs with several hidden cliques and hidden independent sets, each of varying size. For
fair comparison, Alon et al also show how the constant ¢ may be reduced to any constant

d, though the technique incorporates a factor of n¢/4 into the running time.

5.0.4 Additional Related Work

As well as theoretical success in average case analysis, spectral algorithms have been suc-

cessfully used in practice as a heuristic for data partitioning. While there is no single
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spectral approach, most examine the eigenvectors of the adjacency matrix of a graph (or
of the Laplacian of this matrix). In particular, the second eigenvector is typically used
as a classifier, partitioning nodes based on the sign of their coordinate. The special cases
of bounded degree planar graphs and d-dimensional meshes (cases which occur frequently
in practice) were analyzed successfully by Spielman and Teng in [66]. Recently, Kannan,
Vempala, and Vetta [42] gave a compelling clustering bi-criteria and a spectral algorithm
which produces clusterings of quality similar to the optimal clustering.

Feige and Kilian [31] consider an alternate model for describing the performance of
“empirical” algorithms. For the problems of bisection, coloring, and clique, a random graph
is produced as before. However, they now allow an adversary to “help” the algorithm,
perhaps by including additional edges between color classes, or removing non-clique edges.
[31] give algorithms that address these problems when the objects are of linear size. While
this model is interesting in these three domains, it does not seem to generalize to planted

partition problem.

5.1 Spectral Graph Partitioning

It is now time to identify projections and delve into their particulars. Recall that Parti-
tion works when the projected columns P(@u) are close to the original columns G, and
the columns in G from different parts are distant. We can codify this in the following

observation.

Claim 30 Let Py, and P» be defined as in Partition(é, k, Sm,T), and let A and B represent
the division of the columns of G analogous to the division of the columns of G. Assume that

for all u
IPL(Ay) — Al <y and  [P(Ay — Ay)| < 7
|P2(Bu) = Bul <7 and  |Py(By— Bu)| <2
If when (u) # ()
Gu =G|l = 4(n+72)

then Partition(@, ky Sm,2(m1 4+ 72)) is equivalent to 1.
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Proof. The main gist of the proof is that we may place a bound on
[Hy — Hol = [Gu = Gol| < 2(m1 +72)
Therefore, provided that |G, — G| is at least 4(y1 + 72), then ¢ (u) = ¢(v) iff
|Hy — Hy| < 2(71+72)
By using 7 = 2(y1 + 72), Partition(@, k, $m, T) recovers the correct partition. [

The challenging question is now: “Given A and B , can we compute projections P; and
P, with small values of y; and ~97” Theorems 31 and 32 bound these values for two different
computable projections. Theorem 32 involves CProj and largely surpasses the results of
Theorem 31, but the latter is pleasingly simple and (in the author’s opinion) more natural
than Theorem 32.

Before we barge into any proofs or other discussions, we need to define a few terms.
With high probability, the size of each part of 1) when restricted to A (or B) is close to
half the original size of the part. Let s;(A) and s;(B) denote the sizes of part v; in each of
A and B. Let s,; be a lower bound on these sizes. The variables 4, j will lie in the range
{1,...,k}, whereas the variables u,v will lie in the range {1,...,n}. We will occasionally
use notation such as G; to refer to the column of G that corresponds to nodes in part .

Likewise, we will use 5, to refer to the size of the part containing w.

5.2 A Traditional Spectral Result

A natural projection to consider for P, is the projection onto the first k left singular vectors
of A. As they are the best basis to describe ﬁ, we might imagine that they will capture the

structure of B as well (the columns of A and B are the same).

Theorem 31 For o > 8log®(n)/n'/2, with probability at least 1 — 28, for all u

|pg“>(3u)_3u| < 50v/n/su(A)
1PY (B, — B,)| < 2v/klog(2kn/0)
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Proof. We address the first inequality first. Note that the column B,, appears s, (A) times
in A. Consider the vector z which has a 1 in entry v if A, = B, and 0 otherwise. Notice

that Az = |2|?B,, and that |z|*> = s,(A). The definition of the Ly norm requires that

(1 = PL) Az| /2]

IN

I(1 = P Al

(= PO)B, < || PP)A|lp/ 2]

As such, we will now work to bound |[|(I — P%k))AHg. Notice that by the triangle inequality:

(1 = PA < (= PEYAJp +[|(1 - PLY)(A - A)]2

We now bound each of these terms by ||A — A],. The first term equals |A — A®)]||5, and by
the optimality of AR is only made larger if we replace A®) with A, itself a rank k£ matrix.
In the second term, (I — Pj%k)) is a projection matrix, and has norm 1. Applying Corollary

17 bounds, with high probability
A=A, < 40vV15n

The second inequality to be proved is a direct application of Azuma’s inequality (as Corollary
15), as P%k) (By — Eu) is the projection of a vector of independent, zero mean random
variables onto a fixed, k-dimensional subspace.

We increase the failure probability § by a factor of 2 to account for the failure probability
of Corollary 17. [ |

While this result is indeed quite strong, it is not quite strong enough to get all the results
that we would like. The problem is the absence of a ¢ term in the second bound, which
we will work to introduce in the next section. While this will prevent us from analyzing
low variance situations such as very sparse graphs, it suffices for clique bounds, proving

Corollary 29, and the dense graph bisection cases.

5.3 Combinatorial Projections

We now present the algorithm CProj and analyze its performance. In this algorithm, and

in its discussion, we use the notation A\f This is the vth column of the transpose of 121\,
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equivalently the vth row of /T, which is a vector of roughly n/2 coordinates. At a high level,
CProj attempts to cluster the rows of A, and uses these clusters to define a subspace for

the columns.

Algorithm 2 CProj(X, sy, 7)
1: while there are at least s,,/2 unclassified nodes do

2:  Choose an unclassified node v; randomly.
3 Let v = {u: | XL - XT| <7}
4:  Mark each u € 122 as classified.

5. end while

=)

: Assign each remaining node u to the @E minimizing |X£ - X7.
7: Let ¢; be the characteristic vector of 1@

8: Return the projection onto the space spanned by the ¢;, equal to

/\/\T
C;C;
ORI o
‘ ~ [cil?

If the ¢; were the characteristic vectors of 1), this projection would be exactly Pjgk).
Instead, we will see that the ¢; are not unlike the characteristic vectors of 1, differing in at

most a few positions.

