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Abstract

Gossip algorithms for distributed computation are ativaatiue to their simplicity, distributed nature, and rolmests in noisy
and uncertain environments. However, using standard gadgorithms can lead to a significant waste in energy by tepba
recirculating redundant information. For realistic sensetwork model topologies like grids and random geometrapbs, the
inefficiency of gossip schemes is related to the slow mixinges of random walks on the communication graph. We propode a
analyze an alternative gossiping scheme that exploitsrgpbg information. By utilizing geographic routing combd with a
simple resampling method, we demonstrate substantiab gaier previously prgposed gossip protocols. For regulaplgs such
as the ring or grid, our algorithm improves standard gosgigaistors ofn and n respectively. For the more challenging case

of random geometric graphs, our algorithm computes thedwagage to accuracyuising O(% log ) radio transmissions,
which yields 1ogn factor improvement over standard gossip algorithms. Wistitate these theoretical results with experimental

comparisons between our algorithm and standard methodgpdiedito various classes of random fields.

Index Terms

Gossip algorithms; sensor networks; message-passingtafge; aggregation problems; consensus problems; lolisé&d signal
processing; random geometric graphs.

I. INTRODUCTION

Consider a network of sensors, in which each node collects a measurement in som@ityof interest (e.g., temperature,
light, humidity). In such a setting, it is frequently of imést to solve thalistributed averaging problermamely, to develop
a distributed algorithm by which all nodes can compute theraye of then sensor measurements. This problem and its
connection to Markov chain mixing rates has been studied¥er thirty years [10], [11]. It has been the focus of renewed
interest over the past several years, motivated by varippbcations in sensor networks and distributed controtesys. Early
work [10] studied deterministic protocols, known as comsssnalgorithms, in which each node communicates with eads of
neighbors in every round. More recent work (e.g. [12], [18}} focused on so-called gossip algorithms, a class of raizéd
algorithms that solve the averaging problem by computingcuence of pairwise averages. In each round, one node isrthos
randomly, and it chooses one of its neighbors randomly. Botites compute the average of their values and replace their o
value with this average. By iterating this pairwise avemggbrocess, the estimates of all nodes converge to the glokahge
under suitable conditions on the graph topology.

The averaging problem is an archetypal instance of digibsignal processing, in which the goal is to achieve a dloba
objective (e.g., computing the global average of all obstons) based on purely local computations (in this casessage-
passing between pairs of adjacent nodes). Although disé&tb averaging itself is a very specialized problem, eiffect
averaging problems provide a useful building block for sudvmore complex problems in distributed signal processing
Indeed, any averaging algorithm can be easily convertenl angeneral algorithm that computes any linear projection of
the sensor measurements, assuming that each sensor kreowsrtbsponding coefficient of the projection vector. Régen
such algorithms have been proposed for various problemsstftaited computation in sensor networks, includingrédisted
filtering, detection, optimization, and compression [Z&], [14], [15].

A fundamental issue—and the primary focus of this paper—ew Imany iterations it takes for any gossip algorithm to
converge to a sufficiently accurate estimate. These coamermgrates have received significant attention in recenk \j&ir
[8], [12], [13], [16]-[19]. The convergence speed of a netreighbor gossip algorithm, known as teeraging timeturns
out to be closely linked to thepectral gap(and hence the mixing time) of a Markov matrix defined by a Wwteg random
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walk on the graph. Boyd et al. [16] showed how to optimize tieghbor selection probabilities for each node so as to find
the fastest-mixing Markov chain on the graph. For certapetyof graphs, including complete graphs, expander graptis a
peer-to-peer networks, such Markov chains are rapidly mgixso that gossip algorithms converge very quickly.
Unfortunately, for the graphs corresponding to typicaleléss sensor networks, even an optimized gossip algoritm ¢
result in very high energy consumption. For example, a commodel for a wireless sensor network is a random geometric
graph [20], in which all nodes are placed uniformly at randonan area and can communicaje-with neighbors within some

fixed radiusr > 0. With the transmission radius scaling in the standard w&j g&r(n) = O( "’%), even an optimized

gossip algorithm require®(n?) transmissions (see Section 11-D), which is of the same oagdehe energy required for every
node to flood its value to all other nodes. This problem is didste Boyd et al. [16]: “In a wireless sensor network, Theorem 6
suggests that for a small radius of transmission, even ttedhaveraging algorithm converges slowly”, and thistkton is
intrinsic to standard gossip algorithms applied to suclplgsalntuitively, the nodes in a standard gossip protoc@kssentially
“blind,” and they repeatedly compute,pairwise averages wieir one-hop neighbors. Information diffuses slowlyotighout
the network—roughly moving distancek in & iterations—as in a random walk.

Accordingly, the goal of this paper is to develop and anabl#rnative—and ultimately more efficient—methods fovstg
distributed averaging problems in wireless networks. Werage the fact that sensor nodes typically know their lonat
and can exploit this knowledge to perform geographic rautimocalization is itself a well-studied problem (e.g.,,[$9]),
since geographic knowledge is required in numerous agita With this perspective in mind, we propose an algarithat,
like a standard gossiping protocol, is randomized andidiged, but requires substantially less communicationpicting
geographic information. The idea is that instead of exchpopformation with one-hop neighbors, geographic rogitian be
used to gossip with random nodes who are far away in the nktwire bulk of our technical analysis is devoted to showing
that the resulting rapid diffusion of information more thewmmpensates for the extra cost of this multi-hop routingcedure.

