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Abstract. This paper studies dynamic routing in a parallel server queueing network with a single Poisson
arrival process and two servers with exponential processing times of different rates. Each customer must be
routed at the time of arrival to one of the two queues in the network. We establish that this system operating
under a threshold policy can be well approximated by a one-dimensional reflected Brownian motion when
the arrival rate to the network is close to the processing capacity of the two servers. As the heavy traffic
limit is approached, thresholds which grow at a logarithmic rate are critical in determining the behavior
of the limiting system. We provide necessary and sufficient conditions on the growth rate of the threshold
for (i) approximation of the network by a reflected Brownian motion (ii) positive recurrence of the limiting
Brownian diffusion and (iii) asymptotic optimality of the threshold policy.

Keywords: threshold strategies, heavy traffic, dynamic routing, resource pooling, Brownian network mod-
els, queueing networks

1. Introduction and model description

Dynamic routing plays an important role in the control of queueing networks and can
lead to dramatic improvements in system performance. There is, however, a trade-off
between the cost of keeping state information current and the performance advantage a
dynamic routing policy can offer over a static one. For applications in which state infor-
mation is costly or difficult to obtain, an effective solution is to develop dynamic routing
policies that only require partial state information yet still offer sizable performance im-
provements over any static routing policy.

As a concrete example, consider a manufacturing system with outsourcing. The
plant manager knows the current number of orders backlogged at his own facility; how-
ever, he generally does not know the backlog at the company where he would outsource
jobs. Therefore, he must base his outsourcing decision solely on the state of his own
order queue. Such a system could be modeled as a parallel server queueing network
with one dedicated arrival stream (representing jobs arriving to the outsourcing facility)
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Figure 1. Two queues in parallel with a single discretionary arrival stream and unequal service rates
µ1 > µ2. Arrivals are routed to queue 1 unless queue 2 is below the threshold r .

and one discretionary arrival stream (modeling jobs that must be routed either to the
outsourcing facility or kept in-house).

In this paper, we study threshold routing policies for the aforementioned parallel-
server queueing model with a single discretionary arrival stream, as illustrated in fig-
ure 1; for early work see [10,20]. (At the end of section 4, we indicate how our results
can be extended to include a dedicated arrival stream to queue 1 as well.) We assume
customers arrive according to a Poisson process of rate λ and that processing times are
exponential with means µ−1

1 and µ−1
2 , respectively. All inter-arrival and service times

are mutually independent. Our simple threshold policy routes customers to queue 1 un-
less queue 2 is shorter than an associated threshold r, in which case arrivals are routed
to queue 2. We assume µ2 < λ so that server 2 is unable to process all arrivals without
the help of server 1. When µ1 > µ2, our routing policy has the interpretation of routing
customers to the faster server unless the slower server is in danger of idling. The major
contribution of this paper is the establishment of necessary and sufficient conditions for
a threshold routing policy under which (i) the network can be approximated by a one-
dimensional reflected Brownian motion (ii) the limiting Brownian diffusion is positive
recurrent, and (iii) the threshold routing policy is asymptotically optimal and the system
exhibits complete resource pooling in the heavy traffic limit.

In words, resource pooling implies that the network behaves like a single queue
with the same total arrival and service rate as the entire network. For the network mod-
els of Harrison [12] (and for our model), this results in a reduction in the dimension
of the limiting diffusion process (for example, see [7,14,15,17,19,25,30] and more re-
cently [2,16,32,33,37]). In this case, an appropriate threshold value directs the majority
of customers to queue 1 so that queue 1 behaves like a reflected Brownian motion (RBM)
while queue 2 is kept as short as possible. Consequently, queue 2 does not affect the lim-
iting Brownian model.

Our work is inspired by previous authors’ studies of variants of the model con-
sidered here. First suppose that µ1 = µ2 so that processing rates are identical. In
this case, when service times have increasing likelihood ratio, the optimal policy is
for customers to join the shorter queue (JSQ); see [23,38]. In the case that µ1 �= µ2,
the natural analog of JSQ is shortest expected delay routing (SDR), which is studied
in [34]. Surprisingly, even for Poisson arrivals and exponential service times, SDR
is not always optimal in terms of minimizing the long-run average delay per cus-
tomer; see [36]. However, Foschini [6] has shown that SDR is asymptotically op-
timal and results in complete resource pooling in the heavy traffic limit. Laws [25]
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later showed that SDR also achieves resource pooling for a more general class of net-
works.

We offer threshold routing strategies that perform as well as SDR in the heavy
traffic limit. To explain the intuition for the threshold routing policy, consider a model
with two parallel servers working at the same rate, one discretionary arrival stream, and
two dedicated arrival streams – one to each server. Kelly and Laws [19] argued that JSQ
performs well in this symmetric model not because queue lengths are held equal, but
instead because it ensures that both servers are busy when there is substantial work in the
system. They propose a threshold routing strategy for this symmetric model and argue
heuristically that it is asymptotically optimal in the heavy traffic limit. In particular, they
consider a sequence of queueing systems, indexed by n, in which the total arrival rate
approaches the total processing rate as n → ∞. They conjecture that as long as the
threshold is greater than a specified constant times log n, the asymptotic optimality of
the threshold routing strategy holds. The threshold routing strategy we propose is the
interpretation of their strategy in the asymmetric case.