Theorem 32 Let G be generated according to the Planted Partition Problem, and let A

and B represent a random partitioning of the columns of G. Foro > 8log?(n)/n'/?, if

when (u) £ P(v)
|Gy — Gy| > 640+/nklog(k)/sm
then with high probability, letting Pg(k) = CProj(A, k, sm,320+/nklog(k)/sm),

IP¥(B,) = By < 1280+/nk/sm
IP¥(B, — B,)| < 4o\/klog(kn) + 4log(nk)/k/sm

with probability at least 3/4.
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Proof. The proof is conducted in two parts: Lemmas 34 and 35 bounding the first and

second term, respectively. Theorem 6 combined with Theorem 16 provides the bound:
IG—=G®|r < 160Vkn

which in turn bounds ||A—/T(k) ||F, as is needed by Lemma 34. As well, with high probability,
the sizes s;(A) and s;(B) are all at least s;/4. Note that we multiply the bound of Lemma
35 by 2 to lower the failure probability below 1/n. ]

We start our analysis by proving a helper lemma.

Lemma 33 Under the assumptions of Theorem 32, if T is such that when ¥ (u) # ¥ (v)

AL = ALl/2 > 7 > A= X|lpylog(k)/sm

then with probability at least 3/4 each of the k nodes v; we select in CProj will be drawn
from different parts of 1, and will each satisfy

AL — X1 < 1/2

Proof. Let us call any node u that satisfies |[AL — XT'| < 7/2 “good”; others nodes will be
called “bad”. Notice that if at each step we do choose a good node, then by using radius 7
we will mark all the good nodes from the same part as u, and no good nodes from any other
part (as the AiT are assumed to be separated by 27). If we only ever chose good nodes, the
proof would be complete.

So, let us look at the probability of choosing a bad node at a particular step. For every

bad node u, by definition 1 < 2|AL — XT|/7  and so
IBAD| < > A4JA] - X[]?/7?
u€EBAD
< 44 - X|E/7?

By assumption, 72 > |[|[A — X ||% log k /s, and we establish that

|BAD| < sp/4logk
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However, notice that in the first iteration of CProj we have at least ks,, nodes to choose
from, and so the probability of choosing a bad node is at most (4klogk)~!. Indeed, at any
step i at which we have not yet chosen a bad node, there are still (k — i + 1)s,, nodes to
choose from, as we have only marked nodes from ¢ — 1 parts and all good nodes from the
remaining parts still remain.

The probability of selecting a bad node at the ith step is therefore at most
Prlv; € BAD] < ((k—i+1)4logk)™!

If we now take a union bound, we see that

kb —i+1)7!

(v; <
Pr[Vvi(v; € BAD)] < Tlog k

Q

1/4

As we choose only good nodes, and at each step mark all good nodes associated with a

particular part, each selection must be from a different part. ]

Lemma 34 (Systematic Error) Under the assumptions of Lemma 33, with probability

at least 3/4, for all u

G — PP (@GP < 16]|A— X|%/su(A)

c

Proof. We start the proof by defining the matrix E, of dimensions equivalent to A, whose

entries are set as

Eow = Gauyp)

We can view E as what the matrix of probabilities A would look like if its columns obeyed
the partition 9 but its rows obeyed the partition 1Z

Notice that the columns E, lie in the space spanned by the ¢;, the basis vectors for the
projection Pg(k). On the other hand, Pg(k)(Gu) is the vector in the space spanned by the ¢;

that minimizes the distance to G,,. In other words:

G — PP (G| < |Gu—E,

= |Au - Eu’



65

For all columns v such that ¥ (v) = ¥(u), both A, = A, and E, = E,, and so

|Au—Eu|2 = Z | Ay _Ev|2/5u(A)
vih(v)=1h(u)
< |JA— E|}/su(A)

To make the transition to ||A— X% in the numerator we will consider the rows of A— F,
or equivalently, the columns of AT — ET. If vertex u is correctly classified in {b\, then EI
equals Ag and their difference is 0. Alternatively, consider a node u that should have been
associated with a node w, but was instead associated with v. As u was associated with v

instead of w, it must be the case that X! was closer to X than it was to X1:
Xo =Xy < 1Xy = Xy

In the next two steps, we first rewrite the terms above, noting that AT = AT’ and second

apply the triangle inequality
(X = AL) + (A, = AD) + (A =X < (X = Ay) + (45, — X))
Ay — A — 1Ky — Ay = 1A = X < Xy — AL+ (A, — X
We rearrange terms and apply Lemma 33 to bound |AT — XT'| and |AL — XT| by 7/2.
A — Ayl =7 < 21X, — A
Our assumed lower bound |AL — AT| > 27 from Lemma 33 leads us to
AL = AV1/2 < 20X0 - Ay

Recalling that AL = AT and AT = EI:

DAL BN/ < oAy - AP
u

u

lA-Elf: < 16]4- X

which, when substituted above, concludes the proof. [ |

Next, we prove that the projection of the rounding error in the subspace Pg(k) is small.

This argument is little more than a dressed up Chernoff bound, although some care must
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be taken to get it into this form. It is also important to note that, while the notation does

not reveal that Pg(k) and @u are independent, the former is based on a set of columns which

do not contain @u

Lemma 35 (Random Error) Let 02 be an upper bound on the entries of G. With prob-
ability 1 — 0

PY(Gy =GP < 4ko®log(k/) + 8k 10g*(k/3) /sim

Proof. Notice that the vectors ¢; used to define our projection are disjoint, and therefore
orthogonal. As such, we can easily decompose |P5(k) (Gy—Gy)| into a sum of k parts, defined
by the vector’s projection onto each of the basis vectors ¢;/|¢;|.
PG =GP = (@ (Gu =G/ lEP
i<k
We consider each of the k terms separately, observing that each is a sum of independent
random variables with mean zero. Noting that the entries of G are independent 0/1 random
variables, we apply a form of the Chernoff bound from Motwani and Raghavan [58], which

says that for a sum of 0/1 random variables, X,
Pr|B[X] - X|>t] < max{exp(—t*/4p), exp(~t/2)}
If we apply this to our sum, we see that
Pricl(Gy — Gy) > tY?] < max{exp(—t/4p), exp(—t"/?/2)}
where,

NN
w=FElc;G,] < Z max Gij
veEY;

max; j G;; is bounded by o, and the number of terms in this sum is at most 5, > s,,/2.

We therefore instantiate
t = 4o*log(k/5) + 8log*(k/d)/sm

and apply a union bound, concluding that all of the k terms are bounded by ¢ with proba-
bility at least 1 — 6. ]
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5.3.1 Undirected Graphs: Fxcluding Self-Loops

We noted in the introduction to this chapter that most undirected graph models do not
admit self-loops. In its present form, our analysis does not apply to such graphs. We now
go through the details required to extend the analysis to such undirected graphs.

There are two sources of error that we bounded in Lemmas 34 and 35: error in the
computed subspace, and error in the projection of the random vectors, respectively. For
the first lemma, notice that the main property of A — A used was that its norm is bounded.
If we consider the squashing of diagonal entries to be additional, non-random error, we see
that its norm is bounded by 1, as it is a diagonal matrix whose entries are either —1 or 0.