In effect, routing to far away neighbors creates an overl@aymunication network that is the complete graph, where an
edge is assigned a cost equal to the number of hops on the between the two nodes. For graphs with regular topology,
it is relatively straightforward to see how this additioralst is offset by the benefit of faster convergence time. éddévo
such examples, the cycle and the grid, are analyzed in ®eldtiszvhere we show gains of the orderand n respectively.
The more surprising result of this paper is that, by usingrgpi resampling technique, this type of benefit extendsrdom
geometric graphs—a class of networks with irregular togglthat are commonly used as a model of sensor networks formed
by random deployments.

The remainder of this paper is organized as follows. In $adti we provide a precise statement of the distributedayiag
problem, describe our algorithm, state our main resultdopdrformance, and compare them to previous results inténatlre.

In Section Ill, we analyze the performance of our algorittomgwo simple regular network topologies, the cycle and ttie. g
Section IV provides the proofs of our result for the randomrgetric graph model. In Section V, we provide a number of
experimental results that illustrate and complement oeottitical analysis.

Il. PROBLEM FORMULATION AND MAIN RESULTS

In this section, we first formulate the distributed averggimoblem in sensor networks and then describe our algorheh
main analytical results. We conclude with an overview anchgarison to related work.

A. Problem statement

We begin by formulating the problem of distributed averggamd specifying the technical details of our time and commu-
nication models.

1) Distributed averaging:Consider a grapld: with vertex setV = {1,...,n} and edge sefl [ V1x V. Suppose that at
time k = 0, each nodes (U is given a real-valued numbeg@—_ErEl, representing an observation of some type. The goal
of distributed averaging is to compute the averagg : = % <=1 2s(0) at all nodesof the graph. Consensus and gossip
algorithms achieve this goal as follows: at each time &let 0,1,2..., each node = 1,...,n maintains an estimates (k)
of the global average. We usg€k) to denote thex-vector of these estimates; note that that the estimateffatratit nodes
need not agree (i.exs(k) is in general different from:¢(k) for s & t). The ultimate goal is to drive the estimaték) to the
vector of average§a\,ef, wherel is ann-vector of ones.

For the algorithms of interest to us, the quantifk) for £ > 0 is a random vector, since the algorithms are randomized in
their behavior. Accordingly, we measure the convergence(hj to x(0) in the following sense [12], [16]:

Definition 1: Givene > 0, the e-averaging time is the earliest time at which the vectkt) is ¢ close to the normalized

true average with probability greater than- e:

=<e€
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where [Z1denotes thé, norm. Note that this is essentially measuring a rate of cg@rece in probability.



2) Asynchronous time modelWe use the asynchronous time model [16], which is well-meddio the distributed nature of
sensor networks. In particular, we assume that each seasaarhindependent clock whose “ticks” are distributed adeaXa
Poisson process. The inter-tick times are exponentiadlyriduted, independent across nodes, and independessaare. We
note that this model can be equivalently formulated in teaiha single global clock ticking according to a raie Poisson
process. By lettingZx denote the arrival times for this global clock, then thewdlial clocks can be generated from the global
clock by randomly assigning eactk to the sensors according to a uniform distribution. On ayerghere are approximately
n global clock ticks per unit of absolute time (an exact analysn be found in [16]). However, our analysis is based on
measuring time in terms of the number of ticks of this (viffugobal clock. Time is discretized, and the interyak, Zx+1)
corresponds to théth timeslot. We can adjust time units relative to the comroation time so that only one packet exists
in the network in each time slot with high probability. Noteat this assumption is made only for analytical convenignce
in a practical implementation, several packets might dster the network, but the associated congestion conteules are
beyond the scope of this work.

3) Communication costWe compare algorithms in terms of the amount of communinateguired. We will assume a
fixed communication radius and hence the number of one-hdip teansmissions is proportional to the total energy spent
communication. More specifically, 16t(k) represent the number of one-hop radio transmissions egjéir a given node to
communicate with some other node in the intefVal, Zx+1). In a standard gossip protocol, the quanfitgk) = R is simply
a constant, whereas for our protocfl(k) will be a random variable (with identical distribution foagh time slot). The total
communication cost, measured in one-hop transmissiongyés by the random variable

Ty
C(n, ) = R(k) . )
k=1

In this paper, we analyze mainly the expected communicatist, denoted b¥ (n, €), which is given by

E(n,€) = E[R(K)]Tave(n, €) - 3
Our analysis also yields probabilistic upper bounds on traraunication cos€(n, ¢) of the form

P Ot 0= f 0 = 5 ()

4) Graph topologies:This paper treats both standard graphs with regular togpiogluding the single cycle graph and
regular grid as illustrated in panels (a) and (b) respelgtioé Figure 1, and an important subclass of random graphb wit
irregular topologies, namely those formed by random geoongtaphs [20]. The random graph model has been used inqugvi
work on wireless sensor networks [16], [21]. More preciséihe random geometric graph(n, ) is formed by choosing
sensor locations uniformly and independently in the unitasg, with any pair of nodes andt¢ is connected if and only if
their Euclidean distance is smaller than some transmissidiusr. A sample from this random graph model is illustrated
in Figure 1(c). It is well knowr{26}-[22] that in order to nmiain connectivity and minimize interference, the trarssitn

radiusr(n) should scale like®( "’%). For the purposes of analysis, we assume that communicaiibim this transmission
radius always succeeds.

B. Proposed Algorithm

The proposed algorithm combines gossip with geographitimpuThe key assumption is that each nadknows its own
geographic location within some compact subiSef_R%, specified as a Euclidean pdirs, ys) Q. For the regular grid and
random geometric graphs, we taketo be the unit squarfd, 1] < [0, 1], whereas for the single cycle graph we takdo be
the unit circleS*. In addition, each node can learn the geographic locatibits one-hop neighbors (i.e., verticed 11 such
that (s,t) [CFl) using a single transmission per node.