The importance of thresholds which grow at least as fast as a constant times log n
has become apparent both in the case of discrete review policies [13,14,16,27,28,31] and
continuous review policies [2,37]. Of these models, the models of Harrison [14] and Bell
and Williams [2] are most similar to the model considered here. Their papers consider a
network with two parallel servers and dedicated arrival streams to each of these servers’
queues. One server can only process jobs from his queue while the other “super-server”
can process jobs from both queues. Both authors consider threshold policies in which
the “super-server” processes a job from his own queue if the regular server’s queue is
below a certain value and processes a job from the regular server’s queue otherwise.
Harrison establishes conditions under which this policy is asymptotically optimal in a
discrete review setting while Bell and Williams extend this to a continuous review set-
ting. Both authors conclude that a sufficient condition for the asymptotic optimality of
a threshold policy is that the threshold grows as a constant times log n. Our main con-
tribution is to provide not only sufficient but also necessary conditions on the threshold
growth rate under the assumption that jobs must be routed at the time of arrival. Further-
more, we provide the constant c0 (which remains unspecified in [2]) such that if c > c0

and the threshold grows as c log n, then threshold routing is asymptotically optimal; see
equation (1). We also explicitly characterize the effects of having different second or-
der growth terms; see theorem 2, corollary 1, and theorem 3. Finally, our criterion for
asymptotic optimality, which assumes identical linear holding costs for each queue, is
pathwise and is as given in [14], which is stronger than that of Bell and Williams.

The necessary conditions we provide contrast with recent work of Limic and
Williams [26] and illustrate the effect dedicated arrival traffic has on the performance
of threshold policies. Limic and Williams study the model of Kelly and Laws [19] de-
scribed earlier. For this network, any growing threshold is enough to obtain full resource
pooling. Kurtz and Turner [24] have a complimentary result showing that even a fixed
threshold value for this model is enough to obtain a sort of partial resource pooling. In-
tuitively, the dedicated arrival stream to queue 2 means that the process’s state space is
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not bounded by r and its excursions away from the boundary are sufficiently long that
any growing threshold results in resource pooling. In contrast, the removal of the addi-
tional arrival stream, as considered here, forces the queue-length process at queue 2 to
live in the strip [0, r] so that the threshold must grow at a logarithmic rate to keep the
process away from the boundary and the server from idling. Even more surprising in
light of the aforementioned work, this logarithmic growth rate is necessary not merely
for asymptotic optimality but even to ensure a RBM is the correct approximation for our
model. (See theorem 2.)

Consider now a sequence of networks (as depicted in figure 1) indexed by n with
arrival rate λ(n) and service rates µ1(n) and µ2(n) which tend to the finite limits λ,µ1

and µ2 respectively as n → ∞. Additionally, let the threshold r(n) satisfy

r(n) � 1 + ε
2 log(λ/µ2)

log n (1)

for all but finitely many n and for some ε > 0. This condition is analogous to that of
Kelly and Laws [19] for the case that µ1 = µ2. DefineQn

k(t) to be the length of queue k
(k = 1, 2) at time t and Q̃n

k(t) = Qn
k(nt)/

√
n to be the scaled queue length processes.

Under the above threshold policy, with the heavy traffic condition

c(n) = √
n
(
λ(n)− µ1(n)− µ2(n)

) → c ∈ (−∞, 0) (2)

as n → ∞, our finer results imply that, provided r(n) = o(
√
n), condition (1) is suffi-

cient for both the scaled process measuring the total number of customers in the network,
Q̃n

1 + Q̃n
2, to converge weakly to a one-dimensional RBM and for the threshold routing

policy to be asymptotically optimal in the heavy traffic limit. (See theorem 3.)
The remainder of this paper is organized as follows. Section 2 prepares for later

results by establishing that the arrival process to queue 1 is a renewal process and cal-
culating the mean and variance of the inter-arrival times. In section 3, we establish that
the appropriate diffusion approximation for this network is a one-dimensional RBM. In
section 4, we provide necessary and sufficient conditions for the threshold routing policy
to be asymptotically optimal in the heavy traffic limit. We conclude in section 5 by dis-
cussing how to choose the appropriate threshold value for a given system and evaluating
the performance of the threshold policy by simulation.

2. Preliminaries

For the two-queue network under threshold routing with an appropriate choice of the
threshold r(n), we aim to prove that the scaled queue-length processes, Q̃n

1 and Q̃n
2,

converge weakly to a RBM process and to the zero process respectively. The second
task is straightforward (see theorem 1). To establish the first, it is useful to show that
arrivals to queue 1 form a renewal process with analytically tractable formulae for the
mean and variance of the inter-arrival times. Since the queue-length process at queue 1
can be represented in terms of a reflection mapping, we can then rely on the functional
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central limit theorem for renewal processes and the continuous mapping principle to
establish the desired weak convergence of Q̃n

1.
In this section, we consider the arrival process to queue 1. For clarity of notation,

we suppress the dependence on n. Under the threshold strategy, an arrival at time t is
routed to queue 1 if and only ifQ2(t) = r. Notice the arrival process to queue 1 depends
on the state of queue 2 but not on the state of queue 1. Q2(·) is a finite birth–death
process on {0, 1, . . . , r − 1, r} with birth rates λ and death rates µ2. Suppose an arrival
to queue 1 occurs at time t = 0 and define A1(r) to be the time of the next arrival to
queue 1 for a given threshold r. It is beneficial to understand the structure of A1(r).

