MATH 445 SAMPLE FINAL EXAM SOLUTIONS
Fall 2009
Prof. Alexander

(1)(a) Calculate the Laplacian:
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and adding these gives Af = 0.

(b) By (a),
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(c) Sy is flat, so on S; the normal is the downward vertical: n = (0,0, —1). Hence
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since z = 0 on S;. Therefore
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Then using (b),
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(2)(a) Calculating Fourier coefficients gives
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(b) J©_ f(z)* de=m/2 so
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(3)(a) From the table we get
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(4) We have u(z,t) = > 2, B, cos At sin(nz/2), where \,, = cnw/L = 5n/2 and
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That is,

(5)(a) by = 7, co = 9 so the characteristic equation is 7% 4+ 6r +9 = 0, and r = —3 is the only
root, so there is a solution y;(z) = 272> _ a,a™. The recurrence is

[(m+r)m+r—1)+7m+7)+9am +2(m+7r—1)a,_1 =0,

or for r = -3,
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This gives as = a1 = 6ag, az = %ao and then ay = a5 =--- =0, so

4
y1(z) = agr™> (1 + 62 + 627 + §x3) .

(b) yo(x) = y1(z) Inz + 273 (Ag + Az + Agz® +...)

(6)(a) One can check the Cauchy-Riemann equations are satisfied, so yes it is analytic.
(b) 2e7/6 = —\/3 + i and 2¢77/2 = —2i.
(c) 20 = V3 +i =265 s0 f/(z) = 323 = 1263, Az = .001i = .001e™/? so

Af =~ f'(z)Az = .0127™/°,



so the direction is 57/6.

(7)(a) Parametrize as z(t) = (1 + 3i)t, 0 <t <1, and then 2(t) = 1 + 3¢ and Im 2(t) = 3¢t.

Therefore
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(b) (Solution for the problem as modified in my email: find ¢, % dz.) Let I be the circle
{2z [z —i] = 2} centered at the singularity at i. Both circles enclose this singularity so the
integral is the same for both. Parametrize I as z(t) = i + 2¢%, 0 < t < 27 so 2(t) = 2ie™,

and then )
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j{ - dz = % - dz = / —2ie" dt = 8.
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(c) Not the same—the new circle does not enclose the singularity at z = i, so the integral
is 0.