Geographic Gossip Algorithm: Suppose theg-th clock tick Z; is assigned to node at locationé(s). The following events
then happen:

(1) Nodes activates and chooses a point= (y1, y2) uniformly in the regionC, referred to as the target location. Nogle
forms the tuplems = (xs(y), 4(s), v).

(2) Nodes sendsms to its one-hop neighbar [CN(s) closest to locationy. This operation continues in a recursive manner:
when a successive nodereceives a packets, it relays the packetns to its one-hop neighbor closest to location
y. Greedy geographic routing terminates when a node recéieepacket and has no one-hop neighbors with distance
smaller to the random target that its own. kebe the node closest to locatign

(3) Nodewv makes an independent randomized decision to acegptf the packet is accepted, computes its new value
y(j + 1) = 5(2v(j) + 2s(j)) and generates a message = (2v(j), £(v),£(s)), which is sent back ta via greedy

IHowever, we note that our proposed algorithm remains rolasusbmmunication and node failures.
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(a) Cycle (b) Grid (c) Random Geometric Graph

Fig. 1. lllustration of a various graphs (nodes as circled @siges as solid lines) and the associated Voronoi regi@usiased with each node (dotted lines).
(a) Cycle graph. (b) Regular grid. (c) Random geometric lgrap

geographic routing. Node can then compute its new valug(j + 1) = (zv(j) + zs(j))/2, and the round ends. If the
packet is rejected, them sends a rejection messagesto

(4) If v rejects the packet from, thenv chooses a new point-uniformly in the plane and repeats steps (lI-B)—(II-B) with

messageng’= (zs(5). £(s), y.

At a high level, the motivation of the geographic gossip &thm is to exploit geographic information (via the greedy
routing protocol described in step (2)) to create a new comication graphG™= (V, EY as an overlay of the original graph
G = (V, E). Note that the new communication graph'has the same vertex set, but an expanded edge set{i/é_E). In
fact, for all of the versions of geographic gossip analyzethis paper, the extended communication grapfis the complete
graph, meaning thats, t) A for all s & ¢. In the standard gossip protocol, each gossip round takesadio transmissions.
In the new communication grap&" certain edges are more costly in terms of one-hop radicinéssions because of the
routing required to carry out the communication. On the otiend, the benefit is that the new communication graptis
dense, so that gossiping converges more quickly. Our maultrehows that this tradeoff—between the cost of each gossi
round and the total number of rounds—can lead to favoraldaat®ons in the total number of one-hop radio transmissions

C. Overview of main results

The geographic gossip algorithm is a randomized procedhateinduces a probability distribution over the sensa@hosen
at each round. By construction, the probability of choosiegsorv in step (2) of the geographic gossip algorithm is equal
to ay, the area of its associated Voronoi region. For certaingygferegular graphs, such as the single cycle and regular grid
shown in panels (a) and (b) of Figure 1, this distributionrov@ronoi regions is uniform. In this particularly favorabdetting,
the “randomized” decision of nodein step (3) is simple: it accepts the packef with probability one. With this choice, the
distribution over chosen nodesis guaranteed to be uniform for these regular graphs. Comesly, it can be shown using
known results for mixing on the complete graph that the ayiegatime of geographic gossipave(n, €) is O(nloge™1). The
communication cost given bl (n,¢) = E[R(k)]Tave(n, €), where R(k) = R is the number of single-hop communications
required in roundk of the protocol. By computing the expected vaklgz], it can be shown that the overall communication
costs for these regular topologies scaleEgs, ¢) = ©(n” log e for the single cycle, ané(n, €) = ©(n*;loge™") for the
regular grid. Thus, as derived in Section lll, geographisgjo yields improvements by factors afand 7 over standard
gossip for these regular graphs.

For random geographic graphs, in contrast, the distributioVoronoi regions is quite non-uniform. Consequentlyphder
to bound the averaging tinEye(n, €), we use in step (3) a rejection sampling scheme previouslgqsed by Bash et al. [23]
in order to “temper” the distribution. Given the-vectora of areas of the sensors’ Voronoi regions, we set a threshold
Sensors with cell area smaller thanalways accept a query, and sensors with cell areas largerrtimay reject the query
with a certain probability. The rejection sampling methadidtaneously protects against oversampling and limiesrtbmber
of undersampled sensors, which allows us to prove Thai(n, €) = O(n log e~1) even for this perturbed distribution.

Of course, nothing comes for free: the rejection samplirtgeste requires a random numbgrof queries before a sensor
accepts. Since the queries are independ@nis a geometric random variable with parameter equal to tlebahility of a
guery being accepted. In terms of the number of queries,afa® number of radio transmissions for thth gossip round is
R(k) = O (Q - G). Therefore ifTae gossip rounds take place overall, the expected of radistnéasions will beE(n, €) =



E[Q - G- Tavwe(n,€)]. Accordingly, a third key component of our analysis in SactiV is to show that the probability of
acceptance remairarger than a constantwhich allows us to upper bound the expectation of the gedenetndom variable
@ by a constant. We also establish an upper bound on the maxialua of ) over T, rounds that holds with probability
greater tharl —¢/2.

Putting together the pieces yields our main result for ramgeometric graphs: the expected cost for computing theageer
with the proposed geographic gossip algorithm is

—1
E(n,e)=0 ~—loge™?t . (5)
logn

In om@rison to previous results on standard gossip fataengraphs [16], geographic gossip yields a reduction byctoifa
of Iogn in the number of one-hop communication rounds.