The second lemma argued that the projection of the [0/1] vector G, onto the provided
basis behaved much like its expected vector, G,,. This projection is analyzed by considering
the sum of the [0/1] terms corresponding to each of the parts defined by . If we clamp one
of these values to 0, we decrease the number of terms in the sum, and therefore decrease
its variability. However, the expectation of this sum is now off by Gy, /s, for column ¢;
the other sums stay the same, as éuu is only accumulated into one sum. If u was a good
node, there are at least s,/2 other terms of equivalent magnitude, and this clamping can
be viewed much like the event that any one of these terms resulted in a 0. If v was bad, we

have avoided contributing Gy, /S, to the wrong sum, actually bringing Pg@u closer to G,,.

5.4 Observations and Extensions

For the most part, the question of average case multisection, coloring, and clique is: “for
what range of parameters can we find a solution in poly-time?” The algorithm presented in
this paper also has the desirable property that it is not slow. Aside from the computation
of the matrix Pj%k), we require O(nk? + mk) time to partition and classify nodes.

Several recent papers have begun to address the problem of efficiently computing ap-
proximations to P%k)g. The optimality of Pf%k);l\ is not truly required; if one were to produce
a rank k£ matrix X instead of Pé\k)zzl\k7 the term \fT — X| could be introduced into the bound,

replacing occurrences of |A — g\ In the next chapter, we will examine algorithms which

quickly compute nearly optimal approximations. These approaches sample and scale en-
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tries, maintaining the expectation, but increasing the variance. Our analysis can be applied
trivially with the slightly larger variance, resulting in sub-linear time partitioning for a

certain (non-trivial) range of parameters.

5.4.1 General Graph Partitioning

Our restriction to unweighted symmetric graphs is purely artificial. The bound of Theorem
16 applies equally well to weighted, non-symmetric matrices if we apply the J(M) transfor-
mation of Jordan (at the expense of a v/2 term). Perhaps even more interesting, at no point
have we actually required that our matrices be square. Our analyses have tacitly assumed
this, but they can easily be rewritten in terms of n; and ne, should the input matrix be

n1 X ng dimensional.

5.4.2  Parameterless Partitioning

The principal open question of Condon and Karp [22] involves the problem of partitioning
a graph when either the part sizes or number of parts is unknown. For our result we need
only a lower bound on the sizes, and an upper bound on the number of parts. These two
bounds do occur in the requisite lower bound on |G, — G,|, and if they are too loose we
risk not satisfying this bound. Otherwise, the algorithm performs properly, even without

precise information about the size and number of parts.
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Chapter 6

EIGENCOMPUTATION

In this chapter we will look at improved methods for computing low rank approximations,
and the associated singular subspaces. Before doing so, we briefly visit a common technique
for computing them. We will look at the simplest approach, both because it is commonly
used, and because its simplicity will allow us to easily make several beneficial modifications.

The approach is called Orthogonal Iteration, and operates as follows:

Algorithm 3 Orthogonal Iteration (A, X, )
1: for 1...7 do

2. Let X = Orthonormalize(AAT X).

3: end for

4: Return X.

We then use P)((k)A as Pflk)A. Notice that this algorithm does little other than repeatedly
multiply vectors (the columns of X) by AAT. Orthonormalization is generally performed
by Gram-Schmidt, where one orthogonalizes each vector only against those that precede it,
but other approaches also make sense. For example, Raleigh-Ritz acceleration results from
setting X to the left singular vectors of AAT X.

While this algorithm is quite simple, it is not obvious that such an approach should

result in anything useful. Indeed, it does, and the convergence is rather quick.
Theorem 36 For any A and orthonormal X, let Y = Orthogonallteration(A, X,1).

% k k
|7 - PP, < (Uk+1<A>>2 = PO,
A My = or(A) Uk(Pf(,k)P)((k))

Proof. The proof, while short and elegant, requires a few concepts we have not covered.

It is omitted here but can be found as Theorem 8.2.2 in Golub and Van Loan [36]. [
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6.1 Accelerated Eigencomputation

In this section we will examine two specific techniques within a broad framework of accel-
eration techniques for eigencomputation. Both techniques are based on the introduction
of computationally friendly error into the matrices. The error will accelerate orthogonal
iteration, and we will be able to prove that the produced result is not too far from the
desired matrix.

The two techniques we examine are random sparsification and random quantization of
entries. Both perform independent random operations to every entry in A, resulting in a

random matrix A, whose expectation is equal to A, and whose variance is modest.

6.1.1 Random Sparsification

This technique is simple in description: we randomly zero out entries in the input matrix.

Random Sparsification(A, p):

Compute and return A\, where for each Eij we independently set

A;ij/p  with probability p

)

ij =
0 otherwise

Notice that E [2”] = A;j, and the variance of each term is bounded by |4;;|?/p, which

means we can apply Corollary 17 and get

Lemma 37 For any matriz A whose entries are bounded in magnitude by b, we can produce

a matriz A with p times as many non-zero entries such that

1A= DP)r < aby/km +n)/p

As the matrix A has p times as many non-zero entries, the multiplication step of Or-
thogonal Iteration takes p times as long. Furthermore, we have only p times as much data
to store, enabling the use of main memory in place of disk for small p. It is also possible to
avoid flipping a coin for each entry: instead we produce a random variable from a geometric

distribution indicating the number of entries we should skip over. This has the advantages
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of producing A with fewer random bits and only probing A at the locations we intend to
retain. This last feature is very important in many machine learning problems where each
entry of A is the result of extensive computation, and avoiding such computation leads to

large performance gains.

6.1.2 Random Quantization

Quantization is similar in spirit, though perhaps slightly more complicated. We wish to
quantize each entry to one of two values. Given that the expectation must work out to A;;,

we tailor the probabilities appropriately.

Random Quantization(A):

Let b = max; ; |A;j|. Compute and return A, where for each A\ij we independently set

~ +b  with probability 1/2 4+ A;;/20b
—b  with probability 1/2 — A;;/2b

Notice that as before, F [A\Z]] = A;;, and but here the variance of each term is bounded by
b? Intuitively, there is some sense to the probabilities. They are roughly equal probability

(1/2 apiece) weighted to favor the appropriate sign. Again, Corollary 17 yields

Lemma 38 For any matriz A whose entries are bounded in magnitude by b, we can produce

a matriz A whose entries are each one of £b, such that with high probability

1A= DPr < 4by/km 1 n)

As each entry is one of two possible values, we can represent each by a single bit. While
this has nominal complexity implications, the degree of compression this will achieve in
typical modern systems using double precision floats is a factor of 64. Indeed this scheme
gives a solid analytic foundation for the use of limited precision numbers, provided the

rounding is performed randomly.