Define {Ei: i � 1} to be a sequence of i.i.d. exponential random variables with
rate λ + µ2. Since we have assumed an arrival to queue 1 occurs at time 0, under
our routing assumptions, it is necessary that Q2(0) = r. The next event of interest
will occur after an amount of time equal to E1 and will be either a system arrival or a
departure from queue 2. (We do not consider departures from queue 1 because the state
of queue 1 does not affect routing decisions.) This first case occurs with probability
p = λ/(λ+ µ2) and the second with probability 1 − p. If this event is a system arrival,
that arrival is routed to queue 1 and so A1(r) = E1. Otherwise, a queue 2 departure
results in a transition to Q2 = r − 1. The time taken to first return to Q2 = r from
Q2 = r − 1 has the same distribution as A1(r − 1), the time between arrivals to queue 1
for the network with threshold r−1. It follows that the third event, which occurs at time
E1 + A1(r − 1) + E2, will again be a queue 1 arrival with probability p and a queue 2
departure with probability 1 − p. LetM(r) be the number of excursions to Q2 = r − 1
of duration E1 + A1(r − 1) before returning to Q2 = r. Then A1(r) can be expressed
recursively in terms of A1(r − 1) as follows:

A1(r) =
M(r)∑
i=0

(
Ei + A1

i (r − 1)
) + EM(r)+1, (3)

where {A1
i (r − 1): i � 1} is a sequence of i.i.d. random variables having the same

distribution as A1(r − 1) and P(M(r) = m) = (1 − p)mp for m ∈ {0, 1, 2, . . .}. In the
case that r = 1, note that A1(0) follows an exponential distribution with rate λ since a
queue 2 departure results in an empty queue. We exploit this representation of A1(r) to
compute the mean and variance of the queue 1 inter-arrival times.

Proposition 1. For the threshold r, arrivals to queue 1 form a renewal process. The
inter-arrival times, {A1

i (r): i � 1}, have mean and variance

E
[
A1

1(r)
] = 1 − δr+1

λ− µ2
, var

(
A1

1(r)
) = (λ+ µ2)(1 − δ2r+2)

(λ− µ2)3
− 4(r + 1)δr+1

(λ− µ2)2
,

where δ = µ2/λ.

Proof. First recognize arrivals to queue 1 form a Markov-modulated Poisson process,
with the queue-length process for queue 2 acting as the modulating Markov chain. The
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arrival rate to queue 1 is positive in exactly one state of the modulating chain – the state r.
For all other states of the modulating chain, the arrival rate to queue 1 is zero. This is a
sufficient condition for the arrival process to queue 1 to be renewal; see [5,21], or [29].

The mean and variance of A1
1(r) can be calculated explicitly from the recurrence

structure shown in (3). Define mr = E[A1
1(r)] and δ = µ2/λ. Then, the recursion

mr = E

[
M(r)∑
i=0

(Ei + A1
i (r − 1))+ EM+1

]
= µ2

λ

(
1

λ+ µ2
+mr−1

)
+ 1

λ+ µ2
,

is valid, which implies

mr + δmr−1 = 1

λ
.

The solution to this first-order inhomogeneous difference equation having initial condi-
tion m0 = E[A1

1(0)] = 1/λ is mr = (1 − δr+1)/(λ− µ2), as the proposition states.
Similarly, define vr = var(A1

1(r)). Then, using the representation for A1
1(r) given

in (3) and the conditional variance formula var(A1
1(r)) = E[var(A1

1(r) | M(r))] +
var(E[A1

1(r) | M(r)]), we find:

vr = µ2

λ

(
1

(λ+ µ2)2
+ vr−1

)
+ 1

(λ+ µ2)2
+ µ2(λ+ µ2)

λ2

(
1

λ+ µ2
+mr−1

)2

.

Substitutingmr−1 = (1−δr)/(λ−µ2) results in the first-order inhomogeneous difference
equation

vr − δvr−1 = (1 + δ)(1 + δ2r+1)− 4δr+1

λ2(1 − δ)2 , (4)

which, together with the initial condition v0 = 1/λ2, has the solution stated in the propo-
sition. �

Remark 1. To determine the mean of the inter-arrival times to queue 1, we could have
also exploited known results for Markov-modulated Poisson processes. Specifically, let
Q̂ be the infinitesimal generator for the birth–death process Q2 (the modulating chain)
and let � = diag(λ1, . . . , λr) give the arrival rates to queue 1 dependent upon the state
of queue 2. Here, λi = 0 if 0 � i < r and λi = λ if i = r. Then, from the formula given
in section 2.4 of Fischer and Meier-Hellstern [5], we have

E
[
A1

1(r)
] = λ

((
�− Q̂)−2)

rr
. (5)

Although formula (5) involves matrix inversion, it is straightforward since we need only
know the values in the rth row and rth column of the matrix (� − Q)−1. As Q̂ has
a tri-diagonal structure, it is not hard to compute these values in terms of r. They are:
((� − Q)−1)jr = λ−1 and ((� − Q)−1)rj = λ−1δr−j . Substituting into (5) gives the
expression for E[A1

1(r)] stated in proposition 1. However, the computation involved in
the formula for E[A1

1(r)
2] = λ((� − Q̂)−3)rr (which can again be found in [5]) is not
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straightforward because we must now invert the entire matrix and find formulae for each
element in the matrix in terms of r.