We note for some classes of graphs, the rejection samplingrmotibe necessary, even when the induced distribution is
not uniform, as long as it is reasonably close to uniform. &mtipular, if we have &@(n~!) lower bound on the area of a
Voronoi cell for all sensors, then sampling by area is appnately uniform. If we can obtain a slightly looser bound tie t
deviations of the Voronoi areas, alternative techniqueg beable to show that our algorithm will not suffer a perforroe
loss without rejection sampling. However, for geometrindam graphs, it is difficult to obtain a good lower bound on the
Voronoi cell size, which is our motivation for applying andadyzing the rejection sampling scheme.

D. Related work and comparisons

Boyd et al. [13], [16] have analyzed the performance of sathdjossip algorithms. Their fastest standard gossip itthgor
for the ensemble of random geometric gragh@:, r) has ae-averaging time [16][ave(n,€) = G)(n";g’n['2 ). (This quantity
is computed in section IV.A of Boyd et al. [16] but the resudt éxpressed in terms of absolute tlmws which needs

to be multiplied byn to become clock ticks). Consequently, for the standardoghof radiusr(n) = ©( Iogn) ensuring

network connectivity, this averaging time scales%— loge™1). In standard gossip, each gossip round corresponds to
communication with only one-hop neighbor and hence codis @me radio transmission which means that the fastest atdnd
gossip algolm;haiwnl have a total co&t(n) = (9(|Ogn log1/¢) radio transmissions. Therefore, our proposed algorithvesa

a factor of Iogn in communication energy by exploiting geographic inforimiat

A number of recent papers [6], [18], [19] have also considéhe problem of computing averages in networks. The consens
propagation algorithm of Moallemi and van Roy [18] is a maatifiform of belief propagation that attempts to mitigate the
inefficiencies introduced by the “random walk” in gossip @ithms. For the single cycle graph, they show improvement
by a factor of@(,ogn) over standard gossip. Our results for geographic gossighersingle cycle (see Section IIl) show
improvement by a factor d®(n) over standard gossip, and hence a fa@¢log n) over consensus propagation. It is not yet
known how consensus propagation would behave for the ramggmmetric graphs also considered in this paper. Mosk-Aayam
and Shah [6] use an algorithm based on Flajolet and Martihtf2éompute averages, and bound the averaging time in terms
of a “spreading time” associated with the communicatiorpgraHowever, they only show the optimality of their algonith
for a graph consisting of a single cycle, so it is currentlfficlilt to speculate how it would perform on other regularpira
or geometric random graphs. Alanyali et al. [19] consider thlated problem of computing the average of a network at a
singlenode (in contrast to computing the average in parallel atyenede). They propose a distributed algorithm to solve this
problem and show how it can be related to cover times of randafks on graphs.

IIl. ANALYSIS FORREGULAR NETWORKS

In this section, we illustrate the benefits of our geograpjoissip algorithm for two simple networks, the ring and thiel,gr
both of which are regular graphs. Due to this regularity, ithplementation and analysis of geographic gossip turnstaut
be especially simple. More specifically, when these grapbs/@wed as contained with the unit disk (ring graph) or thé u
square (grid graph), then the Voronoi region of each nodejiglkein area (see Figure 1). Consequently, samplitgcation
uniformly in the space is equivalent to samplingensoruniformly, and thus the overlay graph created by geograghiting
(step (2) of the geographic gossip algorithm) is a complesply with uniform edge weights. In this case, the randomized
decision rule in step (II-B) is not needed — the targetiways accepts the message. For the ring, we show that stbgolssip
has a communication cogt(n, €) for e-accuracy that scales &(n° log 1), and that geographic gossip can improve this to
O(n?log e1). For the grid, we show that standard gossip has communicatist®(n? loge~1), and geographic gossip can
improve this toO(n3/2 loge™1).

A. Analysis of single cycle graph

The ring network consists of a single cycle ofnodes equispaced on the unit circle (see Figure 1(a)). Rsrsimple
network, we have the following result characterizing theliavement of geographic gossip over standard gossip:



Proposition 1: In terms of the communication coBi(n, ¢) for e-accuracy, geographic gossip yieldén) improvement
over standard gossip on the single cycle graph.

Proof: We first compute the communication cdsfn, €) for standard gossip. In standard nearest-neighbor gotep,
probability p;; that nodes chooses to average with nogés 0 unless|i — j| = 1, otherwise it isl1/2. Therefore the matrix
P = (pij) is a symmetric circulant matrix, generated by the&ector(0,1/2,0,0,...,1/2). Using previous results on standard
gossip [16], in order to evaluate the performance of stahdassip, we must find the second eigenvalgeof the matrix /W
defined by

11 111
IS —
D = diag %(Pij +P,-i):i=1,2,...,nlzl$l 21
= 1

1 1 1 1
W=I+—D+_—(P+P")= 1-- I+Z=-P.
2n 2n n n

Note thatl¥ is also a circulant matrix, generated by thevector (1 —n™%, (2n)1,0,0,...,(2n)™Y). Circulant matrices are
diagonalized by the discrete Fourier Transfolr%l(DFT) mako that the eigenvalues can be computed explicitly as
1 1 k2w

l1-— +—-cos— k=0,2,...,n—1.
n n n

Consequently, the second largest eigenvalue is given by

1 @

B 1 1
A(W)=1+ Ej:l(_l)zJ @)

Therefore, by a Taylor series expansion, we hbge\, (W) = O(n3). Applying previous results [16] on standard gossip,
we conclude that the-averaging time of standard gossip is:

=1+0(n 3.