6.1.3 FError Bounds

In general, spectral techniques are applied because the data is thought to have strong

spectral structure. It would therefore not be unreasonable to posit that our input data is a
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perturbation of either low rank data or data with a spectral gap. To keep our discussion as
general as possible, we will make neither of these assumptions, and instead work with our

results for general matrix perturbation, Theorems 10 and 13.

Rather than restate these theorems here with our now traditional instantiation of ||(A —
f/l\)(k)HF, we give a high level argument for why, independent of any specific perturbation
bounds, these acceleration techniques should be acceptable. Firstly, one assumes that the
data miner is interested in the optimal rank k& approximation for the purposes of removing
noise from the input, and has therefore tacitly agreed that such noise may exist and that
whatever algorithm they intend to employ will operate properly despite the presence of
random error. The techniques of random sparsification and quantization that we proposed
in this section involve only the addition of independent, mean zero random error to the

input matrix, perhaps the most benign class of random error.

6.1.4 Combining Sparsification and Quantization

While each approach above is useful in its own right, combining sparsification and quanti-
zation is not trivial. Much of the representation cost of a sparse matrix lies in describing
its sparsity structure, not in storing its entries. A typical representation stores the non-zero
elements as a list of (row, col, val) triples. Compressing the val field to a single bit does not

result in substantial compression overall.

We may address this problem in practice by noting that the sparsification process is the
result of a pseudo-random process that we control. Given the seed psuedorandom number
generator, we could re-run the sampling process, generating indices on the fly. Assuming
that we have quantized and recorded the corresponding entries, regenerating the list of
indices and reading the associated entry data reconstructs the matrix for us, allowing us
to perform fast matrix multiplication without explicitly transcribing any more than a few

quantized entries.
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6.1.5 Enhanced Random Sparsification

While we have defined sparsification in terms of a single omission probability p, there is no

reason each entry could not be omitted with a different probability. Consider

General Random Sparsification(A, P):
Compute and return E, where for each Eij we independently set
~ AZ_]/PZ_] with probability Pij
ij =
0 otherwise
In light of Theorem 16, whose bound relies only on the mazimum variance of of the entries

in A, we might choose (again using b = max; ; | A4;j])
Py = pldyl/v*

With such omission probabilities, the variances of the entries ﬁij are bounded by b?/p. This
is the same variance bound we established when using the global omission probability p.

On the other hand, we have lowered the number of retained entries from pmn to

Elentries] = Zp[Aij 2 /b?
1,J
pllAlE/b?

This quantity is at most pmn, and equal to pmn only when all entries in the matrix have
identical magnitude. If there is any variability in the magnitude of the matrix entries, we

have retained fewer entries without increasing the error bound provided by Theorem 16.

Remark: We must be careful in discounting the probabilities too low, as there is a range
constraint in Theorem 16 which may be violated. For very small entries, we run the unlikely
but possible risk of a very large entry when we divide by an exceedingly small p;;. We must
therefore, for technical reasons, constrain p;; to be at least |Aij|210g3 n/ \/7% Viewed
differently, at a particular threshold p;; begins to decrease proportionally to |A;;| as opposed
to |A;j|%. The number of additional entries we expect to see due to this thresholding is

bounded by 4n log® n.
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6.2 Incremental Eigencomputation

The majority of large data sets, perhaps by virtue of their size, experience little relative
change on a daily basis. A vast amount of data does change, but compared to the total
amount of data, the change is not overly large. Furthermore, when change does occur it is
likely to be cosmetic, the latent structure remaining constant.

In this section we will examine an incremental algorithm for computing singular vectors,
using Orthogonal Iteration as its base. Orthogonal Iteration is an iterative algorithm,
meaning that it takes an approximation to the solution (in this case, an approximation
to the left singular vectors) and improves them. If they are good to begin with, fewer
improvement steps will be required to return to a desired accuracy. Orthogonal Iteration,
combined with information about the number of steps required, becomes an incremental
algorithm for eigencomputation.

Analysis of singular vectors can often be made much easier by assuming that there is
a gap in the singular values. That is, there is an index k such that o — opy1 is large.
We made this assumption in Chapter 3, and it is certainly the case in many matrices (the
pagerank transition matrix, for example). This assumption will be central to the result we
now prove, though the possibility of a gapless bound remains high.

In the following theorem, A and B are two data matrices, B resulting from an incre-
mental change to A. X spans a subspace that approximates A well, and Y will result from

Orthogonallteration(B, X, 1).

Theorem 39 For any two matrices A and B of like dimensions, let § = ||A — B||2/0x(A).

If X is an orthonormal matrix such that
I =B < e

then, letting Y = Orthogonallteration(B, X, 1)
Gr1(B)\*  e+0
5(B) ) 1= (e+op
Proof. Recall from our discussion of Orthogonal Iteration that
~ i k k
akH(B))? (= PP
7x(B) 125" PRl

(- PYYPD, < (

1@ - PYYPB), < <
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Stewart’s theorem (Theorem 9) tells us that ||( — P](gk))P)((k)Hg is close to ||(I — Pflk))P)((k)||2.

k k k k
(7= PSP < (1 = PPl + 6
< €49

Recall now that P)((k ) = P](B,k’,)P)((]c )+ (I— ch))P)((]C ). Let Vj, be the kth right singular vector of

Pék)P)((k). As V4 lies in the preimage of P)((k ), |P)((k) Vi| = |Vk| = 1. However, the Pythagorean
equality tells us that
PP = 1P PYVE (1= P POV

< IPRPOVE + (e + 6

From this, we conclude that

o (PP Py = |PY PPV
> 1—(e+90)?
With these bounds inserted into Theorem 36, the proof is completed. [ |

We are presumably interested in the number of iterations required to return to the bound
of € on the accuracy of our eigenvector estimate. We can calculate the number of iterations

from the formula, but instead let’s look at two cases of interest:

1. § is much larger than e: This is the common case when very accurate estimates are
required, or when one can not iterate the eigencomputation frequently. In this case,
we imagine that € + § is effectively J, and as such

21
_ ey py. o (oer(B)\T 0
=Pl < ()

Assuming that § is closer to zero than to one, we see that the number of iterations

required to return this bound to € is

log 26 /€
2log(ok41(B)/ok(B))

The relative sizes of § and € drive this bound.
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2. e is much larger than ¢: This can occur when only rough estimates of the eigenvectors
are required, or when one is diligent in performing iterations frequently enough that
large change does not occur at once. In this case, we imagine that € + ¢ is effectively

€, and as such

21
1= PPPY, < (2B
B Y - or(B) 1—¢?

We see that the number of iterations required is

iterations > _IOg(l_EQ)
~ 2log(ok41(B)/ok(B))

Here the number of iterations is determined only by the magnitude of €. Typically
1 — e will be bounded away from zero, and so the number of iterations can be thought

of as independent of €, § in this case.