3. Diffusion approximations for the system

Assuming the threshold r does not grow too fast, the scaled queue-length process Q̃n
2

vanishes in the limit. Consequently, the system can be approximated by the one-
dimensional limit process resulting from the weak convergence of Q̃n

1. We first establish
the weak convergence of Q̃n

2 to the zero process and then establish the weak conver-
gence of Q̃n

1 to a RBM process. Here and throughout, weak convergence, which we
denote by ⇒, is in the topology of weak convergence on D[0,∞); see, for example, [3]
for a discussion of this convergence concept.

Theorem 1. Assume Qn
2(0) � r(n) for all n. Then, if r(n) = o(

√
n ), Q̃n

2 ⇒ 0 in
D[0,∞) as n→ ∞.

Proof. Under the threshold routing strategy, an arrival to the nth system occurring at
time t is routed to queue 1 ifQ2(t) = r(n). Therefore, with probability 1,

√
n sup

0�t�T
Q̃n

2(t) = sup
0�t�nT

Qn
2(t) � r(n)

for any fixed T ∈ [0,∞). The stated conclusion follows. �

The simplicity of the proof of theorem 1 stems from the fact that the queue length
at queue 2 never exceeds the threshold r. Although a similar result holds for the model
considered by Bell and Williams [2] operating under a threshold policy (see theorem 5.2
of their paper), the proof requires large deviations estimates for renewal processes. In
their model, there is a dedicated arrival stream to both a “super-server” that can process
jobs from either queue and a regular server. Thus, a threshold routing policy does not
imply that one queue length is always held below its threshold value and so a more
sophisticated methodology is required.

To establish the desired weak convergence for queue 1, there must exist c1 ∈
(−∞,∞) such that

c1(n) = √
n
(
λ1(n)− µ1(n)

) → c1 (6)

where λ1(n) = (E[A1
1(r(n))])−1 is the mean rate of arrivals to queue 1. Appropriate

assumptions on the limiting behavior of the threshold r(n) guarantee that c1 exists and
is finite. The following lemma establishes the appropriate growth conditions for de-
sired values of c1 and is useful both in establishing the weak convergence of Q̃n

1 and
in characterizing the behavior of the limiting RBM process. The growth condition on
the threshold required for asymptotic optimality (theorem 3) is stronger than the growth
condition required for the combined scaled queue-length processes to weakly converge
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to a positive recurrent RBM (corollary 1). This in turn is stronger than the growth con-
dition required for the combined queue-length process to weakly converge to a possibly
transient RBM (theorem 2). The three necessary and sufficient conditions on the growth
of the threshold r(n) share the dominant term

1

2 log δ(n)−1
log n (7)

but differ in the second order term. To understand the effect of the second-order term,
realize that c1 = c if and only if there exists a sequence b(n) ∈ �+ such that b(n) → 0
and

r(n) � 1

2 log δ(n)−1
log n+ 1

log δ(n)−1
log b(n)−1 (8)

for all but finitely many n. (This statement is equivalent to part (c) of lemma 1.) Un-
der the necessary and sufficient conditions for asymptotic optimality, the second order
term diverges to infinity whereas under those for either convergence to RBM or conver-
gence to a positive recurrent RBM, the second order term converges to a finite constant.
Provided the sequence b(n) in (8) is such that log b(n)−1 = o(log n) (for example,
b(n) = 1/ log n) then term (7) dominates and, as stated in the introduction, condition (1)
is a sufficient condition for the threshold routing policy to be asymptotically optimal.

Recall from section 2 that δ(n) = µ2(n)/λ(n).

Lemma 1. Assume the heavy traffic condition (2) is satisfied and also assume
limn→∞

√
nδ(n)r(n) either exists or is infinite.

(a) The constant c1 is finite if and only if there exists b ∈ (0,∞) such that

r(n) � 1

2 log δ(n)−1
log n+ 1

log δ(n)−1
log b−1 (9)

for all but finitely many n.

(b) The constant c1 is strictly less than zero if and only if there exists b ∈ (0,−λc/µ1µ2)

such that (9) is satisfied for all but finitely many n.

(c) The constant c1 equals c if and only if for all b ∈ (0,∞), (9) is satisfied for all but
finitely many n, where c is as given in (2).

Proof. By proposition 1, c1(n) can be expressed as follows:

c1(n) = √
n

(
λ(n)− µ2(n)

1 − δ(n)r(n)+1
− µ1(n)

)
. (10)

Algebraic manipulations of (10) together with the substitution c(n) = √
n(λ(n) −

µ1(n)− µ2(n)) then yield:

c1(n) = c(n)

1 − δ(n)r(n)+1
+ µ1(n)δ(n)

1 − δ(n)r(n)+1

√
nδ(n)r(n). (11)



CRITICAL THRESHOLDS FOR DYNAMIC ROUTING 305

Assuming any of conditions (a)–(c) hold, r(n) → ∞ as n → ∞. Therefore, since
δ(n) < 1 − ε for some ε > 0 for all but finitely many n, the first term in (11) con-
verges to c and the second term converges to (µ1µ2/λ)x � 0 as n → ∞ where
x = limn→∞

√
nδ(n)r(n) so that c1 is bounded below by c. Equation (9) is equivalent to

√
nδ(n)r(n) � b (12)

for all but finitely many n. Part (a) then follows since x is finite if and only if there exists
b ∈ (0,∞) such that (12) holds. Part (b) follows since x ∈ [0,−λc/µ1µ2) if and only if
b ∈ (0,−λc/µ1µ2). Part (c) follows since x = 0 if and only if, for all b ∈ (0,∞), (12)
is satisfied for all but finitely many n. �

Let En(t) be the number of customers that arrive to queue 1 in the nth system
during the time window [0, t] when customer inter-arrival times are i.i.d. with rate
λ1(n) = E[A1(r(n))]−1 and variance var(A1(r(n))) as given in proposition 1. Let N
be a Poisson process with rate 1 and let Bn1 (t) = ∫ t

0 1{Qn1(s)>0} ds be the cumulative busy
time of server 1 during [0, t] so that N(µ1(n)B

n
1 (t)) represents the number of departures

from queue 1 during [0, t]. The pathwise construction of the queue-length process at
queue 1 is:

Qn
1(t) = Qn

1(0)+ En(t)−N(
µ1(n)B

n
1 (t)

)
.

Let I n1 (t) = ∫ t
0 1{Qn1(s)=0} ds = t −Bn1 (t) be the idle time of server 1 during [0, t]. Define

Xn(t)=Qn
1(0)+ En(t)− λ1(n)t

− (
N

(
µ1(n)B

n
1 (t)

) − µ1(n)B
n
1 (t)

) + t(λ1(n)− µ1(n)
)
, (13)

and

Y n(t) = µ1(n)I
n
1 (t)

so that Qn
1(t) = Xn(t) + Y n(t). Since Qn

1(t) � 0, Y n(0) = 0, dY n(t) � 0, and
Qn

1(t) dY n(t) = 0 for all t � 0, given Xn for which Xn(0) � 0, we can express Qn
1

and Y n in terms of Xn as follows:

Qn
1 = φ

(
Xn

) = Xn +'(
Xn

)
(14)

and

Y n = '
(
Xn

) = sup
0�s�t

[−Xn(s)]+
(15)

where (φ,') is the one-sided reflection mapping or one-sided regulator; see theorem 6.1
of [4]. This representation ofQn

1 is the key to establishing the main result of this section,
a theorem providing necessary and sufficient conditions for the weak convergence of the
scaled queue-length and idleness processes to a RBM and a multiple of the local time at
the origin of that RBM.



306 Y.-C. TEH AND A.R. WARD

To set the stage for this theorem, let XR = (XR(t): t � 0) be a RBM with drift c1

as specified in (6) and variance σ 2 = λ + µ1 + µ2 so that XR is the solution to the
stochastic differential equation

dXR(t) = c1dt + σdB(t)+ dL(t) (16)

subject to XR(0) = x � 0. Here, L = (L(t): t � 0) is the local time process and is the
minimal nondecreasing process which makes XR(t) � 0 for t � 0 and increases only
when XR is zero. Finally, let Ĩ n1 (t) = (1/

√
n)I n1 (nt).

Theorem 2 (RBM convergence). Suppose the conditions for lemma 1 are satisfied and
(1/

√
n)Qn

1(0) ⇒ XR(0) = x, where XR is a RBM described by (16). Let I (t) =
µ1L(t) for t � 0. Then, (

Q̃n
1, Ĩ

n
1

) ⇒ (
XR, I

)
(17)

as n → ∞ inD[0,∞) if and only if there exists b ∈ (0,∞) such that the threshold r(n)
satisfies (9) for all but finitely many n.

Proof. Assume there exists b ∈ (0,∞) such that (9) is satisfied for all but finitely
many n and define the scaled and centered processes

Ẽn(t)= 1√
n
En(nt)− √

nλ1(n)t,

Ñn(t)= 1√
n
N

(
nµ1(n)t

) − √
nµ1(n)t.

Define the scaled process X̃n(t) = (1/
√
n)Xn(nt) for t � 0, where Xn is as defined

in equation (13). Since r(n) satisfies (12) for all but finitely many n, by proposition 1,
λ1(n) → λ− µ2 and var(A1

1(r(n))) → (λ+ µ2)/(λ− µ2)
3 as n → ∞. Therefore, the

functional central limit theorem for renewal processes guarantees

Ẽn ⇒ BM0(0, λ+ µ2) and Ñn ⇒ BM0(0, µ1).

where BMx(µ,σ 2) denotes a Brownian motion with drift µ and variance σ 2 starting from
initial position x. By part (a) of lemma 1,

√
n
(
λ1(n)− µ1(n)

) → c1 < ∞,

which, by employing the random time-change theorem, (see chapter 17 of [3]), implies

X̃n ⇒ BMx(c1, λ+ µ1 + µ2)

once we establish Bn1 (nt)/n→ t uniformly on compact sets (u.o.c.).
By the functional strong law of large numbers,

En(nt)

n
− λ(n)t → 0
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u.o.c. and

N(µ1(n)B
n
1 (nt))

n
− µ1(n)

Bn1 (nt)

n
→ 0

u.o.c. since 0 � Bn1 (nt)/n � t for all t ∈ �. Since λ1(n) − µ1(n) → λ − µ1 −
µ2 = 0, Xn(nt)/n→ 0 u.o.c.

The reflection mapping is known to be continuous in D[0,∞) (see theorem 6.1
in [4]), and therefore, the weak convergence of (Q̃n

1, Ĩ
n
1 ) follows by the continuous map-

ping theorem.
In the case that there does not exist a finite b such that (9) holds for all but finitely

many n, c1 = ∞, and so the weak convergence in (17) cannot hold. �

Corollary 1 (Stability of the limiting system). Again suppose the conditions for
lemma 1 are satisfied and (1/

√
n)Qn

1(0) ⇒ XR(0) = x. Then, the scaled queue-length
process Q̃n

1 weakly converges to a positive recurrent RBM if and only if there exists
b ∈ (0,−λc/µ1µ2) such that the threshold r(n) satisfies (9) for all but finitely many n.