= |50

L1

-1
log e =0 % loge™t

log A2(W)~*
Since each gossip communication costs us one hop, the avetagber of one-hop transmissions for standard gossip on the
ring is

Tave(n, E) = @

E(n,e) =0 %5 loge™?t D (6)

We now show how geographic gossip reduces the number of gpdransmissions. In geographic gossip for the ring
network, a source node chooses a random location within thiecircle uniformly at random, which induces a uniform
distribution over the nodes in the network (see Figure 1(a))hen sends a packet to its target around the ring and they
exchange values. We think of geographic gossip as runningssig algorithm on the complete graph wjifj = »~* for all
1 andj. For this graph, we have

1 1

n

7T
— 11°.

Calculating thg-gecond fajgest eigenvalue yieldgV) = 1 — % + n—12 =1-—0(n1), solog \2(W) = ©(n~1), and hence
Tave(n,€) = 0O nloge™t . By summing over the pairwise distances in the graph, welsstethie expected number of one-hop
transmissions at any round is bounded by

1 =
B[R] = B[R] =~ (2)=0(n) .
i=1
Thus, the expected number of transmissions for geograptssig is given by
]
E(n,€) = Tave(n, €) E[R] = O I%Emge—l . (7)

Comparing equations (6) and (7) yields the claim. [ ]
As demonstrated by this result, for the ring network, usieggyaphic knowledge and routing improves the energy copsam
as measure in hops by a factorf In standard gossip, information from one node diffusesvisian a ring, taking almost
n? steps to become uniformly distributed. Geographic goskiwa the information from one node in the network to travel
larger distances at the expense of the routing cost.



B. Analysis of regular grid

We now,turn to geographic gossip on the two dimensional geiihed by a collection of. verticess;; located at positions
(i/ n,j/ m) within the unit squard0, 1] % [0, 1], as illustrated in Figure 1(c). v

Proposition 2: In terms of the communication co&{n, ¢) required to achieve-accuracy, geographic gossip yieldQ6a n)
improvement over standard gossip on the regular 2-D grid.

Proof: The performance of standard gossip on thejgrid canjbe ctddulesing Corollary 1 from Boyd et al. [25], which
says that the averaging time is given B¥.e(n,c) = © ’11_";?2(‘%'1) . For standard gossip on the grid, the matfixis simply
the transition matrix of a random wagk on the fwp-dimenslagrad, for which it is known [26] that(1 — A(P))~t = 0om).
Consequently, we havBae(n,€) = © n?loge™! , so that the average number of one-hop transmissions is

E(n,e) =0 % loge? D (8)

Now let us turn to geographic gossip. For a regular topoldlgy the grid, the Voronoi cells are all of equal area, so
in step (lI-B) of the geographic gossip algorithm, the clmosargetv simply accepts with probability one. Consequently,
the number of one-hop communicati\gns per round is simplyrtluge length. For a regular 2-dimensional grid, routing the
message at round costsE[R(k)] = O( n) one-hop transmissions. As we derived for the ring netwdr,geographic gossip
algorithm is copamunicaging on an overlay network that idyfidonnected, so that the number of rounds required scales as
Tave(n,€) = O nloge™ . Putting the pieces together, we conclude that the totalnwenication cost for-accuracy using

geographic gossip scales as
] 1

E(n,e) =0 n®?loge™t . (9)

Comparing equations (8) and (9) yields the claim. v ]
Thus, for the regular grid in 2-dimensions, geographic igogglds a factor of n savings in the convergence time. The ease

of our analysis in both of the preceding examples—ring and getworks—arises from the regularity of the topology, @i

allowed us to either write the transition matrix explicity use standard results. The following section is devoteahn@lysis

of geographic gossip for random geometric graphs, where Wlederive a similar performance improvement. For random

geometric graphs, in contrast to the regular topologiesidened thus far, we will use a non-trivial randomized decisule

in step (II-B) of the gossip algorithm in order to compenstateirregularities of the graph topology and areas of Voiliono

regions.

IV. ANALYSIS FOR RANDOM GEOMETRIC GRAPHS

We now turn to an analysis of the number of one-hop communitaitneeded for our algorithm in the case of the random
geometric graph model. At a high level, our analysis cossi$tthree main steps:
1) First, we address the number of one-hop transmissibrsquired to route a packet from nodéo the randomly chosen
targetv (see step (2) of the geographic gossip-algprithm). We fistgthat when the connectivity radius of the random

graphs scales in the standard wayr&s) = O( "’%), greedy routing always reaches the closest nottethe random

target with
o1 1

n

G=0 —
logn

(10)
one-hop radio transmissions. Note that in practice mordistipated geographic routing algorithms (e.g., [27]) t&n
used to ensure that the packet approaches the random tanget twere are “holes” in the node coverage. However,
greedy geographic routing is adequate for the problem densil here.

2) As discussed above, when geographic gossip is appliedtapd with an irregular topology (such as a random geometric
graph), it is necessary to compensate for the irregularith \& non-trivial accept/reject protocol in step (3) of the
algorithm. Accordingly, our next step is to bound the expdatumber of rejections experienced by a given semsor

3) The final step is to analyze the number of such gossip ronedded for the average to converge to within the target
error.

We take up each of these factors in turn in the subsectionslmnf

A. Routing inO(1/r(n))

We first address how to choose the transmission radius ofethgoss in order to guarantee the network’s connectivity and
the success of greedy geographic routing.
Lemma 1 (Network connectivity)-et a graph be drawn randomly from the gepmejric ensex@lie ) defined in Section I1-

A, and a partition be made of the unit area into squares of Igidgth a(n) = 2"’%. Then the following statements all
hold with high probability:



Fig. 2. Ensuring,network connectivity. Any node in the dahaded center square can communicate with its neighbofseifour adjacent lighter-shaded
squares ifr(n) = 5a(n).

