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Chapter 9:

(26) Let f : R? — R? be given by f(x,y) = |z|. Then (Dyf)(z,y) = 0 for all x,y, so
(Dy2f)(z,y) = 0 for all z,y. But (D f)(0,y) would be the derivative of g(z) = |z| at x = 0,
which doesn’t exist.

29) If we interchange 7; and 7;,; for some j > 1, we get
j i+

Di1...ijij+1...ikf - D’il.“ijfl (Dijij+1 (‘Dl]+21kf>> (1>

Since f € C*, we have D, i € Cith C Cy 50 Dijij+1(Dz’j+z...ikf) = Dz'Hlij(Dz'jHA..z’kf) by
Theorem 9.41. As in (1),

D211J+1Z]Zkf = Dil...l’jfl (Dij+17;j (Dz]+2’tkf))
= Dil...ij_l(Dijij+1(Dij+2"'ikf))
= Dil...z‘jz‘j+1...ikf’

so we can switch adjacent indices ¢;,%;41. Any permutation can be constructed out of such
switches so indices can be arbitrarily permuted.

(A) Since the second derivative in y is negative, the maximizing value g(z) for y must be
unique for each fixed x, so it is given as the unique solution of (Dyf)(z,y) = 0. Dsof is
a C' function from an open subset of R? to R whose derivative has matrix [A, A,] with
Ay, = Dy f < 0 by assumption. By the Implicit Function Theorem (applied with the roles
of z and y interchanged), ¢ is a C’ function.

(B)(a) Suppose (z,y;) and (z,y2) are points of U, with y; < y,. Since U is convex, we have
(x,y) € U for all y € (y1,y2). Therefore by the Fundamental Theorem of Calculus,

Y2 af
flaaw) = S = [ S @ ay=o
Y1 Y
This means that for fixed x, f(z,y) has the same value, call it g(z), for all y such that
(z,y) € U.
(b) Let U be the C-shaped region ((0,2) x (0,3))\([1,2) x [1,2]). Define f to be 0 on
the left side [(0,1) x (0,3) and on the bottom [1,2) x (0,1), and define f(z,y) = (z — 1)?
on the top, [1,2) x (2,3). Since the derivatives of 0 and (z — 1)? are both 0 at x = 1, the

1



derivatives from the left side and right side match on the line x = 1,2 < y < 3, so f is C'.
But f is not constant on any line x = ¢ with 1 < ¢ < 2, since f(c,y) = 0 for ¢ € (0,1) and
fle,y) =(c—1)?for 2 < c < 3.

C)(a) Let f = (f1, f2). In the notation of the Implicit Function Theorem, the matrices at
x = (3,2),y = (1,1,2) are

A — —2$1 21’2 . —6 4 A — 2y1 2y2 2y3 . 2 2 4
* T 2w dan| | 6 8] VT 2y, 2y 2ys| |2 —2 4

Since A, is invertible, we can locally solve for x = g(y) with

1[8 —4][2 2 4] 1[8 24 16
/ _ A1 _ —

This means that if we move y in direction Ay = (0,1, 1), x must move in direction

0
, 18 24 16 5/9
AX:Q((l’l’z))AyZELM 0 —48] ! :{—2//3]
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(b) We need
P ] =0
that is, Ak = —A;h. This can be solved for k if and only if A;h is in the range of A,,

which is the span of the columns B] and [_22} . In other words, h must be in the span of

2 -2 0
arbitrary.
(c) A, and A, are still given by the formulas in (a) as functions of x and y, which at the
new values x = (3,2),y = (1,0, 2) gives

—6 4 2 0 4
A”“’:[G 8]’ Ay:[z 0 4}'

The range of A, now consists only of multiples of B} so h must be a multiple of A 1 B] =

k)

At {2} = [_11/?))9} and A;! [ 2 } = [_1/3} . But this span is two-dimensional so h can be