6.3 Decentralized Eigencomputation

There are a many of settings in which it is difficult, either from a computational or social
perspective, to collect and process the graphs that we intend to analyze. In the setting of the
web graph the data is so massive that it may take many months with several dedicated links
to simply collect the data; processing it once collected then requires a dedicated cluster of
fully equipped machines. In the setting of the instant messenger graph, the link information
is not publicly available, and in many cases the participants have reason to prefer that this
information remain unavailable.

In this section we will observe a technique which pushes the computation of the SVD out
to the nodes that comprise the graph, using the assumption that a non-zero matrix entry
A;; implies that nodes 7 and j can communicate. The nodes will communicate along their
links, and each perform a trivial amount of computation. Their participation will allow us
to compute the singular value decomposition of the graph more effectively than in a central

setting:

1. The time taken to compute the singular value decomposition can be much less in the

decentralized setting. As each node contributes computing power, we can compute the
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SVD in time which is poly-logarithmic in the graph size. The aggregate computation

used will not be much larger than that used by the centralized approach.

2. We will require no central control. No single participant needs to provide a significant
investment, allowing a collection of simple peers to perform the operation. By the same
token no node can stop the others from performing the computation, and concerns of

authoritarian control (via censorship, for example) are assuaged.

3. We do not collect the link data. In fact, all that each node sees is aggregate information
collected by its neighbors. We will see that there are both efficiency and privacy

implications of this feature.

6.3.1 Decentral Orthogonal Iteration

Our approach is to adapt Orthogonal Iteration to a decentralized environment. Each node
1 will take full responsibility for the rows of X associated with it, denoted X;. Establishing
the vector X from P)((/LC ) is not difficult, as P)(f ) is typically specified as the outer product of
two n x k orthogonal matrices, the first being an excellent choice for X. As well, it is not

difficult for each node to compute (AAT X);: Note first that (AT X); is computed by
(ATX) = ) AyX;
J

As each non-zero A;; implies a communication link between ¢ and j, this value may be
computed by having each node i share X; with its neighbors. Likewise,
(AATX); = Y Aj(ATX);
J
which may be computed by having each node i share (A7 X); with its neighbors.

The central difficulty with applying Orthogonal Iteration in a decentral setting is the
orthonormalization step, and it is this operation that we now tackle. There are two steps
to our approach: first, we show that the process of orthonormalization can be performed
locally using a matrix which is small enough to be held by each node. This matrix is the

k x k matrix of inner products of the columns of AATX. Second, we show a decentral
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process which produces an arbitrarily good approximation this matrix, based on decentral
summation. Each node is able to compute its contribution to each of the inner products,

and the sum of these contributions results in the desired matrix.

We first describe how to orthonormalize a matrix using only the matrix of inner products.
To orthonormalize a collection of columns V = AATX in a central setting, one typically
uses the QR factorization of V', i.e. matrices ), R such that V' = QR, the k columns of () are
orthonormal, and the k x k matrix R is upper triangular. Orthonormalization is performed
by computing R and applying R~! to V, yielding Q. If each node had access to R, it could
locally compute V;R™! = Q;.

To compute R without explicitly collecting the columns of V| note that if we define

K=Vv1vV,

K = RTQTQR

= R'R

The decomposition of any symmetric positive definite matrix, such as K, into LLT for a
lower triangular matrix L is called the Cholesky decomposition, and is both unique and
easily computed. With a copy of K in hand, each node could thus compute R = L, and

by way of R~! conduct the orthonormalization.

Unfortunately, it is unclear how to provide each node with the precise matrix K. Instead,
we will have each node compute an approximation to K of arbitrarily high accuracy. To see
how, observe that K =), V;T'V;. Bach node i is capable of producing V;*V; locally, and if
we can sum these matrices decentrally, each node can thereby obtain a copy of K.

To compute this sum of matrices in a decentralized fashion, we employ a technique
proposed by Kempe et al in [44]: Each node maintains a value, initialized by the node.
Nodes then update their values by repeated application of a stochastic matrix, setting their
value equal to the sum of the contributions of its neighbors. Under certain assumptions on
the stochastic matrix, these values will converge to sum of the initial values, weighted by
the nodes stationary probability.

We will use for M the transition matrix defined by a random walk on the communication
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Algorithm 4 PushSum (M, val;, t)
1: All nodes synchronously perform

2: for1...tdo
3:  Set wval; = Zj M;jval;
4: end for

5: Return wal;.

graph. This has the advantage that all terms in the sum Zj M;jval; that are non-zero
represent a communication link. This sum is therefore easily performed by having each
node send its value down each of its incident links.

To approximate K, we start each node with their contribution to K, V;TVi. After many
iterations, this converges to Km; for each node, where 7 is the stationary distribution for
M. To extract K from this quantity, we conduct a parallel execution of PushSum, where
each node begins with a value w; = 0, except for one node which has a value of w; = 1. This
process will converge to m; at each node, and we may divide the result of the first PushSum
by that of the second to get our approximation to K.

At each node, this ratio converges to K at essentially the same speed as the random
walk on the communication network converges to its stationary distribution, as described

by the following theorem

Theorem 40 Let K! be the k x k matriz held by node i resulting from PushSum(V.'Vi,t),
and let w! be the scalar held by node i resulting from PushSum(w;,t). For any €, after

t > Thix - log(1/€) rounds
1K} /wi = Kllp < ekl[VF
Proof. The proof of this theorem appears in Kempe et al [45]. [ |

Combining this orthonormalization process with the decentral computation of AAT X,

we obtain the following decentral algorithm for eigencomputation, as executed at each node:
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Algorithm 5 Decentralized Orthogonal Iteration (A, X, iter, t)

1: Each node i synchronously performs:

2: for 1 ...iter do

3 Set V; = (AATX); = > ik Aij A X

4 Set K = PushSum(V,'V;,t)/PushSum(w;, t).

5. Compute the Cholesky factorization K = RTR.
6:  Set X; =V;R™ L

7: end for

8: Return X

We have been fairly casual about the number of iterations that should occur, and how
a common consensus on this number is achieved by the nodes. One simplistic approach
is to simply have the initiator specify a number of iterations, and keep this amount fixed

throughout the execution. More sophisticated approaches exist, but are not discussed here.