(a) Each squgre—cpntains at least one node.

(b) If r(n) = 10 'Oﬂ”, then each node can communicate to a node in the four adjaqgaates.

(c) All the nodes in each square are connected with each.other

Proof: The total number of squares of side lengtfn) is M = % We view these as “bins” into which the sensors

are assigned uniformly. Standard results on this randomesso[22], [28] show that with high probabili@(M log M) sensors
are sufficient to cover all of the bins, proving (a). v

Figure 2 shows a simple geometric argument for (b) and (@)7B@) = 5a(n), a sensor at any position in its square can
communicate with all sensor in the four squares adjacertt to i [ ]

Lemma 2 (Greedy geographic routingguppose that a node target locgtioris chosen in the unitresgdden greedy

geographic routing routes to the node closest to the tang@t(l/r%n?? =0O( 1) steps.

logn

Proof: By Lemma 1(a), every square of side lengttn) = 2"’% is occupied by at least a node. Therefore, we can
perform greedy geographigrotgting by first matching the rad then the column of the square which contains the targethwh
requires at mos% =0( %) hops. After reaching the square where the target is cortalrcmma 1(c) guarantees that
the subgraph contained in the square is completely corhetteerefore, one more hop suffices to reach the node clasest t
the target. [ ]

These routing results allow us to bound the cost in hops foarditrary pair of nodes in the network to exchange values.

In the next section, we analyze a rejection sampling mettssdi tio reduce the nonuniformity of the distribution.

B. Rejection sampling

As mentioned in the previous section, sampling geogragtations uniformly induces a nonuniform sampling disttido
on the sensors. Assigning locations to the nearest sensdusds a Voronoi tessellation of the plane, and sendsrqueried
with probability proportional to the ares, of its Voronoi cell. By judiciously rejecting queries, thensors with larger Voronoi
areas can ensure that they are not oversampled. We adomjélotian sampling scheme proposed by Bash et al. [23]: when
queried, sensor acceptsthe request with probability

—1
ry=min .1 (11)
Gy

where 7 is a predefined threshold. Thus sensors with small Vororgions always accept, and sensors with large Voronoi
regions sometimes reject.

Given 7, the probabilityg, that sensow is sampled can be written as:

in(r, ay)
=1 Min(7, at)

Qv =

_ min(7, av)—— (12)
Htrae=71}H 7+ (5<ran
Here the denominator in expression (12) is the total chamaea query is accepted:
e —
Pa=  aymin —1 =Hv:ay=7}r+ ay . (13)
v=1 v viay<T



cell area
|

\‘
|
|

sensor number

Fig. 3. Graphical illustration of the rejection samplingopedure. The total shaded area is the probability of a quemygbrejected. The new sampling
distribution is given by the white histogram, approprigteénormalized.

Fig. 4. Inscribing circles in Voronoi cells. Constructiosead in the proof of Lemma 3.

Let @ denote the total number of requests made by a sensor beferis @tcepted.
Figure 3 provides a graphical illustration of rejection gdimg on the histogram of Voronoi cell sizes. Rejection shngp
“slices” the histogram at, and renormalizes the distribution accordingly. The tata&a that is sliced off is equal tb— Pa,
the probability that a query is rejected. Thus, we see that i§ chosen to be too small, then the probability of rejection
becomes very large. Lemma 3 addresses this concern—ircydarti by establishing that the choice= O(n 1) suffices to
keep the rejection probability suitably bounded away frihnso that the expected number of quelig§] remains finite. More
specifically, we choose such that
1 —1
P(ay < 7) = min 1/,1/:# :
where the constants and i control the undersampling and oversampling respectiwiyh this choice ofr, the results of
Bash et al. [23] ensure that no sensor is sampled with prbtyapieater than(1 + ) /n and no more thamn sensors are
sampled with probability less thatyn. The following result establishes that the acceptanceghitity remains sufficiently
large:
Lemma 3:Ler 0 < ¢ < 1/4. ForT = cn™ %, we haveP(ay > 7) =1 —4c.

Proof: We use a simple geometric argument to lower boBRgd, > 7). Consider a node such that a circle of area
it lies entirely within its Voronoi regier, as shown in Figu#. Clearly, such nodes are a subset of those with area ldrger
7. The radius of this circle is = /7. Note thatr is no more than half the distance to the nearest node. Thuslar to
inscribe a circle of radius in the Voronoi region, all other nodes must lie outside aleiaf radius2r around the node. This
larger circle has aredr, so

(14)

Play>7)=(1—4)" =0 —4enH" =1 —4c. (15)

Thus, by appropriate choice of we can make the acceptance probability arbitrarily closg. t ]
Our next step is to bound the distance between the new sagifitributiond’ (i.e., after tempering by the rejection sampling
procedure), and the uniform distributiorr 11 over acceptance regions. These bounds are used in nexirséztbound an
eigenvalue of a matrix associated with the gossip algorithm
Lemma 4:For anye > 0, there exists constans > 0 andv > 0 such that rejection sampling with parametéisv)
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ensures that

]
— 1.
ﬁlgﬁ €, and (16a)
EReC]
ﬁl - %%e . (16b)
Proof: Givene > 0, chooser andy such thaty + 1 < e andv + p? < €2. We then expand and bound the error function
as
fiar W A
i~ 0~ - =
— n T n
v=1 Vvigy<1/n vigv=1/n