The proof of corollary 1 follows from part (b) of lemma 1 since a RBM process is
positive recurrent if and only if it has negative drift.

4. Asymptotic optimality

A “good” routing policy is one which in some sense minimizes the combined number
of customers in queues 1 and 2. In particular, the process tracking the total number
of customers in the network, Q1(t) +Q2(t), should resemble the queue length process
of a system that pools the processing power of the two servers. For our model, the
appropriate comparison system is a M/M/1 queue operating under a non-idling policy
with the same Poisson arrival stream of rate λ having a single server with exponential
service times of rate µ1+µ2. In contrast with our setting, the server in the pooled system
(the M/M/1 system) can never idle when there is work in the system. Notice in our
network that if several jobs are held in queue 1 but queue 2 is empty, server 2 idles, and
vice versa. Therefore, assuming our network and the pooled system experience identical
inter-arrival and service time sequences, the queue-length process in the pooled system,
which we denote byQP (t), lower bounds the total number of customers in our network;
i.e.,

QP (t) � Q1(t)+Q2(t) (18)

under any routing policy. Let Q̃n
P (t) = (1/

√
n)QP (nt) be the scaled queue-length

process in the pooled system. Our aim in this section is to specify a routing policy under
which the distributions of Q̃P and Q̃1 + Q̃2 are in some sense “close,” thereby providing
support for the argument that we have found a good routing policy.
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Assume holding costs are continuously incurred at a rate of h dollars per hour for
each job that remains in the network, regardless of the buffer where it resides. Define

ξn(t) =
∫ t

0
h
(
Qn

1(s)+Qn
2(s)

)
ds

to be the cumulative cost process in the nth system and

ξ̃ n(t) = n−3/2ξn(nt)

to be the scaled cumulative cost process. Also define

ξnP (t)=
∫ t

0
hQn

P (s) ds,

ξ̃ nP (t)= n−3/2ξnP (nt)

to be the cumulative and scaled cumulative cost processes for the nth pooled system.
Applying theorem 3.5 of [30] (first proved in [18]), we have

Q̃P ⇒ XR,

where XR is a RBM with drift c and variance λ+µ1 +µ2. Therefore, by the continuous
mapping theorem,

ξ̃ nP ⇒ XR,∗,

where XR,∗(t) = ∫ t
0 hX

R(s) ds. Under any routing policy, (18) guarantees

lim sup
n→∞

P
(
ξ̃ n(t) � x

)
� P

(
XR,∗(t) � x

)
for each fixed t > 0 and x > 0. We call a routing policy asymptotically optimal if

lim
n→∞P

(
ξ̃ n(t) � x

) = P
(
XR,∗(t) � x

)
(19)

for each fixed t > 0 and x > 0. In words, we require an asymptotically optimal policy to
minimize the scaled cumulative cost incurred up to any time t with probability 1 in the
heavy traffic limit. The following theorem states necessary and sufficient conditions on
the growth rate of the threshold r(n) for the threshold routing policy to be asymptotically
optimal.

Theorem 3 (Asymptotic optimality). Assume the conditions for lemma 1 are satisfied.
Also suppose (1/

√
n)Qn

1(0) ⇒ XR(0) and r(n) = o(
√
n). Then, the threshold routing

policy is asymptotically optimal if and only if, for all b ∈ (0,∞), the threshold r(n)
satisfies (9) for all but finitely many n.

Proof. Theorem 1 guarantees Q̃n
2 ⇒ 0 in D[0,∞) as n → ∞. Part (c) of lemma 1

together with theorem 2 establishes Q̃n
1 ⇒ XR if and only if for all b ∈ (0,∞) the

threshold r(n) satisfies (9) for all but finitely many n. Therefore, by the continuous
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mapping theorem, Q̃n
1 + Q̃n

2 ⇒ XR if and only if the threshold r(n) satisfies the afore-
mentioned conditions. (It is well known that addition preserves convergence when both
limit processes have continuous paths; see [3] or [35].) When Q̃n

1 + Q̃n
2 ⇒ XR as

n → ∞, ξ̃ n ⇒ XR,∗ so that the conditions for asymptotic optimality given in (19) are
satisfied. Otherwise, either the threshold r(n) satisfies part (a) of lemma 1 with c1 > c

or it does not. If it does, by theorem 2, Q̃n
1 +Q̃n

2 ⇒ YR, where YR is a RBM with drift c1

so that (19) does not hold. If it does not, then Q̃n
1 + Q̃n

2 does not converge to a limiting
diffusion since c1 = ∞ and, again, (19) is not satisfied. �

The key feature of an asymptotically optimal routing policy is that it ensures both
servers are busy when there is substantial work in the system. Theorem 3 supports the
arguments of Kelly and Laws [19] that the stronger condition of keeping expected delays
for each queue equal is not necessary for asymptotic optimality – a simple threshold
policy suffices. The next theorem establishes that when the network operates under an
asymptotically optimal threshold routing policy, the scaled idleness process at server 2
vanishes in the heavy traffic limit. In other words, server 2 is almost always busy when
there is work in the system.