6.3.2  Analysis

We now analyze the convergence properties of Decentralized Orthogonal Iteration, and prove

the following main theorem:

Theorem 41 For any matriz A and orthonormal X, let Y = Orthogonallteration(A, X,1i).
For X such that || R™Y||g is consistently upper bounded by c, and for t > 4itmiy log(||All3¢/€),
letting Y = DecentralizedOrthogonalIteration(A, X, i,t) it is the case that

PP —POp < aet
Proof. Using the triangle inequality, and the fact that [|[Y]y = [|Y]l2 = 1,
2 S o s s
< N =YY Hlp+ YT =YT)lp
< 2V =Ylr

Lemma 42 bounds ||Y — 17H r for i =1, and repeated application of this lemma gives us the

desired bound for general 1. [ |
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The main focus of our analysis is to deal with the approximation errors introduced by
the PushSum algorithm. The error || K — K| drops exponentially in ¢, but after any finite
number of steps each node is still using different approximations to K, and thus to R~!. We
must analyze the number of iterations of PushSum required to keep the error sufficiently

small even after the accumulation over multiple iterations of Orthogonal Iteration.

Lemma 42 Let X and X be arbitrary n X k matrices, where X is orthonormal. Let X' =

Orthogonallteration(A, X, 1) and let X' = DecentralizedOrthogonalIteration(A, )?, 1,¢).
If

IX = X|lp+ek® < (2JABIR o) ~*
and t > Tpiz log(1/€) then
IX'=X'r < CIARBIRTD'UIX — X|F + k?).

Proof. The proof consists of two parts: First, we apply perturbation results for the
Cholesky decomposition and matrix inversion to bound |[R~! — 1?31_ |2 for all i. Second, we
analyze the effect of applying the matrices ]?EZ_ ! to the rows 172 instead of R~! to the rows
V;.

Notationally, we let V = AATX and V = AATX as well as K = VIV and K = VIV.

Each node ¢ will compute a matrix IA(Z which approximates K , and from it compute f{l— L
First off, notice that ||V = [|[AAT X2 < ||A||3, and the definitions V = AATX and
V = AATX give us that |V — V||r < ||A]2|X — X||p. Combining this bound with the

triangle inequality, we bound

IK - Kllp = [VIV-VTV|p
< VIV =D)lp+ (VT =V)V|p
< 2| AI3IX - X||F

Next, to bound ||K — IAQH 7, we use the triangle inequality, noting that our choice of ¢

implies that ||K; — K| < ek||V[|% < k2| A||4 for all i.

IK - Killp < |K—K|p+|K - K
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IN

2 AIRIIX — X[ r + ek?||All2

A

2 AR(I1X = X||F + ek?)

We apply two well-known theorems to bound the propagation of errors in the Cholesky
factorization and matrix inversion steps. First, a theorem by Stewart [67] states that if
K = RTR and K = RTR are the Cholesky factorizations of K and K, then |R — R||p <
|K~Y|2||K — K| #||R||2, which, applied to our setting, yields (using ||[K || < |R7Y2)

IR~ Rillp < [[K7 |2/l — Killpl|R|2
< 2 AISIRTHIBUIX — Xp + ek?)

Before continuing, we should note that our assumption on the size of || X -X | F+€k? bounds
IR = Rillr < |R7MIZ" /2

Next, we apply Wedin’s Theorem [71], used earlier in chapter 4, which bounds
IR~ =R 2 < IR 2B 2R — Rill

To bound H]/%Z_ U|2, recall that the singular values of R; are perturbed from those of R by at
most ||R — Ri|ls < |R~1|5%/2. This imposes a relative perturbation of at most a factor of

2 in the singular values of ||§;1|| Putting this all together,

IR~ = Rz 2| RYBIR — Rill2

IN

4RI AISAIX = X[ + k),

IN

concluding the first half of the proof.

In the second half of the proof, we analyze the error incurred by each node i applying
its own matrix ﬁ; Lto VZ This is a non-linear operation applied to 17, and so instead of
arguing in terms of matrix products, we must perform the analysis on a row-by-row basis.

We can write the ith row of X’ — X’ as

X/—-X] = ViR7'-ViR™!
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We will let C; = (V; — VZ-)}A%;l, and D; = VZ(}?;l — R71) and go on to bound ||C||r and
|D|| separately, thereby bounding || X’ — X’||p. To bound ||C||r, observe that

ICIF = DIV — ViR 3
SV = VilBIR 3

IV = V[T - max | B3,

IN

IN

Similarly, to bound the Frobenius norm of D we write
IDIF = D IViBR =R Y3
i
< VI max | B - RS,
1

We combine these two bound (taking square roots first), recalling our established bounds

on ||R; |2 and ||[R~" — Rz, and our bounds on ||V — V||p and ||V || £.

|X'=X'llp < V= Vilp- max R 2 + [V p - max||R7 — R

2 AR 211X = X[ F + 4| AISIRTHZ(1X — XIp + k)

A

< IABIR 2)* (IX = X|r + ek?)
completing the proof. ]

Lemma 42 indicates that | X — X || ¢ effectively grows by a factor of up to (2| R™!| | Al13)*
with each iteration, starting at ek?. While this exponential growth is worrisome, Theorem
40 shows that the error e¢ diminishes at a rate exponential in the number of PushSum
steps. Choosing ¢ sufficiently large, we make e sufficiently small to counteract the growth

of |X = X|p.

6.3.8 Discussion

The main assumption of Theorem 41, that ||R~!||2 is bounded, raises an interesting point.
| R~!{|2 becoming unbounded corresponds to the columns of X becoming linearly dependent,
an event that is unlikely to happen outside of matrices A of rank less than k. Should it

happen, the decentralized algorithm will deal with this in the same manner that the central
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algorithm does: The final degenerate columns of X will be filled uniformly with garbage.
This garbage will then serve as the beginning of a new attempt at convergence; these
columns are kept orthogonal to the previous non-degenerate ones, and should converge to
lesser eigenvectors. The difference between the centralized and decentralized approaches is
precisely which garbage is used, and we are unable to prove that it will be the same.
Notice that even if ||R™!|| is large for some value of k, it may be bounded for smaller
values of k. ||[R™!||2 becomes large when a degenerate column occurs, and if the preceding
columns are still non-degenerate we may characterize their behavior by performing our
analysis with a smaller value of k. In fact, to analyze the accuracy of column j it is best to

perform the analysis k = j, as any larger k will provide a strictly less tight bound.

6.4 Conclusions

In this chapter we examined several pitfalls commonly associated with eigencomputation: its
tendency to be large, its tendency to change, and its tendency to be distributed remotely. For
each of these problems we have seen remedies, and analyzed their efficacy. Our techniques
revolve around the now frequently observed fact that many spectral properties of matrices
are robust in the presence of noise. We used random perturbation to simplify the data,
accelerating the computation of a low rank approximation which approximates the original
well. We observed that incremental changes to the matrix could be accommodated by
continuing Orthogonal Iteration from the previous singular vectors, as they would be close
to the new solution. We finally observed that one can compute singular vectors in a manner
that is resilient to error, even when different participants see different results, allowing us

to decentralize the computation of singular vectors.
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Chapter 7

CONCLUSIONS

7.1 Contributions

In this thesis we have analyzed many results surrounding the application of spectral meth-
ods. They can be divided roughly into three classes. First, the modeling of input data and
problem dependent error, which characterizes the phenomena in data that we might hope
to recover, as well as the phenomena we may be able to filter out. Second, the design of
algorithms to solve several of the data mining problems posed; information retrieval, collab-
orative filtering, and web search being three examples. Finally, the improvement of general

spectral methods, through accelerated, incremental, and decentral eigencomputation.