Now we use the properties of rejection sampling from [23]:

1+
w=—"  m (17)

n
:U:qv<1|:@un. (18)
- n

On the sef{v : ¢y = 1/n} we use the first bound and on the §et: ¢, < 1/n} we use the second bound:

= — 1 117
1 1 T+pu 1

v — — vn—+n —

= n n

n n
svtu,

which is less thare by our choice ofy and p.
Turning now to the bound (16b), we write

]
| —
L}
= J
< —
|
| —
(1191
+
s |
| -

Sl
(1191

[ |
Finally, we need to bound the expected number of rejectimgisthe maximum number of rejections in order to bound the
expected number of transmissions and total transmissina. tRecall that) is the number of queries that a sensor has to
make before one is accepted, and has a geometric distrbutio

P(Q=1t)=Pa(1—Pa)". (19)

Lemma 5:For a fixed(u, v), rejection sampling leads to a constant number of expeejedtions.
Proof: The random variabl€) is just a geometric random variable with parameggr so we can write its mean as:

1
E =
Q1= 4
— 1 —1
Hviay=7Hr+ 5 <cav
1
S —
(1—-v)mn
=01,
where the final step follows since= O(n 1) by construction. [ ]

Lemma 6:Let {Qk : k =1,2,... K} be a set of i.i.d. geometric random variables with paramgterFor any fixed pair
(i, v), rejection sampling gives

— -1
l;nkanK Qx =O(log K +loge™ ) (20)

with probability greater thad — ¢/2.
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Proof: For any integem = 2, a straightforward computation yields that

Mt
t=0
By the i.i.d. assumption, we have
- Ld
P(mEka =m—-1)=1-1—-P)"
- [d
= 1—exp(mlog(l— FPy)) .
We want to choosen = m(K, €) such that this probability is greater than or equalte ¢/2. First setm = —pm'z’f’i_'f,a),

wherep is to be determined. Then we have
P(MmaxQu=m—1)=[1- 1/K°% .

We now need to choose> 1 such that

] [

1-1/KP " =1—¢/2,
or equivalently, such that

[
1-— 1—1/Kpm <e¢/2.

Without loss of generality, lelk be even. Then by convexity, we hagg— y)< = 1 — Ky. Applying this withy = 1/KP,
we obtain
[

|
1- 1-1/K° " <1/KFP L
Hence we need to chooge= log(2/¢)/ log K + 1 for the bound to hold. Thus, if we set

log K 1
=—p— = +
m plog(l — ) O(log e log K) ,
then with probability greater thah— ¢/2, all K rounds of the protocol use less thanrounds of rejection. [ ]

C. Averaging with gossip

As with averaging algorithms based on pairwise updates [h&]convergence rate of our method is controlled by thersgco
largest eigenvalue, denoted(17), of the matrix
|

3

W:=I+— P+P" —D
2n

where D is diagonal with entried; = ( E[,Pij + Fjil). The (4, j)-th entry of the matrixP is the probability that node
exchanges values with nogeWithout rejection sampling?; = aj, and with rejection sampling?j = ¢j. With this notation,
we are now equipped to state and prove the main result of therpa

Theorem 1:The geographic gossip protocol with rejection threshokld ©(n 1) has an averaging time

(B
Tave(n,€) =0 nloge . (22)
Proof: To establish this bound, we exploit Theorem 3 of [16], whitdies that the-averaging time is given by
1 _,
Toe(e.P)=0 19 22)
avel\¢, Iog /\Z(W)_l

Thus, it suffices to prove thdbg A\,(W) = Q(1/n) in order to establish the claim. B
The probability of any sensor choosing sensas just ¢y, So that we can writé” as the outer produd? = 14" . Note that
the diagonal matrixD has entries
1 —1r 1
Di= Fj+FHi)= ¢+ q¢=1+ng.
j=1 j=1 Jj=1
Overall, we can writd¥ in terms of outer products as:
1 . [
W = I—diag(l+ ng) +2—(1JT+JIT). (23)
n
Note that the matri¥¥ is symmetric and positive semidefinite.
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We claim that the second largest eigenvalu€i?) = O(1 — ¢/n), for some constant. By a Taylor series expansion,
this implies thatlog A\o(W) = ©(n~ 1) as desired. To simplify matters, we transform the problenfirtding the maximum
eigenvalue of an alternative matrix. SingE is doubly stochastic, Perron-Frobenius theory [29] gumes) that its largest
eigenvalue is one, and has associated eigenvegtern—/21. Consider the matrixy "= W — ﬁlzl 1T; using equation (23),
it can be decomposed as

W= D% Q"
where D™= (I — (2n) L diag(I + nq)) is diagonal and
1 - s o g
b= o Q@)+ (@@= 0D

is symmetric.

Note that by construction, the eigenvaluesiof are simply
—1

xwhH= 1- %,)\Z(W), (W)

On one hand, suppose that(IW5 > \o(W); in this case, therfl — %) > A2 (W) and we are done. Otherwise, we have
MW = x(W) .

Note thatiW"is the sum of two Hermitian matrices — a diagonal matrix angrarsetric matrix with small entries. We can

therefore apply Weyl's theorem [29, p.181], to obtain that
—1

MIVTS DT+ u@I < 1- 5 +n@).