Theorem 4. Assume Qn
2(0) is distributed according to its stationary distribution. If the

threshold r(n) satisfies the condition for asymptotic optimality given in theorem 3, then

Ĩ n2 ⇒ 0

in D[0,∞) as n → ∞.

Proof. Since Qn
2 is a birth–death process, it has a known stationary distribution and so

we can calculate

πn0 = P
(
Qn

2(∞) = 0
) = δr(n)n (1 − µ2(n)/λ(n))

1 − δ(n)r(n)+1

where the random variable Qn
2(∞) = limt→∞Qn

2(t) has the stationary distribution for
the queue length in the nth system. Since I n2 is nondecreasing in t , we have

sup
0�s�T

Ĩ n2 (s) = Ĩ n2 (T ) a.s.

so that for any ε > 0,

P
(

sup
0�s�T

Ĩ n2 (s) > ε
)

� ε−1E
[
Ĩ n2 (T )

]
= πn0 nT

ε
√
n

= ε−1
(√
nδ(n)r(n)

)1 − µ2(n)/λ(n)

1 − δ(n)r(n)+1
T

→ 0

by part (c) of lemma 1. �
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Together theorems 1 and 4 show that under the threshold routing strategy both the
scaled queue length and idleness processes for queue 2 vanish in the heavy traffic limit.
This seems paradoxical: it is impossible for both the queue to be always empty and the
server always busy. However, the heavy traffic analysis indicates that when the original
system is heavily loaded, the threshold policy is capable of finely balancing the rate of
arrivals to queue 2 such that the queue length is kept small compared with the faster
queue 1 and its server is rarely idle. Most importantly, examining theorems 2 and 3, we
see that neither server is idle in the heavy traffic limit except when there is no work in the
system (since server 1 only idles when its queue is empty). Although in practice this is
unachievable (since it is only true in the limit), the asymptotic optimality result implies
that any good control policy should keep both servers busy unless there are very few
customers in the system. The threshold routing strategy is arguably the simplest control
policy that achieves this.

Our results generalize to a model that includes a dedicated arrival stream to queue 1
with general inter-arrival times of mean α(n)−1 → α−1 and variance a1(n) → a1. In
this case, the heavy traffic condition (2) must be modified so that

c(n) = √
n
(
λ(n)+ α(n)− µ1(n)− µ2(n)

) → c′ ∈ (−∞, 0).

Then, the superposition of this dedicated arrival stream and the arrival stream of jobs
routed from queue 1 under the threshold policy (specified in proposition 1) forms the
queue 1 arrival steam. Similar arguments to those in theorems 1–3 establish

Q̃n
1 + Q̃n

2 ⇒ RBM
(
c′, λ+ α3a1 + µ1 + µ2

)
as n → ∞. The appropriate comparison or pooled system (one that lower bounds the
combined queue length process) is now a queue whose input process is two renewal
processes superimposed and again has a single server with exponential service times of
rate µ1 + µ2. As before, let Q̃n

P denote the queue length process in the pooled system.
From theorem 3.5 of [30],

Q̃n
P ⇒ RBM

(
c′, λ+ α3a1 + µ1 + µ2

)
as n → ∞, showing a threshold routing strategy satisfying the conditions for part (c) of
lemma 1 is still asymptotically optimal.

5. Implementation and simulation

In the previous two sections we derived theoretical properties of the limiting system in
heavy traffic, under the threshold routing strategy. We now turn our attention to practical
implementation. An attraction of the threshold routing strategy is that it is straightfor-
ward to implement: if queue 2 is shorter than the given threshold, arrivals join queue 2,
and otherwise they are routed to queue 1. It remains to determine the optimal threshold
which minimizes average system population (or equivalently, typical customer delay) for
any particular arrival rate λ and service rates µ1, µ2. We consider two simple heuristic
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Table 1
Threshold value r for service rates µ1 = 1.6, µ2 = 0.4, and arrival rate
λ = 2ρ calculated (i) empirically by simulation (ii) from equation (20)

and (iii) minimizing q̄1 + q̄2 in (21), (22) over r .

ρ 0.50 0.80 0.90 0.95 0.975 0.99

Simulation 1 1 2 3 4 5
Simplest heuristic 2 2 3 3 4 5
Minimization 1 1 2 3 4 5

approximations as rough and ready estimates of the optimal threshold and find that they
compare favorably with the best choice of threshold determined empirically by simula-
tion.

With no loss of generality, we consider the model with a fixed overall service rate
of µ1 + µ2 = 2 (µ1 > µ2) and arrival rate λ = 2ρ, where ρ = λ/(µ1 + µ2) is the
traffic intensity. The optimal choice of the threshold r then depends on two parameters:
the traffic intensity ρ and the service rate µ2. The best values of r were determined
from simulation for values of ρ ranging from 0.5 to 0.99 and for µ2 = 0.4; see table 1.
(We note that for different values of µ2 results are similar; i.e., the performance of the
methods we propose for estimating r when µ2 = 0.4 is indicative of the performance of
these methods for other values of µ2.)