7.1.1 Data Modeling

As an integral part of understanding when spectral analysis can be used, and what type
of structure it recovers, this thesis examined several important models for data. We have
modeled both the structure underlying “meaningful data” as well as random phenomena
that can be used to describe the discrepancy between the meaningful data and what is
observed. When the observed data can be described as meaningful data plus random error,
where each entry is independent, mean zero, and of limited variance, then we have general
results that indicate that spectral analysis will perform well.

We have looked at several models of ”structured data” that suits spectral analysis. While
there are an abundance of technical characterizations, the one that seems both technically
precise and intelligible is that of latent semantics. The term was introduced by Dumais et
al in [26], and corresponds to the existence of a small number (k) of latent attributes, where
each entity, be it document and term, page and link, or person and product, is described

by a k-vector giving a value to each of these attributes. These attributes are such that the



86

correspondence between any two entities is equal to the inner product of their k-vectors.

While much data and many correspondences may be structured as above, we rarely
observe any data that is. The data is almost certainly constrained by many practical phe-
nomena: terms exist in documents in integral capacity, people do not have the time to
rate their utility for every product. It is therefore important to understand which phenom-
ena can have a significant effect on spectral methods, and which phenomena are relatively
harmless. Perhaps more importantly, in understanding which phenomena are benign, we
can look for ways to transform the data so that significant error becomes benign error, as
done for collaborative filtering in Section 3.4.

The characterization of benign random phenomena that we achieve centers around three

properties of the difference between the observed data and the expected data:

1. The entries should be independently distributed.

2. The entries should have mean zero.

3. The entries should have moderate variance.

We have seen several phenomena that fit this characterization, the most interesting being
quantization, as would occur when correspondences occur or not with some probability, and
omission, where entries and simply replaced by zero (or some “absent” placeholder). As
noted above, omission actually requires a transformation to the data to become benign, and
it was only through understanding what makes a phenomena benign that we determined
the correct transformation (namely, the scaling of observed data by each’s observation prob-

ability).

7.1.2  Algorithm Design

We have examined many data mining problems, producing varied solutions based on spectral
methods. For the problems of data cleaning, information retrieval, and collaborative filtering
we have seen that the optimal low rank approximation to the input matrix can serve as a

good approximation to the original data, from which we establish the correct answer. We
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examined a detailed algorithm for web search, which takes two sources of input data, text
and links, and learns the correlation between the two, allowing us to transform search queries
into linked pages. Finally, we considered a class of algorithms for random graphs which seek
out planted structure in these graphs, in the form of cliques, colorings, and bisections, and
we then unified these results into a common framework, simplifying the analysis in the
process.

In Chapter 3 we studied several problems that have fallen under the heading of data
mining. Data cleaning, information retrieval, and collaborative filtering are each tasks with
a rich history and a large collection of approaches. Omne technique that had seen much
unexplained success was LSA, or latent semantic analysis, whereby one uses a low rank
approximation to the document term matrix to compute similarities instead of the document
term matrix itself. Papadimitriou et al provide a preliminary justification for this success
in [61], and we are much indebted to this work in motivating the formal study of spectral
methods in the data mining setting. We generalized their results to a broader class of input
matrices, admitting polysemous terms, documents of mixed topic composition, and much
greater deviation from the expected matrix in the form of random error. In understanding
the requirements for this analysis, it became clear that collaborative filtering could be
addressed in a similar manner, so long as one normalized each entry by its observation
probability.

Chapter 4 conducted an in depth analysis of the role of spectral methods in web search.
While there have been several previous spectral efforts in web search, HITS [47], Google
[37], Salsa [54], and Manjara [55] describing a representative sample, none provided an end
to end analysis of web search; each relies on a external component, typically a method
for producing good candidates for ranking. We describe an algorithm that unifies the
text retrieval benefits of LSA with the spectral ranking of most web search algorithms. It
operates on the belief that the same latent semantics underlie the generation of text and
links, and by conducting a unified analysis of the data we may learn the connection. In the
context of such a model, outlined explicitly in Section 4.3, our algorithm provides results
that approach optimal as the number of search terms increases.

Finally, in Chapter 5 we observed a common thread between many algorithms for mining
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structured random graphs. Such graphs have an interesting combinatorial object embedded
in them, such as a large clique, small coloring, or noteworthy bisection, but are otherwise
random. Many approaches have emerged for recovering these objects, and the algorithms
that uniformly outdistanced the others were each spectral in nature. However, each ap-
proach was specialized, and the analysis largely opaque. We unified these results through
the simple observation that for each of these models, the random graph is defined by a k x k
block matrix of probabilities. We then present an algorithm which on such an input is ca-
pable of recovering the latent partition, corresponding in the special cases to recovering the
clique, coloring, and bisection. The generalization admits solution of more general problems

not discussed before, such as the identification of abnormally sparse/dense subgraphs.

7.1.3 Improved Eigencomputation

There are three techniques that we have considered to improve and extend traditional
eigencomputation. Each technique is simple enough that we only need to apply a modified
form of orthogonal iteration, and each can be combined with the others and thereby enjoy
all the beneficial properties. All approaches are based around the perturbation theory
of random matrices, leveraging the observation that we may efficiently compute nearly
optimal solutions, and are much more efficient. All approaches provide sharply stated high
probability bounds on their performance.

Traditional eigencomputation methods such as orthogonal iteration and Lanczos iter-
ation operate by repeated matrix vector multiplication. We considered the approach of
applying random sparsification and quantization to entries of a matrix, and observed that
the optimal approximation to the resulting matrix is nearly optimal for the original matrix
as well. For both the Frobenius and L2 norm the amount of error that is introduced into the
approximation is proportional to the L2 norm of the random matrix that is the difference
between the initial and perturbed matrices. We have argued in previous chapters that this
amount is relatively small, and if the data can not withstand this degree of perturbation

one should not expect spectral methods to work in the first place.