It is therefore sufficient to bound;(QY. We do so using the Rayleigh-Ritz theorem [29, p.176], theicBg-Schwartz
inequality, and Lemma 4 as follows:

MQF = max 7TQ

1 ST (7o —1INT S —1NTT =
= — max 1(g— 1) +(¢— 1
2 e L(G@—n""1) +(—n D1y

1 T —1\T
== max ¥ 1(Gg— N'g
- X (G@—n""1) g

max 7o} O} [F- n 10} L]
1
1
1. ﬁ-%L_e

n

SISl 3|

™

Overall we have proved the bound
—1 —1
+

1 1
MW= 1—-— + e (24)
2n n

We can choose < 1/4 using Lemma 4 to get the desired bound. [ ]

The preceding theorem shows that by using rejection sampliancan bound the convergence time of the gossip algorithm.
We can therefore bound the number of radio transmissiongregtjto estimate the average.

Corpitary 1: The expected number of radio transmissions required forgossip protocol on the geometric random graph
G(n, "’%) is upper bounded by

—i,, 1
E(n,e) =0 »—loge™ . (25)
logn

Moreover, with probability greater thah— ¢/2, the maximum number of radio transmissions is upper bounded

C1
C(n,e) =0 E(n,e) logn+loge™t . (26)

v_
Remark: Note that fore = n~ for any a > 0, our bounds are of the for(n,1/n%) = O(n3/? Togn) andC(n,¢) =
O(n®210g®? n).
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Proof: We just have to gutthe pieces together. If we assume an asymals protocol, the cost per transmission pair
is given by the product 0O( n/logn) from routing, E[Q] from rejection sampling, and the averaging tiffig.. From
Lemma 5,E[Q] = O(1). Using equation (22) and Theorem 1, we can bolagd\,(1W)~* by (1 — A\2(W)) = O(n~1). Thus,
the expected number of communications is

L1 — 1, -
n -1 _ -1
O iognE@nloge o) :q% loge™t . (27)

To upper bound the maximum number of transmissions with pigibability, we note that Lemma 6 guarantees that

_max Q= O(log Tave + log ™) (28)
with high probability. Using Theorem 1, we can see ttiog Tave + loge™t) = O(logn + loge™1). Consequently, with
probability greater that —¢/2,

1

L] _
C(n,e) =0 E(n,e) logn+loge ! . (29)
|

V. SIMULATIONS

Note that the averaging time is defined in equation (1) is &eomtive measure, obtained by selecting the worst catsal ini
field 2(0) for each algorithm. Due to this conservative choice, anritlym is guaranteed to give (with high probability) an
estimated average thatd€lose to the true average for all choices of the underlyimgseobservations. As we have theoretically
demonstrated, our algorithm is provably superior to steshdmssiping schemes in terms of this metric. In this sectioa
evaluate our geographic gossip algorithm experimentallyspecific fields that are of practical interest. We constthote
different fields and compare geographic gossip to the stdngiassip algorithm with uniform neighbor selection proitigh
Note that for random geometric graphs, standard gossipitiguwniform neighbor selection has the same scaling behaso
with optimal neighbor selection probabilities [16], whiehsures that the comparison is fair.

Figures 5 through 7 illustrate how the cost of each algoribehaves for various fields and network sizes. The error in the
average estimation is measured by the normalizedorm %On the other axis we plot the total number of radio
transmissions required to achieve the given accuracyr&iguemonstrates how the estimation error behaves for atfiatd
varies linearly. In Figure 6, we use a field that is created lagipg temperature sources in the unit square and smooth the
field by a simple process that models temperature diffustamally, in Figure 7, we use a field that is zero everywhereepkc
in a sharp spike in the center of the field. For this case, gaagc gossip significantly outperforms standard gossiphas t
network size and time increase, except for large estimatitrances{= 10~1) and small number of rounds.

As would be expected, simple gossip is capable of computitgllaverages quite fast. Therefore, when the field is
sufficiently smooth, or when the averages in local node rmdioods are close to the global average, simple gossip can
generate approximate estimates that are closer to the vrrage with a smaller number of transmissions. For thesescas
however, it is arguable that finding the global average isafatubstantial interest in the first place. In all our simioias,
the energy gains obtained by using geographic gossip wgnéfisant and asymptotically increasing for larger netwsizes,
corroborating our theoretical results.
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VI. CONCLUSIONS

In this paper, we proposed and analyzed a novel messagegadgorithm for computing averages in networks in a
distributed manner. By exploiting geographic knowledgetlod network, our geographic gossip algorithm computes the
averages faster than standard nearest-neighbor gos®p.iEthe specific type of geographic routing considered lvarenot
be performed, similar gossip algorithms could be develdpedny network structure that supports some form of routmg
random nodes. Thus, our nearest-neighbor gossip can bestmaig as a particular case of a more general family of alyos
in which message-passing occurs on the overlay networkostggbby random routing. Other routing protocols may preduc
different overlay networks that could be analyzed in a simihanner.

In this paper, we analyzed in detail the case of certain ezgyiaphs, including the ring and grid networks, as well &s th
random geometric graph model, which is commonly used as aehwfdsensor networks under random deployments. Our
algorithm can also be applied to other topologies that sgedilly model wireless sensor networks, and should pegains
when (a) the mixing time of a random walk on the graph is sloyvefficient routing is possible, and (c) uniform sampling
over space can yield approximately uniform sampling ovesees.

Although the current work has focused on the averaging probit is worth noting that many more complicated functiofis o
interest can be computed using gossip; see the papers #2],[80], [31] for various examples involving localizatipKalman
filtering and sensor fusion. However, linear operationlfsas filtering) can be computed using our algorithm by athgwi
the sensors to pre-scale their observations by their caafficin the objective function. Our results suggest thatggaphic
gossip may be useful instead of standard nearest-neiglussipgto improve energy consumption in these and otheiiluiséd
signal processing applications.
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