To derive approximations for the queueing system from our earlier heavy traffic
limit theorems, we must first identify the appropriate values for the index n. Following
Reiman [30], one approach is to restate the limit theorem in terms of ρ → 1, which we
can achieve by setting n = (1 − ρ)−2. We then obtain c = −(µ1 + µ2) as the drift of
the approximating RBM process. The simplest approach is to adopt (1) and set

r =
⌈

1 + ε
2 log(λ/µ2)

log(1 − ρ)−2

⌉
(20)

for λ = (µ1 + µ2)ρ and ε small. To determine an appropriate value for ε, we simulated
the system across a range of values µ1, µ2, with µ1 + µ2 = 2, and selected a value
that performed well across this spectrum. As shown in table 1, for ε = 0.5, (20) slightly
overestimates the optimal value of r for ρ < 0.9. As explained later in this section (see
figure 2), it is preferable for the threshold to be above its optimum value than below it.

Another approach is to calculate the stationary distribution of queue 2, approximate
the stationary distribution of queue 1, and then find the threshold value r that minimizes
the total number of customers in the system. Recall that queue 2 is a finite birth–death
process so that it is straightforward to calculate the mean of its stationary distribution to
be:

q̄2 = r − (r + 1)δ + δr+1

(1 − δr+1)(1 − δ) . (21)

Queue 1 is a G/M/1 queue. Although theorems for obtaining the mean of this stationary
distribution are well known (see, for example, [1,9] or [22]) the calculation is cum-
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bersome. Therefore, we use Kingman’s approximation [20] for the steady-state queue-
length of a G/G/1 queue to approximate the mean number of customers in queue 1
as:

q̄1 = λ2
1(var(A1

1(r))+ µ−2
1 )

2(1 − λ1/µ1)
+ λ1

µ1
. (22)

We take q̄1 + q̄2 given by (21), (22) as our approximation for the total number of cus-
tomers in the network. Since q̄1 + q̄2 is a convex function in r, we can readily find the
minimizing threshold r. As evidenced in table 1, the results of this procedure agree with
the results obtained via simulation.

From figure 2, we observe that the choice of threshold r has a similar effect on
mean system population as do trunk reservation parameters in loss networks (see [8]):
mean system population increases rapidly for values of r below the optimum, but rather
more slowly for values above it. This behavior may be understood intuitively as follows.
The stationary mean queue-length at queue 1 can be approximated from the RBM limit
process (which has a known stationary distribution; see [11]) by reversing the normal-
ization to obtain:

q̄1 ≈ √
n
λ+ µ1 + µ2

2(µ1 + µ2)
,

from which we expect the unscaled length of queue 1 to grow like
√
n. Since Qn

2(·) �
r(n) and the arrival rate λ exceeds the service rate µ2, we expect the length of queue 2
to follow the behavior of r(n), which is of order log n. If the choice of threshold r is
too small when compared with the optimal value, server 2 spends too much time being
idle and the effective rate of arrivals to queue 1 is too great, resulting in an increase in

Figure 2. Mean population for system determined from simulation (solid line) and from minimizing q̄1 + q̄2
over r (dashed line) with traffic intensity ρ = 0.95 and service rates µ1 = 1.3, µ2 = 0.7.
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the length of queue 1 which is of order
√
n. If r is too large, then idleness at server 2

is kept low, but queue 2 is longer than necessary, resulting in a penalty of order logn.
From this argument we see that system performance suffers comparably less (order log n
compared to order

√
n) if the threshold is above the optimum rather than below it.

We conclude this section by comparing the threshold routing policy (using the opti-
mal threshold r) with shortest expected delay routing (SDR) and weighted random rout-
ing (WRR). The WRR policy we consider, which minimizes mean delay among static
policies, sends arrivals to queue 1 with probability µ1/2 and to queue 2 with probability
µ2/2. One expects SDR to outperform our threshold policy and our threshold policy
to outperform WRR, which our simulation results verify. The reason for making this
comparison is to understand the advantage gained by keeping track of additional state
information (both queue lengths for SDR, 1 queue length for threshold routing, noth-
ing for WRR). For applications where it is costly or difficult to observe queue lengths,
this analysis illuminates the trade-off between the cost of state information and net-
work performance as measured by the steady-state mean number of customers in the
network.

Since our simulation results indicate network performance is much more depen-
dent on ρ than µ2, we only display results for one fixed value of µ2. For µ1 = 1.6
and µ2 = 0.4, we simulated the network under each of the three policies with ρ rang-

Figure 3. Comparison of simulation results for SDR and threshold routing policies for µ1 = 1.6 and
µ2 = 0.4.
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ing from 0.5 to 0.99. For each value of ρ, we considered approximately 106ρ arrivals
with initial queue lengths set to equal the expected average under random routing. Ad-
ditionally, results from the first tenth of the simulation were discarded to reduce any
initial bias and 95% confidence intervals calculated from a sample of ten independent
simulations. Behavior under each policy was coupled using the same arrival and service
processes for each simulation run to reduce the variance of the difference in population
between policies. Mean system population (with 95% confidence intervals) under SDR
and the threshold policy, as a proportion of the mean population under WRR, is shown
in figure 3.

First observe the significant advantage that both dynamic policies offer over WRR.
Next notice that as traffic intensity increases, the discrepancy between the performance
of the SDR policy and the threshold policy decreases as well, which is to be expected
since both policies are asymptotically optimal in the heavy traffic limit. Furthermore,
mean population under threshold routing never exceeded about 112% of the population
under SDR, indicating that a simple threshold policy performs well over a range of
traffic intensities. As the threshold policy only requires state information on queue 2,
in applications where it is easy to observe one queue length but not both, the threshold
policy provides a valuable alternative to the WRR and SDR policies.
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