Most, if not all of the large data sets that present challenges to data miners undergo only
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incremental changes. While individual rows and columns may come and go, the fundamen-
tal trends that underlie the data set do not change rapidly. We have shown an incremental
approach to eigencomputation which makes use of previous results. The main observation
is that if the input matrix is perturbed slightly, then only a few iterations of orthogonal
iteration are required to take the old eigenvectors to the new. The number of steps re-
quired is proportional to the change that has been effected, and so the more frequently the
recomputation is performed, the less time it takes, leading to a positive feedback cycle.
Finally, we examined orthogonal iteration in a purely decentral setting, where each node
is only capable of limited computation, communication, and storage. In such a setting,
no small group of nodes can perform the eigencomputation without the cooperation of the
other nodes in the network. We have seen a decentralized implementation of orthogonal
iteration which maps precisely onto the communication network of the graph. This algo-
rithm naturally and efficiently distributes the computation amongst all nodes, resulting an
an implementation where, if we seek k singular vectors over ¢ iterations, each node performs
O(k3i?) computation, transmits O(k%i?) messages, and uses O(k?) space. What is more,
the entire computation concludes in O(k3i?) steps; far sooner than any distribution of the
O(|F|i) computation over any small set of nodes. Finally, the approach has several ben-
eficial implications, notably enabling both natural freshness and a form of privacy in the

eigencomputation; issues which have arisen in traditional eigencomputation.

7.2 Future Research

We now highlight several areas of research which are suggested by this thesis.

7.2.1 FExperimental Evaluation

Much as experimental results, in the form of the unexplained success of LSA [26], initially
gave rise to this line research, the time appears right to complete the circle and bring
the theories and understanding formed herein back to the practical realm. Several of the
theoretical results have stumbled on certain issues that have largely been ignored in prac-

tice. These issues are resolved theoretically through algorithmic alteration, and it is worth
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evaluating these changes in practice to see what gain can be had.

Degree Normalization

A significant problem, first noted by Mihail et al in [57], lies in sparse graphs with non-
uniform degree distributions. These graphs, including the ubiquitous graphs with power law
degree distributions, will have their spectrum dominated by the nodes of highest degree,
resulting in essentially meaningless principal eigenvectors. The issue, it appears, lies in the
fact that the variances in the entries of such a random graph model are not uniform; in
a simple model, the variance of matrix entry A;; is proportional to \/M’ the geometric
mean of the degrees. This non-uniformity in variance means that when applying Theorem
16 we must use as the bound the largest variance in the matrix, which has little to do with
the variance of the typical entry.

Work has begun on an algorithmic modification to address this issue. In particular,
given a matrix A and a diagonal matrix D where D;; is the degree of node i, we construct

the matrix
I — D-Y24p-1/2

Notice that if the edges from a node are the result of sampling d; times from a given
distribution, the variance of each row will scale with d;. This normalization factor is chosen
so as to unify each of the variances, and the bound we attain using Theorem 16 is now
representative of the average variance.

Initial empirical results in graph partitioning suggest that this algorithmic modification
is crucial to good performance. Indeed, the deficiencies observed in [57] do appear, cen-
tering parts trivially around the nodes of highest degree. Using the matrix L instead, the

partitioning results improve dramatically.

Cross Training

Much trouble is caused theoretically by the projection of a random data set onto its own
eigenvectors. This summons the bugaboo of conditioning of random variables, and it be-

comes impossible to argue about the concentration of any one row or column near its
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expectation. In Theorem 21 we argued that such projection yields a bounded total squared
error, but few guarantees could be made about any one point. Far preferable is to show that

the error is spread out, and that each node is unlikely to deviate far from its expectation.

This issue was addressed theoretically by cross training; the data set is split in two pieces,
each producing the subspace on to which the other is projected. The conditioning between
subspace and random vectors is now gone, and the belief is that each of the produced
subspaces should be nearly as good as the original. There is now an empirical tradeoff to
examine: is it more valuable to remove the conditioning at the expense of fewer examples in
each eigencomputation, or is the conditioning harmless in contrast with the instability that
may result from only training on half the examples? Further, is there merit in performing
more computationally expensive cross-training, for example projecting each column onto

the subspace produced by the other n — 1 columns?

7.2.2  Data Compression

A recent algorithm of Kleinberg and Sandler for collaborative filtering [46] gives us a mar-
velous example of how to reformulate the interface to a problem to produce data that is
substantially more useful. Collaborative filtering as described in chapter 3 suffers is practice
from the general reluctance of users to provide arbitrarily large amounts of data. Kleinberg
and Sandler address this issue by not studying the person x product utility matrix U, but
rather the product x product covariance matrix U7 U. By asking each user to choose two
products ¢, 7 at random and evaluate the product of their utility, adding the result to entry
U Ty lij, they produce a matrix which approaches the covariance matrix as the user base
increases, and yet no one user must provide more than two pieces of data.

This approach provides even more benefits than simply enabling data mining for easily
distracted users. First the problems of learning and recommendation are decoupled. In
the approach of Chapter 3 the user provides one set of data, from which the system must
both learn and provide recommendations. In the approach of [46], there is an initial learning
stage which requires very little commitment from the users. Once the learning is done, users

may ask queries of arbitrary precision, by presenting item sets of arbitrary complexity. The
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quality of recommendations is therefore controller at query time, not established a priori in

the data collection phase

Second, there appear to be very solid privacy results about this new formulation. As
each user need only provide information about two entries in his vector, there is little that
can be said about the entirety of the user’s data. Chawla et al, in [20], argue that privacy of
a user is preserved so long as an adversary is unable to produce a point which is much closer
to one data point than it is to any other data points. This “isolation” indicates that the
adversary was able to learn most of the attributes of a data point to an alarming accuracy.
In the setting of [46] each individual only presents information about at most two of their
attributes, leaving the adversary with literally no information about the others.

Finally, it appears that this approach has the ability to overcome certain theoretical
shortcomings of the analysis of the person x product utility matrix. Namely, the random
perturbation theory that we have established does not fare terribly well in the presence of
unshapely matrices; the less square the matrix, the less useful the perturbation bounds. By
considering the covariance matrix, one is guaranteed a square matrix, and the number of

users growing large only benefits the accuracy of the matrix.

7.2.8  Spectral Methods and Data Fusion

Data Fusion is a name applied to techniques which take multiple facets of the same data
set and attempt to analyze them in concert. For example, the web contains pages, links,
and terms, and it would not be hard to imagine that would could analyze the three of
them together. We began this in Chapter 4, learning the term-link correlation by way of
their correlations with pages. However, it appears that there is a more rich and less ad-hoc
approach to this problem.

A tensor is a high dimensional analog of a matrix. Whereas a matrix can be viewed
as data indexed by two coordinates, row and column, a d dimensional tensor is indexed
by d attributes. Web data, for example, could be viewed as a collection of triples (p,t,1)
indicating that page p uses term ¢t to link to page I. Much as we were able to reconstruct

matrices and thereby predict entries and rank pages, we might like to do the same with



tensors.
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